Chapter 3

Algebras and Representations

In this chapter we develop the basic facts about finite-dimensional representations of asso-
ciative algebras: Schur’s Lemma, Burnside’s Theorem, the theorem of Wedderburn charac-
terizing simple algebras and direct sums of simple algebras, complete reducibility of repre-
sentations, and the double commutant theorem. The duality between a semisimple algebra
of endomorphisms and its commutant is a key aspect of representation theory, and its im-
plications for representations of the classical groups will be worked out in later chapters.
We study the representations of a finite group through its group algebra and characters,
and we construct induced representations and calculate their characters.

3.1 Representations of Associative Algebras

3.1.1 Definitions and Examples

We know from the previous chapter that every regular representation (p, V') of a classical
group G decomposes into a direct sum of irreducible representations. The next task is to
determine the extent of uniqueness of such a decomposition and to find explicit projection
operators onto irreducible subspaces of V. In the tradition of modern mathematics we will
attack these problems by putting them in a more general (abstract) context. We first allow
G to be an arbitrary group. We next introduce an algebra whose representation theory
contains that of G.
Consider linear operators on V' of the form

N
T= Z aip(gi)
i=1

where a; € C, g; € G, and N < oco. Suppose W C V is a linear subspace. If W is invariant
under G and w € W, then Tw € W, since p(g;)w € W for all i. Conversely, if TW C W
for all such operators T', then p(G)W C W, since we can take T' = p(g) with g arbitrary in
G. It is convenient to use the notation

T =" c9)p(9), (3.1)

geG
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112 CHAPTER 3. ALGEBRAS AND REPRESENTATIONS

where the coefficients ¢(g) € C and only a finite number of them are nonzero. The set
of operators of the form (3.1) includes all the operators p(g) for g € G, of course. By its
very definition it is a linear subspace of End(V). Furthermore, if A = >~ a(g)p(g) and
B =3",b(g9)p(g) are two such operators, then

AB =Y c(g)p(g),  withe(g)= Y a(@)b(y).

g Y=g

Thus this set of operators is a subalgebra of the associative algebra End(V') with the same
invariant subspaces as G. Furthermore, an operator R € End(V') commutes with the action
of G if and only if it commutes with all the operators of the form (3.1). The advantage of
considering all these linear operators, instead of just the operators p(G), is that we can use
techniques from ring theory (ideals, images, kernels) to study group representations.

We proceed to study algebras of linear operators in more detail. We will first view them
as abstract algebras, and then study their representations as algebras of linear transforma-
tions.

An associative algebra over the complex field C is a vector space A over C together with
a bilinear multiplication map

prAxA—=A x,y—ay=p(ry)),

such that (xy)z = x(yz). The algebra A is said to have an identity element if there exists
e € A such that ae = ea = a for all @ € A. If A has an identity element it is unique and we
will usually use the notation 1 for e.

Examples of Associative Algebras

1. Let V be a vector space over C, and let A = End(V) be the space of C-linear trans-
formations on V. Then A is an associative algebra, with multiplication the composition of
transformations. When dim V' = n < oo, then this algebra has a basis consisting of the n?
elementary matrices E;j, for 1 <4, j < n, which multiply by

EijExm = 0k Ein.
This algebra will play a fundamental role in our study of associative algebras and their
representations.

2. Let G be any group (not necessarily a linear algebraic group). We define an associative
algebra C[G], called the group algebra of G, as follows. As a vector space, C[G] is the set of
all functions f : G — C such that the support of f (the set where f(g) # 0) is finite. This
space has a basis consisting of the functions {d, : g € G}, where

1 ifr=g
0g(w) = { 0 otherwise

Thus an element x of C[G] has a unique expression as a formal sum

Z z(g) dg
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(with only a finite number of coefficients z(g) # 0).

We identify G with the elements J, in C[G], and we define multiplication on C[G] as
the bilinear extension of group multiplication. Thus, given functions z,y € C[G], we define
their product = * y by

<Z$(9) 59) * (Z y(h) 5h> = Z:L"(g)y(h) Sghs

with the sum over g, h € G. (We indicate the multiplication by * so it will not be confused
with the pointwise multiplication of functions on G.) This product is associative by the
associativity of group multiplication. The identity element 1 € G becomes the element §;
in C[G] and G is a subgroup of the group of invertible elements of C[G]. The function z * y
is called the conwvolution of the functions x and y; from the definition it is clear that

(@xy)(g) =Y a(h)yk) = x(h)y(h~'g).

hk=g heG

If H is a group and ¢ : G — H is a group homomorphism, then ¢ extends uniquely to
a linear map ¢ : C[G] — C[H] by the rule

o (Do w(9)d5) = #(9)d0(e) -

From the definition of multiplicationin C[G] we see that the extended map <;~5 is an associative
algebra homomorphisrﬂurthermore, if K is another group and ¢ : H — K is a group
homomorphism, then 1) o ¢ = J o q~5

An important special case occurs when G is a subgroup of H and ¢ is the inclusion map.
Then ¢ is injective (since the ¢, form a basis of C[G]). Thus we can identify C[G] with the
subalgebra of C[H| consisting of functions supported on G.

3. Let g be a Lie algebra over C. Just as in the case of group algebras, there is an associative
algebra U(g) (the universal enveloping algebra of g) and an injective linear map j : g — U(g)
such that j(g) generates U(g) and

J(XY]) = 5(X)j(Y) = 5(¥Y)j(X)

(the multiplication on the right is in U(g); see Appendix C.2.1 and Theorem C.2.4). Since
U(g) is uniquely determined by g, up to isomorphism, we will identify g with j(g). If h C g
is a Lie subalgebra then the Poincaré-Birkoff-Witt Theorem C.2.4 allows us to identify U (h)
with the associative subalgebra of U(g) generated by b, so we have the same situation as
for the group algebra of a subgroup H C G.

Let A be an associative algebra over the complex field C. A representation of A is a
pair (p, V'), where V is a vector space over C and p : A — End(V') is an associative algebra
homomorphism. If A has an identity element 1, then we require that p(1) act as the identity
transformation Iy, on V. When the map p is understood from the context, we shall call V'
an A-module and write av for p(a)v.

If V, W are both A-modules, then we make the vector space V& W into an A-module
by the action a - (v® w) = av ® aw.
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If U C V is a linear subspace such that p(a)U C U for all a € A, then we say that U
is tnvariant under the representation. In this case we can define a representation (py;, U)
by the restriction of p(A) to U, and a representation (py;;, V/U) by the natural quotient
action of p(A) on V/U. A representation (p, V) is irreducible if the only invariant subspaces
are {0} and V.

Define Ker(p) = {x € A : p(xz) = 0}. This is a two-sided ideal in A, and V is a module
for the quotient algebra A/ Ker(p) via the natural quotient map. A representation p is
faithful if Ker(p) = 0.

Let (p, V) and (7, W) be representations of A, and let Hom(V, W) be the space of C-
linear maps from V to W. We denote by Hom 4(V, W) the set of all T € Hom(V, W) such
that T)p(a) = 7(a)T for all a € A. Such a map is called an intertwining operator between
the two representations or a module homomorphism. For example, if U C V is an invariant
subspace, then the inclusion map U — V and the quotient map V' — V/U are intertwining
operators. The representations (p, V) and (7, W) are equivalent if there exists an invertible
operator in Hom 4(V, W). In this case we write (p, V) = (7, W).

The composition of two intertwining operators, when defined, is again an intertwining
operator. In particular, when V' =W and p = 7, then Hom4(V, V) is an associative algebra,
which we denote by End 4(V).

Examples of Representations

1. Let A = C[z]. Let V be a finite-dimensional vector space, and let 7' € End(V'). Define
a representation (p, V) of A by p(f) = f(T) for f € C[z]. Then Ker(p) is the ideal in A
generated by the minimal polynomial of T'. The problem of finding a canonical form for this
representation is the same as finding the Jordan canonical form for 7' (see Section B.1.2).

2. Let G be a group and let A = C[G] be the group algebra of G. If (p, V) is a representation
of A, then the map g — p(dy) is a group homomorphism from G to GL(V). Conversely,
every representation 7w : G — GL(V') extends uniquely to a representation p of C[G] on V
by

p(f)=>_ flg)n(g)

geG

for f € C[G]. We shall use the same symbol to denote a representation of a group and the
group algebra.

Two important new constructions are possible in the case of group representations. The
first is the contragredient or dual representation (p*, V*), where

(P*(9))(w) = Flplg™")v)

for g € G, v € V and f € V*. The second is the tensor product (p @ o, V@ W) of two
representations by

(p®o)(g)(vew)=p(g)v@a(g)w.

For example, let (p, V) and (o, W) be finite-dimensional representations of G. There is a
representation m of G on Hom(V, W) by

7()T = o(9)Tp(g)~t, for T € Hom(V, W).
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There is a natural linear isomorphism
Hom(V,W)=W  V* (3.2)

(see Section B.2.2). Here a tensor of the form w ® v* gives the linear transformation
Tv = (v*,v)w from V to W. Since the tensor o(g)w®p*(g)v* gives the linear transformation

1

v (p*(g)v*,v)o(g)w = (v*, p(g) Yo (g)w = o(9)Tp(g) v,

we see that 7 is equivalent to o ® p*. In particular, the space Homg (V, W) of G-intertwining
maps between V and W corresponds to the space (W ®@V*)© of G-fixed elements in W ®@V'*.

We can iterate the tensor product construction to obtain G-modules ®k V = V@ (the
k-fold tensor product of V' with itself) with g € G acting by

P () (1@ ®vg) = plg)v1 ® -+ & p(g)vi

on decomposable tensors. The subspaces S¥(V) (symmetric tensors) and A*V (skew-
symmetric tensors) are G-invariant (see Sections B.2.3 and B.2.4). These modules are
called the symmetric and skew-symmetric powers of p.

The contragredient and tensor product constructions for group representations are asso-
ciated with the inversion map g — g~! and the diagonal map g — (g, g). The properties of
these maps can be described axiomatically using the notion of a Hopf algebra (see Exercises
3.1.5).

3. Let g be a Lie algebra over C, and let (p, V) be a representation of g. The universal
mapping property implies that p extends uniquely to a representation of U(g) (see Section
C.2.1), and that every representation of g comes from a unique representation of U(g), just
as in the case of group algebras.

In this case we define the dual representation (p*, V*) by

(p"(X)f)(v) = = f(p(X)v)

for X € g and f € V*. We can also define the tensor product (p @ o, V@ W) of two
representations by letting X € g act by

X -(vew)=pX)vew+va(X)w.

When g is the Lie algebra of a linear algebraic group G and p, o are the differentials of regular
representations of G, then these constructions are the same as those in Section 1.2.3. These
constructions are associated with the maps X — —X and the map X — X ®1+1® X. As
in the case of group algebras, the properties of these maps can be described axiomatically
using the notion of a Hopf algebra (see Exercises 3.1.5). The k-fold tensor powers of p and
the symmetric and skew-symmetric powers are defined by analogy with the case of group
representations. Here X € g acts by

PR X0 @ @up) = pX) @ @up+v1 @p(X)ve® - @ vy,
Fot @@ p(X)vp

on decomposable tensors. This action extends linearly to all tensors.
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3.1.2 Schur’s Lemma

The following observation of I. Schur is a fundamental tool in representation theory.

Lemma 3.1.1 (Schur) If (p, V) and (7, W) are irreducible representations of an associa-
tive algebra A with dim V' and dim W finite, then

Lif (p, V) = (1, W)

dim Hom, (V, W) = { 0 otherwise.

Proof. Let T € Hom 4(V, W). Then Ker(T') and Range(T") are invariant subspaces of V' and
W, respectively. If T' # 0, then Ker(T") # V and Range(T') # 0. Hence by the irreducibility
of the representations Ker(7T') = 0 and Range(T) = W, so that T is a linear isomorphism.
Thus Hom4(V, W) # 0 if and only if (p, V) = (7, W).

Suppose the representations are equivalent. If S,T € Hom4(V, W) are non-zero, then
T-1S € End4(V). Since dim V' < oo there exists A € C such that

Ker(T1S — \Iy) #0.

Hence Ker(T~1S — AIy/) = V since it is an A-invariant subspace and V is irreducible. This
shows that S = AT and hence dim Hom4(V,W)=1. ¢

3.1.3 Burnside’s Theorem

As a first step in understanding the structure of an associative algebra, we prove that the
image of the algebra in a finite-dimensional irreducible representation (p, V') is completely
determined by dim V' (the degree of the representation).

Theorem 3.1.2 (Burnside) Let (p, V) be an irreducible representation of an associative
algebra A. If dim V' is finite and p(A) # 0 then p(A) = End(V).

Proof. Set B = p(A). Then B is a non-zero finite-dimensional algebra, and V is an
irreducible B-module. We first observe that if 0 # v € V' then Bv # 0 (this is true for any
representation in case A has an identity element). Indeed, the subspace

{veV :Bv=0}

is not all of V, since B # 0. Hence it must consist only of the zero vector, since it is
B-invariant. For any subset S C V, define its annihilator

Ann(S)={be B : buv=0for allv e S}.

Then Ann(S) is a left ideal in B. We observe that if € is any left ideal of B and v € V,
then Cv is an invariant subspace of V. Hence either Cv = 0 or Cv = V, by the irreducibility
of the representation.
Choose a left ideal C; C B of minimal positive dimension, and choose a vector v; € V'
such that Cjv; # 0. Then
61’01 =V (3.3)
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by the observation above. Define B; = Ann{v;}. Then B; N €y = 0, since it is a left ideal
properly contained in €;. In particular, the map

T :C —V, Tic=cn

is bijective. Since C; is a B-module under left multiplication and 77 € Homg (€1, V), we
conclude that €; = V' as a B-module. Furthermore, if x € B, then by equation (3.3) there
exists y € Cy such that xv; = yv1. Hence x — y € By. This proves that

B =B Cy.

If By # 0, we repeat this construction by choosing a left ideal €5 C By of minimal
positive dimension, and a vector vy € V' (as above), such that Cove = V. We set

By = Ann{vl,vg} C B;.

If we argue in exactly the same way as we did for C¢; and By we find that By N Cy = 0,
Gy =2V as a B-module under the map

Ty :Co — V, The = cuo,
and B; = By @ Cy. Hence
B =By D C1 ®Co.

Since dimB < oo this procedure terminates after a finite number of steps, giving us a
set of minimal left ideals Cq, ..., C,, and B-module isomorphisms 7T; : G; = V such that

B=C & Co (3.4)

Hence B, viewed as a B-module under left multiplication, is equivalent to the direct sum of
m copies of V. In particular, dim B = mn, where n = dim V. Since

dim B < dim End(V) = n?,

we have m < n. Thus it suffices to prove that m > n.
Consider the action of right multiplication by « € B on €;. By equation (3.4) there are
linear maps T;;(z) : C; — C; such that

YT = ZTij(:n)y, for y € €. (3.5)
i=1

It is clear from equation (3.5) that Tj;(x) € Homg(Cj, C;). But by Schur’s lemma, this
space is one-dimensional, and is spanned by 7T’ Z-_IT j. Hence there are scalars p;; (z) € C such
that
Tij(x) = Mij(iﬂ)Ti_lTj
for i,j = 1,...,m. Clearly p,;(v) is a linear function of x. Define y(z) to be the matrix
[1ij(x)]. Then
w:B — M, (C)
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is a linear map. If u(z) = 0, then by equation (3.5) we have Bzv = 0 for all v € V. Hence
zv = 0 for all v € V, by the observation at the beginning of the proof, which implies that
x = 0. Thus the map p is injective. It follows that

mn = dim B < dim M,,,(C) = m?.

Hence n < m, so we conclude that m = n and B = M, (C). ¢

3.1.4 Complete Reducibility

Let (p,V) be a finite-dimensional representation of the associative algebra A. Suppose
W C V is an A-invariant subspace. By extending a basis for W to a basis for V', we obtain
a vector-space isomorphism V = W @ (V/W). However, this isomorphism is not necessarily
an isomorphism of A-modules. We say that the A-module V' is completely reducible if it is
finite-dimensional and for every A-invariant subspace W C V there exists a complementary
invariant subspace U C V such that V.= W @ U. In this case U = V/W as an A-module.
To see this, let P : V' — U be the projection operator such that Pw = 0 for all w € W.
Since U is invariant under p(A), we have p(a)P = Pp(a). Let P: V/W — U be defined by

Po+W)=Pv forveV
Then P is an isomorphism of vector spaces and
p(a)P(v+W) = p(a)Pv = Pp(a)v = P(p(a)v+ W),

This shows that P defines an A-module isomorphism between V/W and U.

We have already proved that every regular representation of a classical group is com-
pletely reducible. We now show that for representations of any associative algebra, the
property of complete reducibility is inherited by subrepresentations and quotient represen-
tations.

Lemma 3.1.3 Let (p, V) be completely reducible and suppose W C V is an invariant sub-
space. Set o(z) = p(x)|w and w(x)(v+ W) = p(z)v+ W for x € A and v € V. Then the
representations (o, W) and (7, V/W) are completely reducible.

Proof. Write V.= W @ U for some invariant subspace U, and let P € End (V') be the
projection onto W with kernel U. If Y C W is an invariant subspace, then the subspace
U @Y is invariant. Hence there is an invariant subspace Z C V such that

V=UaY)a®Z (3.6)
The subspace P(Z) C W is invariant, and we claim that
W =Y &P(Z). (3.7)

We have dim W = dim V/U = dim Y +dim Z by (3.6). Since Ker P = U, the map z — P(z)
is a bijective intertwining operator from Z to P(Z), so that dim Z = dim P(Z). Hence
dimW =dimY + dim P(Z). Also
W = PV)=PU)+PY)+ P(Z)
= Y+ P(2).
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Thus (3.7) holds, which proves the complete reducibility of (o, W).
Let M C V/W be an invariant subspace, and let M = p~'(M) C V, wherep : V — V/W
is the canonical quotient map. Then M is invariant, so there exists an invariant subspace

N with V=M @& N. Set N = p(N). This is an invariant subspace, and V/W = M & N.
Thus (m, V/W) is completely reducible. ¢

The converse to Lemma 3.1.3 is not true. For example, let A be the algebra of matrices

r y
[0 :E] z,y e C

acting on V' = C? (column vectors). The first column of the matrices in A defines an
irreducible invariant subspace W. Since V/W is one-dimensional it is also irreducible. But
the matrices in A have only one distinct eigenvalue and are not diagonal, so there is no
invariant complement to W in V. Thus V is not completely reducible as an A module.

of the form

Proposition 3.1.4 Let (p, V) be a finite-dimensional representation of the associative al-
gebra A. The following are equivalent:

(1) (p, V) is completely reducible.

(2) V=V1&- - & Vy with each V; invariant and irreducible.

Proof. (1) = (2): If dimV =1 then V is irreducible and (2) trivially holds. Assume that
(1) = (2) for all A-modules V' of dimension less than r. Let V' be a module of dimension
r. If V' is irreducible then (2) trivially holds. Otherwise there are non-zero submodules W
and U such that V = U ® W. These submodules are completely reducible by Lemma 3.1.3,
and hence they decompose as the direct sum of irreducibles by the induction hypothesis.
Thus (2) also holds for V.

(2) = (1): We prove (1) by induction on the number d of irreducible summands in (2).
Let 0 2 W C V be a submodule. If d = 1, then W = V by irreducibility, and we are
done. If d > 1, let P; : V — Vj be the projection operator associated with the direct sum
decomposition (2). If P,W = 0, then

WCV2@"'@VCI7

so by the induction hypothesis there is an A-invariant complement to W. If LW # 0 then
PiW = V4, since it is an A-invariant subspace. Set

W' = Ker(Py|w).

We have W/ C Vo @ --- @ Vg, so by the induction hypothesis there exists an A-invariant
subspace U C Vo @ - - - @ Vg such that

Vo Vy=W aU.
Since P,U =0, we have WNU Cc W NU = 0. Also dimW = dim Vj + dim W', so

dmW +dimU = dimV; +dimW’' +dimU

= dimVj + ZdimVi =dimV.
i>2

Hence V=Uo® W. {
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Corollary 3.1.5 Suppose (p, V') and (o, W) are completely reducible representations of A.
Then (p @ o,V @& W) is a completely reducible representation.

Proof. By Proposition 3.1.4 V and W are direct sums of irreducible invariant subspaces.
It follows that V @ W is a direct sum of irreducible invariant subspaces, hence completely
reducible. ¢

If U is a finite-dimensional irreducible A-module, we denote by [U] the equivalence class
of all A-modules equivalent to U. Let A be the set of all equivalence classes of finite-
dimensional irreducible A-modules. Suppose that V' is a completely reducible A-module.
For each & € A we define

o= 2. U

vcv,[U]=¢

where the subspaces U are invariant and irreducible under A and furnish representations
of A in the equivalence class §. We call V() the {-isotypic subspace of V.

For each & € A fix a module E¢ in the class . There is a linear map
Se : Homy (Ee, V) ® Eg — V, Se(u® w) = u(w)
for u € Hom4(E¢, V) and w € E¢. If we make Homy4(F¢, V) ® E¢ into an A-module with
action z - (u ® w) = u ® (v - w) for x € A, then S¢ is an A-intertwining map. If 0 # v €

Homy (F¢, V) then Schur’s Lemma implies that u(E¢) is an irreducible A-submodule of V
isomorphic to E¢. Hence

Se(Hom4(Ee, V) ® E¢) C Vi
for every € € A.
Proposition 3.1.6 Let V be a completely reducible A-module. Let
V=Via eV (3.8)

be any decomposition with each V; invariant and irreducible. Then

Vo= DV (3.9)

[Vj]=¢

for all £ € fl, and hence
V=D V. (3.10)

¢eA

The map S¢ gives an A-module isomorphism

HOIHA(Eg, V) & Eg = ‘/(g)

for each £ € A.
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Proof. Suppose £ € A and Viey # {0}. Let U C V be any irreducible, invariant subspace
such that [U] = &. Since U N Vj is invariant under A, it must be either {0} or V;. Hence

Unv;={0} it [Vj]l#¢

Hence V; N V(g = {0} if [Vj] # &, by definition of V(). Since V; C V(¢ for all i such that
[Vi] = &, this result implies (3.9), which implies (3.10).
To prove the last statement of the proposition, we take £ € A so that Vigy # 0. Then
we may assume that
Vig = Be® - @ B
N—_———

m copies
Let U = Homy(E¢, V) and let ¢; € U be the map
¢j(w) =(0,...,0, w ,0,...,0).
jth

If uw € U then the range of u is contained in V(¢), so we can write
’LL(’LU) = (’Lbl(’w), RRE um(w)) for w € Eg,

where u; € End 4(E¢). But End 4(E¢) = CI by Schur’s Lemma, so it follows that

m

u(w) = (quw, ..., cpw) = Z cigi(w)
i=1
for some ¢; € C. Hence {¢1, ..., ¢} spans U. Since this set is clearly linearly independent,

it is a basis for U. Hence
m = dim Hom 4(E¢, V).

For v; € E¢ we have
m
Sg(z ¢ Qi) = (V1,...,Um)
i=1

Hence S is an A-module isomorphism between Hom(Eg, V) ® E¢ and Vig). O

We call (3.10) the primary decomposition of V.. The cardinality my () of the set {j :
[Vj] = &} is called the multiplicity of £ in V. We have

my (§) = dim Hom 4(E¢, V) = dimHom 4(V, E).

Here the first equality was proved in Proposition 3.1.6. To obtain the second inequality, we
may assume that
V=WoE:®D D Eg,
N—_———
m copies

where W is the sum of the isotypic subspaces for representations not equivalent to £. If
T € Homy(V, E¢) then by Schur’s Lemma T'(W) = 0 and T is a linear combination of the
operators {11, ..., T}, where

Ti(wd v & B vy) = ;.
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Since these operators are linearly independent, they furnish a basis for Hom4(V, E).

Let U and V be completely reducible A-modules. Define
(U, V) =dimHomu(U, V).
Then from Proposition 3.1.6 we have

(U, V)= my()my(§). (3.11)

¢eA

It follows that
(U, V) =(V,U), (U, Vvew)=(UYV)+UW)

for any completely reducible A-modules U, V, W.
The multiplicities my (§) have the following monotonicity properties.

Proposition 3.1.7 Let U and V be completely reducible A-modules. R
(1) If T :U — V is a surjective A-module map, then my(§) > my (§) for each £ € A.
(2) If T : U — V is an injective A-module map, then my(§) < my(€) for each § € A.

Proof. (1) Let S € Homy(V, E¢). Then ST € Homy (U, E¢). Since T is surjective, the map
S +— ST is an injection from Hom4(V, E¢) into Hom 4(U, E¢). Thus

my(§) = dimHom 4 (U, E¢) > dim Homy4 (V, E¢) = my ().

(2) Let S € Homy(F¢,U). Then T'S € Homy(E¢, V). Since T is injective, the map
S — TS is an injection from Hom4(Fg, U) into Hom 4(E¢, V). Thus my(§) < my(§) in
this case. ¢

Using these general results we can determine the finite-dimensional irreducible repre-
sentations of the product of two groups. Let (p, V) and (o, W) be representations of groups
G and H respectively. Their outer tensor product is the representation (p@a, V @ W) of
G x H given by (p&0c)(g,h) = p(g) @ o(h). Notice that when G = H, then the restriction
of the outer tensor product p@c to the diagonal subgroup {(g,g) : g € G} of G x G is the
tensor product p®o.

Proposition 3.1.8 Suppose (p, V) and (o, W) are finite-dimensional and irreducible. Then
the outer tensor product (p@o, V@ W) is an irreducible representation of G x H, and every
finite-dimensional irreducible representation of G x H 1is of this form.

Proof. By Theorem 3.1.2 we have
p(C[G]) = End(V), o(C[H]) = End(W).

Hence (p®0c)(C[G x H]) contains all operators T ® S, for arbitrary T € End(V) and S €
End(W). These operators span End(V ® W), so p&o is irreducible.

Let (7,U) be an irreducible representation of G x H. Set 11(g) = 7(g,1) and 72(h) =
7(1,h) for g € G and h € H. Since dimU < oo, there exists a nonzero subspace V C U
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that is invariant and irreducible for 7. Set p = 71|y. Since 72(h) commutes with 7 (g),
the subspaces 1o(h)V are also invariant and irreducible for 7, for every h € H, and as G
modules they are all equivalent to (p, V). Suppose V' C U is any subspace invariant under
G. Then by Schur’s lemma

m(h)V  if ((R)V) NV #£0

(r(MV) NV’ = { 0 otherwise. (3.12)

By the irreducibility of 7
U=C[Gx H|-V=C[H|-V. (3.13)

It follows by (3.12) and (3.13) that there are hy, ..., hq € H such that

d
U= @Tg(hj)v.
J=1

This shows that (71, U) is a completely reducible G module. Since it is the sum of d copies
of (p, V), there is a space W with dim W = d, and a G-module isomorphism

Uz=zVeW, n=Zply. (3.14)

By Burnside’s Theorem, 71 (C[G]) maps onto End(V) ® Iy under this isomorphism. Thus
the operators 7o (h), for h € H, give operators that commute with all the operators X ® Iy .
We now use the following lemma.

Lemma 3.1.9 Let V.W be finite-dimensional vector spaces and let T € End(V @ W).
Suppose that
TX®Iy)=(X®Iw)T

for all X € End(V'). Then there exists Y € End(W) such that T = Iy QY.
Proof. We determine Y as follows: Given u* € U*, define a linear map By« : VU — V

by
By(v®u) =u"(u)v forueU velV.

Given u € U, define a linear map A, : V — V ® U by
Ay(v) =v®u.
Set Syxy = By oT 0o A,. Then Sy- , € End(V) and it satisfies

Sy uXv = BT (Xv®u)
= By (X®Iy)T(veu)
= XBuT(Agw) = X Sur qv

for all X € End(V). By Schur’s lemma there is a scalar c¢(u*,u) € C such that Sy, =
c(u*,u)ly. Clearly c(u*,u) is a bilinear form on U* x U. Since U is finite-dimensional,
there exists Y € End(U) such that

c(u*,u) =u*(Yu), forallueU, u*eU"
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Going back to the definition of S+ 4, we find that
ByT(v®@u) =u"(Yu)v = By (v @ Yu).
Since this holds for all u* € U*, we have
Two®u)=v®Yu
and hence T=Iy ®Y. ¢

Completion of proof of Proposition 3.1.8:
From Lemma 3.1.9 we see that there exists a representation ¢ of H on W so that

o =2ly®o.

Hence the original representation 7 of G x H is equivalent to p@o. The representation o
must be irreducible. Indeed, if W7 C W is invariant under o(H) then V' ® W is invariant
under p®c and is hence either 0 or V' ® W by the irreducibility of 7. ¢

Proposition 3.1.10 Let (R, Aff(G)) be the right regular representation of a linear algebraic
group G. Suppose every finite-dimensional R(G)-invariant subspace of Aff(G) is completely
reducible. Then G is reductive.

Proof. Let (0,V) be a regular representation. For A € V* define
T\:V — Afl(G), T\(v)(g)=Ao(g)v)forveV, gea.

Then T\ o o(g) = R(g) o T, so Wy = T,V is a finite-dimensional G submodule of Aff(G).
Also, if {\1,...,\,} is a basis for V* and we set

W=Wy@® ®&Wy,

then the map T : V. — W given by T'(v) = Ty, (v) & - - - & T, (v) is injective and intertwines
the G actions on V and W. By hypothesis each subspace W), is completely reducible under
R(G), so W is completely reducible. Since (o, V) is equivalent to a subrepresentation of
(R, W), it is also completely reducible. ¢

Proposition 3.1.11 If G and H are reductive algebraic groups, then G x H is reductive.

Proof. Let U C Aff(G x H) be a finite-dimensional subspace invariant under R(G x H). We
have Aff(G x H) = Aff(G) ® Aff(H) both as an algebra and as a G x H module, by Lemma
A.1.10. Hence by taking a basis for U we see that there are finite-dimensional invariant
subspaces V' C Aff(G) and W C Aff(H) with U C V @ W. Since G and H are reductive,
V' is the direct sum of irreducible submodules V; and W is the direct sum of irreducible
submodules W;. Thus
VoW =@V,ew;.
i,J

By Proposition 3.1.8 V; ® W; is an irreducible G x H module. This shows that V' @ W
is completely reducible, and hence so is U, by Lemma 3.1.3. From Proposition 3.1.10 we
conclude that G x H is reductive. ¢
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Theorem 3.1.12 Let H be an algebraic torus. Then H is reductive. Furthermore, if (p, V)
is a regular representation of H then there is a finite set X(V) C X(H) such that

v= & v, (3.15)
)

AeX(V
where V(X)) ={v eV : p(h)v=h*v for all h € H}.

Proof. The group C* is reductive by Lemma 1.3.3. Thus H = (C*)" is reductive by Propo-
sition 3.1.11. Also by Lemma 1.3.3 and Proposition 3.1.8 the irreducible representations of
H are one-dimensional. Hence the primary decomposition of (p, V) is of the form (3.15). ¢

The characters occurring in Theorem 3.1.12 are called the weights of the representation
p. We define
mp(A) = dim V()

(the multiplicity of X in p). If all the multiplicities are one, then the representation is mul-
tiplicity free. For example, the defining representation of a classical group G is multiplicity
free for the diagonal subgroup H C G (cf. Section 2.1.1).

3.1.5 Exercises

1. Let A be an associative algebra over C with unit element 1. Then A ® A is an
associative algebra with unit element 1 ® 1, where the multiplication is defined by
(a®b)(c®d) = (ac) ® (bc) on decomposable tensors, and extended to be bilinear. A
bialgebra structure on A consists of an algebra homomorphism A : A — A®A (called
the comultiplication) and an algebra homomorphism € : A — C (called the counit)
which satisfy the following;:

(coassociativity) The maps A® I4 and I4 ® A from A to A ® A ® A coincide:
(A®I4)(Aa))=(1a® A)(A(a)) forallac A,

where (A ® A) ® A is identified with A ® (A ® A) as usual and 14 : A — A is
the identity map.

(counit) The maps (I4®¢€)o A and (e ® I4) o A from A to A coincide:
(Ia®e)(Ala)) = (e®14)(A(a)) forallae A,
where we identify C ® A with A as usual.

(a) Let G be a group and let A = C[G] with convolution product. Define A and € on
the basis elements ¢, for x € G by

A(6,) = 0y @84, €(8y) =1

and extend these maps by linearity. Show that A and e satisfy the conditions for a
bialgebra structure on A and that

(A(f),g®h) =(f,gh) for f,g,heC[G].
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Here we write (¢,1) = > x ¢(x)¥(x) for complex-valued functions ¢, on a set X,
and gh denotes the pointwise product of the functions g and h.

(b) Let G be a group and consider C[G] as the commutative algebra of C-valued
function on G with pointwise multiplication of functions and the constant function
1 as identity element. Identify C[G] @ C[G] with C[G x G] by 6, ® §; <> (s, for
x,y € G. Define A by A(f)(x,y) = f(zy) and define ¢(f) = f(1), where 1 € G is the
identity element. Show that this defines a bialgebra structure on C[G] and that

(A(f),g®@h) =(f,g*h) for f g heClG],

where (¢, 1)) is defined as in (a), and g * h denotes the convolution product of the
functions g and h.

(c) Let G be a linear algebraic group consider Aff(G) as a (commutative) algebra
with pointwise multiplication of functions and the constant function 1 as the identity
element. Identify A ® A with Aff(G x G) as in Lemma A.1.10 and define A and ¢ by
the same formulas as in (b). Show that this defines a bialgebra structure on Aff[G].

(d) Let g be a Lie algebra over C and let U(g) be the universal enveloping algebra of
g. Define
AX)=X®14+1®X for X eg.

Show that A([X,Y]) = A(X)AY) — A(Y)A(X), and conclude that A extends
uniquely to an algebra homomorphism A : U(g) — U(g) ® U(g). Let € : U(g) — C
be the unique homomorphism such that ¢(X) = 0 for all X € g (note that by the
Poincaré-Birkhoff-Witt theorem U(g) = C1 @ gU(g), so e(u) = X if u — A1 € gU(g)).
Show that A and e define a bialgebra structure on U(g).

(e) Suppose G is a linear algebraic group. Let g = Lie(G). Define a bilinear form on
U(g) x Aff(G) by (T, f) =Tf(1) for T € U(g) and f € Aff(G), where the action of
U(g) on Aff(G) comes from the action of g as left-invariant vector fields. Show that

(A(T), fog)=(T, fg) forall T € U(g) and f,g € Aff(G),

where A is defined as in (d). (This shows that the comultiplication on U(g) is dual
to the pointwise multiplication on Aff(G)).

. Let A be an associative algebra over C, and suppose A and ¢ give A the structure of

a bialgebra, in the sense of the previous exercise. Let (V| p) and (W, o) be represen-
tations of A.

(a) Show that the map (a,b) — p(a) ® o(b) extends to a representation of A ® A on
V @ W, denoted by p&oc

(b) Define (p ® o)(a) = (p&0c)(A(a)) for a € A. Show that p ® o is a representation
of A, called the tensor product p ® o of the representations p and o.

(¢) When A and A are given as in (a) or (d) of the previous exercise, verify that the
tensor product defined via the map A is the same as the tensor product defined in
Section 3.1.1.
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3. Let A be a bialgebra, in the sense of the previous exercises with comultiplication map
A and counit €. Let S : A — A be an antiautomorphsim (S(zy) = S(y)S(x) for all
xz,y € A). Then S is called an antipode if

w((S®1I4)(Aa))) =e(a)l, w((Ig® S)(A(a))) =€(a)l forallae€ A,
where p : A ® A — A is the multiplication map. A bialgebra with an antipode is
called a Hopf algebra.

(a) Let G be a group, and let A = C[G] with convolution multiplication. Let A and e
be defined as in the exercise above, and let Sf(z) = f(x~!) for f € C[G] and z € G.
Show that S is an antipode.

(b) Let G be a group, and let A = C[G] with pointwise multiplication. Let A and e

be defined as in the exercise above, and let Sf(x) = f(z~!) for f € C[G] and z € G.
Show that S is an antipode (the same holds when G is a linear algebraic group and
A = Aff(G)).
(c) Let g be a Lie algebra over C. Define the maps A and € on U(g) as in the exercise
above. Let S(X) = —X for X in g. Show that S extends to an antiautomorphism of
U(g) and satisfies the conditions for an antipode.

4. Let A be a Hopf algebra over C with antipode S.

(a) Given a representation (p, V) of A, define p°(z) = p(Sz)* for + € A. Show that
(p¥,V*) is a representation of A.

(b) Show that the representation (p°, V*) is the dual representation to (p, V) when
A is either C[G] with convolution multiplication or U(g) (where g is a Lie algebra)
and the antipode is defined as in the exercise above.

5. Let A = Clz] and let T' € M,[C]. Define a representation p of A on C" by p(x) =T.
(a) Suppose T has n distinct eigenvalues. Prove that p is completely reducible.
(b) Is the representation p always completely reducible? (Hint: Put T into Jordan
canonical form.)

6. Let A be an associative algebra and let V' be a completely reducible finite-dimensional
A-module.
(a) Show that V is irreducible if and only if dim Hom4(V,V) = 1.
(b) Does (a) hold if V' is not completely reducible? (Hint: Consider the algebra of all

upper-triangular 2 X 2 matrices.)

7. Let G be a linear algebraic group and (p, V) a regular representation of G. Define a
representation w of G x G on End(V') by
m(x,y)T = p(z)Tp(y™Y), for T'€ End(V), z,y € G.

(a) Show that the space E” of representative functions (see Section 1.1.3) is invariant
under G X G (acting by left and right translations), and the map B +— fp from End(V)
to EP intertwines the actions 7 and L&R of G x G.

(b) Suppose p is irreducible. Prove that the map B +— fp from End(V) to Aff(G) is
injective (Hint: Use Burnside’s theorem).
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3.2 Simple Associative Algebras

3.2.1 Wedderburn’s Theorem

An associative algebra A is called simple if the only two-sided ideals in A are 0 and A.
We now show that a finite-dimensional simple algebra is completely determined by its
dimension.

Theorem 3.2.1 (Wedderburn) The algebra End(V') is simple for every finite dimen-
stonal complex vector space V. Conversely, if A is any finite dimensional simple alge-

bra over C with unit, then there is a finite dimensional complex vector space V such that
A 2 End(V).

Proof. If u, v are nonzero vectors in V', then there exists T' € End(V') so that Tv = u (take
f € V*with f(v) =1 and define Tz = f(x)u for z € V). Thus End(V)v = V. Now suppose
0 # B C End(V) is a two-sided ideal and 0 # v € V. Then Bv = B End(V)v = BV, since
B is a right ideal. But BV # 0 since B # 0, and BV is invariant under End(V') since B is
a left ideal. Hence

Bv=V forall0 #v e V.

This proves that V' is an irreducible B-module. Burnside’s Theorem (Theorem 3.1.2) implies
that B = End(V'). Hence End(V') is a simple algebra.
Now suppose A is a finite-dimensional simple algebra over C with unit. Define the left
regular representation
A: A — End(A)

by A(z)y = xy. Choose a left ideal V' C A of minimal positive dimension, and define p(x) =
A)|y for x € A. Then (p, V) is an irreducible representation of A. Hence p(A) = End(V)
by Burnside’s theorem. Furthermore Ker(p) is zero, since it is a two-sided ideal. Thus
A = p(A) as an algebra. ¢

3.2.2 Representations of End(V)

Let V be a finite-dimensional complex vector space. The representation of End(V') on V/
is irreducible (see the proof of Theorem 3.2.1). We shall prove that, up to equivalence,
this is the wunique irreducible representation of End(V'). This will be a consequence of
Wedderburn’s Theorem once we prove that every automorphism of End (V) is inner.

Scholium 3.2.2 Let ¢ € Aut(End(V)). Then there exists g € GL(V) such that ¢(z) =
grg~*t for all z € End(V).

Proof. Choose a basis e, ...,e, for V and let E;; € End(V) be the transformation that
maps e; to e; and annihilates ey, for k # i. Set P; = ¢(L;;). Since ¢ is an automorphism of
End(V), we have

n
PP =P #0, PP =6,P, > Pi=Iy.
=1
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For i =1,...n choose 0 # f; € P;V. Then the set {f1,..., fn} is linearly independent. To
prove this, we first note that P;f; = ;5 f;. If Y. ¢;fi = 0 then

0= Pj (Z szz> = ijj-

7

Thus ¢; = 0 for all j. Since dimV' = n, it follows that {f1,..., f,} is a basis for V. Hence
there exists € GL(V') such that xe; = f; for i = 1,...,n. Define ¢ € Aut(End(V)) by

o(y) =2 p(y)a.

Then ¢(E;j;) = Ej;, so replacing ¢ by ¢ we may assume that ¢(Ej;) = Ej; for i =1,...,n.
We now calculate the action of ¢ on the off-diagonal matrix units. With ¢ normalized
as above, we have

O(Eij) = ¢(EiiEijEjj) = Eid(Eij) Ejj.

Hence ¢(FE;j)er = 0 for k # j, and ¢(F;j)e; € Ce;. This implies that

O(Eij) = AijEij (3.16)
for some non-zero scalar \;;. Since ¢(E;;Ej1) = ¢(Eir), the scalars A;; satisfy the relations

/\ij/\jk = N\ik-
Since we have normalized ¢ so that \;; = 1, it follows that /\Z-_j1 = Nji. Set A\; = A\j1. Then
Aij = iA1= A
Set h = diag(\1, ..., A\n). Then
hEijh™" = XA Eij = A Eij,

so by equation (3.16) we have h™'¢(E;;)h = E;; for all i, j. Hence h™'¢(x)h = z for all
x € End(V). Thus ¢ is the inner automorphism given by h. ¢
Proposition 3.2.3 Up to equivalence, the only irreducible representation of End(V') is the

representation T on V' given by 7(x)v = zv.

Proof. Let (p, W) be an irreducible representation of End(V). Wedderburn’s theorem
implies that End(V) = End(W) as an algebra. Since dim End(V) = dim(V)?2, we have
dim(V) = dim(W). Fix a linear bijection T': V' — W, and define
o(z) =T Lp(z)T, for z € End(V).

Then ¢ is an automorphism of End(V'), so by Scholium 3.2.2 there exists g € End(V') such
that ¢(z) = gzg~'. Set S = (T'g)~!. Then S: W — V and

Sp(x) = STo(x)T ' = STgrg ‘T~ = xS
for z € End(V). Since S is a linear bijection, we conclude that (p, W) = (V, 7). ¢

We now establish a canonical form for an arbitrary finite-dimensional representation of
End(V). For this we will need the following differentiated version of Scholium 3.2.2. Recall
that a derivation of an algebra A is a map D € End(A) such that D(zy) = (Dz)y + z(Dy)
for all z,y € A.
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Scholium 3.2.4 Let D be a derivation of the associative algebra End(V'). Then there exists
A € End(V) such that D(x) = Ax — zA for all x € End(V).

Proof. For x,y € End(V),
D([z,y]) = (Dz)y+z(Dy)— (Dy)z —y(Dx)
= [Dz,y] + [z, Dyl,

where [x,y] = zy — yx is the commutator. Thus D is also a derivation of End(V') as a Lie
algebra. Write I = Iy,. Then D(z) = D(Iz) = D(I)x+ D(x) for all x € End(V'), and hence
D(I)=0. Let g = sl(V). Since g = [g, g] we also have Dg C g.

Let Der(g) C End(g) be the vector space of all linear transformations 7" on g such that

T(X,Y]) =[TX,Y]+[X,TY] forall X,Y €g.
If Z € g then ad Z € Der(g) by the Jacobi identity. Furthermore, if T € Der(g) then
[T,ad(2)|X =T([Z,X])-[Z,T(X)]|=[T(Z),X]|=ad(T(Z))X forall X,Z € g.
Hence [T',ad(Z)] = ad(T'(Z)). This shows that
[ad(g), Der(g)] C ad(g). (3.17)
Thus we can obtain a representation p of g on Der(g) by
p(Z2)T =[ad(Z),T] for T € Der(g).

Since the subspace ad(g) of Der(g) is invariant under p(g) and every representation of g is
completely reducible (Theorem 2.4.6), there is a subspace U C Der(g) so that

Der(g) = ad(g) & U, [ad(g),U] C U.
On the other hand, [ad(g), U] C ad(g) by (3.17). Hence U = 0. This proves that
Der(g) = ad(g). (3.18)

Returning to the derivation D of End(V'), we conclude that there exists Z € g so that
D(X) = [X,Z] for all X € g. Since D(I) = 0, this equation holds for all X € End(V).
Thus we may take A = —-Z. §

We now obtain a canonical form for the representations of End (V). We use the notation
vit=Ve. .-aV
‘,._/
m copiles
to denote the direct sum of m copies of the representation of End(V') on V.
Theorem 3.2.5 Let A = End(V) and suppose (p, W) is a finite-dimensional representation
of A. Then dimW = mdimV, where m = dimHomy(V, W), and there exists a linear
bijection
T:W —=V™  with Tw = (v1,...,0n),

such that Tp(zx)w = (zv1,...,2T0,) for x € A and w € W. Hence W is equivalent to the
A-module Hom4(V, W)@V, where x € A acts by - (u®v) = u® (zv) for uw € Hom4(V, W)
andv €V.
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Proof. Since dim W is finite, W contains an irreducible submodule Wy. If Wi # W then
there is a submodule Wy D W; such that the representation of End(V) on Wy /W is
irreducible. Continuing in this way, we obtain a Jordan-Hdélder series

wicwy,c.--.cW,, =W

of submodules with each quotient W1 /W; irreducible and hence isomorphic to V by Propo-
sition 3.2.3. In particular,
dimW = mdimV.

We prove the existence of the map 71" by induction on m. When W = W7 we may take
T = I. Thus we may assume inductively that there are intertwining maps

T W2V, Ty:W/W; = yem-1),

Let 7 : W — W/Wj be the canonical projection. Choose a subspace Z C W so that
W =W1 & Z, and let
P-W—Z Q:W-—-W

be the corresponding projections. (Since Z is not necessarily a p-invariant subspace, these
projections are generally not intertwining operators.) Define a linear bijection

T-W—=V" T(w +z2)=(Tiw, Ton(2))
for w1 € W7 and z € Z. Since 14,15 and 7 are intertwining maps and 7P = 7, we have

Tp(x)(wr +2z) = T(p(x)wr + Qp(x)z+ Pp(z)z)
= (2Thwy +T1Qp(x)z, xTorz)

for x € End(V). Thus if w € W and we write T'(w) = (v1, ..., vy) with v; € V| then
To(x)w = (xv; + Z,ui(:n)vi, TV, ., TUY,), (3.19)
i=2

where p;(z) € End(V).
Obviously the maps pu;(z) depend linearly on z. From the equation p(zy) = p(z)p(y)
and equation (3.19) we find that

m m m
Z pi(@y)v; = Z zp(y)vi + Z i (@) yvi
i=2 i=2 i=2

for all v; € V and z,y € End(V). Hence for i = 1,...,m we have

wi(zy) = zp;(y) + pi(2)y.

Thus p,; is a derivation of End(V). By Scholium 3.2.4 there exists 4; € End(V) so that
() = [As, 2]



132 CHAPTER 3. ALGEBRAS AND REPRESENTATIONS

We have now shown that p is equivalent to the representation p on V™ given by

ﬁ($)(vlv ) Um) = (:L',Ul + Z[Alv :E]Uia v, . . ., ZL"Um)-
=2

Define a linear transformation g on V™ by

m
g-(vi,...,vm) :(vl—l—ZAivi, V2, .., V).
=2

Then g is a linear bijection, with inverse

m
gt (v1, . vm) = (01 — ZAZ"UZ', V2, ..., Upy).
=2

It follows that
g_lﬁ(:n)g(vl, ce sy Um) = (T, . TUR).

Thus p is equivalent to the direct sum of m copies of the representation of End(V) on V.
We have now proved, in particular, that V is the only irreducible A-module, up to
equivalence. Hence the last statement of the theorem follows by Proposition 3.1.6. ¢

3.2.3 Exercises

1. Let H be the algebra (over R) of quaternions (see Section 1.4.4).

(a) Let A = H®p C be the complexification of H. Show that A is a simple algebra
and is isomorphic to Ms(C).

(b) Let M,,(H) be the algebra (over R) of n x n matrices with coefficients in H. Let
A = M, (H) ®g C be complexification of M, (H). Show that A is a simple algebra
and is isomorphic to Ma, (C).

2. Let A be an algebra over C (not assumed associative) and let Dy, Do be derivations
of A. Prove that the operator D1 Do — Do D1 is a derivation of A.

3. Let A be an associative algebra over C with unit 1. Let (p,U) and (o, V) be repre-
sentations of A.

(a) Let S € Hom(V,U) be any linear map. Define 7(a) = p(a)S — So(a) for a € A.
Define 7(a) € End(U @ V) by

m(a)(u®v) = (pla)u+ 7(a)v) ® o(a)v
for w € U and v € V. Show that 7 satisfies the identity

(%) T(ab) = 1(a)o(b) + p(a)7(b) for all a,b € A,
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and that 7 is a representation of A equivalent to the representation p ® o. (Hint:
Show that the operator T'(u @ v) = (u + Sv) @ v gives an equivalence between 7 and
pPo.)

(b) Suppose 7 : A — Hom(V,U) is a linear map. Define a linear map 7 : A —
End(U & V) by

m(a)(u®v) = (pla)u+7(a)v) B o(a)v forac A, ue U, veV.

Show that 7 is a representation of A if and only if 7(1) = 0 and 7 satisfies ().

(c) Suppose every linear map 7 : A — Hom(V, U) which satisfies 7(1) = 0 and (x) is of
the form 7(a) = p(a)S—So(a) for some S € Hom(V, U). Show that the representation
7 in (b) is equivalent to the representation p & o.

(d) Rephrase the proof of Theorem 3.2.5 in this framework, when A = End(V).

3.3 Commutants and Characters

3.3.1 Representations of Semisimple Algebras

A finite-dimensional associative algebra A with unit is said to be semisimple if it is the
direct sum of simple algebras. Throughout this section we assume that A is semisimple
with unit 14. By Wedderburn’s theorem, there exist finite-dimensional vector spaces V?,
with A\ running over some finite set L, and an algebra isomorphism

®:A — @ End(V?Y). (3.20)
AEL

Conversely, every direct sum of matrix algebras is semisimple. Let Ex € @,., End(V?)
denote the element
0@ @Iy, & - &0.

Set ey = ®~1(E)). Then eyz = wey, for all z € A, so e, is in the center of A. Clearly

Ze =1 exep =14 N A= p
AT AT o, otherwise.
AeL

Since the center of End(V?) is CIyx, the set {ex}aer is a basis for the center of A. The
property e%\ = e, is described by saying that ey is an idempotent. These central idempotents
are minimal: if u is any idempotent element in the center of A, then

u= Y e, (3.21)

AEM

for some subset M C L. Thus u = +e) if and only if M reduces to a single element A (the
proof is left as an exercise).
Given the isomorphism @ in (3.20), we can describe all the representations of A, as
follows. We identify
®(A)Ey = End(V?).
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This gives a representation (7%, V*) of A, where
M z) = ®(z)E\ forz € A.

Proposition 3.3.1 The representations (7*, V) are irreducible and mutually inequivalent.

Every irreducible representation of A is equivalent to some 7.

Proof. Since 7*(A) = End(V?), the representation 7 is irreducible. Suppose 7' : V* — V#
intertwines 7* and 7# for some p # X. Since 7 (x) = 7 (eyx) for all = € A, we have

TrMz) = Tt (ear) = 7(exz)T = (e ere)T = 0.

Hence T = 0, so 7 2 7.
Let (m, V) be an irreducible representation of A. Since >, ey = 1, there is some A € L
so that 7(ex)V # 0. Since

m(x)m(en)V = m(zen)V = m(ex)m(x)V C w(er)V,

the subspace w(ey)V is invariant under A. The irreducibility of V implies that 7w(ey)V = V.
If p # A, then
m(en)V =7(ey)m(en)V = m(euer)V =0.

Thus 7(x) = m(ezz) for all z € A. But the map eyz — m*(z) gives an algebra isomorphism
exA = End(V?),

so we may view (7, V) as an irreducible representation of End(V*). By Proposition 3.2.3
there is a linear isomorphism 7" : V' — V* such that

Tr(exz) = mt(exz)T  for x € A.
Since 7w(exr) = w(z) and 7 (exz) = 7 (z) for & € A, it follows that the representations
(7, V) and (7, V) of A are equivalent. ¢

From this proposition we may identify the index set L with A (the set of equivalence
classes of irreducible representations of A). In particular, we see that A is finite, and we
may write (3.20) as

®: A = P End(V?). (3.22)
eA

An arbitrary representation of A can be described as follows.

Proposition 3.3.2 Let A be given by (3.22) and suppose (p, W) is a finite-dimensional
representation of A. Set U* = Hom4(V*, W) for A € A and define a linear map

S:@U’\®V>‘—>VV, S(Zu,\®v,\):§:u>\(v>\).
AeA AeA AeA
Then S is an A-module isomorphism and

S™p(z)S = @ Ips @ 7). (3.23)
AeA
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Proof. We use an argument similar to that of Proposition 3.3.1. Set Py = p(ey). Then
since p is a representation, we have

PP, =6xPn Y Py=1w.
AeA

Thus W = @, W*, where W* = P\W, and
plexA)WH = 5, W™,

so the subspace W is a module for exA = End(V?). Let Sy : U @ VA — W be the
End(V*)-module isomorphism from Theorem 3.2.5. Since S = €0, Sy, it follows that S is
an A-module isomorphism. ¢

Recall from Section 3.1.4 that a completely reducible representation of an algebra A
decomposes uniquely into the direct sum of its isotypic components. For representations of
semisimple algebras we can obtain the projections onto the isotypic components from the
minimal central idempotents.

Corollary 3.3.3 Suppose A is a semisimple algebra. For each \ € A let ex € A be the
associated central idempotent. For any finite-dimensional representation (p, V) of A the
A-isotypic subspace is p(ex)V and the primary decomposition is V = @Aeﬁ plex)V.

Proof. This follows from the definition of the primary decomposition and Proposition 3.3.2

O

Every finite-dimensional representation p of a semisimple algebra A is completely re-
ducible (this follows from Proposition 3.3.2). We now show that this property characterizes
semisimple algebras.

Proposition 3.3.4 Let A be an associative algebra with unit. Suppose (p,V) is a com-
pletely reducible representation of A. Then the algebra B = p(A) is semisimple.

Proof. We shall prove by induction on dim V' that the algebra B is isomorphic to a direct
sum of matrix algebras. This is trivial when dimV = 1, since B = M;(C) in that case.
Consider the general case. If B acts irreducibly on V' then B = End(V') by Burnside’s
Theorem (Theorem 3.1.2) and the result is true. Otherwise, by the hypothesis of complete
reducibility there is a decomposition V = U @& W into non-zero B-invariant subspaces, with
U irreducible under B. Set

Bo={T € B : T|w =0}.

Case 1: If By = 0, then as an algebra B is isomorphic to Bly. Since dimW < dim V'
and W is completely reducible as a B-module by Lemma 3.1.3, the induction hypothesis
implies that B is isomorphic to a direct sum of matrix algebras.

Case 2: By # 0. Since BoW = 0, we must have BoU # 0. Let 0 £ u € U. Since U is
irreducible, we have Bu = U. But By is a two-sided ideal in B, so Bou = BoBu = ByU is a
non-zero B-submodule. Hence Bou = U, which shows that U is irreducible as a By module
also. By Burnside’s Theorem, By|y = End(U). Set

By ={TeB:T|y=0}
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Then B is a two-sided ideal in B. Clearly By N By = 0 and hence B1By = ByB; = 0.
Furthermore, given X € B, we can find Y € B such that Y|y = X|y by the result just
proved. Hence X — Y € B;. This shows that B = Bg & By as an algebra. In particular,
Blw = B1|w, so the action of B; on W is completely reducible. Since the map T +— T'|w
is injective on By, the induction hypothesis implies that B; is isomorphic to a direct sum
of matrix algebras. Thus B is semisimple. ¢

Corollary 3.3.5 (1) Let G be a reductive linear algebraic group and let (p, V') be a regular
representation of G. Then p(C[G]) is a semisimple algebra.

(2) Let g be the Lie algebra of a classical group, and let 3(g) be the center of g. Let
(m, V) be a finite-dimensional representation of g and assume that w(Z) is diagonalizable
for all Z € 3(g). Then w(U(g)) is a semisimple algebra.

Proof. (1) This is an immediate consequence of the definition of reductive group and
Proposition 3.3.4.

(2) As in the proof of Theorem 2.5.7, we can write g = 3(g) @ g’, where ¢’ = g, g]
is a semisimple Lie algebra (in fact, g’ is simple except for G = SO(4,C)). Hence the
representation 7 is completely reducible by Theorem 2.4.6 and the assumption on 3(g).
Now apply Proposition 3.3.4. ¢

We now assemble these results to obtain the promised representation-theoretic charac-
terization of semisimple algebras.

Theorem 3.3.6 Suppose A is a finite-dimensional associative algebra with unit. The fol-
lowing are equivalent:

(1) The left regular representation (L, A) of A is completely reducible (where L(x)y = xy
forx,y e A).

(2) Every finite-dimensional representation of A is completely reducible.

(3) A is a semisimple algebra.

Proof. (1) = (3): The algebra B = A(A) is semisimple, by Proposition 3.3.4. But A = A\(A)
since L is a faithful representation (1 € A).

(3) = (2): This follows from Propositions 3.3.2 and 3.1.4.

(2) = (1): Note that (1) is a special case of (2). ¢

3.3.2 Double Commutant Theorem

Let V be a finite dimensional vector space. For any subset 8§ C End(V) we define
Comm(8) = {z € End(V) : zs = sz for all s € 8}

and call it the commutant of §. We observe that Comm(8) is an associative algebra with
unit Iy .

Suppose now that A C End(V) is a semisimple algebra with Iy € A. Set B = Comm(A).
The vector space A ® B is an associative algebra under the multiplication

(a®b)(d @) =ad @bV,
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and A (resp. B) is isomorphic to the subalgebra A ® 1 (resp. 1 ® B) of A ® B.
By Proposition 3.3.2 there is an A-module isomorphism

v@Pviel (3.24)
=1

where V; is an irreducible A-module, V; 2 V; for i # j and U; = Homa(V;, V). Under this

isomorphism

A= PEnd(Vi) @ Iy, (3.25)
=1

We now use this isomorphism to obtain the basic dual relationship between the algebras
A and Comm(A). This duality will play a fundamental role in the invariant theory of the
classical groups.

Theorem 3.3.7 (Double Commutant) Let V' be a finite-dimensional vector space and
A C End(V) a semisimple algebra. Then the algebra B = Comm(A) is semisimple and
Comm(B) = A. Furthermore, relative to the isomorphisms (3.24), (3.25), one has

B = P Iv, ® End(U)). (3.26)
=1

Hence the subspaces V; @ U; are irreducible and mutually inequivalent representations of the
algebra A Q@ B.

Proof. We first prove (3.26). We may assume that V =" V; @ U; as in (3.24). Clearly the
right side of (3.26) is contained in B. For the opposite inclusion, let P; : V' — V; ® U;, for
i =1,...,7 be the projections associated with this decomposition. Then P; € A by (3.25).
Hence if T' € B then

T
PT=TP, T=> Tlvev,:
i=1
Thus it suffices to prove (3.26) when r = 1, where it follows by Lemma 3.1.9.
From (3.26) we see that

B é} End(05),
i=1

as an associative algebra. This implies that B is semisimple and U; % U; as a B-module
if ¢ # j. Repeating the argument just given, with the roles of A and B interchanged, we
conclude that A = Comm(B). Finally, since

End(V; ® U;) = End(V;) ® End(U;),

we see that V; ® U; is an irreducible A ® B-module and these modules are mutually inequiv-
alent. ¢

We can view (3.24) in two ways: as a decomposition of V' into isotypic subspaces for A
(where the representation V; occurs with multiplicity dim U;), or as a decomposition of V'



138 CHAPTER 3. ALGEBRAS AND REPRESENTATIONS

into isotypic subspaces for B (where the representation U; occurs with multiplicity dim V;).
This dual point of view sets up a correspondence between irreducible representations of A
and irreducible representations of B, where V; is paired with Uj.

We now apply the Double Commutant Theorem to obtain a result that will play a
central role in our study of tensor and polynomial invariants for the classical groups. Let
V be a finite-dimensional vector space and p the defining representation of GL(V'). For all
integers k > 0 we have the representations pj, = p®* on ®k V. Since

PE(@) (V1@ @ ug) = guy ® - ® gug

for g € GL(V'), we can permute the positions of the vectors in the tensor product without
changing the G-action. Thus there is the following algebra of operators that commute with
p(GL(V)). Let & be the group of permutations of {1, 2, ..., k}. We define a representation
o of &5 on ®kV by

ok (8) (V1 ® - @) = Vg-1(1) @+ -+ @ Vg1 (py.

for s € 6. Hence oy(s) moves the vector in the ith position in the tensor product to the
position s(7). It is clear from this description that o(s)ox(t) = or(st) for s,t € &, so o,
is a representation of &y.

Theorem 3.3.8 Set A = pr(C[GL(V)]) and B = 01(C[&k]). Then Comm(B) = A and
Comm(A) = B.

Proof. Since the algebra B is semisimple, as the group algebra of a finite group, it suffices
by Theorem 3.3.7 to prove that Comm(B) = A.

It is clear that og(s) commutes with pg(g) for all s € &) and g € GL(V). Thus
A C Comm(B). To prove the opposite inclusion, we fix a basis {e1,...,e,} for V. For an
ordered k-tuple

I:(Zl,,lk) Withlgijgn,
set #1 = k and
e =¢6€; Q- Qe

The elements e; form a basis for ®k V as I ranges over the finite set of all such k-tuples.

The group &y permutes this basis by the action oy(s)er = es.;, where for I = (iq, ..., i)
we set

S (Z.lv SRR Zk) = (Z.sfl(l)v SRR isfl(k))
for s € 6. Note that s changes the positions (1 to k) of the indices, not their values (1 to
n). We have (st)- I =s-(t-I) for s,t € &,.
Suppose T € End(®" V) has matrix [ar,] relative to the basis {es}:

TGJZZ(ILJGI.
I

We have
T(or(s)es) =T(es.s) = Z ars.jer
I
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for s € &y, while

s)(Tey) = ZalJesI—ZasllJeI

Thus T' € Comm(B) if and only if as 5.7 = as-1.7, 5 for all multi-indices I, J and all s € &,.
Replacing I by s- I, we can write this condition as

as.1s.7 =ay,y forall I,J and all s € &y. (3.27)
Consider the non-degenerate bilinear form
(X,Y) =tr(XY)

on End(®" V). We claim that the restriction of this form to Comm(‘B) is non-degenerate.
Indeed, we have a projection X — X1 of End(@k V) onto Comm(B) given by averaging

over &y )
=5 Z or(s) Xop(s) ™
' SGGk
If T'e Comm(B) then

3 trlou(s)Xau(s) ) = (X ),
" 5eB,

(XuvT) =

since oi(s)T = Tog(s). Thus (Comm(B),T) = 0 implies that (X,T) = 0 for all X €
End(®" V), and so T' = 0. This proves the non-degeneracy of the trace form on Comm(B).

Thus to prove that A = Comm(B), it suffices to show that if 7" € Comm(B) is orthogonal
to A then T'= 0. Now if g € GL(V) and ge; = Y, gijei, then pi(g) has matrix

91,0 = Girg1 * " Girgy -

Thus we assume that
T pk Z ar,J 9jiin = " Gijrix — 0

for all ¢ € GL(n,C), where [as j] is the matrix of 7. But the function g — (7 px(g))
on GL(n,C) extends to a polynomial function on M, (C). Since this function vanishes on
GL(n,C), it must be identically zero. Hence for all X = [z;;] € M,,(C) we have

Z ar,.JTjiy - Tjpip, = 0. (3.28)

We now show that (3.27) and (3.28) imply that ay; = 0 for all I,.J. We begin by
grouping the terms in (3.28) according to distinct monomials in the matrix entries {x;;}.
Introduce the notation

TI,0 = Tirgr " Ligjes
and view these monomials as polynomial functions on M, (C). Let = be the set of all
ordered pairs (I,J) of multi-indices with #I = #J = k. The group & acts on = by
s-(I,J)=(s-1,s-J), and from (3.27) we see that T' commutes with &, if and only if
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the function (I,J) — ar s is constant on the orbits of & in Z. The action of & on =
defines an equivalence relation on =, where (I, J) = (I', J') if (I',J') = (s- I, s- J) for some
s € 6. This gives a decomposition of = into disjoint equivalence classes. Choose a set I' of
representatives for the equivalence classes. Then every monomial x; ; with #1 = #J =k
can be written as x., for some v € I'. Indeed, since the variables x;; mutually commute, we
have
Ty = Tsy

for all s € & and v € I'. Suppose x7 7 = xp . Then there must be an integer p such that
Call p = 1. Similarly, there must be an integer ¢ # p such that

:L'lejé = l'iqjq'
Call ¢ = 2’. Continuing this way, we obtain a permutation s: (1,2,..., k) — (1/,2/,... k)
such that I = s- 1" and J = s - J'. This proves that 7 is uniquely determined by z,. For
v € I'let n, = |G}, - 7| be the cardinality of the corresponding orbit.

Assume that the coefficients aj ; satisfy (3.27) and (3.28). Since a;; = a, for all
(I,J) € Sk - v, equation (3.28) implies that

E Ny Gy T, = 0.

vyer

But the set of functions {z, : v € I'} is linearly independent, so this implies that a7y =0
forall (I,J)€=. ¢

3.3.3 Characters

Let A be an associative algebra with 1. If (p, V) is a finite-dimensional representation of
A, then the character of the representation is the linear functional ch V on A given by

chV(a) = try(p(a)) for a € A.

Proposition 3.3.9 The following properties hold for characters:

(1) chV (ab) = chV (ba) for all a,b € A.

(2) chV (1) =dimV

(3) If U C V is a submodule, and W = V/U is the quotient module, then chV =
chU + chWV.

Remark. In (3) we do not assume that U has a complementary submodule in V.

Proof. Properties (1) and (2) are obvious from the definition. As for (3), we pick a subspace
Z C V complementary to U. Then the matrix of p(a),a € A relative to the decomposition
V =U @ Z is in block triangular form. Its trace is the sum of the trace on U and on Z
mod U. But the action of p(a) on Z mod U is the same as the action on W, so the
traces coincide. ¢

The use of characters in representation theory is a powerful tool, as will become apparent
in Chapters 7, 8 and 9. Let us find the extent to which a representation is determined by
its character.
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Lemma 3.3.10 Suppose (p1, V1), ..., (pr, V) are finite-dimensional irreducible representa-
tions of A such that p; is not equivalent to p;j when i # j. Then the set {chVi,...,chV,} of
linear functionals on A is linearly independent.

Proof. Set V. =V1&---®dV, and p = p1B---Pp, . Since the representations V; are mutually
inequivalent, Theorem 3.3.7 implies that

p(A) = P End(V))
i=1

Let I; € End(V;) be the identity operator on V;, and pick @Q; € A with p(Q;) = I;. Then
ch VYZ(QJ) = tr(lj|Vi) = 5ij dlm‘/l .
Thus given a linear relation ) a;chV; = 0, we may evaluate on @; to conclude that
a; dimV; = 0. Hence a; = 0 for all j. ¢
Let (p,V) be a finite-dimensional A-module. A composition series (or Jordan-Hdélder
series) for V' is a sequence of submodules

O)=Vycwvrc---CcV,=V

such that 0 # W; = V;/V;_1 is irreducible for i = 1, ..., r. It is clear by induction on dim V'
that a composition series always exists. We define the semi-simplification of V to be the

module
Ve = EPWs.

By (3) of Proposition 3.3.9 and the obvious induction, we see that

chV => " ch(Vi/Vi1) = ch Vi, (3.29)
=1

Theorem 3.3.11 Let (p, V) be a finite-dimensional A-module.

(1) The irreducible factors in a composition series for V' are unique up to isomorphism
and order of appearance.

(2) The module Vs is uniquely determined by chV up to isomorphism. In particular, if
V' is completely reducible, then V is uniquely determined up to isomorphism by chV .

Proof. Let (p;, U;), for i = 1,...,n, be the pairwise inequivalent irreducible representations
that occur in the composition series for V, with corresponding multiplicities m;. Then

chV = Z m; ch(U;)
i=1

by (3.29). Lemma 3.3.10 implies that the multiplicities m; are uniquely determined by ch V.
This implies (1) and (2). ¢
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Example
Let G = SL(2,C) and let
_|lgq O x
d(q)—[o q_l] for ¢ € C*.

If (p,V) is a regular representation of G, then ch(V) (as a character of the group algebra
C|[@G]) is completely determined by the rational function g — ch(V)(d(q)) for ¢ € C*, since
the set

{gd(q)g~" : g € SL(2,C), g € C*}

is Zariski-dense in SL(2, C). For example, let (pg, Vi) be the (k+1)-dimensional irreducible
regular representation of SL(2, C) (see Proposition 2.2.3). Then

ch(Vi)(d(q)) = ¢" +¢" 2+ -+ ¢ +¢7"
For n a positive integer we define

" —q "

[’I’L]q — qn—l + qn—3 4t q—n+3 + q—n—l—l — - q_1 .

as a rational function of q. Thus we can write

ch(Vi)(d(q)) = [k + 1],

Define [0]; = 1 and [n],! = [[_o[n — jlq for n a positive integer and set

[ m+n ] _ [m+n]g!

N P PRI
(the g-binomial coefficients). Note the symmetry [ m:;n ] = [ mr—,‘;n ] :
q

Theorem 3.3.12 (Hermite Reciprocity) Let Vj be the (k + 1)-dimensional irreducible
representation of SL(2,C). Let S7(V},) be the jth symmetric power of Vi,. Then for g € C*,

e ) = | "7 | (3.30

In particular, S7(Vy) = S*(V;) as representations of SL(2,C).

Proof. Since the representation S7(V}) is completely reducible, it is determined up to
equivalence by its character, by Theorem 3.3.11. Hence by the remarks above, it suffices to
prove (3.30).

We fix k and write

Fj(q) = ch(S7(Vi))(d(q))
for g € C*. Let {xy,...,x} be a basis for Vj such that

pr(d(q))zj = ¢" % ;.
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Then the monomials
m m m .
$00$11"'$kk’ mo+---+mg =)

give a basis for S7(V},), and d(q) acts on such a monomial by the scalar ¢" with

r=kmo+ (k—2)mi+ -+ (2—k)mg_1 — kmy.

Hence
Fj(Q) _ Z qkmg+(k—2)m1+---+(2—k)mk,1—kmk
MO ,y...,ME
with the sum over all nonnegative integers my, ..., mg such that mg + -+ -+ myp = j.

We form the generating function
(o]
q9) =Y t'Fi(q)
§=0

which we view as a formal power series in the indeterminate ¢t with coefficients in the ring
Clq, ¢7'] of rational functions of q.

Lemma 3.3.13 .
F(t,q) :H aae (3.31)

Proof. By definition (1 — t¢*=27)~1 is the formal power series

e}

Z 7i_mqm(k—2j) )

m=0
Hence the right side of (3.31) is

Z Fmot qkmg+(k—2)m1+--v+(2—k)mk,1—kmk

mQ,...,,mMp

with the sum over all nonnegative integers my, . .., my. Thus the coefficient of t/ is F;(q).

O

To complete the proof of Theorem 3.3.12, it now suffices to prove the following result.

Lemma 3.3.14

jli](l— k=2~ Zt’[k—i_j]q.

Proof. By induction on k. If k = 0 then the equation says that (1—¢)~! = >0 7. We set

o kot i
Hk(ta Q) = th |: L J :|
j=0 q
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and we assume that

tq:ﬁ k2y

Now . .
k+1+j] _ " g [kt
B+l AT — N
Thus
g1 g1
Hi(t ) = 7 =g Helte, ) — 57— == Hr(t/q, 9)
q q q q
- g1 B g1
= Tk Y Tk DY
(@1 — ) TTE (1 — tgh+1-23) (g1 — g +=1) [T (1 — tgh~1-%)
_ 1 A
(gh+1 — g—k-1) H;?:l(l — tgkt1-27) \1 —tgF+1 1 —tq=h-1
k41
_ H(l o tqk+1—2j)—1
=0
O

3.3.4 Exercises

1.

Let A be an associative algebra with 1 and let L : A — End(A) be the left regular
representation L(a)x = ax. Suppose T' € End(A) commutes with L(A). Prove that
there is an element b € A so that T'(a) = ab for all a € A. (Hint: Consider the action
of T on 1.)

Let G be a group. Suppose T' € End(C[G]) commutes with left translations by G.
Show that there is a function ¢ € C[G] so that T'f = f * ¢ (convolution product) for
all f € C[G]. (Hint: Use the previous exercise.)

. Prove (3.21).

Let A = End(V) with V a finite-dimensional complex vector space. Suppose S € A*
and S(xy) = S(yx) for all z, y € A. Prove that S(z) = ¢ tr(z) for some scalar c. (Hint:
Write S(x) = tr(zz) where z € End(V). Then tr(z[z,y]) = 0 for all z,y € End(V).
Now write z = cIy + w with tr(w) = 0 and use Theorem 2.3.1, (5).)

. (Notation as in Section 3.53.1) Let A be a finite-dimensional semisimple associative

algebra over C with unit.

(a) Let S € A*. Show that there exist operators zy € End(V?) so that

= Z tr(zym(x)) for all x € A.
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(Hint: Use (3.22) and the nondegeneracy of the bilinear form tryx (uv) on End(V?).)
(b) Define a linear functional 7" on A by

= Z tr(m?

AeA

Show that T'(zy) = T'(yx) for all x,y € A.

(c) Suppose S € A* and S(zy) = S(yz) for all x,y € A. Show that there exists an
element z in the center of A so that S(z) = T'(zx) for all z € A, where T is the linear
functional in (b). (Hint: Consider first the case that A is simple, and use the previous
exercise. Then apply (a).)

(d) Let S and z be as in (c¢). Show that the bilinear form B(z,y) = S(zy) on A is
nondegenerate if and only if z is invertible in A, and that this condition is the same
as (z) # 0 for all X € A.

6. Let (p,V) and (o, W) be finite-dimensional representations of a group G, and let

g€ G.
(a) Show that ch(V ® W)( )= ch(V)( ) ch(W)( ).
(b) Show that ch(A*V)(g) = = £ {ch( —ch(V)(¢H)}.

(c) Show that ch(Sz(V)) =3 {ch ) + ch(V)(g?)}.

(Hint: Let {\;} be the eigenvalues of p(g) on V. Then {\;\;}ic; are the eigenvalues
of gon A’V and {Ai)j}i<;j are the eigenvalues of g on S?(V).)

The following exercises use the notation in Section 3.3.3.

7. Let (o, W) be aregular representation of SL(2, C). For ¢ € C* let f(q) = ch(W)(d(q)).
Write f(Q) = fovon(Q) +fodd(Q)a where fovon(_Q) = fovon(Q) and fodd(_Q) = _fodd(Q)-

(a) Show that fovon(Q) = fovon(q_l) and fodd(Q) = fodd(q_l)'

(b) Let feven(q) = ZkeZ ar ¢** and foqa(q) = ZkeZ b ¢***1. Show that the sequences
{ax} and {by} are unimodal.

(Hint: See Exercises 2.4.5.)

8. Let (o, W) be a regular representation of SL(2,C) and let W = @, mi Vi be the
decomposition of W into isotypic components. Say that W is even if m; = 0 for all
odd integers k, and say that W is odd if m; = 0 for all even integers.

(a) Show W is even (resp. odd) if and only if ch(W)(d(—¢q)) = ch(W)(d(q)) (resp.
ch(W)(d(—q)) = —ch(W)(d(q))). (Hint: Use Proposition 2.2.3.)

(b) Show that S7(V%) is even if jk is even, and is odd if jk is odd. (Hint: Use the
model for V; from Section 2.2.2 to show that —I € SL(2,C) acts on V}, by (—1)* and
hence acts by (—1)7* on S7(V4).)

9. Set f(q) = [ mrj; " ] for ¢ € C* and positive integers m, n.
q
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10.

11.

12.
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(a) Show that f(q) = f(g™1).

(b) Show that f(q) = >_,c7 ak ¢?**¢, where € = 0 when mn is even and € = 1 when
mn is odd.

(c) Show that the sequence {ay} in (b) is unimodal.

(Hint: Use the previous exercises and Theorem 3.3.12.)

(a) Show (by a computer algebra system or otherwise) that

443
[ ; ] 2 28 135 44t 4P+ 5+
q
(where - - - indicates terms in negative powers of q).

(b) Use (a) to prove that
S3Vy) 2 SV 2 Vied Vs Ve Vi @ V.
(Hint: Use Proposition 2.2.3 and Theorem 3.3.12.)

(a) Show (by a computer algebra system or otherwise) that

[5+3

5 ] =¢® 4+ ¢ +2¢" +3¢° +4¢" +5¢° + 6¢° + 69+ - - -
q

(where - - - indicates terms in negative powers of q).
(b) Use (a) to prove that

SP(V5) =S (B 2 Vs Vi@ Ve Vs @ Vs @ Va.
(Hint: Use Proposition 2.2.3 and Theorem 3.3.12.)

For n € N and g € C define

n

qg—1

{ntg=q¢"'+¢" P+ gtl=

(some authors write [n], for {n},).
(a) Show that {n}, = ¢"*[nlq.
(b) Define
_ {m+n}!
Cortmanl®) = Loy )

(this is an alternate version of the ¢g-binomial coefficient which also gives the ordinary
binomial coefficient when ¢ = 1). Let F be the field with ¢ elements (¢ = p™ with
p a prime). Prove that Cp,4y,.m(¢) is the number of m-dimensional subspaces in the
vector space ™" (Hint: The number of nonzero elements of F™*" is ¢"*™ — 1. If
v € F™t — {0} then the number of elements that are not multiples of v is ¢"T™ —g.
Continuing in this way we find that the cardinality of the set of all linearly independent
m-tuples {v1, ..., v} is (¢"T™ — 1)(¢"T 1 — 1) - (¢"" — 1) = apm. The desired
cardinality is thus ap m/a0m = Cntm,m(q).)



