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RIGIDITY OF POLYHEDRAL SURFACES, I

FeENG Luo

Abstract

We study the rigidity of polyhedral surfaces and the moduli
space of polyhedral surfaces using variational principles. Curvature-
like quantities for polyhedral surfaces are introduced and are shown
to determine the polyhedral metric up to isometry. The action
functionals in the variational approaches are derived from the co-
sine law. They can be considered as 2-dimensional counterparts of
the Schlaefli formula.

1. Introduction

We use variational principles to study geometry of polyhedral sur-
faces in a series of three papers [19], [29], of which this is the first.
Several rigidity and infinitesimal rigidity results are established. As one
consequence, for each real number A, we produce a natural parameteri-
zation 1y, of the Teichmiiller space of an ideal triangulated surface with
boundary. The images of the Teichmiiller space under these parameter-
izations are shown to be convex polytopes by our work (for > 0) and
the work of Ren Guo [16] (for h < 0).

A key identity for variational framework for polyhedral metrics in
dimension greater than 2 is the Schlaefli formula (see for instance [37]).
In dimension 3, the Schlaefli formula expresses the volume Vol, the
dihedral angles 6;, and the edge lengths I; of a tetrahedron in the simple
form

—— =—; and — =

00; 2 ol ol;
where A\ = +1 is the curvature of the ambient hyperbolic space H? or
the 3-sphere S3. In 1991, Colin de Verdiere [11] found a 2-dimensional
counterpart of the Schlaefli formula and used it to prove Thurston’s
circle packing theorem. Our study finds all 2-dimensional counterparts
of the Schlaefli formula. They consist of two one-parameter families. All
rigidity results in the paper are consequences of the variational principles
associated to these 2-dimensional Schlaefli type identities.
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1.1. Polyhedral surfaces, their curvatures, and the main re-
sults. Recall that a closed triangulated surface (S,T) is the quotient of
a finite disjoint union of Euclidean triangles by identifying all edges of
triangles in pairs by homeomorphisms. The simplices in the triangula-
tion 7 are the quotients of vertices, edges, and triangles in the disjoint
union. We use V, E, T to denote the sets of all vertices, edges, and trian-
gles in 7. Let H", E™, and S™ be the n-dimensional space of hyperbolic,
Euclidean, and spherical geometries and Rsg be the set of all positive
real numbers.

Definition 1.1. (Polyhedral surfaces) Given a triangulated surface
(S,7) and K? = HZ2 82, or E2, a K?-polyhedral metric on (S, T) is
amap | : E — R-g so that if ey, es,es are edges of a triangle, then
I(e1) + I(e2) > l(e3) and if K2 = S2, I(e1) + l(e2) + l(e3) < 2m. A
Euclidean (or spherical or hyperbolic) polyhedral surface is the triple
(S, T,1) where [ is an E? (or S2, or H?) polyhedral metric.

Intuitively, a polyhedral surface is an isometric gluing of geometric
triangles along pairs of edges. The boundary of a generic compact con-
vex polytope in the 3-dimensional space E3, S3, or H? is a polyhedral
surface. We emphasize that the triangulation 7 is an intrinsic part of a
polyhedral surface in our study. Two polyhedral surfaces (S,7,1) and
(S, T',I') are triangulation preserving isometric if there is an isomor-
phism h between the triangulations 7 and 77 so that [ = I’ o h. The
(classical) discrete curvature ko : V' — R of a polyhedral surface (S, T, 1)
is the function assigning each vertex 27 less the sum of the inner angles
of triangles at the vertex.

A basic problem on polyhedral geometry is to understand the rela-
tionship between the metric and its curvature. For a polyhedral surface,
the metric is the edge lengths, and discrete curvature comes from the in-
ner angles of triangles. The metric-curvature relation is governed by the
cosine law for triangles. Using inner angles, we introduce three families
of curvature-like quantities and study the relationships between these
curvature-like quantities and the metrics.

Definition 1.2. (Curvatures) Let K2 be E2, or S? or H?, and h €
R. Given a K2 polyhedral metric [ on (S,7T), the ¢, curvature of the
polyhedral metric [ is the function ¢y, : £ — R sending an edge e to:

w/2

w/2
(1.1) on(e) :/ sinh(t)dt—i—/ sin” (t)dt

a/

where a,a’ are the inner angles facing the edge e. See figure 1.
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The 9y, curvature of the metric [ is the function ¢ : F — R sending

an edge e to
btc—a b ' —a’
2 h 2 h
(1.2) Ype) = / cos" (t)dt + / cos’ (t)dt
0 0

where b,V/, ¢, ¢ are inner angles adjacent to the edge e and a,a’ are the
angles facing the edge e. See figure 1.

Figure 1

The h-th discrete curvature kj, of the metric [ is the function kj, :
V — R sending a vertex v to

(1.3) ko (v) = w—z / tan" (¢ /2)dt

where the vertex v has degree m and 91, ..., 0, are all inner angles at
v. See figure 1.

REMARK 1.3. The curvatures ¢y and 1y were first introduced by 1.
Rivin [36] and G. Leibon [25] respectively. The geometric meaning of
them is related to the dihedral angle along edges of a hyperbolic poly-
hedron associated to the polyhedral surface. In particular, a Euclidean
polyhedral surface is Delaunay if and only if ¢g(e) > 0 for all e € E,
and a hyperbolic polyhedral surface is Delaunay if and only if 1y(e) > 0
for all e.

REMARK 1.4. The positivity of the curvatures (bh and 1y, is indepen—
dent of h. To be more precise, due to (z+y)( [y cos”(t)dt+ [ cos (t)dt) >
0 for x,y € [—7/2,7/2], we have ¥p(e) > 0 (or ¢p(e) > 0) if and only
if 1o(e) > 0 (or ¢p(e) > 0). Thus the geometric meaning of positive 1y,
curvature is the same Delaunay condition (i.e., ¥9 > 0) for polyhedral
metrics.

REMARK 1.5. The curvature ¢_s(e) = cot(a) + cot(a’) has appeared
in the finite element method approximation of the smooth Beltrami-
Laplace operator. It is called the discrete cotangent Laplace operator.
See for instance Pinkall and Polthier’s work [35].
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REMARK 1.6. The 0-th discrete curvature ky = 2r — Y ;" 0; is the
(classical) discrete curvature.

Recall that a circle packing metric on (S,7T) is a polyhedral metric
l: E — Rsg so that there is a map, called the radius assignment, r : V'
— R with I(vv') = r(v) + r(v) whenever the edge vv’ has end points
v and v'.

One of the main results in the series of the papers is:

Theorem 1.7. Let h € R and (S,T) be a closed triangulated surface.

(a) A Euclidean circle packing metric on (S,T) is determined up to
isometry and scaling by the ky, discrete curvature.

(b) A hyperbolic circle packing metric on (S,T) is determined up to
isometry by the ky, discrete curvature.

(c¢) A Euclidean polyhedral metric on (S, T) is determined up to isom-
etry and scaling by the ¢y, curvature.

(d) A spherical polyhedral metric on (S,T) is determined up to isom-
etry by the ¢y, curvature.

(e) A hyperbolic polyhedral surface metric on (S,T) is determined up
to isometry by the Yy curvature.

Furthermore, the corresponding infinitesimal rigidity results hold.

We remark that Andreev [1] and Thurston [43] first proved Theo-
rem 1.7(a) for h = 0. Theorem 1.7(b) for h = 0 was first proved by
Thurston [43]. Theorem 1.7(c) for h = 0 was first proved by Rivin [36]
and Theorem 1.7(d) for h = 0 was first proved by Leibon [25]. The-
orem 1.7(a),(d) for h = —2 shows that the discrete Laplace operator
determines the Euclidean and spherical polyhedral metrics.

In this paper, we will prove Theorem 1.7(a),(b) and the corresponding
infinitesimal rigidity results (see Theorem 4.1). Theorem 1.7(c),(d),(e)
is proved in [29] using the machinery built in this paper.

A counterpart of Theorem 1.7(e) for hyperbolic metrics with totally
geodesic boundary on an ideal triangulated compact surface is the fol-
lowing. Recall that an ideal triangulated compact surface with boundary
(S,7) is obtained by removing a small open regular neighborhood of
the vertices of a triangulated closed surface. The edges of an ideal tri-
angulation 7 correspond bijectively to the edges of the triangulation of
the closed surface. Given a hyperbolic metric [ with geodesic boundary
on an ideal triangulated surface (S,7), the triangulation 7T is isotopic
to a unique geometric ideal triangulation 7* so that all its edges are
geodesics orthogonal to the boundary. The edges in 7* decompose the
surface into hyperbolic right-angled hexagons. The 1, curvature of the
hyperbolic metric [ is defined to be the map ¥y, : { all edges in 7} — R
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sending each edge e to

b+c—a b/+c/7a/

(1.4) Ype) = / cosh”(t)dt + / i cosh™(t)dt
0 0

where a,a’ are lengths of arcs in the boundary (in the ideal triangulation

T*) facing the edge and b, V', ¢, ¢, are the lengths of arcs in the boundary

adjacent to the edge so that a,b, ¢ lie in a hexagon. See figure 1.

Theorem 1.8. A hyperbolic metric with totally geodesic boundary on
an ideal triangulated compact surface is determined by its vy, -curvature.
Furthermore, if h > 0, then the set of all 1y, curvatures on a fized ideal
triangulated surface is an explicit open convex polytope Py in a Euclidean
space so that Py, = P.

The case when h < 0 has been recently established by Ren Guo [16].
He proved that:

Theorem 1.9. Under the same assumption as in Theorem 1.8, if
h < 0, the set of all ¢y, curvatures on a fixed ideal triangulated surface
1s an explicit bounded open convex polytope Py in a Fuclidean space.
Furthermore, if h < I', then Py, C Py.

Theorem 1.7 shows that polyhedral metrics are determined by their
curvatures. It is natural to investigate the spaces of all curvatures on a
given triangulated surface (S, 7). A major portion of the paper (§5, §6,
§7) studies this problem. The important work of Thurston, Rivin, and
Leibon shows that the spaces of kg, ¢g, and 1y curvatures of Delaunay
polyhedral metrics and circle packing metrics on (S, 7) are convex poly-
topes. Our results in §6 and §7 (Theorems 6.1, 6.4, 6.7, 7.1) generalize
their work to all polyhedral metrics and to curvatures ¢y, ¥, and kj
for h < —1and h = 0.

A summary of main results in the subsequent papers [19] and [29] is
as follows. In [29], we prove the global rigidity part of Theorem 1.7 and
investigate the inversive circle packings introduced by P. L. Bowers and
K. Stephenson. We prove a rigidity conjecture of Bowers-Stephenson
that the ky curvature determines Euclidean and hyperbolic inversive
distance circle packing metrics. The case of spherical inversive distance
circle packing remains open. Our proof uses a variational principle es-
tablished by Ren Guo [18] for inversive distance circle packing which is
valid for Fuclidean, spherical, and hyperbolic geometry.

In [19], we study various generalized cosine laws for nontriangular
regions bounded by three possibly disjoint geodesics in the hyperbolic
plane. We establish several variational principles for the corresponding
polyhedral surfaces. As a consequence, the work of Penner, Bobenko
and Springborn, and Thurston on rigidity of polyhedral surfaces and
circle patterns is extended to a very general context.
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1.2. The method of proofs and the derivative cosine law. The
proofs of the above theorems use variational principles. The use of vari-
ational principles on triangulated surfaces in recent time appeared in
the seminal work of Colin de Verdiere [11] in 1991 and I. Rivin [36] in
1994. Variational principles on triangulated surfaces have also appeared
in [5], [25], [9], [7], [39], and others. The energy functions used in [11],
[36], [5], [25], [9] are related to the 3-dimensional volume, the Schlaefli
formula, or its Legendre transform. Even in the work of [11], Colin de
Verdiere’s energy was motivated by the 3-dimensional Schlaefli volume
formula [12]. In 2004, motivated by the discrete 2-dimensional inte-
grable system, Bobenko and Springborn [7] discovered a new collection
of energies for triangulated surfaces.

We observe that all energy functions used in [11], [5], [36], [9], [25], [7]
are derived from the cosine law and the Legendre transformation. Fur-
thermore, we show that these known energy functions are special cases
of two one-parameter families of energy functions derived from the co-
sine law. These energies functionals can be considered as 2-dimensional
analogs of the Schlaefli formula.

Our study is motivated by discretization of 2-dimensional Riemann-
ian geometry. In the discrete setting, the smooth metric is replaced by
the polyhedral metric and the Gaussian curvature is replaced by the dis-
crete curvature k. The relationship between a polyhedral metric and its
curvature is the cosine law for triangles. Thus, the cosine law should be
considered as a metric-curvature relation. Just like in Riemannian ge-
ometry, it is natural to study the infinitesimal dependence of curvature
(inner angles) on the metric (edge lengths). The result is a collection
of identities which we call the derivative cosine law. Among the most
interesting ones are the following. Suppose a triangle in S2, E2, or H?
has inner angles 61,605, 63 and opposite edge lengths 1, s, l3. Consider
0; as a function of (I1,1l2,13); then for 4, j, k distinct,

(1'5) 691/8l] _ sm@i and 892/6@ .

— cos 6.

1.3. An example. We illustrate the use of these identities by an ex-
ample. It shows the main techniques and methods used in our papers.
Given a Euclidean triangle of edge lengths I, 12,13 and opposite angles
01, 05,03, the cosine law relating them states

where i # j # k # i. Consider 0; = 6;(l1,12,13) as a smooth function of
[ = (I1,12,13). Then identity (1.5) shows that the differential 1-form
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3 0,
w= Z In tan 2 dl;
i=1

is closed. This closed smooth 1-form is defined on the space E?(3) =
{(l1,12,13)|l; + 1; > I3} of all Euclidean triangles parameterized by the
edge lengths. Since the space E?(3) is convex and therefore simply con-
nected, the integral F(I) = f(ll,l,l) w defines a smooth function on the

E2(3). By definition, this function F' satisfies

oF 0,
(1.6) a In tan <§> .

. . 2
Its Hessian matrix [a‘?—g;]gxg = [ %]3% can be shown to be con-

gruent to the Gram matrix of the triangle. Thus the Hessian matrix is
positive semi-definite. It follows that the function F is convex on E?(3).
Property (1.6) says the partial derivative with respect to the i-th edge
length (i.e., the metric) of the function F' depends only on the opposite
angle 6; (i.e., the curvature). This is similar to the Schlaefli identity.
A function with property (1.6) is very useful for variational framework
on polyhedral surfaces. We call F(ly,l3,13) the F-energy of the trian-
gle (l1,12,13). Let a Euclidean polyhedral surface (S,7,1) be given so
that £ and T are the sets of edges and triangles and [ : £ — R is
a metric, also called an edge length function. Define an “energy” W ()
of the metric [ to be the sum of the F-energies of its triangles, i.e.,
W) = > fer,enester F'(lle1),l(e2),l(e3)). Then the function W(I) is
convex in [ since it is the sum of convex functions. Furthermore, by
property (1.6), we have

wn PO (2)) 41n (tan (5>> = (e

where a and a’ are the two inner angles facing the i-th edge e;. Identities
(1.1) and (1.7) show that the gradient of the convex function W is —¢_,
i.e., VW = —¢_1.

On the other hand, we have the following well known fact:

Lemma 1.10. IfU : Q — R is a smooth function of positive definite
Hessian matrixz defined on an open convex set §) in R™, then the gradient
map VU : Q — R" is a smooth embedding.

The function W is not strictly convex. Using the lemma and a little
extra work, we prove that the gradient \yW is injective up to scaling,
i.e., the ¢_1 curvature determines the metric [ up to scaling. This is
Theorem 1.7(c) for h = —1. Indeed, Theorem 1.7(c) is proved in exactly
the same way by using a special collection of closed 1-forms on the space
of all Euclidean triangles.
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1.4. 2-dimensional Schlaefli formula. The most general form of the
cosine law can be stated as follows. Suppose a function y = y(x) where
y = (y1,y2,y3) € C? and = = (x1, 29, x3) is in some open connected set
in C? so that x;’s and y;’s are related by

COS T; COST; COST
(1.8) cos(y;) = S8 L+ COS T, COS Ty

sin(x;) sin(xy)

where {i,7,k} = {1,2,3}. We say y = y(x) is a cosine law function and
write it as y = CL(x). Let r; = 3(z; + 21 — 2;). Then r = (r,73,73) is
a new parameterization so that x; = r; + ry.

Theorem 1.11. For a cosine law function (y1,y2,y3) = CL(x1, z2,
x3), all closed 1-forms of the form w = zg’:l f(yi)dg(z;) where f,g
are two non-constant smooth functions are up to scaling and complex
conjugation,

3 Yi x; 3 Yi i h
wp = Z/ sinh(t)dtd(/ sin~"L(¢)dt) = Z %dw,
i=1 -1 S (i)
for some h € C, i.e., f'(t) = sin"(t) and ¢'(t) = sin™""1(t). In particu-
lar, all closed 1-forms of this type are holomorphic or anti-holomorphic.
All closed 1-forms of the form Z?:l flyi)dg(r;) where f,g are two
non-constant smooth functions are up to scaling and complex conjuga-
tion,

5. rvi i 3 [¥ tanh(t/2)dt
= tan™(t/2)dtd “h=lpyay) =y L L gy,
m =3 [ a2t [ eos™ Ny = 30 S
for some h € C, i.e., f'(t) = tan" (L) and ¢'(t) = cos™"~1(t). In particu-
lar, all closed 1-forms of this type are holomorphic or anti-holomorphic.

This theorem can be considered as finding all 2-dimensional analogs
of the Schlaefli identity. Recall that if a spherical or hyperbolic tetra-
hedron has dihedral angle 6; and edge length [; at the i-th edge, then
the Schlaefli formula says that the 1-form w = ), [;df; is closed. Its
integration [w is 2AVol where A = =£1 is the curvature of the space
S? or H? and Vol is the volume of the tetrahedron. By specializing
Theorem 1.11 to various cases of S, E?, and H? and integrating the
1-forms, we obtain various energy functionals for variational framework
on triangulated surfaces. Theorems 3.2 and 3.4 identify all those convex
or concave energies constructed in this way.

1.5. Surfaces with boundary. The results obtained in this paper can
be generalized without difficulty to compact triangulated surfaces with
boundary by doubling across the boundary. The notions of ky, ¢, and
1y, curvatures can now be defined for polyhedral metrics on (S,7) by
using the corresponding concepts on the closed surface. For simplicity,
we will not state the results for triangulated surfaces with boundary.
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1.6. The organization of the paper. In section 2, we list some of
the properties of the derivatives of the cosine law and prove the part of
Theorem 1.11 showing that the listed 1-forms are closed. The proof that
the list contains all of the closed 1-form is deferred to Appendix A. In
section 3, we deduce various consequences of Theorem 1.11 and identify
all convex and concave action functionals derived from the cosine law
(Theorems 3.2, 3.4). In §4, we prove the infinitesimal rigidity part of
main Theorem 1.7. In §5, we study the shapes of the Teichmiiller space
in p,-coordinates and prove Theorem 1.8. In §6, we investigate spaces
of all ¢, and 1, curvatures for closed triangulated surfaces, generalizing
the main work of Rivin [36] and Leibon [25]. In §7, we study the space
of all kj, discrete curvatures of circle packing metrics. In §8, we discuss
some open problems and conjectures. In the appendices, we give a proof
of the uniqueness of the energy functions, derive the derivative cosine
law of the second kind, and recall known relationships of some energy
functions with the Lobachevsky functions.
Acknowledgments. We would like to thank David Gu, Ren Guo, and
G. Ziegler for discussions. We thank the referees for their suggestions
and comments. Part of the work was carried out when we participated
in the Oberwolfach workshop on discrete differential geometry.

The work is supported in part by an NSF grants 1105808 and 1222663.

2. The derivative cosine law

We call a smooth function defined in an open set in R locally convex
(or locally strictly convez) if its Hessian matrix is positive semi-definite
(or positive definite) at each point. Note that the definition of strictly
convex is not the standard one. Let {i,7,k} = {1,2,3} in this section.
2.1. The derivative cosine law. Given a triangle in H?, E2, or S? of
inner angles 01,602,603 and edge lengths [y, ls, 13 so that 6; is facing the
l;-th edge, the cosine law expressing length [; in terms of the angles 0, is

~cos b + cos B cos by,
(2.1) €08 (ﬁl2> N sin 0; sin 0y,

where A = 1, —1,0 is the curvature of the space S?, H?, or E?. Another
related cosine law is

h9; h 6, cosh
(2.2) cosh(l;) = cosh 6; + cosh 6; cosh 6,

sinh ¢; sinh 6y,
for a right-angle hyperbolic hexagon with three non-adjacent edge lengths
l1,12,13 and their opposite edge lengths 61, 62, 5. Note that (2.2) can be
considered the same as (2.1) applied to a triangle in the extension of
the hyperbolic plane by the de Sitter plane.

Identities (2.1) and (2.2) show that the cosine laws are specializations
of the cosine law function y = y(z) defined by (1.8). The following was
proved in [28].
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Theorem 2.1. Suppose the cosine law function y = y(x) is de-
fined on an open connected set in C> which contains a point (a,a,a) so
that y(a,a,a) = (b,b,b). Let A;j, = siny;sinz;sinxy, where {i,j,k} =
{1,2,3}. Then

(2.3) Aiji = Ajki = Anzs.

2 _ 2. 2. ensl g, — . .
(2.4) Aij =1—cos” z; — cos” xj — cos” xp — 2 COS T; COS T COS T.

At a point x where Ay, # 0, then,

Oy;  sinx;

2.5 =
Oyi _ 0y;
2.6 =
(2.6) T = S conn,
27) cos(z;) = CO8 Yi — COS Y/j COS Yk

sin y; sin yg,

REMARK 2.2. Formula (2.3) shows that % is independent of the
index . It is the sine law.

REMARK 2.3. Identity (2.7) can be written in the symmetric form as
cos(m — y;) + cos(m — y;) cos(m — yg)

sin( — yy)sin(r — )
This reflects the duality of the spherical triangles. Namely, the dual

triangle of a spherical triangle has edge lengths m — 6; and inner angles

7 — l;. In particular, by (2.6) applied to (2.8), we obtain

(2'9) 8%’ _ _8%,’
Ay, dy;

REMARK 2.4. Identity (1.5) follows from (2.6) and (2.9).

(2.8) cos(m — ;) =

COS T,.

REMARK 2.5. If we consider (y;,x;,x)) as a function of (y;, yx, ;) in
the cosine law, there are similar derivative identities which we call the
derivative cosine laws of second kind. See appendix B.

2.2. The tangent law and the radius parameterization. Many
geometric problems (circle packing, etc.) prompt us to parameterize a
triangle whose i-th edge length (or angle) z; is by r; + 1y, i.e., one uses
(r1,72,73) to parameterize (21,2, z3) where r; = 3(x; + z), — ;). If the
x; are the edge lengths, then the r; are the radii of the pairwise tangent
circles whose centers are the vertices of the triangle. If the z; are the
inner angles, then r; is /2 less the angle between the i-th edge and the
circumcircle.



RIGIDITY OF POLYHEDRAL SURFACES, I 251

W2- T
Figure 2

Lemma 2.6. For the cosine law function y = y(x), write x; = rj+ry,
orr; = %(a:] + ) — x;); under the same assumption as in Theorem 2.1,
the following expression is independent of the indices:
tan?(y;/2) ~_cos(ri +r2+73)

cos?(r;) cos(ry) cos(rg) cos(rs)

(2.10)

Furthermore, there is a quantity A = sin(y;) sin(x;) sin(xy,) independent
of indices so that
1 0y;  2cos(rg)

(2.11) cos(r;) Or; - AST(J?I@)

and
Oy;  2sin(x; + ) cos(r;) cos(ry)

or; Asin(z;) sin(xy)

In particular,
0y /0r; _ cos(r;) _ tan(y;/2)
dy;/Or;  cos(r;)  tan(y;/2)
We call identity (2.10) the tangent law. In the case of a Euclidean
triangle of edge lengths r; 4+ r; and opposite angle 6y, identity (2.10)

says that r; tan(6;/2) is independent of the index i (the common value
is the radius of the inscribed circle).

Proof. To see (2.10), let us calculate tan2(yz 2). It is

/
1 — cos(yi)
1+ cos(y;)

(2.12)

tan®(y;/2) =

_ sin(z;) sin(xy) — cos(x;) — cos(x;) cos(zy,)
sin(z;) sin(xy) + cos(x;) + cos(x;) cos(zxy,)
_ cos(x;) + cos(w; + wk)
cos(z;) + cos(z; — xy)
_ cos(r;) cos(r1 + g +13)
cos(r;) cos(ry)

B cos?(r;) cos(ry + 12 +73)
cos(r1) cos(rg) cos(rs)

Thus (2.10) follows.
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Next, let us calculate gf; for ¢ # j. Note that due to z; = r; +ry, we
have % = 6%1_ + 8%1@' Thus
i _ Oyi Oy
87‘]' axl axk
Ay

5o, (1 T 08(1))

sin(a;) <cos(g;j) + cos(z; — m))

A sin(z;) sin(xg)

_ 2 cos(r;) cos(ry)
Asin(zy)

This establishes (2.11).

To see gy?, we have
ri

8yi - 81]1 + 81]1
or;  Ox; Oy

Yi

== (cos(yk) + cos(y;))

3

sin(z;) [ cos(zk) + cos(z;) cos(x;)  cos(x;) + cos(z;) cos(xy)
A ( sin(z;) sin(x;) + sin(x;) sin(zy) )

_ sin(z;) cos(z;) + sin(xy ) cos(zx) + cos(z;)(cos(x;) sin(zy) + cos(xy) sin(z;))
Asin(z;) sin(zg)

_sin(z; 4 o) cos(x; — x1) 4 cos(x;) sin(x; + x)
N Asin(z;) sin(z)

_ 2sin(x; + o) cos(r;) cos(ry)

Asin(z;) sin(z)
q.e.d.

2.3. A proof of Theorem 1.11. We prove that the 1-forms in the list
are closed. Indeed, a holomorphic 1-form w; = Z?=1 f(wi)g (z;)dz; is

closed if and only if %ﬂil(w = f’(yi)g’(azi)gg; is symmetric in 1, j.
For wy, where f’(t) = sin”(t) and ¢'(t) = sin™"71(t), we have

O(f(yi)g (%)) — £ N (e Oy _ i "(y:) g (x;) sin(x;) cos
T = f'(yi)g (wz)axj = /' (Wi)g'(wi) sin(wi) cos(yy)
_ 1 sin(y:) hcos
A <sin(azi)> ()

where A is independent of the indices by Theorem 2.1. The above expres-
sion is clearly symmetric in ¢, 7 due to the sine law. Thus the closedness
follows.
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To see the holomorphic 1-form 7, = zg’:l fyi)dg(r;) is closed, we

check if the quantity f'(y;)g’ (rl)gfj’ is symmetric in 7,5 for f/(t) =
tan”(t/2) and ¢/(t) = cos™"71(t). Indeed, it is equal to

tan” (y;/2) Oyi _ (tan(yi/m)h( 1 ayz->
cosh*1(r;) dr; — \ cos(r;) cos(r;) Or;
where #(m gf;
of i by the tangent law. This shows the closedness.
The proof that these are all closed 1-forms is relatively long and the
techniques used will not be used anywhere in the paper. We defer it to
Appendix A.

is symmetric in 4, j by (2.11) and % is independent

2.4. Hessian matrices of the energy functions. In Theorem 1.11,
let u; = [" sin~"~1(¢)dt in the case of wy, and u; = [" cos™hL(¢)dt for
np; then the closed 1-forms are wy, = Z?:l [Y sin®(t)dtdu; and ny, =
S5 [V tan® (t/2)dtdu;.

Lemma 2.7. For any two h,h/,

(a) the Hessian matrices of the two functions [“wy and [“wp are
congruent;

(b) the Hessian matrices of the two functions [“nn and [“nn are
congruent.

Proof. In the case of wy, the Hessian of the function F(u) = [“wy,
is [0?F /OusOus) where
0’F h
OusOus sin” (1)

8% 0z,
Oxs Oug
" )%

¥ 0xg

(2.13) = <Sin(yt)>h (sin(zy) sin(z,))" <sin(ms)g—ii> .

sin(zy)

= sin”(y;) sinT(

Let ¢ = (%)h be the function which is independent of index ¢ due to
the sine law and D be the 3 x 3 diagonal matrix whose (4,7)-th entry is
sin”(x;). Then (2.13) shows that the Hessian matrix is ¢D [Sin(:ns)ggi]D.
It follows that the Hessian matrices for different h’s are congruent.

By the same calculation using the tangent law instead of the sine law,

for the integration of 7y, we see that the (s,¢)-th entry of the Hessian

matrix is
<M)h(c08(rs) COS(Tt)>h (Cos(rt)gyt> .

cos(r¢) Ts

This shows that the Hessian matrices for different h’s are congruent.
q.e.d.
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2.5. The Legendre transformation. The integrals [ wj, in Theorem
1.11 are not independent. In fact f wy, and f w_p_1 are Legendre trans-
formations of each other.

Let us recall briefly the Legendre transforms. Suppose U and V are
diffeomorphic connected open sets in R™ so that the first de Rham
cohomology group H),(U) = 0. Let © = (z1,...,2,) € U and y =
(Y1,---,yn) € Vand y = y(z) : U — V be a diffeomorphism so that its
Jacobian matrix is symmetric, i.e.,

Oyi 0Oy,

8:Ej N al‘l '
Then the differential 1-forms wy = Y i, yide; and wy = Y ;- zdy;
are closed in U and V respectively. Their integrations f(z) = fax wy
and g(y) = [ wy + (a,b) where b = y(a) and (a,b) is the dot prod-
uct are well defined due to H)n(U) = Hjp(V) = 0. We call g(y) the
Legendre transformation of f(x) (and vice versa). By the construction,
the Hessian matrices of f and g are inverses of each other. Therefore the
Legendre transform of a strictly convex (or concave) function is strictly
convex (or concave).

. f:r“ sin® (t)dt
Proposition 2.8. Let fi(x) = f(fr/2,7r/2,7r/2) ?zlﬁ

Then the Legendre transformation of fn(x) is f— pn_1(z) — f—p—1(0). In
particular, the Legendre transform of f_yo(x) is f_1/2(%) up to adding
a constant.

XTj.

Proof. Let g (y) be the Legendre transformation of fj(x). Then,
3

Yy T Yi
an(y) = / Z </ sin_h_l(t)dt) d </ Sinh(t)dt> +c
(m/2,m/2,m/2) ;4 w/2 /2

where ¢ = ¢,(0,0,0) — gn(7/2,7/2,7/2). In the above identity, x and
y are related by the cosine law (1.8) which we denote by y = C'L(x).
Let w = (wy,ws,w3) and v = (v1,v2,v3) so that w; = 7m — y; and
v; = m — x;. Then by (2.8), we have v = C'L(w). Making a change of
variables z; = m — v; and y; = m — w; in the integral of g;, we obtain

3

(m—w1,T—w2,m—ws3) T—X;
gn(y) = /( > (/ﬂ sin™"~! (7 — t)d(m — t))

w/2,7/2,m/2) i—1 /2

sin’ (7 — w;)d(m — w;) + ¢

(m—w1,T—w2,T—w3) 3 v;
:/ Z / sin ™" (#)dt | sin”(w;)dw; + ¢
(m/2,m/2,m/2) i—1 w/2

= fona(y) +c )

since v = CL(w). Thus gx(y) = f-n-1(y) — f-n-1(0).
q.e.d.
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3. Energy functionals on the moduli spaces of geometric
triangles

In this section, we consider 1-forms in Theorem 1.11 defined on the
moduli spaces of geometric triangles and determine the convexity of the
integrals of the 1-forms.

3.1. Derivative cosine laws for geometric triangles. Take
(z1,x2,23) and (y1,y2,y3) in Theorem 2.1 to be the inner angles (01, 02, 03)
and edge lengths (I1,1l2,13) of a triangle in E2, H2, or S2. Then:

Corollary 3.1. Let {i,j,k} = {1,2,3}. There is a positive quantity
A independent of indices so that
(a) ([10])

oL " o cos(0) and a A > 0.
(b) For spherical triangles,
90, ~ o0, cos(ly) and 96, Ve 0
(¢) For hyperbolic triangles,
alz o 8[2 alz - sinh(li)
90, 20, cosh(lp) and 20, 1< 0.

(d) For a hyperbolic right-angled hexagon of three non-pairwise adja-
cent edge lengths ly,1s,ls and opposite edge lengths 01,02, 03,

= ———cosh(f;) and o smA( )

The proof uses Theorem 2.1 by taking care of the curvature factor
A = +1,0 that appeared in (2.1). Note that cos(y/—1z) = cosh(z),
sin(y/—1x) = v/—1sinh(z), and sinh(v/—1z) = /—1sin(z). Using these
relations, part (a) follows from (2.9) where x; = 6; and y; = V/Al; for
A = £1. Part (a) for a Euclidean triangle was established in [10] and
can be checked directly. Parts (b) and (c) follow from Theorem 2.1. To
see part (d), note that the cosine law for hexagon can be written as

= cos(v/—11;) + cos(v/—11;) cos(v/—11j)
cos(m — V/=16;) = sin(v/—11;) sin(v/— 1)

Thus part (d) follows from Theorem 2.1.

3.2. Closed 1-forms on the space of triangles parameterized by
edge lengths. Using Corollary 3.1 and Theorem 1.11, we obtain,
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Theorem 3.2. Let a triangle in E?, H?, or S? have inner angles
01, 02,03 and opposite edge lengths 11, 1o, l3. The following is the complete
list, up to scaling, of all closed real-valued 1-forms (in variables ly,l2,l3)
of the form Z‘Z’Zl f(0;)dg(l;) for some non-constant smooth functions
fyg. Let h € R and u = (uy,uz,us).

(a) For a Euclidean triangle,

3 0; - h
t)dt
f sin”(t) i

Wh = ht1
l;

i=1
i.e., f'(t) = sin”(t) and ¢'(t) = t~""1. Furthermore, its integral
wy, has a positive semidefinite Hessian matriz in variable u

where u; = fll’ t—h=1qt.
(b) For a spherical triangle,

f sin”
Wh = Z h+1 l“

i.e., f'(t) = sin"(t) and ¢'(t) = sin_h_l(t). The integral [ wy, has
a positive definite Hessian matriz in u where u; = f7|l'/2 sin "1 (t)dt.
(¢) For a hyperbolic tm’angle

f sin®
wp, = lm
ZZ; Slnhthl
i.e., f'(t) = sin”(t) and ¢'(t) = sinh_h_l(t).
(d) For a hyperbolic right-angled hexagon,

[7" sinh"(t)dt
wp =Y ————dl;,
" ; sinh"*1(1;)
i.e., f'(t) = sinh"(t) and ¢'(t) = sinh~"~1(¢t).
In the cases of (b), (c), (d), by taking the Legendre transforma-
tion, we also obtain the complete list of all closed 1-forms of the form

3 gl)df (6:).

Proof. The closedness of these 1-forms is evident due to Theorem 1.11
and Corollary 3.1 except in the case of Euclidean triangles. In the case
of E2, we need to verify that the expression

0 O ginh (t)dt
(3.1) = le()
ol; l;
00; 00;

is symmetric in 4,j. By Corollary 3.1 that o = Al cos(by) =

—% cos(fy), the expression (3.1) is equal to #smh(ei)g?; =
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—(Sm(z_oi))thl Cosﬁfk) where A is independent of indices. It is symmetric

in 2,5 due to the sine law.
To verify the convexity, note that if u; = g(I;) and w = S2°_ f(6;)du;
is closed, then the Hessian of the function F(u) = [“w is | °F | =

OurOus
[£(0r) 96
g'(ls) dls

In the cases (a)-(d), by the sine law and the choice of f,g, f/(6;)

sin(6;)g'(I;) = q is a positive function independent of the indices. Thus

the (r, s)-th entry of the Hessian matrix [%] can be written as

F00) 08y _ o1\ sin(o) o 1 1 90,
A o, = 000 O o) ()

_ g L%,
‘(ﬂMﬂ@“W@»%)‘

This shows that the Hessian matrix can be written as gDLD where
D is the positive diagonal matrix whose (i,4)-th entry is Wh) and L =

[Wler) %]yﬂg. Recall that given a triangle with inner angles 61,602, 0,
its (angle) Gram matrix [a,s|3x3 satisfies a;; = 1 and a;; = — cos(6y)
({i,4,k} = {1,2,3}). On the other hand, by Corollary 3.1(a), the matrix
L is equal to the Gram matrix multiplied by the positive function 1/A.
As a consequence, the Hessian of the integral of the 1-forms in (a)-(d) is
congruent to the Gram matrix of the triangle. It is well known that the
Gram matrix of a Euclidean triangle is positive semi-definite of rank 2
and the Gram matrix of a spherical triangle is positive definite. (See for
instance [28] for proofs.) Thus the local convexity of the integrations
for Euclidean and spherical triangles follows. q.e.d.

Corollary 3.3. In Theorem 3.2(a), the null space of the Hessian
matriz Hess(F') of F = fu wy, at a point u is generated by the vector u
if h # 0 and is generated by (1,1,1) if h = 0.

Indeed, if v = (v1,vg,v3) is in the kernel of the Hessian, then by
definition and the calculation above, we have

v
g’(lr)g’(ls) "~

r,s€{i,5,k}

where [a,s]3x3 is the Gram matrix of the Euclidean triangle. Due to
li — 1 cos(0y) — l cos(d;) = 0, the null space of the Gram matrix of a
Euclidean triangle of edge lengths (I;,1;,1)) is generated by the length
vector (I;,1;,1)). It follows that there is a constant ¢ € R so that v, =
clyg' (I,) = cl7" for r = i, j, k. On the other hand, for h # 0, u, = —%lr_h.
Therefore, if h # 0, v = —(ch)u and if h =0, v =¢(1,1,1).
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3.3. Closed 1-forms on the space of triangles parameterized by
radii. In this section, we establish the counterpart of Theorem 3.2 for
triangles parameterized by the radii. There are two cases to be discussed:
(1) the edge lengths are I, = r; + r; and opposite angles are 6, and (2)
edge lengths are [; and the opposite angles 0; = r; + 7. Let {i,7,k} =
{1,2,3} in this subsection.

Theorem 3.4. The following are the complete list, up to scaling,
of all closed real-valued 1-forms of the form Z?:l fl;)dg(r;) (where
0; =r; + 1) and Z;?’:l f(0:)dg(r;) (where l; = rj +11) for some non-
constant smooth functions f,g. Let h € R and u = (u1, ug, us).

(a) For a Euclidean triangle of angles ; and opposite edge lengths

i + Tk,

f cot!(t/2)dt
"I _Z s dri,

e, f'(t) = coth(t/2) and ¢'(t) = t=""1. Its integral [“mny has
a negative semi-definite Hessian matrix in u = (uq, ug,us) where
w = [t dt
i — J1 .
(b) For a hyperbolic triangle of angles 0; and opposite edge lengths
T + Tk,

= sinh"*1(r;)

i=1

i.e., f'(t) = cot"(t/2) and ¢'(t) = sinh™"71(t). Its integral [“ny,
has a negatz’ve semi-definite Hessian matriz in u where u; =

1 " sinh "L (¢)dt.
(c) For a spherical triangle of angles 0; and opposite edge lengths r;+
Tk,
0; h
cot™(t/2)dt
T]h = J“#d’rh

~  sin"t(r;)

i.e., f'(t) = cot(t/2) and ¢ (t) = sin™""1(¢).
(d) For a hyperbolic triangle of edge lengths l; and opposite angles
i + Tk,

f tanh”( t/2
Mh = Z cosh1(r Tis
i.e., f'(t) = tanh”(t/2) and ¢'(t) = cos™"=1(t). Its integral [“ny,
has a positive definite Hessian matriz in uw where w; =

" cosThL(t)dt.
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(e) For a spherical triangle of edge lengths l; and opposite angles r; +
Tk,
3 li h
[ tan"(t/2)dt
= —_—Aar;
= cosh+1(r;) v

f'(t) = tan"(t/2) and ¢'(t) = cos™"1(t).
(f) For a hyperbolic right-angled hexagon of three non-pairwise adja-
cent edge lengths l; and opposite edge lengths r; + 7y,

CO h
" _Zf th™(¢/2)dt

cosh*1(r;)

I

i.e., f'(t) = cothh(t/2) and g'(t) = cosh™"=1(t). Its integral [“ny,
has a mnegative definite Hessian matrix in w where u; =

[ " cosh™ h=1(t)dt.

Proof. The proof of the uniqueness is essentially the same as that
of Theorem 1.11 and will be omitted (see appendix A). The proof of
closedness of the 1-forms follows from Theorem 1.11 by taking care of
the curvature factors. Indeed, for (b) and (c), we take y; = 7 — 6; and
x; = ™ — V/0l; in Theorem 1.11 where § = +1 is the curvature of the
space S? or H2. For (d) and (e), we take y; = v/dl; and z; = 6;. For (f),
we take y; = m — v/—1l; and x; = v/—16; in Theorem 1.11.

It remains to prove the closedness in case (a). The closedness of the
1-form means %fjl(”)) is symmetric in ¢, j. Let the R be the radius
of the inscribed circle given by R = r;tan(6;/2). By Corollary 3.1(a),
we have

in2(0:/9) sin2(0.
52) _ dysin (9@{42])1z sin®(6/2)
Using (3.2), f'(t) = cot"(t/2) and ¢'(t) = r—"~!, we obtain
—a(f(eaii“j,(m) = f’(@)g'(m)g—f;
(3.3) = (r; tan(;/2)) " <7*Z_1§—79‘;> =R <rz_1§—f;>
(3.4) - 4R:4h_1 sin?(0,/2) sin® (6, /2)

is symmetric in 4,7, i.e., the 1-form ny, = . f(0;)dg(r;) in case (a) is
closed.

The convexity or concavity of the functions in cases (b), (d), (f) is
proved as follows. By Lemma 2.7, for any two h and A/, the Hessian
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matrices of the associated functions [“n, and [“mn, in each case of
(b)—(f) are congruent. Thus, to check the convexity or concavity in cases
(b), (d), and (f), it suffices to verify it for a specific value of h. These
special cases were established by various authors. For cases (a), (b) and
h = 0, Colin de Verdiere [11] proved the concavity of the function [ “no.
In case (d), Leibon [25] proved the strict convexity for A = 0. In case
(f), we proved it for h = 0 in [27]. Finally, to verify the concavity of case
(a), we note that (3.3) (which holds even for i = j) shows the Hessian
matrices of the functions [“ny, and [“ng are congruent. Since [“nq is
shown in [11] to be concave, it follows that [*n), is concave in u. g.e.d.

Corollary 3.5. (See also [11]). In Theorem 3.4(a), for a Euclidean
triangle of edge lengths l; = rj+ry, the null space of the Hessian Hess(F)
where F(u) = f“ nn at a point u is generated by the vector u for h # 0
and by (1,1,1) if h=0.

Indeed, we first note that the null space of the symmetric 3 x 3 matrix
[ast] contains (1,1,1) due to the equality a;;+a;j+a;; = 0. Next, we note
that the rank of [as] is 2, due to the fact that |a;| > |a;;], for all i # j.
Thus the null space of [ag] is generated by (1,1,1). Now the Hessian
matrix H is R™"[r"r}'as] by the calculation above. It follows that the
null space of H is generated by (1,1,1) if h = 0 or by %(rl_h, 7‘2_h, rg_h)
u if h # 0.

4. Infinitesimal and global rigidity of polyhedral surfaces

Suppose (S,7T) is a closed triangulated surface so that V, E, and T
are the sets of all vertices, edges, and triangles. Let K2 = H2, S?, or
E2. The moduli space of all K2-polyhedral metrics on (S,7), denoted
by Py2(S,T), is the set of all polyhedral metrics [ : E — Rsq so
that i(e;) + l(e;) > l(ex) whenever e;, e;, e, are edges of a triangle and
if K? = S2, one requires further that I(e;) + l(ej) + l(ex) < 2m. By
definition, the space Pg2(S,7T) is a convex polytope in the Euclidean
space R¥. Define three maps ®,, Uy, and K, on Py2(S,T) as follows.
The map ®;, : Pg2(S,7) — RF sends a metric to its ¢, curvature
defined by (1.1). The map ¥y, : Pr2(S,T) — RF sends a metric [ to its
Yy, curvature defined by (1.2). The map K, : Px2(S,7) — RY sends
a polyhedral metric [ to its kj, discrete curvature defined by (1.3). Let
R act on RF by multiplication. Then Pg2(S,7) C RF is invariant
under the action. The orbit space, denoted by Pgz(S,T)/Rso, is the
set of all Euclidean polyhedral metrics on (S,7) modulo scaling. By
definition, all maps ®,, ¥y, and K}, defined on Pg2(S,T) are invariant
under the action, i.e., they satisfy the equation ¢(kx) = ¢(x) for all
k € Rso. We use the same notations ®;, ¥, and K} to denote the
induced maps from Pg2(S,T)/Rso to RF or RY. We use CPg2(S,T)
to denote the space of all K? circle packing metrics on (S, T) for K? =
E?, H?, or S%. In particular, if K? = H?, E?, then CPg2(5,T) = RY,
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and CPg2(S,T) = {r € RY|r(v1) + r(ve) + r(vs) < m if vy, vq,v5 are
vertices of a triangle}. The space of all Euclidean circle packing metrics
modulo scaling is denoted by C'Pg2(S,T)/Rxo.

4.1. The main results. The relationship between the metric [ and
its various curvatures is encoded by these maps Kp, ®,, and V). For
instance, the rigidity theorem that the ¢, curvature determines the
metric means that the map @y, is injective. The corresponding infinites-
imal rigidity theorem says that ®y, is a local diffeomorphism. Our main
result, which implies Theorem 1.7, is

Theorem 4.1. Suppose (S,T) is a triangulated closed surface and
heR.

) The map ®, : Ps2(S,T) — RF is a smooth embedding.
(b) The map ®, : Pp2(S,T)/Rso — RF is a smooth embedding.
(c) The map Ky, : CPy2(S,T) — RY is a smooth embedding.
(d) The map Ky, : CPg2(S,T)/Rso — RY is a smooth embedding.

) The map Uy, : Py2(S,T) — R¥ is a smooth embedding.

In particular, in cases (a), (c), (e), the maps are local diffeomor-
phisms.

In this paper, we will prove parts (c), (d) and the infinitesimal rigidity
part of (a), (b), (e) of Theorem 4.1, i.e., the derivatives of the maps in
Theorem 4.1 are injective. The injectivity of the maps in parts (a), (b),
(e) are proved in [29].

The proof uses Lemma 1.10 and the convex or concave energy func-
tions in Theorems 3.2 and 3.4. The following convention will be used.
Let E = {e1,...,e,} be the set of all edges in the triangulation 7. If
x: E — X, then z; denotes x(e;).

4.2. Proof of infinitesimal rigidity part of Theorem 4.1(a) and
4.1(e). Let f(t) f JoSin~ h=1(x)dz for t € (0,7). Then f'(t) > 0 on
(0,7) and f(t) is strictly increasing. Given | € Pg2(S,T) with ; = I(e;),
define u : E — R by u; = f(l;) and write u = (uy,...,u,). Then the
map u = u(l) : Ps:(S,T) — RF is a smooth embedding. Let Q =
u(Pg2(S,T)) which is open in RF. Recall from Theorem 3.2 that if
l;, 15,1 are the edge lengths of a spherical triangle with opposite angles
0;,0;, 0k, then the differential 1-form

wp, :/ sin®(t)dtdu; —I—/ ’ sin”(t)dtdu; —I—/ sin® (t)dtduy,
w/2 w/2 w/2

is closed and its integral F'(u;,u;,u;) = f(g;zu; /1;kﬂ /2) Wh has a positive
definite Hessian matrix. Define an energy function W : 3 — R by
W(u) = Z F(uq, up, ue)

{ea,ep,ecteT
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where the sum is over all triangles whose edges are {e,, €p, €.}. By the
construction,

B
sin” (¢)dt + / sin” (t)dt
w/2

where «, 8 are the angles facing the edge e;, i.e.,
VW = —(¢nle1), ..., on(en)).
We claim that the Hessian Hess(W) of W is positive definite. Indeed,

ow [
aui B w/2

take a non-zero vector v = (v1,...,v,) € R" and let v be the transpose
of v. By definition of W,

(4.1)

’U'HESS(W)'Ut = Z (UmUba'Uc)'Hess(F”(umubMC)'(Uav'UbyUc)t >0

{ellvebyec}ET
since each summand above is non-negative and one of the summand
(4.2) (Va, v, ve) - Hess(F) - (va, vp, ve)' >0

due to (vg, vy, ve) # 0 for some (v, vp, V).

By Lemma 1.10 applied to W on 2, we conclude that & is a local
diffeomorphism.

Exactly the same argument shows the infinitesimal rigidity in part
4.1(e). We use the strict convexity of the Legendre transform of the
function in Theorem 3.4(Db).

4.3. Proofs of infinitesimal rigidity part of Theorem 4.1(b). For
an E? polyhedral metric [ : E — Ry, let u; = f(;) where u; = —%l-_h
if h # 0 and u; = In(l;) if h = 0. The space of all E? polyhedral metrics
on (S,T), parameterized by the edge length function, is the open convex
polytope Pp:(S,T) in RY,. The map u = u(l) sends Pg2(S,T) onto an
open set Q C RF. Since f(ul;) = pu="f(l;) for h # 0 and f(ul;) =
f(l;)+1n(p) for h = 0, the space €2 has the following property. If A # 0,
then for any positive number ¢ € R<q, ¢ = {cz|z € Q} = Q. If h =0,
then for any c € R, Q +¢(1,1,...,1) = {z +¢(1,1,..., 1)z € Q} = Q
It follows that the space Pg2(S,T)/Rso of all Euclidean polyhedral
metrics modulo scaling is diffeomorphic, under the map u = wu(l), to the
set QN Py, where P, = {u = (u1,...,u,) € RF|Y" , u; = —h}.

By Theorem 3.2(a), if l;,1;,l;, are the edge lengths of a Euclidean
triangle with opposite angles 0;, 6;,0;,, then the differential 1-form

91' 0; Gk
%:/swmmm+/%w@mw+/sw@mm
w/2 w/2 /2
(us,uj,u
f(T(/2 7Jr/2k7r/2
semidefinite Hessian matrix whose null space is generated by (u;, uj, uy)
if h £ 0 and by (1,1,1) if h = 0.

is closed and its integral F'(u;, uj, ux) = wp, has a positive
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Now for u = (uy,...,u,) € £, define the energy function

W(u) = Z F(ua,ub,uc)

{ea,ep,ec}ET

where the sum is over all triangles {e,, ep, e.} in T with edges eg, €, €.
By the construction, the function W : Q@ — R has a positive semi-
definite Hessian matrix so that the gradient of W is the —¢;, curvature.
To establish Theorem 4.1(b), it suffices to prove that the gradient map
VW restricted to 2 N Py, is an immersion.

Lemma 4.2. The restriction map W| : QN P, — R has a posi-
tive definite Hessian matriz. In particular, the associated gradient map
v(W|): QN P, — Py=R""! is a local diffeomorphism.

Proof. Let A : R™ — Py be the orthogonal projection. Then by defi-
nition, sy (W|) = A(s7(W)]) on the subspace Q N Py,. Furthermore, the
restriction of the Hessian Hess(W) to Py x Py is the Hessian matrix
Hess(W]) of W|. Thus it suffices to show that the null space of the
Hessian Hess(W) at a point w is transverse to the plane Py. To see this,
take a vector v = (v1,...,v,) € R" so that

vHess(W)|, 0" =0
where v is the transpose of the row vector v. By the definition of the
function W, the above identity is equivalent to
Z (Va, Vby Vo) Hess(F)| g up,ue) (Vas Vb, ve)t = 0.
{ellvebveC}eT

Each term in the summation is non-negative due to the convexity of F'.
It follows that all terms are vanishing, i.e.,

(Vq, vy, ve)Hess(F) |(ua,ub,uc) (Va, vy, ve)! = 0.

By Corollary 3.3, there is a constant Cy,; .3 depending only on the
triangle {eg, €p, €.} so that if h # 0,

(43) (Uav Vb, UC) = C{a,b,c} (’U,a, Up, uc)
and if h = 0,
(4.4) (Ua, Uy, Uc) = C{a,b,c}(la 1, 1).

Take two triangles sharing the same edge e,; say these triangles are
{€eaq,ep,ec} and {eq, €;,e;}. Then (4.3) and (4.4) hold for both triangles.
In the case h # 0, by (4.3), we obtain C,p 4 ua = Cq i j}ta = Va- Since
uq # 0 for h # 0, this implies that C{qp . = C{q,,51- On the other hand,
the surface is assumed to be connected. Thus there is a constant C' so
that Cr,p,p = C for all triangles {eq,ep, ec}. By the same argument
using (4.4), we conclude that for h = 0, C{4,} is again a constant. In
summary, we have v = Cu if h # 0 and v = C(1,1,...,1) if A = 0.
Since the vector v is not in the subspace Py unless v = 0, this shows
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that W| : QN P, — R has a positive definite Hessian matrix. By Lemma
1.10, it follows that 7 (W)| : 2N P, — R is an immersion. q.e.d.

4.4. A proof of Theorem 4.1(c). The proof is straightforward due
to the strict convexity of the energy functional in Theorem 3.4(b) (by
replacing h by —h). Namely, given a hyperbolic triangle of edge lengths
ly =ri +15, {i,j,k} = {1,2,3}, and opposite angles 6y, the differential

1-form
N = Z/ tan™(t/2)dtdu;
2

is closed where u; = fl sinh"~1(t)dt. Furthermore, the Hessian matrix
of the function F(uy,ug,us) = f np, is positive definite. By definition,

we have ;
F i
0 = / tan” () dt.
Ou; w/2
Let V = {v1,...,un} be the set of all vertices in the triangulation.
For a hyperbolic circle packing metric r:V — Rso, define u = u(r) :
V — R by u; = f(r(v;)) where f(x fl sinh"~1(¢)dt. The image of

RY, under the map u = u(r) is the open cube JV where J = f(Rso).
Define a smooth function W on JV by

(4.5) Wiui, ..., um) = Z F(ug, up, uc)
{va,vp,ve}ET
where the sum is over all triangles with vertices v, vp, ve.
By the construction, W has a positive definite Hessian matrix and its
gradient is the h-th discrete curvature k.
Thus Theorem 4.1(d) follows from Lemma 1.10 applied to the energy
function W.

REMARK 4.3. For h = 0, the above proof was first given by Colin de
Verdiere [11].

4.5. A proof of Theorem 4.1(d). The proof of part (d) is essentially
the same as that of parts (b), (¢). We sketch the main Steps First, by
Theorem 3.4(a) (by replacing h by —h), the integral F(u) = [“n of the

closed 1-form ,
0;
n= Z/ tan’ (t/2)dtdu;
i=1

is locally concave where u; = %rlh for h # 0 and u; = Inr; for h = 0.
Furthermore, by Corollary 3.5, the null space of the Hessian of F'(u) at
a point u is generated by w if h # 0 and by (1,1,1) if h = 0. Now for
a Euclidean circle packing metric r : V' — R+, define a new function
u:V — R by u; = f(r;) where f(t) = £t" for b # 0 and f(t) = In(t)
for h = 0. We write u = (u1(r),...,un(r)) € RY. The image of RY,



RIGIDITY OF POLYHEDRAL SURFACES, I 265

under u = u(r) is an open convex cube IV where I = f(Rsg). Define
a function W on IV by the same formula (4.5). Then this function W
is concave with gradient s\yW equal to the h-th discrete curvature. The
space CPp2(S,T)/Rso of all circle packing metrics modulo scaling is
homeomorphic to IV N P, where Py, = {(u1,...,un) € R| Zle u; = h}
under u = u(l). Now due to Corollary 3.5 and by the same argument as
in §4.3, the function W|: IV N P, — R is strictly concave. Thus by the
convexity of IV N Py, the map yW|: IV N P, — RY is an embedding.

5. Parameterizations of the Teichmiiller Space of a Surface
with Boundary

5.1. Ideal triangulated surfaces. An ideal triangulation of a com-
pact surface is defined as follows. Take a closed triangulated surface
(X, T*) with vertex set V. Let N(V') be a small open regular neighbor-
hood of V. Then § = X — N(V) is a compact surface with an ideal
triangulation 7 = {o N Sjo € T*}. It is well known that each com-
pact surface S with S # () and negative Euler characteristic admits an
ideal triangulation. We use E to denote the set of all edges in T, i.e.,
E = {enS|e an edge in T*}. If o is a triangle in 7%, we call c N S a
hexagon (a 2-cell) in T and we use T to denote the set of all hexagons
in 7.

The geometric realization of a hexagon is the right-angled hyperbolic
hexagon. The following is a well known result. See [6], [22] for a proof.

Lemma 5.1. For any ly,l2,l3 € Rsg, there exists a hyperbolic right-
angled hexagon, unique up to isometry, whose three pairwise non-adjacent
edges have lengths 11,19, 13.

5.2. Coordinates for Teichmiiller spaces and the main results.
Suppose (S, T) is an ideal triangulated compact surface with boundary.
For each h € R, we produce a parameterization 1, of the Teichmiiller
space of the surface S in this section. For h = 0, this parameterization
was first found in [27].

Let E = {ey,...,en} be the set of all edges in T. As a convention, if
x: E — X is a function, we use z; to denote x(e;). Given 7 and any
[ : F — Rxg, we produce a hyperbolic metric with geodesic boundary on
S by making each hexagon in 7 a right-angled hexagon of given length
l(e)’s (using Lemma 5.1) and gluing them isometrically along edges.
Thus each vector [ € Rfo produces a hyperbolic metric with geodesic
boundary, still denoted by [, on S. It is known that each hyperbolic
metric with geodesic boundary on S is Teichmiiller equivalent to exactly
one such metric I. (See for instance [44], [27] for a proof.) This gives a
parameterization of the Teichmiiller space Teich(S) of S by RE.

Let gn(z) = [ cosh(t)dt. For a hyperbolic metric with geodesic
boundary I on S, recall that the v, curvature of the metric is defined
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b - b r
Yn(e) = gn (%) + g <%>

where b, ¢, V', ¢ are the lengths of the edges (in 9S) adjacent to the edge
e and a,a’ are the lengths of the edges (in 05) facing the edge e. See
figure 1. Denote Uy, : REO — RP the map sending a metric [ to its ¢,
curvature.

to be

Theorem 5.2. For any h € R and an ideal triangulated surface
(S,T), the map ¥y, : Teich(S) — RF is a smooth embedding.

An edge cycle in (S,T) is an edge loop in the 1-skeleton of the dual
cellular decomposition of (S,7). To be more precise, an edge cycle con-
sists of edges {e;,...,e;.} in E and hexagons {Hy,...,H,} in T so
that for all indices s, e;, and e;,,, are adjacent to a hexagon H; where
€, 41— €iy-

Theorem 5.3. For any h € R and an ideal triangulated surface
(S,T), Uy(Teich(S)) = Wo(Teich(S)) = {z € RF| for each edge cycle
{€i,. . e}, Doty z(e;,) > 0}. Furthermore, the image Wy (Teich(S))
18 an open conver polytope independent of the parameter h > 0.

For h < 0, we conjecture that a similar result holds, i.e., if h < I/ < 0,
then Wy (Teich(S)) C Wy (Teich(S)) and each Wy (Teich(S)) is an open
convex polytope. This has been established by Ren Guo [16].

REMARK 5.4. (a) Theorems 5.2 and 5.3 were proved for h = 0 in
[27].

(b) Whether these new coordinates are related to the quantum
Teichmiiller space ([14], [23], [3], [42]) is an interesting question.

(c) An edge cycle {e;,,...,e;,} is called fundamental if each edge
appears at most twice. It is proved in [27] that the convex set
{z € R¥| for each edge cycle {e;,,... e, }, S0, z(e;,) > 0} is
defined by a finite set of linear inequalities .- ; z(e;,) > 0 where
{€iy,-..,€i,} is a fundamental edge cycle. Thus, ¥y (Teich(S)) is
an open convex polytope in R¥.

5.3. A proof of Theorem 5.2. The proof of Theorem 5.2 is very
similar to that of Theorem 4.1(c) and is a simple application of the strict
convexity of the energy functions introduced in §3. By Theorem 3.4(f)
(by replacing h by —h—1) and Legendre transformation, for a hyperbolic
right-angled hexagon of three non-adjacent edge lengths [;,[;,1; and
opposite edge lengths 6;,0;,0, where 0; = r; + 1, i # j # k # i, the
following 1-form
3

w= Z /0” coshh(t)dtd(/lli tanh"*1(t/2)dt)
i=1
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is closed. Let u; = flll tanh"*1(t/2)dt and u = (u1, uz, u3). Then

3
w = Z/o cosh” (t)dtdu;,
i=1

and the integral F'(u) = f(ul L)W has a negative definite Hessian matrix

in J® where J = f(Rs¢) and f(z) = [{ tanh h+1(t/2)dt. Furthermore,
g—i =y cosh™(t)dt.

For a hyperbolic metric [ : E — Rsg on (S,7), let u: E — R be
u; = fll (e:) tanh"*1(¢/2)dt. Then the set of all possible values of u forms

the open convex cube J¥. Define an energy function W : J¥ — R by
W(u) = Z F(uq, up, ue)
{ea,ep,ec}ET

where the sum is over all hexagons with edges eq, ey, e.. By definition
and exactly the same argument as in §4.2, W has a negative definite
Hessian matrix. Furthermore, by the construction of F,

ow
o0, PYn(ei)

ie., vW = ¥},. By Lemma 1.10, we conclude that the map yW : J& —
R” is a smooth embedding. This proves Theorem 5.2.

5.4. Degenerations of hyperbolic hexagons. Suppose a hyperbolic
right-angled hexagon has three non-pairwise adjacent edge lengths Iy, l2, I3
and opposite edge lengths 61, 05, 03 so that the edge of length 6; is oppo-
site to the edge of length I;. Let r; be (6 + 0, —6;) (i, j, k distinct) and
call r; the r-coordinate at the edge of length 6;. Note that 6; = r; + r}.

Lemma 5.5. (a) If i # j, then l; > cosh™*(coth(6;)). In particu-
lar, limg, 0 1;(01,02,63) = oo so that the convergence is uniform
mnb= (91,92, 93)

(b) |rs| > cosh_l(% coth(%)). In particular, limy,_,o |r;i(l1,12,13)] = oo
so that the convergence is uniform in .

(¢) Suppose a sequence of hexagons satisfies that |r1|, |re|, |rs| are uni-
formly bounded. Then lim, o 0;(1)0;(l) = 0 so that the conver-
gence is uniform in [.

Proof. For (a), we use the cosine law that
cosh(6;) + cosh(6;) cosh(6y,)
sinh(6;) sinh(fy)
< cosh(6;) cosh(6y)
~ sinh(#;) sinh(6y)
> coth(6;).

cosh(l;) =
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Since limg, o coth(f;) = oo, it follows that limg,,ol; = oo and the
convergence is uniform in 6;.
For (b), we use the tangent law (2.10) for hexagons that
cosh(r;) cosh(ry)
cosh(r;) cosh(r; + r; + i)
B 1
cosh(r;)[cosh(r;)(1 + tanh(r;) tanh(rg)) 4 sinh(r;)(tanh(r;) + tanh(rg))]
. 1
~ cosh(r;)[cosh(r;)(1 + 1) + | sinh(r;)|(1 4+ 1))
1
> —.
~ 4cosh?(ry)

It follows that cosh?(r;) > mlgm. Thus part (b) follows and the

tanh?(1;/2) =

convergence is uniform in /.

For part (c), by the assumption that |r;|’s are uniformly bounded, it
follows that 6; = r; 4+ 7, are uniformly bounded from above. Now the
cosine law says that

cosh(0;) + cosh(;) cosh(6y,)
sinh(6;) sinh(6y,)

C
<
~ sinh(6;) sinh(0y)

for some constant C'. Thus sinh(;) sinh(6) < Wc(l) Since sinh(t) > ¢
for t > 0, it follows that limy, ., 66 = 0 and the convergence is uniform

in [. g.e.d.

cosh(l;) =

5.5. A proof of Theorem 5.3. Recall that ¥, : RE, — R¥ is the
map sending a hyperbolic metric | € REO to its %y, curvature. Let )
be the convex set {z € R¥| whenever ¢;,,...,e; form an edge cycle,
Zle z(e;;) > 0}. We will prove the theorem in two steps. First, we

show U, (RE)) C Q. Then, we show U,(RE) is a closed subset of .
Since Theorem 5.2 shows that \I’h(Rfo) is open in 2, it follows from the
connectivity of 2 that U, (RE,) = Q.

To see ¥,(RE,) C Q, take a hyperbolic metric [ € RZ, and an
edge cycle {ep,,...,en, } with associated hexagons {Hi,..., Hy}. Let
z = Up(l) and a; be the length of the edge in the hexagon H; adjacent
to both e,, and ey, ,. Denote the lengths of the edges in H; oppo-
site to ep, and e,,., by b; and ¢;. Then by definition, Y 7", z(en,) =

a;+b;—c a;+c;—b;
2

Zle(fo Z cosh™(t)dt + [, 2 cosh”(t)dt) where we have rear-
ranged the sum according to the hexagon H;. Now each term in the
above summation is positive due to $+c cosh”(s)ds + fg ~“cosh”(s)ds >

0 for any ¢ > 0. It follows that the sum Zle z(en,) > 0.
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To see that U, (REZ,) is closed in Q, take a sequence (™ € RE| so
that ¥, (1'™)) converges to a point b € Q. We claim that [(™) contains a
subsequence converging to a point a € REO. By taking a subsequence,
we may assume that lim,, .o [(™ = a € [0,00]F. The goal is to use
b € Q to show that for each edge e € E, a(e) € (0, 00).

Suppose otherwise that there is an edge e € E so that a(e) € {0, 00}.
We will derive a contradiction for the two cases a(e) = 0 and a(e) = co.

Call an edge of a hexagon in 7 which appears in 05 a boundary arc.
The 7-coordinate of a boundary arc s is the r-coordinate (introduced in
§5.4) of s in the unique hexagon containing it.

Case 1. a(e) = 0 for some e € E, i.e., limy, 400 1™ (e) = 0. Let H, H' be
the hexagons containing e and 7,,,, 7/, be the r-coordinates of boundary
arcs in H, H' (in metric (™)) opposite to e. By Lemma 5.5(b), we have
limy, 00 [Tm| = limy, 00 |74,| = 00. Due to the assumption that b € Q,

/

zm(e) = /0 mczoshh(15)61lt+/0 mCoshh(t)dt

is bounded in m. On the other hand, h > 0 implies that [ cosh” (t)dt =
oo. It follows that one of the limits lim,, oo 7 OF limy, 00 71, is 00 and
other one is —oco. Say limy, 00 7 = —00. Let 7/ and r” be the r-
coordinates of the other two boundary arcs of H (in metric [(™)). Since
Tm + 7 and 1, + ri" are both non-negative (being the length of an
edge), we obtain lim,, .o 77/, = 00 and lim,, e 7 = 0.

We summarize the above discussion to two rules governing the r-
coordinates of boundary arcs in hexagons in the metrics (™).
Rule I. If the r-coordinate of a boundary arc converges to —oo, then
the r-coordinates of the other two boundary arcs in the same hexagon
converge to 00.

Rule I1. Tf x and y are two boundary arcs opposite to an edge so that the
r-coordinate of x converges to +00, then the r-coordinate of y converges
to Foo.

angle=0

Figure 3

We claim that these two rules are contradicting to each other on
(S,T). Indeed, since a(e) = 0, there exists a boundary arc whose r-
coordinates converge to +00. Now use Rule II to find a boundary arc,
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denoted by a1, whose r-coordinates converge to —oo. Say this boundary
arc lies in the boundary component s of 9S. See figure 3. Label all
boundary arcs in s by aq,as9,...,a, in a cyclic order so that a; is in
the hexagon H;. Let the other two boundary arcs in H; be b; and ¢; so
that ¢; and b;_1 are opposite to the same edge in 7. Assign a boundary
arc + (or —) if its r-coordinates converge to oo (or —oo0) as m — oc.
In particular, a; is assigned —. Rule I says both b; and ¢; are assigned
+. Now applying Rule II to ¢z, b, we see that cy is assigned —. Now
applying Rule I to co and Hs, we see that by and ao are assigned +.
Repeating this, we see that b; are assigned + and c¢; are assigned —.
Therefore a; are assigned +. However, a,4+1 = a1 is assigned — by the
choice of aj. This is a contradiction.

The above argument shows that if the r-coordinates of a boundary
arc in the metrics (™ are not bounded, then we obtain a contradic-
tion. Therefore, we may assume r-coordinates of all boundary arcs are
bounded.

Case 2. There exists an edge e so that a(e) = oo, i.e., lim,, 1™ (e) = 0,
and all r-coordinates of boundary arcs in the metrics /(™) are bounded.
Let H be a hexagon containing the edge e. By the assumption
lim,, 1™ (e) = oo and Lemma 5.5(a), (c), there exists an edge ¢ in
H and a boundary arc x in H adjacent to e and €’ so that
1) The length of z in (™ tends to 0 as m tends to oo (by Lemma
5.5(c) applied to 1™ (e) — 00), and
2) lim,, 1™ (¢/) = oo (by Lemma 5.5(a) applied to (™ (z) — 0).
By repeatedly using these two properties, we obtain a cycle of edges,
say {€n,,...,en,} so that
1) lim,, 1™ (e,,) = oo,
2) ey, and ey, lie in a hexagon H; so that e, , = e, for i =
1,2,... .k,
3) the length agm) of the boundary arc in H; adjacent to e,, and e, ,
converges to 0 (in the metrics (™).
By definition, the sum of the 1)}, curvature at e,,,...,e,, in metric
10m) ig

(m)

o )

k k
(5.1) Zz(m)(em) = Z/ ’ cosh” (t)dt
i=1 =170
aEm)ibEm) +Cl(.'m)

2 h
+ cosh” (t)dt
0

where bz(-m) and cgm)

ing en, and e,,,, and 2™ (e) = 1,(e) in the metric (™. Due to the

are the lengths of the boundary arcs in H; fac-
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assumption that all r-coordinates are bounded in the metrics 1™ the
(m) m)

lengths of all boundary arcs are bounded. In particular, b, and ¢,

are bounded. Thus, as m tends to infinity, due to lim,, agm) = 0, the

limit of the summation lim,, 3> 20" (e,,) = 0. But by definition

lim,, S 20 (e,.) = 32 b(e,,,) > 0. This is a contradiction.

6. Moduli spaces of polyhedral metrics, 1

In this section, we describe the spaces of all ¢, and )}, curvatures on
a triangulated surface for h = 0 and h < —1. The main theorems are
the counterparts of Theorem 5.3 for closed triangulated surfaces.

In §6.1 we analyze how triangles degenerate in E?, H2, and S2. The
main theorems for Euclidean, hyperbolic and spherical polyhedral sur-
faces are proved in §6.2, §6.3, and §6.4 respectively.

6.1. Degenerations of geometric triangles. For K? = H? S? or
E3, let K2(3) C [0,00]? denote the space of all triangles in K? parame-
terized by the edge lengths [ = (ly,1l2,13). A point | € K2(3) — K2(3) C
[0,00]® is called a degenerated triangle. The inner angles 61,603,063 of
a degenerated triangle [ are defined as follows. Take a sequence [(") =
(lgn), lé"), lén)) in K2(3) converging to [ so that their inner angles
(9%"), 9§n), 9§n)) converge to § = (01, 02,03) € [0,7]>. Then we call 61, 02, 05
inner angles of the degenerated triangle [. Note that 6;’s depend on the
choice of the converging sequences (™. For instance, a degenerated tri-

angle of edge lengths 1,1,0 can have inner angles a, 7™ — «,0 for any
a € [0,7]. We use {i,7,k} = {1,2,3} in this section.

6.1.1. Degenerated Euclidean triangles. For degenerated Euclidean
triangles, we normalize the length by Z;?’:l lg") = 1. Then iy +Ila+13 = 1.
There are two possibilities:

(E1) One of [; =0, and l; = l;; > 0. In this case, 6; = 0.

(E2) l1,12,13 > 0 and l; = I + Ii. In this case, §; =7, §; =0, = 0.

Figure 4
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6.1.2. Degenerated hyperbolic triangles. There are four types of
degenerated hyperbolic triangles of lengths I € [0,00]® and angles § €
[0, 7]3:

(H1) One of the edge lengths is co. In this case, there are two lengths
l; = 1lj = oo so that 0 = 0.

(H2) All edge lengths I;’s are finite so that some [; = 0 and some
l; > 0. In this case, I, = [; > 0 and 6; = 0.

(H3) All I;’s are 0. Tn this case, >.°_ 6; = .

(H4) All edge lengths are in R+ and I; = [; + ;. In this case, §; =,
0; =0 =0.

SINGIDID

Figure 5

6.1.3. Degenerated spherical triangles. The space of all spherical
triangles parameterized by the edge length is S?(3) = {(I1,l2,13) €
R3|l; + 1; > I, and Iy + I + I3 < 27 where {i,j,k} = {1,2,3}}. Take
a degenerated spherical triangle of edge lengths [ = (1, [2,l3) and inner
angles 61,602, 03. Since the closure S2(3) is defined by the inequalities
li+1; >l and I + 12+ 13 < 27, it follows that if [; = 0 then [; = [}, and
it [; = 7 then [; + [, = m. We classify degenerated spherical triangles
into six types:

(S1) 1 =(0,0,0). In this case, 8; + 0; + 6}, = 7.

(82) l; =0 and I = [, = 7. In this case, 0; = 6, + 0, — .

(83) l; =0 and l; = [}, € (0, 7). In this case, §; = 0 and 6; + 6}, = =.

(84) l; = 7 and [ + I, = 7 so that [;,l; € (0, 7). In this case, 0; =7
and 0; = 0y

(S5) (I1,1a,13) € (0,7)3 and l; = I; + I, for some 4,7, k. In this case,
0; =mand 0; = 0, = 0.

(S6) (I1,12,13) € (0,7)3 and Iy + Iy + I3 = 27. In this case, all 0; = 7.

Note that in the last two cases (S5) and (S6), each inner angle is well
defined.

6.2. Moduli spaces of Euclidean polyhedral surfaces. We will
prove:

Theorem 6.1. Suppose (S, T) is a closed triangulated surface so that
E ={ey,... ey} is the set of all edges.
(a) The space ®o(Pg2(S,T)) C RE is in the affine plane

(6.1) A= {z eRP|D z(e) =n(|E| - \T!)}

eceE
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|k+|j:T[

T
T
TT
Ij:Ik
[i=0, Ik:Ij:T[ ’9'+Sk= T li=T |i:|j+|k |i+|j+|k:n
(S2) (S3) (S4) (S5) (S6)
Figure 6
so that it is a connected component of the open set defined by the
inequalities in (i) and bounded by Wy, in (ii):
(i) for any proper subset I C E so that no triangle has exactly two
edges in I,
(6.2) > z(e) < wlI| — 7| Fl

eel

with Fr = {o € F| all edges of o are in I};

(i) the hypersurfaces Wi i, which are the ®¢ image of the
codimension-1 submanifold {z € RE|z(e;) = z(ej) + z(ex)
where e;,€j, ey, form the edges of a triangle} NPg2(S,T).

(b) If h < —1, then the space ®p(Pg2(S,T)) is a proper smooth
codimension-1 submanifold in R¥.

Numerical calculation shows that ®q(Pg2 (S, 7)) is not convex in gen-
eral. Polyhedral metrics {z € RE|z(e;) = 2(e;) + 2(ex) where e;, €5, ek
form the edges of a triangle} NPg2(S, T ) are non-degenerated with re-
spect to a different triangulation obtained by the diagonal switch surgery
operation on 7.

Proof. To see part (a), first note that (6.1) is the Gauss-Bonnet theo-
rem for Euclidean polyhedral surfaces. It follows that ®o(Pg2(S, 7)) C
A. Let X be the space of all normalized polyhedral metrics defined by
Pe2(S, T)N{z € RF| Y .y z(e) = 1}. We have ®g(Pg2(S,T)) = ®o(X)
by definition. It is a theorem of Rivin [36] that the map & : X — A
is an embedding. It follows that ®,(X) is open and connected in A by
dimension counting. To finish the proof, we need to analyze the bound-
ary of ®o(X) in A. We will show that if /(™) is a sequence of polyhedral
metrics in X converging to a boundary point p € X — X, then ®,(I™)
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contains a subsequence converging to a point either in W ;; or in an
affine plane where one of the inequalities in (6.2) becomes an equal-
ity. Furthermore, we will prove that (6.2) holds for all non-degenerated
polyhedral metrics.

To this end, let us assume, after taking a subsequence, that angles
of each triangle (in 7) in metrics 1™ converge and ®((1(™)) converges
to a point w € RF. There are two cases which could occur for the
degenerated metric p : (1) p(e) > 0 for all e € E and there is a triangle
with edges e;, e;, e; so that p(e;) = p(e;) + plex); (2) the set I = {e €
Elp(e) = 0} # 0 and I # E. In case (1), by definition, we have w €
Wi..jk. In case (2), by the triangular inequality, there is no triangle o
having exactly two edges in I. Let F7 be the set of all triangles with all
edges in I and G be the set of all triangles with exactly one edge in I.
For angles measured in the metric p, by definition,

(6.3) > dole)=aIl= > (a+b+e)— > a

ecl oc€eFT oeGr

where the first sum is over triangles ¢ in F; with inner angles a,b,c
and the second sum is over all triangles ¢ in G; with an inner angle a
facing an edge in I. But the angle a = 0 for triangles in Gy by (E2).
It follows from (6.3) that ) _.; ¢o(e) = —n(|F7| — |I[). This shows that
the point w is in an affine surface defined by an equality from condition
(6.3). The above argument also shows that condition (6.2) holds for non-
degenerated polyhedral metrics due to Gy # 0, a > 0, and ZO’EG} a>0
for non-degenerated metrics. This establishes part (a).

To see part (b) for h < —1, by Theorem 4.1, the restriction map
®5|x : X — RF is an embedding and its image is a smooth codimension-
1 submanifold. Thus it suffices to show that ®,(X) is a closed subset
of RE. To this end, take a sequence {I(™} of points in X converging
to a point p € X — X C [0,1]¥ so that angles of each triangle (in 7))
in metrics {(™ converge. In particular, we may assume that ®;(1(™))
converges to a point w in [—oo, oc]¥. We will show that one of the coor-
dinates of w is infinite. Suppose otherwise that w € R¥. We will derive
a contradiction as follows.

By the same argument as above, we see there are two cases: (1) p(e) >
0 for all edges e and there is a triangle o with edges e;, e;, e, so that
p(e;) = p(ej) + pleg), or (2) there is an edge e so that p(e) = 0.

In the argument below, all angles and lengths are measured in the
metric p. In case (1), let the inner angles of the triangle o be «, 3,
where (o, 5,7) = (0,7,0) so that « faces e;. Now let ¢’ be the triangle
adjacent to o along e; and o’ be the angle in ¢’ facing e;. By definition,

w/2

/2
on(ej) = / sin” (t)dt + / sin”(t)dt

a/



RIGIDITY OF POLYHEDRAL SURFACES, I 275

is finite. Due to the divergence of f7?/2 sin”(t)dt = —oo for h < —1 and

a = 0, it follows that o/ = 7. Thus, the inner angles of ¢/ must be 0,0, 7.
In summary, we obtain the following rule: if o, o’ are two angles facing
an edge so that a = 0, then o/ = 7. Now applying this rule to triangle
o', we obtain a third (0,0, 7)-angled triangle ¢” adjacent to ¢’. Since
there are only a finite number of triangles in T, by repeatedly applying
this rule, we obtain an edge cycle {ey,,...,en,} so that ey, e, , are
adjacent to a triangle o; (ep, o= en,) and the angle of o; facing ey,
is . The inner angles of ¢; are 7,0,0. We call such an edge cycle a
(m,0,0)-angled edge cycle.

Lemma 6.2. There are no (m,0,0)-angled edge cycles in a degener-
ated K? polyhedral metric for K? = E2, or H?, or S2.

Figure 7

Proof. Suppose otherwise that such an edge cycle exists. Take a se-
quence of non-degenerated polyhedral metrics converging to the degen-
erated metric. We obtain a (non-degenerated) polyhedral metric [ on
(S,7T) so that the inner angle of o; facing e, is larger than the other
two angles in o;. Using the fact that in a Euclidean (or hyperbolic or
spherical) triangle, the larger angle faces the edge of longer length, we
see that the length I(e,,) of ey, is strictly larger than the length of
l(en,.,) of ey, ,. Thus, we obtain

l(enl) > l(€n2) > > l(enk) > l(enk+1) = l(enl)‘
This is absurd. q.e.d.

By this lemma, we conclude that case (1) does not occur.

In case (2) where some edge e € E has length p(e) = 0, there must
be some € € F so that p(e/) > 0 due to the normalization assumption
> weppP(x) = 1. It follows that there is a triangle o having two edges
e, € so that p(e) = 0 and p(e’) > 0. Thus the inner angle « of o facing
e must be 0. By the same argument as above, if o’ is the other angle
facing e, then o/ = 7. This implies that the triangle ¢’ containing o’
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must have inner angles (m,0,0). By the same argument as above, we
produce a (m,0,0)-angled edge cycle. By Lemma 6.2, this is impossible.
This ends the proof of part (b). q.e.d.

We remark that Theorem 6.1(a) is an improvement of the main result
of Rivin [36].

Corollary 6.3. (Rivin) The space ®o(Pg2(S,T)) N [0,00)% C A is
the convex polytope defined by condition (6.2) in Theorem 6.1 and in-
equalities 0 < z(e) < for all e € E.

Proof. First, we have the obvious inequality that ¢g(e) € [—m,7].
We will use the same notations as above. It suffices to show that the
condition Wj. ;. does not arise in the limits of ¢g curvatures of polyhe-
dral metrics ®o(Pg2(S,7)) N [0,00)F. Suppose otherwise that there is
a sequence of metrics {{™} in Pg2(S,7) N ®;*([0,00)F) so that the
sequence (™) converges to a degenerated polyhedral metric p € Wik
By definition, p(e) € (0,00) for all e € E and there is a triangle o with
edges e;,e;, e so that p(e;) = p(e;) + p(ex). Let the two inner angles
facing the edge e; be a and a’ so that a is in the triangle 0. Then a = 7
and the inner angles of ¢ are 7,0, 0. By definition ¢g(e;) = m—a—a’ and
¢o(e) > 0foralle € E. It follows that ' = 0. Since the only degenerated
triangles in p are (0,0, 7)-angled triangles, this implies the triangle o’
adjacent to o along e; must have inner angles 0,0, 7. To summarize, we
see that the Delaunay condition that ¢g(e) € [0, 00) forces the propaga-
tion of (0,0, m)-angled triangles. By repeatedly using this propagation
rule, we obtain a (0,0, 7)-angled edge cycle in the degenerated metric
p. But by Lemma 6.2, this is impossible. q.e.d.

6.3. Moduli space of hyperbolic polyhedral metrics. We will
prove:

Theorem 6.4. (a) The space Vo(Pg2(S,T)) is a connected com-
ponent of the open set in RF defined by the following inequalities
in (i), (ii) and bounded by hypersurfaces Wi Letting z € R¥:
(i) For each edge cycle {en,,... en,}, Zle z(en,) > 0.

(ii) For any subset I of E with the property that no triangle has
ezactly two edges in I, let F} be the set of all triangles having
at least one edge in I, then

F/
Z z(e) < y
ecl

(ili) The hypersurface Wi, which is the image under Wo of the
codimension-1 submanifold {z € RE|z(e;) = z(ej) + z(ey)
where e;,¢e;, ey, are the edges of a triangle} NPy2(S,T).
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(b) For h < —1, the space Uy (Pg2(S,T)) is a connected component of
the open set in RE bounded by ®1,(Pg2(S,T)) and inequalities (i)
in part (a).

Proof. The proof of part (a) follows the same argument used in the
proof of Theorem 6.1(a). We will use the same notations as in subsection
6.2. First by Leibon’s rigidity theorem, ¥q is a smooth embedding. It
follows that Wo(Ppy2(S,T)) is an open connected set in R¥. We need to
determine its boundary. Take a sequence of points {l(m)} converging to
a boundary point p of Py2(S,T) in [0,00]” so that the angles of each
triangle (in 7') in the metrics ™ converge and Wo(1(™)) converges to w
in R¥. We will show that w lies either in a codimension-1 hyperplane
defined by an equality in (i) or (ii), or w is in the hypersurface W .
Furthermore, we prove that (i) and (ii) hold for points in Pg2(S,T).

There are four types of degenerated hyperbolic triangles (H1),...,
(H4) that appear in the degenerated metric p as discussed in §6.1 and
figure 5. In the proof below, all edge lengths and angles are measured
in the degenerated metric p.

Lemma 6.5. In the type (H1) degeneration where p(e) = oo for some
edge e, there exists an edge cycle {es,,...,€en,;01,...,01} so that the
lengths of e, are infinite and the angle between ey, ey, , in the triangle
ag; s 0.

Proof. Take a triangle o adjacent to e. Then by triangle inequality for
edge lengths of a triangle, there is another edge €’ in o so that p(e’) = oo
and the angle between e, ¢’ in o is 0. Now considering the triangle o’
adjacent to o along ¢ and repeating this process, we obtain an edge
cycle {en,,...,en, } so that the lengths of e,, are infinite and the angle
between ey, , e,,,, in the triangle o; is 0. q.e.d.

We call the edge cycle in the lemma a (0o, 00,0) edge cycle. For such
an edge cycle, by the definition of ), the summation > ;" 1o (ey,) is
equal to the summation Z?; a; where a; is the angle between e,,, and
€n;,, in the triangle adjacent to both edges. Since a; = 0, therefore
Yot vo(en,) = 0. This shows that p is in the plane defined by the
equality case of condition (i) for some edge cycle. It also shows that
condition (i) holds for all hyperbolic polyhedral metrics in Pg2(S,T)
since a; > 0 for non-degenerated triangles.

In the type (H2) and (H3) cases that p(e) < oo for all e € E and
some p(e’) =0, let I = {e € E|p(e) = 0}. By the triangular inequalities,
there is no triangle with exactly two edges in I. Take a triangle ¢ with
inner angles 0;,0;,6; so that one of the edges of o is in I. If all edges
of the triangle are in I, then the sum 60; + 6; + 6, = 7. In this case the
sum
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(6.4) (0 + 604 — 0:)/2+ (B; + 0 — 0,)/2 + (6: + 0; — 6,)/2 = /2.

If only one edge of ¢ is in I, say the edge e; facing 6; is in I, then
by the assumption p(e;) = 0 and p(e;) = p(ex) > 0. The assumption
implies that 0; = 0 and 6; + 6, = . Thus

(6.5) (9j + 0 — 90/2 = 7T/2.

Now the summation ) ;¢o(e) can be expressed as

> (0 46k — 0:)/2+ (6; + 0k — 0,)/2 + (6: + 6; — 64)/2)

o;eqej,ep€l

+ D (040, —0:)/2,
ose;€l,ej¢1

where the first sum is over all triangles o whose three edges e;, e;, e, are
in I and the second sum is over all triangles ¢ with exactly one edge e;
in I. Equalities (6.4) and (6.5) show that in both cases the contribution
to z(e)’s from each triangle is /2. It follows that Y ., 1o(e) = 7| F}|/2,
i.e., p lies in the plane defined by the equality case of condition (ii). This
also shows that the inequality in condition (ii) holds for all metrics in
Ppy2(S,T) since (6.4) and (6.5) become strictly less than 7/2 for non-
degenerated hyperbolic triangles.

In the type (H4) degeneration, by definition, w € W ;.

To prove part (b), by Theorem 4.1, ¥y, : Py2(S,T) — RF is a smooth
embedding and its image is an open subset of R¥. It remains to find the
boundary points of Wj,(Py2(S, 7)) in RF. Take a sequence of metrics
{1M} converging to a boundary point p of Ppy2(S,7) in [0,00]" so
that angles of the triangle (in 7) in metrics (™ converge and ¥;,(1™)
converges to w in R¥. We will show that w is either in ®(Pg2(S,7T))
or in an affine surface defined by the equality case of (i) for some edge
cycle. Furthermore, we will prove that (i) holds. There are four types of
degenerations of hyperbolic triangles in p according to §6.1. If p contains
a triangle of type (H1) where there is an edge e so that p(e) = oo, then
by Lemma 6.5 there exists an edge cycle of type (oo, 00,0). Then by the
same argument as in the proof of Theorem 5.3 and identity (5.1) (85.5
case 2) where cosh(t) is replaced by cos(t) and lim,, oo a; ~ = 0, we
conclude that Y ", ¥y (en,) = 0 along the edge cycle. Thus the point w
is in the plane defined by an equality in (i). The proof also shows that (i)

bre—a cta—b
holds for all edge cycles due to fo+T cos"(t)dt + fo+T cos(t)dt > 0
for a,b,c € (0,7) and a +b+c < 7.

If p satisfies p(e) < oo for all e € F and contains a triangle of type
(H2), i.e., there are two edges €',e¢” with p(¢/) = 0 and p(e”) > 0,
we find a triangle o with three edges e;, e;, e, so that p(e;) = 0 and
p(bj) = p(ex) > 0. Let the inner angles of o be a, b, ¢ so that a is facing
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e;. Let o’ be the triangle adjacent to o along e; so that the inner angles
are a’, b, c with a’ facing e;. Then by the choice of o, a = 0 and b+c = 7.
On the other hand,

Yn(ei) = /0

By the assumption <=2 is 7r/2. Due to the divergence of foﬂ/ % cosh(t)dt

for h < —1 and the assumption that vp(e;) is finite, we must have
b +c —a’ = —m. By the assumption that a’/,0’,¢ > 0 and o/ +V'+ <,
we must have (a/,V', ) = (,0,0). Now by the same argument applied
to V' = 0, we produce a new (0,0, 7)-angled triangle adjacent to ¢’. In
this way, we obtain a (0,0, 7)-angled edge cycle in the triangulation. By
Lemma 6.2, this is impossible, i.e., type (H2) degenerated metric p does
not occur.

If all edges in the p metric have zero length, then each triangle de-
generates to a Euclidean triangle. Evidently if @ + b + ¢ = 7, then
(a+b—c)/2 =m/2—c. Thus f()(a+b_c)/2 cos" (t)dt = Oﬂ/2_c cos (t)dt =
fcﬂ/z sin”(t)dt. Thus y,(e) = ¢n(e). It follows that w is in the image
Oy (Pp2(S,T)).

In the last case all edge lengths are in (0, 00) and p contains a trian-
gle of type (H4), i.e., there is a triangle o with edges e;,e;, e so that
p(ei) = p(ej) + p(er). Then the inner angles of o are m,0,0. By the
same argument as in the type (H2) degeneration, due to h < —1, we
see that the triangle adjacent to o along e; (also, ej,ey) has inner an-
gles 0,0, 7. It follows that there must be a (0,0, 7)-edge cycle in p. This
again contradicts Lemma 6.2. q.e.d.

Corollary 6.6. (Leibon) The space Wo(Py2(S,T))N(0,7]F is a con-
vez polytope defined by condition (ii) in Theorem 6.4(a).

b+c—a b,+c,7a,
2 2

cos™(t)dt + / cos” (t)dt.
0

Proof. 1t suffices to show that for the Delaunay condition where
¢o(e) € (0,7], both constraints (i) and (iii) in Theorem 6.4 are not
necessary.

First of all, we show that condition (iii) W, does not arise in the
limits of Delaunay polyhedral metrics. Suppose otherwise that there is a
sequence of metrics {1(™} converging to p in P2 (S, T)NW5*((0,7]F) so
that the angles of each triangle in metrics /(™ converge and the sequence
U (! (m)) converges to a point w € Wj,jx. In the degenerated metric p, let
a, b, c be the inner angles in the triangle o facing the edges e;, ¢;, e;, and
let @', b, ¢ be angles of the triangle o’ adjacent to o along e; so that a,a’
are facing e;. Then (a,b,c) = (7,0,0) and (b+ ¢ —a)/2 = —7/2. Since
Yo(e;) = 2(b+c—a+b +cd —a') > 0and (Y +c —d') < m, it follows that
(t + —d')/2 = w/2. This in turn implies that {a’,t’,¢'} = {0,0,7}
with @’ = 0. In summary, the Delaunay condition that ¢y(e) € [0, 7]
forces the propagation of (0,0, 7) angled triangles. By repeatedly using
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this propagation rule, we construct a (0,0, 7)-angled edge cycle in the
degenerated metric p. But by Lemma 6.2, this is impossible. Finally,
it is clear that condition (i) follows from the Delaunay condition that

Yo(e) > 0. q.e.d.

6.4. The moduli space of spherical polyhedral surfaces. In this
section we investigate the space of all spherical polyhedral metrics on
(S,T) in terms of the ¢, curvature for h =0 and h < —1.

A degenerated spherical polyhedral metric [ on a triangulated surface
(S,7) is a point in the boundary of Pg2(S,T) C RF, i.e., one of the
triangles is degenerated. A degenerated spherical polyhedral metric is
called a bubble if all triangles in the metric are of types (S1) and (S2)
introduced in §6.1. Since a type (S2) triangle is represented by a region
in the 2-sphere bounded by two geodesics of length 7, i.e., a secant,
geometrically a bubble polyhedral surface is obtained by taking a finite
set of secants and identifying edges in pairs. Let W; j = ®o(Y) where
Y = {z € (0,m)%|2(e;) = z(ej) + z(ex) where e;,e;, ) form the edges
of a triangle} N Pg2(S, 7). Similarly, let U, = ®o(Z) where Z = {z €
(0,7)%)2(ei) + 2(ej) + z(ex) = 2w where e;,e;, e, form the edges of a
triangle} N Pg2(S, 7). Both of them are codimension-1 hypersurfaces
in RE.

Theorem 6.7. Suppose (S,T) is a closed triangulated connected sur-
face so that E is the set of all edges in the triangulation.

(a) The space ®o(Pg2(S,T)) of all ¢y curvatures of spherical polyhe-
dral metrics on (S,7T) is a connected component of the open set in
RE bounded by the hypersurfaces W, ik, Usjr and defined by the
following set of linear inequalities: for any disjoint sets I,J C E
so that no triangle o € T has exactly three edges in J, or exactly
two edges in I U J,

66) D z(e)= > z(e) <G, J)| —x|F(I)| +=(|T| - |J]),
ecl ecJ
where F(I) consists of all triangles with all three edges in I and
G(I,J) consists of all triangles with either (1) two edges in J and
one edge in I or (2) exactly one edge in J and the other two edges
not in I.

(b) Let h < —1. The space ®(Ps2(S,T)) of all ¢y, curvatures of spher-
ical polyhedral metrics on (S,T) is a connected component of the
open set in R bounded by the @y, images of the bubble degenerated
spherical surfaces.

6.4.1. Proof of Theorem 6.7(a). By Theorem 4.1(a), the map ® :
Pg2(S,T) — RF is a smooth embedding. It remains to analyze the
boundary of the open set Q = ®(Pg2(S, 7)) in R¥. To this end, take
a sequence {I™} in Pg2(S,T) converging to a point p € Pg2(S,T) —
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Py (S, T) so that the angles of each triangle in metrics (™ in T converge
and ®y(1™) converges to a point w € IQ. If all edge lengths in the
degenerated metric p are in the open interval (0, ), then all degenerated
triangles in the metric p are of types (S5) or (S6) due to the classification
in §6.1. Thus by definition w € Wj.j;, or w € Uyj;, for some e;,¢e;, ey
forming edges of a triangle in T'. Now if some edge lengths in the metric
p are 0 or 7, let

I ={e € Elp(e) =0}
and

J={e € Elp(e) =r}.
We have I NJ = () and I U J # (). Furthermore, the triangle inequality
and [; + lo + I3 < 27 for edge lengths imply that no triangle ¢ € T
has all edges in J, or exactly two edges in I U J. We claim that (6.6)
becomes an equality for this choice of I, J. Furthermore, we shall prove
that (6.6) holds for all metrics in Pg2(S,T).

In the proof below, all edge lengths and angles are measured in the
degenerated metric p. Consider a triangle o with an edge in I U J. Let
0;,0;,0; be the inner angles and e;, e;, e, be the edges in o so that 0,
faces e,. There are four possibilities: (I) all edges of o are in I; (II) one
edge of ¢ is in I and the other two edges are in J; (III) one edge of o
is in I and the other two are not in I U J; and (IV) one edge of o is in
J and the other two are not in I U J. We will analyze the angles 6, in
each of these four cases.

Case I: All e,’s are in I, and thus the triangle o is of type (S1). We
obtain

(6.7) 9i+9j—|-9k:7r.

Furthermore, the left-hand side of (6.7) is strictly greater than 7 for
non-degenerated spherical triangles.

Case II: e; € I and ej, e, € J. Thus the triangle o is of type (S2). Then,
by the classification,

(68) 92 - 9]' - Hk = —T.

Furthermore, the left-hand side of (6.8) is strictly greater than —m for
non-degenerated spherical triangles.
Case III: e¢; € I and e;,e; ¢ 1 U J. Then o is of type (S3) so that

(6.9) 0; = 0.

Furthermore, the left-hand side of (6.9) is strictly greater than 0 for
non-degenerated triangles.
Case IV, e; € J and ej, e, ¢ T U J. Then o is of type (S4) and

(6.10) —0; = —m.

Furthermore, the left-hand side of (6.10) is strictly greater than —m for
non-degenerated triangles.
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Now the left-hand side of (6.6) can be expressed as

(6.11) > do(e) = > dole) = =Y (a+B)+> (a+p)+x(I|—|J)
eel ecJ eel ecJ
where «, § are angles facing the edge e.
Break the first two summations in the right-hand side of (6.11) into
groups according to the triangles of cases I, II, III, and IV. Then

> (a+B8)+> (a+8)

ecl ecJ
(6.12) —— D G+ +0)— Y (60— 6k)
o€ case I o€ case I
- > = D> ().
o€ case IIT o€ case IV

By equalities (6.7)—(6.10), the expression (6.12) is —7|F'(I)|4+7|G(1UJ)|.
This verifies that the condition (6.6) becomes an equality for the degen-
erated metric p. On the other hand, for a non-degenerated spherical
triangle, the left-hand sides of (6.7)—(6.10) become strictly greater than
the right-hand side. Thus the above argument shows (6.11) is strictly
less than w|G(I U J)| — w|F(I)| for any metric in Pg2(S,7T), i.e., (6.6)
holds for non-degenerated metrics.

6.4.2. A proof of Theorem 6.7(b). By Theorem 4.1(a), the map @y, :
Ps2(S,T) — RF is a smooth embedding. To prove Theorem 6.7(b),
we need to show that boundary points of ®;(Pg2(S, 7)) in R¥ come
from the images of the bubbled metrics under ®;. To this end, take
a sequence of points {{(™} in Pg(S,7) converging to a point p €
Pg2(S,T) — Pg2(S,T) C [0,00]¥ so that inner angles of each triangle in
metrics (™) in T converge and @h(l(m)) converge to w € R¥. The goal
is to show that all triangles in the metric p are of types (S1) or (S2).
All angles are measured in the metric p below.

Lemma 6.8. If a and B are two angles facing an edge so that o €
{0, 7}, then f=m —a €{0,7}.

Indeed, this is due to the assumption that f;r/ % sin” (t)dt+
fﬁﬂ/z sin”(t)dt € R and both integrals foﬂ/z sin”(t)dt and f:/z sin”(t)dt
diverge.

Proposition 6.9. No triangle in p has inner angles equal to 0 or .

Proof. We begin by introducing some terminologies. If § € {0, 7} and
[ € [0,7], by a [0,]-triangle we mean a degenerated spherical triangle
with one inner angle # so that the length of the opposite edge is I.
Thus, it suffices to show that there are no [, []-triangles in p. Suppose
otherwise, by Lemma 6.8, p contains both [0,[]- and [, []-triangles. Let
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o be such a triangle of angles 61, 65, 83 and opposite edge lengths 1, lo, I3
where 6; = 0 or m. We will discuss three cases according to ;1 = 7,0 or
is in (0, 7).

Case 1: I = . By Lemma 6.8, we may assume that ¢; = 0, i.e., o is a
[0, 7]-triangle. According to the classification in subsection 6.1, the type
of a [0, 7]-triangle is (S2) so that the inner angles (01, 62,63) = (0,0, 7)
and the opposite edge lengths (I1,12,l3) = (7,0, 7). Let 7 be the triangle
adjacent to the I3-th edge of o and let 8 be the angle in 7 facing the
I3-th edge. By Lemma 6.8, 8 = m — #3 = 0. Thus 7 is a [0, 7]-triangle.
In summary, we see that [0, 7]-triangles propagate through one of its
edges. In particular, there exists an edge cycle so that each triangle in
the cycle is a [0, w]-triangle. Since the inner angles of a [0, 7]-triangle
are 0,0, 7 and by Lemma 6.8, this edge cycle is a {0,0, 7}-angled edge
cycle. According to Lemma 6.2, this is impossible. Therefore, there are
no [0, w]-triangle in p. By Lemma 6.8, there are no [r, 7]-triangles in the
metric p.

Case 2: [; = 0. By Lemma 6.8, we may assume that o is a [, 0]-triangle
where #1 = m and l; = 0. According to the classification in subsection
6.1, the type of 0 must be either (S1) or (S2). If o is of type (S2), then its
angles and lengths are: (61,03,03) = (mw, 7, 7) and (ly,l2,13) = (0,7, 7).
Thus o is a |7, 7]-triangle. This is impossible by case 1. Thus ¢ must be
of type (S1). In this case, the angles of o must be (61, 62, 603) = (7,0,0)
and lengths (l1,l2,l3) = (0,0,0). Let 7 be the triangle adjacent to o
along the lo-th edge. Then due to #2 = 0 and Lemma 6.8, the angle of 7
facing the lo-th edge is 7. It follows that 7 is a [, 0]-triangle. Thus we
see that a [, 0]-triangle propagates through one of its edges. Therefore,
we obtain an edge cycle so that all triangles in the cycle are of type
[r,0]. By the analysis above, each such [r,0]-triangle of type (S1) has
inner angles 0,0, 7. Therefore, we obtain a {0,0, 7 }-angled edge cycle.
This contradicts Lemma 6.2. Using Lemma 6.8, we see that there are
no [0, 0]-triangles in p.

Case 3: l; € (0,7). By Lemma 6.8, we may assume that o is a [0,l;]-
triangle. According to the classification of degenerated triangles, the
triangle o must be of types (S3), (S4), or (S5).

If o is of type (S3), then (61,02,05) = (0,7,0) and (l1,l2,l3) =
(11,11,0). Thus o is also a [0, 0]-triangle. According to case 2, this cannot
occur.

If o is of type (S4), then (61, 602,65) = (0,0,7) and (I1,12,13) = (I3, 71—
l1,7). This implies that o is a [, 7]-triangle which is impossible by
case 1.

Thus the type of o must be (S5) so that (61,62,03) = (0,0,7) and
(I1,19,13) = (I1, 12,11 + 1) € (0,7)3. Let 7 be a triangle adjacent to o
along the Il3-th edge. Due to 83 = m and Lemma 6.8, the inner angle
of 7 facing the l3-th edge must be 0. Thus 7 is a [0, [3]-triangle where
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I3 € (0,m). Thus a type (S5) [0,[1]-triangle propagates through one of
its edges. By the discussion above, a type (S5), [0, l3]-triangle has inner
angles 0,0, 7, and it follows that there exists a {0,0,7}-angled edge
cycle in the metric p. This contradicts Lemma 6.2. q.e.d.

Now to finish the proof, we see that all degenerated triangles in p are
of types (S1) or (S2). We claim all triangles in p are of types (S1) or
(S2). This is due to the fact that any triangle adjacent to a triangle of
types (S1) or (S2) along an edge must be degenerated (since all edge
lengths of types (S1) and (S2) are 0 or 7). By assumption, these adjacent
triangles must be of types (S1) or (S2). Since the surface is connected
and the metric p is degenerated, it follows that all triangles in p are of
types (S1) or (S2).

7. Moduli spaces of polyhedral surfaces, II:
circle packing metrics

In Thurston’s notes [43], he showed that the space of all discrete
curvatures kg of Euclidean or hyperbolic circle packing metrics on a
triangulated surface is a convex polytope. (Also see [15], [32], [30], [10]
for different proofs.) The goal of this section is to give a description of
the space of all k;, curvatures when A < —1.

Let (S, 7) be a triangulated closed surface so that E and V' are sets of
all edges and vertices. Let C'Py2(S,T) be the space of all circle packing
metrics on (S,7) in K? geometry where K? = S%, E2, or H2. Recall
that Kj, : CPy2(S,T) — RY sends a circle packing metric to its kj-th
discrete curvature.

Theorem 7.1. Suppose h < —1 and (S, T) is a closed triangulated
surface.
(a) The space Ky (CPg2(S,T)) is a proper codimension-1 hypersurface
in RV
(b) The space Ky (CPy2(S,T)) is an open set whose boundary is con-
tained in Kyp(CPg2(S,T)) in RY.

7.1. Degeneration of Euclidean and hyperbolic triangles. The
following result on degeneration of triangles will be used to analyze
the singularities that appear in the variational framework. Part of the
lemma was proved already in [30] and [43].

Lemma 7.2. ([30], [43]). Suppose a Euclidean or hyperbolic triangle
has edge lengths li,l2,l3 and opposite angles 01,02,03. Let {i,j, k} =
{1,2,3} and l; = r; + 1.

(a) If the triangle is hyperbolic, then 0; < 2tan™'(———=). In par-
2 sinh(r;)

ticular, lim,, o0 0;(r1,72,73) = 0 so that the convergence is uni-
form in r = (r1,ra,73).
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(b) If the triangle is hyperbolic and l; — oo, then after taking a sub-
sequence, one of l; or ly, say lj, tends to oo, so that the angle 0y,
between l;-th and l;j-th edges tends to zero.

(c) Suppose r; > c for a fived constant ¢ > 0. Then lim,, o 0;(r1, 72,
r3) = 0 and the convergence is uniform in (ri,79,73).

Figure 8

Proof. To see (a), recall that the tangent law for hyperbolic triangle
(2.10) says,

sinh(r;) sinh(r,)
sinh(r;) sinh(rq + 72 4+ 73)’
Due to sinh(z + y) > 2sinh(z) sinh(y) for z,y > 0, it follows that

) sinh(r;) sinh(r) 1
. i/2) < = i T '
(7.1) tan”(6;/2) sinh(r;) sinh(rj +ry) ~ 2sinh(r;)

tan®(6;/2) =

Thus part (a) holds.

Part (b) follows from part (a). Indeed, since l; = 747}, and [; tends to
infinity, one of r; or r;, must tend to infinity after taking a subsequence.
Say 7y, tends to infinity. Then due to [; > 7y, [; converges to infinity. By
part (a), 0 tends to 0.

To see part (c) for hyperbolic triangles, using (7.1), we obtain

tan2(6;/2) < s%nh(rj) . sinh(ry)
sinh(r;) sinh(r; + ry)

sinh(r;)  sinh(rg)
~ sinh(c) sinh(r; +ry)
< sinh(r;)
~ sinh(c)

Thus part (c) follows.
To see part (c¢) for Euclidean triangles, recall that the radius of the

inscribed circle of a Euclidean triangle is R = ,/%. Thus by
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tan(6;/2) = =, we obtain
Tk Ty
tan’(6:/2) = ri(r1 + 7o +713) = c
Thus we obtain the uniform convergence of 6; to 0.

We remark that a geometric way to see part (a) is as follows. Make the
i-th vertex the Euclidean center of the Poincare disk model. For large
radius r;, the Euclidean diameter of the hyperbolic disk C of radius r;
centered at the origin is almost 1. This forces the Euclidean diameter
of any hyperbolic disk tangent to C' to be very small. Thus the angle 6;
is very small no matter how one chooses the radii r; and ry. g.e.d.

7.2. A proof of Theorem 7.1 (a). We identify the space CPg2(S,T)
of all Euclidean circle packing metrics with RZO by the radius param-
eter. Let X = {r € RY|>,cy r(v) = 1} be the space of all normal-
ized circle packing metrics. By definition and Theorem 4.1, K (X) =
K (CPg2(S,T)) where Kj,| : X — RV is an embedding and its image
is a codimension-1 smooth submanifold. It remains to show that when
h < —1, K,(X) is a closed subset of RY. To this end, take a sequence
of points {r(™} in X so that K} (r(™)) converges to a point in RY. We
will prove that {r(m)} contains a convergent subsequence in X.

Since the space X is bounded, by taking a subsequence if necessary,
we may assume that (™) converges to a point p in the closure X of X in
[0,00)" and the inner angles of each triangle in metrics 7™ converge.
If p € X, we are done. If otherwise, the set I = {v € V|p(v) = 0} is
non-empty and I # V. Since the surface S is connected, there exists
a triangle o € T with vertices, say vy, v2,vs, so that p(vy) = 0 and
p(v1) > 0.

We claim that lim,, oo k:,(Lm) (v1) = oo where k:,(Lm)
vature in the metrics (™). This will contradict the assumption that
lim,,, K3, (™) is in RV

To see the claim, consider those triangles 7 having v; as a vertex. Let
0 be the inner angle in 7 at the vertex v;. By definition,

is the k; cur-

(7.2) Ep(vy) = (2 — m/27r—2/ tan”(¢/2) d

where the sum is over all such triangles 7 and m is the degree of v;.
We now analyze the angle 6. If v; and v, are the other two vertices of
7, then there are two cases: (1) both p(v;) and p(ry) are positive or (2)
one of p(v;), p(vk) is zero. In case (1), the triangle 7 is non-degenerated
since p(v1) > 0 and thus § € (0, 7). The contribution of fj/Z tan’(t/2)dt
to the sum (7.2) is finite. In case (2), say p(r;) = 0, by Lemma 7.2(c), the
angle 0 in the metrics (™) converges to 0 as m tends to infinity. Thus
the contribution of the term from the triangle 7 to (7.2) is negative
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infinity (i.e., f7?/2 tan”(t)dt = —oo, due to h < —1). By the choice of
vy, V2,03, p(v2) = 0 and p(v1) > 0, it follows that case (2) exists. This
establishes the claim and hence the proof of Theorem 7.1(a).

7.3. A proof of Theorem 7.1(b). We again identify C Py (S, T) with
R‘>/0 by the radius parameter. By Theorem 4.1, the map K}, : RZO —
R" is an embedding. The goal is to prove the image Kh(R;/O) is a
domain bounded by Kj,(CPg2(S,T)), i.e., boundary points of Kj,(RY,)
are in K3,(C'Pg2(S,T)). To this end, take a sequence {r(™} converging
to a boundary point p € [0, 00]" of RZO so that Kj,(r(™) converges to
a point w € RY. We may assume, after taking a subsequence, that the
inner angles of each triangle in metrics 7™ converge. We will show that
w e Kh(CPEz(S, T))

Since the point p is in the boundary of R‘>/0 in [0, oo]V, there are three
possibilities: (1) there is a vertex v so that p(v) = oo, (2) p(v) < oo for
all v € V and there are vi,v9 € V so that p(ve) = 0 and p(vy) > 0, or
(3) p(v) =0 for all v e V.

In the first case, say p(v1) = oo. Then by Lemma 7.2(a), all angles
0 at vertex vy converge to 0 uniformly. It follows that the h-th discrete
curvature at vy, kp(v1) = (2—m/2)T =3, fﬁ/z tan”(t/2)dt diverges to
oo due to h < —1. This contradicts lim,, K, (r(™) € RV.

In case (2), exactly the same argument used in §7.2 works due to the
fact that Lemma 7.2(c) holds for Euclidean and hyperbolic triangles.
This again contradicts lim,, K (r(™) € RV.

The only case left is that p(v) = 0 for all v € V. In this case, the
metrics (™ are degenerating to Euclidean circle packing metrics after
a scaling. By Theorem 7.1(a) where Kj,(CPg2(S,T)) is closed in RV,
it follows that lim,, K3 (r(™) is in Kj,(CPg2(S,T)).

8. Open Problems

8.1. The space of all geometric triangulations with prescribed
curvature. The investigation in the previous sections leads us to pro-
pose the following.

Conjecture 8.1. Suppose (S, T) is a closed triangulated surface. Let
II: Pi2(S,T) — RY be the curvature map sending a metric | to its kg
curvature and p € RV .

(a) For K? = E? or H?, the space 1171 (p) is either the empty set or
a smooth manifold diffeomorphic to RIEI-IVI,

(b) For K% = 82, the space I1™Y(p) is either the empty set or a smooth
manifold diffeomorphic to RIEIZIVIHH where 1 is the dimension of
the group of conformal automorphisms of a spherical polyhedral
metric | € TI71(p).
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One supporting evidence comes from Teichmiiller spaces on surfaces
with boundary so that the boundary lengths are prescribed. This was
discussed in subsection 5.3. The conjecture for S = S? was first investi-
gated by S. S. Cairns in [8]. It was also related to the work of E. Steinitz
[40] on the moduli space of all convex polytopes in the 3-space of the
same combinatorial type. Cairns was trying to show that for spherical
polyhedral metrics on (S2, 7)), II71(0) is either homeomorphic to a Eu-
clidean space or is the empty set. His first proof in 1941 contained a
gap and later in [8] he proved that the set II71(0) is connected. The
question whether IT=1(0) is a cell for spherical polyhedral metrics on
the 2-sphere became Cairns conjecture ([2]). In [2], E. Bloch, R. Con-
nelly, and D. Henderson proved that for Euclidean polyhedral metrics
on a simplicially triangulated disk, the space II71(0) is homeomorphic
to a Euclidean space. Another evidence for the conjecture comes from
the work of [36] and [25]. They show that the space of all Delaunay
E? or H? polyhedral metrics (i.e., ¥(e) > 0) with prescribed discrete
curvature is a cell.

The following result implies that the spaces IT~!(p) are smooth man-
ifolds in the Euclidean and hyperbolic cases.

Proposition 8.2. Suppose (S,T) is a closed triangulated surface.
Then

(a) The curvature map 11 : Py2(S,T) — RY is a submersion.

(b) The curvature map II defined on Pgz(S,T) is a submersion to the
affine space

A= {z €RY| Zz(v) = 27?)((5)}

VeV

of RV defined by the Gauss-Bonnet identity.

Proof. We will use the following notation. If v is a vertex and e is an
edge having v as a vertex, we denote it by e > v. Given v, the set of
elements in {e € Ele > v} will be counted with multiplicity, i.e., if the
two end points of e are v, then e will be counted twice. The following
simple lemma was proved in [36] and [25].

Lemma 8.3. Suppose v is a vertex.

(a) (?Z’;J’l’n) For a Euclidean polyhedral metric, ), ., ¢o(e) = 21 —
k(v);

(b) (Leibon) Y .., vo(e) = 2m — k(v).

Lemma 8.4. The linear map L : R¥ — RY sending a vector = € RF
to Y ., 2(e) is an epimorphism.

Proof. For a finite set Z, we identify the dual space of RZ with RZ us-
ing the standard basis. Then the dual map L* : RV — RF is L*(f)(e) =
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Y vee f(v) for e € E. It suffices to show that L* is injective. To see this,
suppose f € RY so that L*(f) = 0, i.e., f(v) = —f(v") whenever v, '
are end points of an edge. Then f = 0 follows by considering a triangle
with vertices v,v’,v”. Indeed, we have f(v) = —f(v') = f(v") = —f(v).
Thus f(v) = 0. q.e.d.

Now to prove Proposition 8.2(a), consider the affine map A : RF —
RY so that A(z)(v) = 2 — ., 2(¢). Then Lemma 8.3 shows that
II = Ao Uy It follows that D(II) = —LD(¥(). Now by Lemma 8.4,
the derivative of A is —L which is surjective. By Leibon’s theorem,
D(Wy) is onto. Therefore, D(II) is onto. To prove Proposition 8.2(b), by
Lemma 8.3, we have Il = A o ®y. By Rivin’s rigidity theorem, the rank
of D(®y) is |E| — 1. By Lemma 8.4, it follows that the rank of D(II) is
at least |V| — 1. But on the other hand, by the Gauss-Bonnet formula,
II(Pg2(S,T)) lies in the affine space {z € RV |} oy 2(v) = 2mx(9)}.
Thus, the rank of D(II) is |[V| — 1 and II is a submersion to the affine
space. q.e.d.

The special case of Conjecture 8.1 addresses the space II71(0), i.e.,
the space of all geometric triangulations of constant curvature metrics
on a surface. There exists the obvious map ¢ : T171(0) — Teich(S) from
I1-1(0) to the Teichmiiller space by forgetting the triangulation. The
fiber ~1(0) can be interpreted as the space of all geodesic triangula-
tions isotopic to 7 in a fixed constant curvature metric. There are two
related questions for ¢. Namely, when is II~1(0) non-empty and when is
¢ surjective? Both of these questions have been solved by a combination
of the works of various authors, especially [13]. Call a triangulation geo-
metric if there exists a constant curvature metric on the surface so that
each cell in the triangulation is geodesic, i.e., the triangulation is iso-
topic to a geodesic triangulation in some constant curvature metric. The
question whether II~!(0) is non-empty is the same as asking if the trian-
gulation is geometric. This was solved in the work of Koebe, Thurston
[43], Colin de Verdiere [11], [13], Marden-Rodin [30], and others.

Recall that a triangulation of a space is called simplicial if the trian-
gulation is isomorphic to a simplicial complex. We summarize the above
discussion into the following.

Proposition 8.5. Suppose T is a triangulation of a closed surface S.

(a) (]43], [11], [24], [30]) A triangulation T is the geometric triangu-
lation in some constant curvature metric on S if and only if the
lift of the triangulation to the universal cover is simplicial.

(b) (113]) If T is a geometric triangulation in some constant curva-
ture metric, then T is isotopic to a geodesic triangulation in any
constant curvature metric.
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A triangulation 7 of a closed surface S is said to support an angle
structure if one can assign each vertex in each triangle a positive number,
called angle, so that the sum of the angles at each vertex is 27, and each
triangle with these angle assignments becomes a K2 geometric triangle
where K? = H? if x(S) < 0, K? = E? if x(S) = 0, and K? = S?
if x(S) > 0. It can be shown ([11], [10]) that for closed triangulated
surfaces of non-positive Euler characteristic, the existence of an angle
structure is equivalent to the fact that the triangulation is geometric.
However, R. Stong [41] has constructed a non-geometric triangulation
of the 2-sphere which supports an angle structure. See also the related
work of [17].

8.2. Global rigidity of polyhedral metrics in various curva-
tures. Those non-convex or concave energy functions in Theorems 3.2
and 3.4 have the corresponding variational principles on triangulated
surfaces.

Problem For any h € R,

(a) show that a hyperbolic polyhedral surface is determined by its ¢y,
curvature;

(b) show that a spherical polyhedral surface is determined by its ¥y,
curvature.

8.3. Cellular decompositions of the Teichmiiller spaces. One in-
teresting consequence of Theorem 7.1 and Lemma 7.2 concerns the cell
decompositions of the Teichmiiller space, first observed in [33] for 1y-
curvature.

Recall that the arc-complexr of a compact surface S with boundary
is the following simplicial complex, denoted by A(S). The vertices of
A(S) are isotopy classes [a] of proper arcs a in S which are homotopi-
cally non-trivial relative to the boundary of S. A simplex in A(S) is a
collection of distinct vertices [a1],.. ., [ax] so that a;Na; = 0 for all 7 # j.
For instance, the isotopy class of an ideal triangulation corresponds to
a simplex of maximal dimension in A(S). The non-fillable subcomplex
Ao (S) of A(S) consists of those simplexes ([ai],...,[ax]) so that one
component of S — Uleai is not simply connected. The simplexes in
A(S) — Axo(S) are called fillable.

As a convention in this subsection, if X is a simplicial complex, then
|X| denotes the geometric realization of X. If ¢ is a simplex with ver-
tices vy, ..., vk, then the product space int(c) x Rso = {Zle hivi|h; >
0, Zle h; = 1} x Rsq can be identified naturally with the open cone
over int(o), denoted by ¢(o) = {Zle civilc; > 0} by sending (>, hivi, \)
to A)_, hjv;. Using this convention, the product space (JA(S)| — |
A (S)]) x Rso can be naturally identified with the union of all open
cones over interior points of fillable simplexes in |A(S)|, i.e., each point
in (JA(S)| — |Ax(S)]) X Rso is of the form x = Zle cila;] where ¢; >0
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for exactly one fillable simplex ([a1],...,[ag]). For = Zle ¢ilai] in
(JA(S)| — A (S)]) X Rxo, let ([a1],...,[as]) be an ideal triangulation
containing the fillable simplex ([a1], ..., [ak]). Assign each edge [a;] the

positive number z; = ¢; if i < k and zero otherwise. Then this assign-
ment z satisfies the positive edge cycle condition in Theorem 5.3 for
the ideal triangulation ([a1],...,[a,]). By Theorem 5.3 for h > 0, there
exists a hyperbolic metric on S whose -coordinate in the ideal tri-
angulation ([a1],...,[ay]) is z. For the ¢y-coordinate, this fact has also
been established by Hazel [21].

On the other hand, the following results of Ushijima [44] and Kojima
[24] show that:

Theorem 8.6. For a compact hyperbolic surface S with totally geo-
desic boundary, there is an ideal triangulation so that the g-coordinate
of the metric in the ideal triangulation is non-negative. Furthermore,
the set of all edges in the ideal triangulation with positive 1y-coordinate
form a fillable simplex in A(S) and the fillable simplex is unique.

Combining with the observation that ¢y(e) > 0 if and only if ¢, (e) >
0, we can replace positivity of the ip-coordinate in Theorem 8.6 by .
As a consequence, one can define an injective map

10, : Teich(S) = (JA(S)] = |Aso(S)]) X Rsg

by sending the equivalence class of a hyperbolic metric to the point
> zila;) where (a1, ..., ay) is the ideal triangulation produced in The-
orem 8.6 and z; is the ¥,-coordinate of the metric at the i-th edge in the
ideal triangulation. The discussion above shows that II; is onto. Thus
we obtain (see also [20]):

Corollary 8.7. For any compact surface with boundary and of neg-
ative Fuler characteristic and h > 0, the map

I, : Teich(S) — (JA(S)] — |Aso(S)]) X Rso

18 a homeomorphism equivariant under the action of the mapping class
group. In particular, for each h, the map II}, produces a natural cell-
decomposition of the moduli space of surfaces with boundary.

We remark that the underlying cells for various h’s are the same.
The attaching maps for the cells are different. In particular, if h #
B and h,h’ > 0, then H,_L,lﬂh is a self-homeomorphism of the Te-
ichmiiller space preserving the cell-structure derived from Iy and com-
muting with the action of the mapping class group, i.e., it induces
a self-homeomorphism of the moduli space of the surface. These self-
homeomorphisms of T'eich(S) deserve a further study. For instance, we
do not know if these maps are smooth. Finally, Guo’s result [16] for 1y,
with h < 0 also produces cellular structures on the Teichmiiller space
Teich(S).
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8.4. Miscellaneous remarks. It will be interesting to know if these
edge invariants ¢y, 1y, and kj correspond to some curvatures in Rie-
mannian geometry as triangulations become finer and converge to a
Riemannian metric.

Appendix A. Proof of uniqueness of the 1-forms

The goal of this appendix is to prove the uniqueness part of Theorem
1.11.
Theorem 1.11. For the cosine law function y = y(x), all closed 1-
forms of the form w = Z?:l f(y:)dg(x;) where f,g are two non-constant
smooth functions, are up to scaling and complex conjugation

3 . z; 3 (Y
wp = Z /yl sinh(t)dtd(/ sin~"L(¢)dt) = Z th(t)dtdazi
i=1

pt sin"*1(z;)

for some h € C.

All closed 1-forms of the form Z?:l flyi)dg(r;) where f,g are two
non-constant smooth functions, are up to scaling and complex conjuga-
tion

3 . - 3. (Y tanh
m=3" / " an! (t/2)dtd( / cos (1)) = 3 QTWCIW
i=1 i=1 ¢

for some h € C. In particular, all closed 1-forms are holomorphic or
anti-holomorphic.

Proof. Let {i,j,k} ={1,2,3}. q.e.d.

Lemma A1l. Suppose y = y(zx) is the cosine law function and f,g are
two smooth non-constant functions.

(a) If f(y:)/g(x;) is independent of the indices for all z, then there are
constants h, i, c1,cy so that f(t) = ¢ sin®(t)sin#(t) and g(t) =
co sin”(t) sin®(%).

(b) If r; = 1/2(xj + z, — ), and f(yi)/g(r;) is independent of the
indices for all v, then there are constants h, u, c1,ca so that f(t) =
c1 tan” (t) tan*(f) and g(t) = cz cos™(t) cos”(%).

Proof. We use f, and f;z to denote the partial derivatives % and

% respectively. Note that 0y;/0Z; = 0. Taking % to the identity

% — %’jg, we obtain

fo(yi) Oy f2(y;) Oyj

9(@i) Oz, g(xj) Oxy,
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By the derivative cosine law that gzﬁgi’; = Ziﬁgﬁiﬁ@ig and i; ((gzg =
g ((i“;, we obtain
J

fz(yz) Sin(yi) _ fz(y]) Sin(yj)

f(yi) cos(ys) — f(y;) cos(y;)
The variables y;, y; are independent. This shows that there is a constant
h € C so that

L0 o
| 7y ~ ot
o Oln(f(2)) _ d(hlnsin(z))
0z 0z ’
Twi) _ fly)

If we take % to the equation = and use Jy; /0T, = 0, we

g(x:) 9(z;)

obtain, by the same argument as above,

d(n f(z)) O(ulnsin(z))

oz 0z
for some constant p € C. This implies that f(z) = ¢; sin”(z) sin®(Z).
Now substituting it back to f(y;)/g(x;) and using the sine law, we obtain

that % is independent of the indices 7. Thus it must be a
sin”(z;) sin*(Z;)

constant. This shows that g(z) = ¢y sin”(2)sin#(z) for some constant
Co.

The proof of the second part (b) is exactly the same as part (a) where
we use the tangent law that tan(y;/2)/ cos(r;) is independent of ¢ instead
of the sine law. QED.

To prove the uniqueness part of Theorem 1.11, we write the closed

1-form w = Zf’zl f(yi)dg (i) as

3
w= f(yi)gs(xi)dri + f(y)gs(wi)d;.
i=1
The 1-form w is closed if and only if for ¢ # j, the expressions %ﬁ;(m)
and %ﬂgj(%)) are symmetric in ¢, j and
(A1) O(f(yi)g-(;)) _ a(f(yj)gz(xj))'

0z Ox;
The symmetry of 4, j in %ﬂfj(w and Theorem 2.1 show that
F-(y)g: @) sin(:) = £.(y;)gs (a;) sin(z;).
By Lemma Al, there are constants ci, ¢s, o, 5 so that
(A.2) f-(t) = ¢1 sin®(¢) sin® (F)
and
(A.3) g-(t) = cosin~ "L (t) sin =P (%).
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By the same argument using the symmetry of 4,j in %w, we
obtain

(A.4) f2(t) = c3sin”(¢) sin# (%)

and

(A.5) g=(t) = c4sinP(t) sin H7L(2)

for some constants cs, ¢y, h, . Substituting (A.2)—(A.5) into (A.1), we
obtain

cocs sin® (y;) sin () sin =~ (2;) sin =Pt (Z;) cos(7x) B

(A.6) = cieqsin®(y;) sin? () sin ™" (2;) sin™* (%) cos(yx) B,
where B = M is a function symmetric in i, j, k. We claim (A.6
sin(yi)

implies that ¢ycoczeqy = 0. Indeed, suppose otherwise that cicaczeq # 0.
We will derive a contradiction as follows. Identity (A.6) can be written
as

CaC3 sinh_a_l(yi) sin““‘ﬁ@i) cos(yk)B_o‘_l(B)_ﬁJr2

=cica sin_h+o‘+1(yj) sin~H—1+8 (95) cos(yk)B_h+2(B)_“_l.

As a consequence, we conclude that

(A7) (sin" =2 Y (y,) sin" 1P (g,)) (sin" 7 (y4) sin““_ﬁ(gj))icos(yk)
cos(yk)

is independent of the indices 4, j, k. In particular, identity (A.7) is equal

to

b . _B,_ . P . - COS(Y
(sin 1 () sin? 18 ) (sin " () sin? H15 ) S
cos(y;

~—

~—

This shows that

. h—o—1 1B~ cos(yx)
sin Yk ) sin i =
i ) i1 ) AL

_ (ipnh—a=1/ N o ptl—F = COS(yj)
(i~ ) s+ 1)) 22
Since y;, yx are independent variables, both sides must be constant. But
that is impossible.

As a consequence, we see that cicacgeq = 0. Since we assume that f
and g are non-constant functions, we have |c1|+|cs| # 0 and |co| +|ca| #
0. Now if ¢35 = 0, then ¢; # 0 due to |ci| + |e3] > 0. But (A.6) shows
that cieq = 0. Since ¢; # 0, we must have ¢4 = 0. This shows, by
(A.4) and (A.5), that f: = gz = 0, i.e., f and g are holomorphic. By
(A.2) and (A.3), due to the holomorphic property of f, g, it follows that
B =—0,ie., f(z) =c [Tsin®(t)dt and g(z) = co [*sin™®71(¢)dt. The
same argument shows that if ¢y = 0, then f, g are anti-holomorphic,



RIGIDITY OF POLYHEDRAL SURFACES, I 295

given by (A.4) and (A.5) with h = 0. This establishes Theorem 1.11 for
the wy, family.

The proof for the forms w = Y5, f(yi)dg(r;) is exactly the same,
using the tangent law (that tan(y;/2)/ cos(r;) is independent of the in-
dices) and Lemma A1(b). q.e.d.

Appendix B. Derivative Cosine Law of the Second Kind

Suppose that y = y(x) is the cosine law function so that

(B.1) cos(y;) = cos(x;) + cos(z;) cos(zy)

sin(z;) sin(xy)

where {i,j,k} = {1,2,3}. This convention of {i,j,k} = {1,2,3} is as-
sumed in this appendix.
Then we know that

cos(z) — cos(y;) — cos(y;) cos(y)
(B.2) (i) YOBERICN,

Identity (B.2) shows that

(B.3) cos(yi) = cos(y;) cos(yx) + sin(y;) sin(yx) cos(x;).

We consider y; = yi(y;, Yk, xi) and x; = x;(y;, Yk, x;) as functions of
Yj. Yy and x;. Let A7 = sin(y;) sin(y;) sin(xg) and Ay, = sin(z;) sin(z;)
sin(yg). Both A;fjk and A;j;, are independent of the indices due to the
sine law.

Derivative cosine law II. The derivatives of functions y; = vi(y;, Yk, Ti)
and x; = x;(y;j, Yk, ;) satisfy

(B.4) =2 — cos(z)

Jyi _ A;'kjk _ Aijk

(B5) Ox; - Sin(yi) o Sin(l‘i)
(B.6) g—;i = —sin(z;) cot(y;)
Ox;  sin(xy)
B 5—?; - sin(y;)
(B.8) Ozj _ _sin(z;) cos(zk)

or; sin(z;)
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Proof. Taking derivative 9/0x; to (B.3), we have

: dyi . . .
— sin(y;) ai‘ = —sin(y;) sin(y) sin(x;).

Dividing it by — sin(y;), we obtain (B.5).
To see (B.4), take 0/0y; to (B.3). We obtain

dyi . .

(B.9) - sin(yi)a—z_ = —sin(y;) cos(yx) + cos(y;) sin(yx) cos(z;).
j

Let ¢; = cos(x;) and s; = sin(z;). By the sine law, then, (B.9) can be

written as

~—

— COoS i) COS(T; Sin(yk
cos(y) (y5) cos(zi) sin(y;)

dyi _ sin(y;)
dy;  sin(y;)
sjcos(yy)  cos(y;) cos(w;)sk

54 Si
1 Ck T+ Gicj G+ cic

= —(Sj———— — SkG;
S; SiSj S;Sk

| =

= (c + cicj — cicj — i)

SN

m|}_‘

(crs?)

Ck.

»

~

This verifies (B.4).

To see the partial derivatives of z; = x;(y;, yx, z;), we use the sine
law

(B.10) sin(z;) = sin(z;) sin(y;)/ sin(y;).
Take the partial derivative of (B.10) with respect to yi. We obtain

cos(y;) Oy
sin?(y;) Oyr

T . .
— = —sin(z;) sin(y;
5. = —sinr:)sin(y)

By (B.4), we obtain that

cos(z;)

Ox;  sin(z;) sin(y;) cos(y;)
oy sin?(y;)

= —sin(z;) cot(y;)
where the last equation is due to the sine law. This establishes (B.6).
To see (B.7), we take the partial derivative with respect to z; of
(B.10). It becomes
Or; _ sin(y;)

cos(a) 52 = a2 (cos(rs)sin(y) — singa) cos(yi) Oy 0.
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Using identity (B.5) and the sine law, the above is

cos(x;) sin(y;) — cos(yi) Aijk

sin?(y;) 0 (y;)
__ cos(w;) sin(y;) — cozl(i/z)(;l;l(y) sin(z;) sin(xy) sin(y;)
_ cos(as) - (cos(::iil)l (;;os(g;j) 05(2)) G
- - gy
__cos(@y) cos(@r) g oy

sin(z;)
Now dividing both sides by cos(z;), we obtain identity (B.8).

Finally, take the partial derivative with respect to y; to (B.10). Using
(B.4) and the sine law, we obtain

cos(a:j)% = sin(z;) cos(y;) sin(y;) — sin(y;) cos(y;)0yi /0y,

0y, sin®(y;)

sin(x; . .
(B.11) = #(cos(yj) sin(y;) — sin(y;) cos(y;) cos(xy)).
sin(y;)
Let C, = cos(y,) and S, = sin(y,). Then by (B.2), equation (B.11)
becomes

_ sin(;) o oGk G0
=g <CJSZ SJCZ*S,-SJ- )
sin(z;)

=53 (C;87 — CiCr + C3Cj)

(2

_sin(x;) Sk (C; — CiCy,
s SiSk

_ Ssin(z;) cos(x;)

S2

(2

_ sin(ay,) cos(x;)
sin(y;)
Dividing both sides by cos(x;), we obtain (B.7). q.e.d.

We remark that identity (B.6) for Euclidean triangles was in [10],
Lemma A1(d).
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Corollary B2. Let h € C.

(a) Consider yj,yg,z; as variables and x; fized. Then the differential
1-form

[* sinh(t)dtd [+ sin®(t)dt
L Ty

3 ; Yk
Slnh+1(yj) Slnh+1(yk)

is closed.
(b) (119]) Consider y;,yi, x; as variables and x; fized. Then the dif-
ferential 1-form

is closed.
(c) (119]) Consider x;, x;, ), as variables and x; fixed. Then the dif-
ferential 1-form

</yk sin” (¢ )dt> sin"*! (z;)dx; + (/yj sin” (¢ )dt> P (2 ) da

1s closed.

The proof is a simple application of identities (B.6) and (B.7) in the
above theorem. We omit the detail. The integrations of the 1-forms
for h = 0,—1 in part (b) for geometric triangles were first discovered
by Bobenko-Springborn [7]. Bobenko-Springborn showed the integral of
the 1-form for h = 0 can be identified with the dilogarithmic function.
In the work of [19], a further study of the applications of the derivative
cosine law of the second kind are carried out.

Appendix C. Relationship to the Lobachevsky Function

In the special cases of h = +1 or 0, some of integrations [ “wy, and
f “n5, in Theorem 1.11 and Corollary B2 or their Legendre transfor-
mations have been found explicitly by various authors. We give a brief
summary in this appendix.

Following Milnor [31], let A(z) = [; —In(2sin(t))d¢ be the (complex
valued) Lobachevsky function deﬁned as a multl valued complex ana-
lytic function (depending on the choice of the branch of In(¢) and the
path). This function is related to the dilogarithm function (see [31]).

Let y = y(x) be the cosine function defined by (1.8), x; = r; + r}, for
{i,7,k} ={1,2,3} and r = (r1,72,73). Then we have:

Proposition C1. The following identities hold up to addition of a con-
stant.
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(a) (126])
(C.1)
x 3 3
/ Zlntan(yi/2)dxi =— ZA(TF/Q —1)+Amw/2 =11 —ro —13)
i=1 =1

3
+V—1m (Z ri>

(b) (Leibon [25])
r 3
(C.2) / 2Insin(ys/2)drs = S [A(r/2 — 5) + Al + ri11)

i=1
+ V=l + A(w/2 —ry —r9 —13)

where rq4 = 1.
(¢) (Bobenko-Springborn [7]) Consider x1,x2,ys as variables and fiz-
ing y3. The integral

(1‘17502)
(C.3) / Intan(y;/2)dxs + Intan(ys/2)dxy

=ANrm/2—11)+A7/2 —1r2) —A(7/2 —r3) + A(w/2 — 11 —ro —13)
+V=1r/2(x1 + 22) + ¢,
where the constant ¢ depends only on ys.
Proof. The proof is straightforward by checking the derivatives of
both sides. In part (a), the partial derivative with respect to x; of the

left-hand side is In(tan(y;/2)) by definition. By the tangent law (2.10),
we have

2In(tan(y;/2)) = Incos(r;) + Incos(ry + r2 + r3) — Incos(r;)
—Incos(rg) + vV—1m.

The right-hand side of the above equation is the z;-th partial derivative
of the right-hand side of (C.1) by the definition of the Lobachevsky
function.
In part (b), we use the following identity:
1 —cos(y;)  sin(z;)sin(zy) — cos(z;) — cos(z;) cos(xy,)
2 B 2sin(z;) sin(xy)

sin®(y;/2) =

~cos(r) cos(ry +ro +13)
~ sin(r; + 1) sin(r; + ;)
Now take the logarithm of this function and compare with the partial
derivatives of the right-hand side of (C.2).
The proof of (C.3) is the same as above. We omit the details. q.e.d.
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These integrations in the cases of spherical or hyperbolic triangles
have geometric interpretations. To be more precise, for z, y to be the in-
ner angles and edge lengths of a spherical triangle, the integral in Propo-
sition Cl(a) is the volume of the ideal hyperbolic octahedron which is
the convex hull of the six intersection points of the three circles at the
sphere at infinity forming a triangle of inner angles x1, z2,x3 (see [26]).
If x,y are the inner angles and edge lengths of a hyperbolic triangle,
Leibon [25] showed that the integral in Proposition C1(b) is the volume
of the ideal prism which is the convex hull of the six intersection points
at the sphere at infinity of the three circles forming a triangle of inner
angles x1, x2,x3. For a spherical triangle of inner angles x1, z2, 3, the
integral in Proposition C1(b) was shown by P. Doyle [25] to be the vol-
ume of the hyperbolic tetrahedron with exactly three vertices at infinity
and a finite vertex v so that the dihedral angles at the edges from v are
I1,x2,T3.
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