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ABSTRACT. The classical uniformization theorem of Poincaré and Koebe states that any simply con-
nected surface with a Riemannian metric is conformally diffeomorphic to the Riemann sphere, or the
complex plane or the unit disk. Using the work by Gu-Luo-Sun-Wu [9] on discrete conformal geom-
etry for polyhedral surfaces, we show that the uniformization maps for simply connected Riemann
surfaces are computable.

1. INTRODUCTION

The Poincaré-Koebe uniformization theorem for Riemann surfaces is an important result in ge-
ometry and has a wide range of applications within and outside mathematics. The theorem states
that given any connected surface with a Riemannian metric (S, g) (i.e., a Riemannian surface), there
exists a complete constant curvature Riemannian metric g* on S conformal to the given metric g. In
particular, each simply connected Riemannian surface is conformally diffeomorphic to the 2-sphere
S2, the plane C, or the open unit disk . Computing the conformal diffeomorphism, to be called
the uniformization map, has been a challenging problem. When the Riemannian surface is isomet-
ric to a domain in C, the uniformization map is the Riemann mapping. There are many efficient
algorithms and softwares which compute Riemann mapping. See the important works of [21], [20],
[19], [2], [8], and others. These mathematical works also prove the convergence of the algorithms.
See also the related work [13] and [14]. For non-flat Riemannian disks, efficient algorithms for
computing the uniformization maps are mainly developed by computer scientists. These appeared
in the important works of Gu et al. [11], Gu-Yau [12], Levy et al. [16], Desbrun et al. [7], Choi et
al. [3], [4], [5], Yueh et al. [22] and others. While the convergence of these algorithms are quite
evident in practice, mathematical proofs of the convergence of these algorithms were not addressed.
Using the works [9] and [10], we prove in the paper,

Theorem 1.1. There exist algorithms which compute uniformization maps for simply connected
Riemannian surfaces.

The key ingredient in our work is the notion of discrete conformality for polyhedral metrics on
surfaces introduced in [9]. It is shown in [9] and [10] that a discrete counterpart of the uniformization
theorem holds for compact polyhedral surfaces and the associated discrete uniformization maps are
computable. The main result of this paper shows that discrete uniformization maps converge to
the uniformization map when the approximation triangulation meshes are suitably chosen. As a
consequence of the convergence and the computability of discrete uniformization maps, one sees
that Theorem 1.1 follows.
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The strategy of proving Theorem 1.1 is as follows. Suppose (.5, g) is a simply connected Rie-
mannian surface and f is a uniformization map sending (.9, g) to S?, C or D. If S is the 2-sphere, by
removing one point from S, we reduce the case to a non-compact simply connected surface. Since
each non-compact simply connected surface is an increasing union of compact simply connected
surfaces with non-empty boundary, using the Caratheodory kernel theorem, we can further reduce
the computation of the uniformization map f to the case of compact simply connected surfaces
with non-empty boundary. By a Riemannian disk we mean a Riemannian surface (3, g) such that
¥ is diffeomorphic to the compact disk D. Given a Riemannian disk (3, g), by the uniformization
theorem, there exists a conformal diffeomorphism h from the interior of > onto the open unit disk
D. The Caratheodory’s extension theorem implies that h extends to a homeomorphism from ¥ to
the closed disk ID. The extension map will be called a conformal homeomorphism from (X, g) to D.
Theorem 1.1 is a consequence of the following,

Theorem 1.2. There exists an algorithm which computes uniformization maps for Riemannian
disks.

The paper is organized as follows. In §2, preliminaries on polyhedral surfaces and discrete con-
formal geometry will be discussed. We prove a general existence theorem for discrete conformal
factors in §3. In §4, we prove a result on the convergence of discrete conformal maps. Theorem 1.2
is proved in §5. In §6, we discuss the similar theorem for tori with Riemannian metrics.

Acknowledgement. Part of the work is supported by the National Science Foundation of USA
(NSF-DMS 1405106 and NSF DMS-1418255).

2. POLYHEDRAL METRICS AND DISCRETE CONFORMAL GEOMETRY

Suppose S is a compact topological surface which may have non-empty boundary. Let V' be
a non-empty finite subset of S. The pair (S, V) will be called a marked surface. A triangulated
surface (S, T) is the quotient of a disjoint union A; U...LJA,, of Euclidean triangles by identifying
pairs of edges by homeomorphisms. The quotient surface S admits a natural triangulation T whose
triangles are the quotients of A;’s. Weuse V = V(7)) and E' = E(T) to denote the sets of vertices
and oriented edges in 7 respectively and call 7 a triangulation of the marked surface (S, V). If the
homeomorphisms used in identifying pairs of edges are isometries, then the quotient metric d on .S
is a polyhedral metric. We call (S, V, d) a polyhedral surface and d a PL metric on (.S, T") or simply
a PL metric on 7. The discrete curvature K; of a PL metric d is the function defined on V' sending
each interior (resp. boundary) vertex to 27 (resp. 7) less the sum of all angles at the vertex. It is well
known that the Gauss-Bonnet formula holds, i.e., > oy K4(v) = 2mx(S) where x () is the Euler
characteristic of S. A topological triangulation 7 of a PL surface (S, V,d) is called geometric in
d, if each triangle in 7 (in d metric) is isometric to a Euclidean triangle. A geometric triangulation
T of (S,V,d) is called Delaunay if for each interior edge (i.e., an edge not in 9.5), the sum of
the two inner angles facing the edge is at most 7. It is well known that any compact polyhedral
surface (S, V, d) admits some Delaunay triangulation. Two different Delaunay triangulations of the
same polyhedral surface (.S, V, d) are related by a sequence of diagonal switches such that each
triangulation in the sequence is still Delaunay.

A PL metric d on a triangulated surface (S,7) can represented by the edge length function
lg : E(T) — Rs( sending an edge e to its length. In this case, we also denote (S, V,d) by
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(S,T,1)or (T,1) and call I a PL metric on 7. For any u : V(7) — R, we define a new function
uxlq: E(T) — Rso by
(2.1) u lg(e) = e (e)

where v, v’ are the end points of the edge e. This is called a vertex scaling of l; (or d) in the
triangulation 7. Two PL metrics d, d’ on T are related by a vertex scaling (with respect to triangu-
lation 7) if I = w * l4 for some u. The function w is called a discrete conformal factor. We will
prove in Proposition 5.2 that vertex scaling is a good approximation to the conformal change e* g of
Riemannian metric g.
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FIGURE 1. Discrete conformal change of PL metrics. All triangulations are Delaunay

Definition 2.1 (Discrete conformal equivalence of PL metrics, [9]). Two PL metrics d and d' on
a closed marked surface (S, V') are discrete conformal if there is a sequence of PL metrics di =
d,ds,...,d, = d and a sequence of triangulations T1, Ta, ..., Tn, of (S, V) such that

(a) each T; is Delaunay in d;,
(b) if T; # Ti+1, then there is an isometry h; from (S,V, d;) to (S,V,d;+1) so that h; is homotopic
to the identity map on (S, V'), and
(c) if Ti = Tit1, then the edge length functions lq, , and ly; are related by a vertex scaling, i.e.,
la;,, = wi *la, on T; for some u; € RV,

Two PL metrics d,d' on a compact marked surface (2, V') with non-empty boundary are discrete
conformal if their metric doubles are discrete conformal.

Theorem 2.2. ([9]) Given any PL metric d on a connected closed marked surface ﬁS , V') and any

K :V — (—o0,27) so that Y vev K(v) = 27x(S), there exists a PL metric d, unique up to
scaling and isometries homotopic to the identity on (S, V'), such that

(a) d is discrete conformal to d, and

(b) the discrete curvature K j = K.

Furthermore, the PL metric d can be found algorithmically using a finite dimensional variational
principle.

We will be working mainly on compact polyhedral surfaces (.S, V, d) with non-empty boundary
which admit acute geometric triangulations 7, i.e, all inner angles are less than 5. The metric
double of them are Delaunay triangulations (of a closed surface). Furthermore, we will produce a
discrete conformal factor w : V' — R such that (7, w * [4) is still acute. This implies that (.S, T, )

and (S, T, w = ) are discrete conformal.
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Definition 2.3. Suppose 5 > 0.

(a) A 0-triangulation T of a compact polyhedral surface (S, V,d) is a geometric triangulation such
that all inner angles of triangles in T are in the interval (6, 5 — 9).

(b) Suppose (S, T ,1*) is a triangulated compact polyhedral surface. A sequence of geometric sub-
divisions (Tp, 1) of (T,1*) is (9, ¢)-regular if there exist § > 0, ¢ > 0 and a sequence of positive
numbers g, — oo such that (T, ;) are 0-triangulations and
1 ¢
(2.2) lr(e) e (—,—
Ae) € (o )

foralle € E(T,).

The main technical theorem which implies the convergence is the following approximation result.

Theorem 2.4. Suppose (S, Tn, 1) is a (6, ¢)-regular sequence of geometric subdivisions of a com-
pact triangulated polyhedral surface (S, T, ") satisfying (2.2) and (S, Ty, ly,) is another sequence
of polyhedral metrics such that there exists cq > 0 for which

2.3) lLn(e) — I (e)] < % forall e € E(Ty,).

Then there exist a constant c; = c1(1*, 9, ¢g, ¢) and w,, € RY (™) for sufficiently large n such that,
y 0, y larg

(). (Tn, wy *1y,) are g—triangulations,

(b). K, = Kis,
(c). [|wnlloo < 01(1*,7\/%070)' In particular,
I*,6
(2.4) |15, (€) — wp * Iy (e)| < 02(’776076) foralle € E(T,).

o dn+/qn ’

3. A GENERAL EXISTENCE THEOREM ON DISCRETE CONFORMAL FACTORS

Suppose (S, T) is a compact connected triangulated surface and [, [* : E(7) — R are two PL
metrics on 7. The problem we intend to solve is to find a discrete conformal factor w € RY(7)
such that w = [ is a PL metric on 7 and

3.1 Kups = K.

The work of Bobenko-Pinkall-Springborn [1] shows that if the solution w exists, then it is unique
up to scalar addition (i.e., replacing w by w + k(1,1,...,1)). We will derive a system of ordinary
differential equations on w(t) € RY(7) with w(0) = 0 such that w(1) solves (3.1).

3.1. Preliminaries, notations and comparing discrete curvatures. We begin with some nota-
tions. Given two vertices i,j € V(T ), we use i ~ j to denote that 7, j are adjacent in 7 and use
[ij] € E(T) to denote the oriented edge from i to j. Here E = E(T) = {[ij]|¢ ~ j} is the set of
all oriented edges in 7. Given a PL metric [ on 7, let a;- B = aé. (1) be the angle at vertex 7 in the
triangle Aijk € T in the metric [. If z : V' — Rory : E(7T) — R, we use z; and y;; to denote
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z(i) and y([ij]) respectively. Define RY = { € R¥|z;; = —x;;} and the divergence operator
div : RE — RY by
dl’U(.’E)Z = Z -Tij-
[ij]eE

Lemma 3.1. Suppose | and I* are two PL metrics on a triangulated surface (S,T ) with discrete
curvatures K and K*. Then there exists u € RE such that div(u) = K — K* and

llulloo < 2max{]afy(l) — af), ()| Avivjuy € T}

Proof. By definition, K; — K = ZAijkeT(a;‘k(l*) - aék(l)). Fix an edge e, in each triangle 7.
For each triangle 7 = Aijk, we associate u(7) € RE such that u(7) 4, = 0 for all edges [ab] not in
the triangle 7 and in the triangle Aijk

(3.2) wi(7) + g (1) = a5 (1%) — a5 (1),  wgg(7) + uji(r) = 0.

This is a system of six linear equations in six variables. Since the sum of the constant terms
in (3.2) is zero, the equation is solvable and the solution space is 1-dimensional. Set u(7)., = 0.
Then there is exactly one solution u(7) such that u;;(7) € {0,%(af,.(I*) — af.(1))}. Indeed,
(3.2) can be written as: x;; = —xj;, 12 + 13 = C1,T21 + T23 = C2,731 + T3z = c3 with
c1 + co + ¢c3 = 0. When 12 = 0, then the solution is z13 = ¢y = —x31, %23 = co = —x39, and
xo1 = 0. For an interior edge [ij], define w;; = w;;(7) + w;;(7’) where 7 and 7’ are the triangles
adjacent [ij] and u;; = u;;(7) otherwise. Then by definition we have div(u) = K — K*. Clearly
|[ulloo < 2max{|aj, (1) — afy, (I7)] : Avivjur € T} O

3.2. Discrete gradient and Hodge decomposition. The discrete Laplace operator is defined on a
graph (V, E) with an edge weight ) : E — Ry such that ;; = n;;. For a triangulated connected
PL surface (S, 7, 1) such that all angles a;'-k < 7/2, define the associated edge weight n € R” as

follows. If [ij] € E is an interior edge, 7;; = cot(afj) + cot(a%) and if [ij] C OS is a boundary
edge n;; = cot(afj). The gradient operator V; : RV — RE is given by v;(f);; = n:;(fi — f;) and
the Laplace operator associated to [ is the composition div o V;. Let inner products (z,y) on RY
and < z,y >, onRY be (z,y) = 3,0 ziy; and < 2,y >,= YlifleE n%sz‘jyij respectively.
Lemma 3.2. Ifz € RV, y € RE then

< Vi, >y= 2, div(y)).

Indeed, the left-hand-side is
1
Yo —(Viiyis = Y (@i i)y =2 ) Ty
lijlee " lijleE lijleE

The Right-hand-side is 2} ;o zidiv(y)i = 23 ey D jmi Tilij = 2 D35 Tilij-
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As a consequence of Lemma 3.2, we have the orthogonal Hodge decomposition that Rﬁ =
Im(v;) + kernel(div), i.e., each u € RE can be written uniquely as

(3.3) u= V(o) +,

where ¢ € R = {z € RY| Y.\, z; = 0} and div(¢)) = 0. Note that ¢ depends linearly on w.
Recall that the combinatorial diameter of a triangulation, denoted by |7, is the minimum integer

k such that any two vertices 7,7 € V(7)) can be joint by an edge path of combinatorial length at

most k. If y € RX, then its Loo-norm is ||y||oc = max{|y;[i € X}. We use |E| to denote the
number of edges in 7. The key estimate we need is the following,

Lemma 3.3. Let Cy = max{n%_j : [ij] € E'}. Then in the Hodge decomposition (3.3), we have

Proof. Indeed, by the orthogonality of the Hodge decomposition u = V;(¢)+1, we have ||V;(¢)||3 <
l[ul]3 < Co|E|||ul|%. Here the L?-norm is with respect to the inner product <, >,. We estimate
||¢||co as follows. For any two vertices i,j € V/, there exists an edge path i = k; ~ ko ~ k3 ~
.. ~ k, = j of length r < |T|. Therefore, by the Cauchy-Schwarz inequality,

r—1

160 = 651> = O (bh, — bhy))’

s=1

r—1
< |T| Z(¢ks - ¢ks+l)2

s=1
r—1

< Co|T] [Z Mheskssr (Bhs — Gryrn)’]

s=1

< ColTHIVi()II3
< CHITNE||ul%.
Let [|¢||oc = |¢;] for vertex j. Since ), ¢; = 0, there exists 7 such that ¢;¢; < 0. Therefore

9lloo < 1i = ¢j] < Co/[ T El[|ul|oo- O

Remark. If all angles aék € (8, m/2 — ¢), then we can take Cj to be cot(d) in Lemma 3.3.

3.3. A system of ordinary differential equations. We now construct a system of ordinary differ-
ential equation for solving the problem (3.1) that K. = Kj+. For the given PL metric [ on T,
assume that there exists § > 0 such that () € (d,7/2 — §) for all angles.

For simplicity, denote the discrete curvatures of [ and [* by K (0) = K; and K* = K- respec-
tively. Using Lemma 3.1, we can write K* — K(0) = div(u) for some u € RE satisfying the
inequality in Lemma 3.1. Consider a smooth family of vectors w(t) € RY such that w(0) = 0 and

w(t) * [ are PL metrics on 7 with all angles less than 7 /2. For the edge weight function 7 associate
to w(t) * [, we obtain a Hodge decomposition

U= Vy)u(t) + (1),
where div(¢(t)) = 0and ),y &(t); = 0.
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The system of ordinary differential equation is defined to be

dw(t
(3.5) W0 _ o). w()=0.
Lemma 3.4. If w(t) solves (3.5), then the associated discrete curvature K (t) = K,y satisfies
dK (t
(3.6) dt():—K(O)—i—K*, and K(t)=(1—-t)K(0)+tK".

Proof. The basic formula (Lemma 4.2 in [10], Theorem 2.1 [17]) for curvature involution under any
smooth family w(t) of vertex scaling is the following,

dlép = div(vw(t)*l di;it) )
Therefore in our case,
P — i 1)
= div(u)
=—-K(0)+ K™
As a consequence, K (t) = (1 —t)K(0) + tK*. O

Our goal is to show that under some conditions on 7 and [, the equation (3.5) has a solution in
the interval [0, 1 + ¢g) for some ¢y > 0. Then by Lemma 3.4, the required solution w € RV to the
equation K, = K« is given by w(1).

3.4. Euclidean triangles. Suppose x = (x1,x2,x3) is the edge length vector of a triangle whose
inner angles are a1, as, ag. For § > 0, let
= {z e R y|z; + 2 > xp,0; € (5,7/2 — 6)}

be the space of all Euclidean triangles whose inner angles are in (6, 7/2 — ¢§). Note that the Law of

sines implies x; < sm( 3 for x € Wj. In particular, there exists an explicit constant A\ = A(d) > 1

such that z;+x; > Axy, forall z € W;s. As a consequence, there is an explicit constant € = €(0) >0
such that if y € R3, x € W; and |In(z;) — In(y;)| < € for all 4, then y € Ws. The scalar
2

multiplication of R~y on Wj preserves the inner angles. The quotient space Ws /R~ has a compact
closure in W5 /R~o. The compactness of the closure implies immediately the following lemma
2

whose proof will be omitted.

Lemma 3.5. For any § > 0, there exist explicit constants € = €(§) > 0 and ¢; = ¢1(9) such that
(a)ifv € Wsand y € R such that | In(z;) — In(y;)| < e fori=1,2,3, theny € Wis)2:

(b) if z,y € Wi, then for all 1,

|ai(z) — ai(y)] < c1(6 Z | In(z;) — In(y;)])-

w

Asa consequence,

Corollary 3.6. Suppose (T 1) is a §-triangulation and w € RY such that ||w||oc < §, then w * L is
a PL metric on T and (T, w *1) is a %—triangulation.
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3.5. An existence theorem for discrete conformal factors.

Theorem 3.7. Suppose (T,1) is a d-triangulated connected surface, € = €(6) is the constant in
Lemma 3.5 and Cy = cot(g). Then the solution to the system of ordinary differential equation (3.5)
exists in the time interval [0, Ty) where

€
To = | | .
" 5Co\/ITIE| max{|ai, (1) — aiy (I7)] : Aijk € T}

In particular, if Ty > 1, then there exists w € RY such that K. = K-

3.7

Proof. Let ty be the maximum time for which the solution w(t) of (3.5) exists on [0, tp) such that
w(t) * I is a PL metric and ||w(t)||c < €/2 forall t € [0,ty). By Corollary 3.6, (7, w(t) ) is a

¢ -triangulation for all ¢ € [0, to). We estimate t, as follows. If ¢ € [0,#;) and vertex v € V/, using

Lemma 3.3 and Lemma 3.1, we have

(3.8) w(t) ()] < /0 " 16(s)()\ds
< toCo/TTTIE]|[1(0)]

< 2toCo/|TI|E| max{\aék(l) - aék(l*)| : Aijk e T}
Now if

€
tO S - - .. ’
5Cov/| T E|max{|al, (1) — oy (I7)] : Aijk € T}

then Tim sup, lw(t)(v)| < % < §. By corollary 3.6, we can further extend the solution w(t) to
the interval [0, to + €o) for some eg > 0. This contradicts the maximality of ¢y.
O

4. A PROOF OF THEOREM 2.4

To prove Theorem 2.4, we will verify that the condition T > 1 in Theorem 3.7 holds for (75, l,,)
for large n. To this end, we will establish several estimates.

4.1. An estimate of inner angles. One consequence of Lemma 3.5 is,

Corollary 4.1. Suppose x,y € Wy such that |x; — y;| < é and x;,y; € (cq%, qin)fori =1,2,3.
Then there exists an explicit constant ¢ = (¢, ) such that

c/

4.1) lai(z) —ai(y)| < —.
an
Indeed, this follows from Lemma 3.5 and the inequality that |In(¢) — In(s)| < mb — ¢t
where s,t > 0.
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4.2. An estimate of diameters of (0, c)-regular sequence of triangulations.

Lemma 4.2. Suppose (T, 1}) is a (9, ¢)-regular sequence of subdivisions of a triangulated poly-
hedral surface (S, T,1*) satisfying (2.2). Then there exists an explicit constant c¢1(0,¢,1*,T) > 0
such that the combinatorial diameter |T,| < c1q, and |E(T,)| < c1¢2.

Proof. Since the number of triangles in 7 is fixed and (7, [};) are geometric subdivisions, we may

assume that (S, 7, [*) is a single Euclidean triangle. By definition, all inner angles in (7, (};) are at
least 6 and all edge lengths are in (% o )- Therefore, there exists an explicit constant cz(= 81510(26 ))
such that the area A(t) of any triangle ¢ in (7,,[}) is at least ‘32. Since the sum of area of all
triangles ¢ in 7y, is the area A(S,[*) of (S, T, 1*), it follows that the total number of triangles in 7,

is at most mé(?;l;())} < A(csz’l*) q2. But %|E (75)] is at most the number of triangles in 7y, therefore,
|B(T,)| < 4502,

To bound the combinatorial diameter of 7,,, take two vertices u, v in (7,,(,). Let [u,v] be the
Euclidean line segment in the Euclidean triangle (S, 7, [*) connecting u,v. Then for any triangle
t in (Tn,ln) which intersects [u,v], we have that ¢ C B([u,v], =) =: {z € Sld(z, [u,v]) <
qin}. Here d is the polyhedral metric on S associated to the edge length function [*. The area of

B([u,v], ;=) is at most 2;% where c3 is the diameter of (S, 7, [*). Hence, by the area estimate that
A(t) > ;—5, we obtain,

2ccs

> Area(B([u, v], i)) > mtinA( Wt t N [u,v] # 0} > 2 Sttt [u,v] # 0}
dn n n

I . . 2
This implies [{t : £ N [u,v] # 0} < =2 gy

By definition the set U{¢|t N [u, v] # 0} is path connected. Therefore, there exists a sequence of
triangles ¢1, ..., t; in 7, such that u € t1, v € ty, each t; intersects [u, v], t; is adjacent to t;11, and
k< %qn. For each i, pick a vertex v; in t;Mt;41. Then the edge path u ~ v ~, ..., ~ v ~ v joins

2003

6A Sl 25@3 } D

u to v and has length at most .

dn- We finish the proof by taking ¢; = max{=—>—

4.3. Proof of Theorem 2.4. Recall that (7,,[") is a (0, ¢)-regular sequence of geometric subdi-
visions of the triangulated PL surface (S,7,(*). By lemma 4.2, we have that |7,| < Cigp,
|E(T)| < Ciq? for some explicit constant C;. Furthermore, by the given condition (2.3) on I,
and Corollary 4.1, we have \aék(ln) — aék(l;)] < (C3/q?. This shows that

)< 0102@ C1Cq
- ¢ Van

Therefore, the time Ty in Theorem 3.7 satisfies 1) > 5%?0\@2 > 1 for large n. This shows that

the required vector w,, € RY(Tn) exists for n large. Parts (a) and (b) of Theorem 2.4 hold by the
construction. The first part of (c) follows from (3.8) that ||wy||ec < 2Co/|Tn||E)| max{|a§.k(l) —

aék (I")] - Adjk € To} < C(1%,0,co,¢)/\/qn- The second part of (c) follows from the first part of

(c) and the fact that [’ (e) € (cq%, =)

Tall E(Tn)l ymax {l (I n) = agi(l)
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5. A PROOF OF THEOREM 1.2 USING THEOREM 2.4

We reduce the proof of Theorem 1.2 as follows. Suppose (3, g) is a given Riemannian disk with
p,q,r € X and h : (X,9,(p,q,7)) — (D, (1,4,—1)) is the conformal map sending (p, ¢, r) to
(1,4,—1). Let AABC be the equilateral Euclidean triangle of edge lengths one and h* : D —
AABC be the conformal homeomorphism such that (h*(1), h*(i), h*(—1)) = (A, B,C). Due
to the uniqueness of A*, it suffices to show that the conformal map ¢ = h* o h is computable.
To this end, we begin by modifying algorithmically the Riemannian metric g as follows. Construct

algorithmically a smooth function A\; : ¥ —{p, q¢,7} — R~ such that the surface (3, A1 g) has three

corners at p, g, 7 of angle 5. This follows from the growth condition that lim, ., A1(2)dg(0, z)g =
1 where d, is the Riemannian distance associated to g. Let the standard Riemannian metric on C be
|dz|?. By the construction, the two Riemannian metrics ¢*(|dz|?) and g; = A1g are conformal on
%, i.e., there exists a smooth function X : ¥ — R~ such that ¢*(|dz|?) = Ag;. The goal is to show
that A is computable. As a consequence, the uniformization map ¢ which is the isometry map from
(X, \g1) to AABC' is computable.

The above discussion can be phrased in terms of Riemannian triangles. By definition, a Riemann-
ian triangle (.S, g, (p, ¢, 7)) is a compact C°°-smooth surface S which has three corners p, ¢, € 9.5
and is C*°-diffeomorphic to AABC where g is a smooth Riemannian metric S. We call p, ¢, r the
vertices of S. Here by a smooth Riemannian metric g on S we mean that there exists a smooth
embedding f of S into a smooth surface Y without boundary such that g = f*(§) for some smooth
Riemannian metric § on Y. The uniformization map ¢ for a Riemannian triangle (S, g, (p, ¢, 7)) is
the conformal map from S to AABC sending (p, ¢q,7) to (4, B, C).

Given a Riemannian triangle (S, g), by a geodesic triangulation T of (S, g, (p, q,r)), we mean
a triangulation 7 such that each interior edge e of 7 is the shortest g-geodesic segment between
end points of e, each triangle in 7 has angles less than 7 and {p, ¢,7} C V(7). Suppose (S, T,1)
and (S, 7, w = [) are two PL metrics on 7. We define the discrete conformal map < : (S,T,l) —
(S, T,wx*1) to be the piecewise linear homeomorphism sending each triangle ¢ back to itself and is
linear with respect to the metrics [ and wx[ on ¢. If (S, T, wx!) is isometric to the equilateral triangle
AABC by an isometry p, then we call the composition p o ¢ : (S,7T,l) — AABC the discrete
uniformization map. We remark that a better definition of discrete conformal map introduced in [1]
uses piecewise projective instead of piecewise linear. However, in the case that all triangulations
are (9, c)-regular, these two definitions give the same convergence results. Furthermore, piecewise
linear maps are easier to be implemented in practice.

The main theorem of this section which implies Theorem 1.2 is the following.

Theorem 5.1. Given a Riemannian triangle (S, g) of angles /3 at three vertices p, q,r and a (9, c)-
regular sequence of geodesic triangulations Ty, of (S, g), let Ly, (e) be the length of edge e € E(T,)
in g-metric. Then there exists w, € RY (™) such that for sufficiently large n,

(a) (S, Tn,wyn * Ly) is isometric to the equilateral triangle AABC and (T, wy % Ly) is a %—
triangulation,

(b) The discrete uniformization map ¢, : (Tp,wp, * Ly) — AABC converges uniformly to the
uniformization map ¢ in the sense that limy, ., ||¢nlv(1,) — ¢lv(7:)lle0 = 0.

In particular, the uniformization map ¢ is computable.
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We remark that any Riemannian triangle admits a (0, ¢)-regular sequence of geodesic triangula-
tions for some > 0 and ¢ > 0. See for instance the work of Colin de Verdiere [6].

We begin with a simple fact on conformal change of lengths.

5.1. A cubic estimate. Given a smooth path 7 in a Riemannian manifold (S, g), we use {4(7) to
denote the length of ~y in the metric g.

Proposition 5.2. Suppose (S, g1) is a C?-smooth compact Riemannian surface with possibly non-
empty boundary and corners and go = €*“g is a conformal metric where u € C?(S). Then there

exists a constant ¢ = ¢(S, g1, u) such that for any g,-geodesic ~y from p to q, or a smooth arc vy in
0S5, we have

u(p)+u(q)

oo () =€ 2 lgy ()] < (S, g1, u)lg, ().

Proof. We begin with the mid-point rule approximation of definite integrals. It states that if f €
C?([0,1]), then

(5.1 ]/f d:v—/f dx\<—max\ '(x)].

4 zelo,]]

On the other hand, by the Taylor expansion for w € C?([0,1]), there exists M7 = M (max |w|,
max |w’|, max |w”|) such that

w(0)+w(l)
/) _ MO

(5.2) | < Myl2.

This follows from the Taylor expansion of h € C?([0, ]) that h( ) = h(5) =LK (L)i+ih" ()12
and h(l) = h(L) + 31/ (L)1 + Lh"(B)I%. Therefore |h(0)h(1) — h*(L)| < M l2 Now take h(t) =
e2(1/2), We obtain (5.2).

Combining (5.1) and (5.2), we obtain for w € C?([0,1])

l
(5.3) | / (@) g / SO0 ) < Mol
0 0

Now suppose 7 : [0,] — S is a gi-geodesic from p to g such that v is parameterized by the
arc length parameter ¢ € [0,[]. Here I = Iy, (). The geodesic equation in local coordinate states
%’yi + 2k F;k(%fyj)(%fyk) = 0. Using |7/(¢)|;, = 1 and the geodesic equation, we see that
for w(t) = wu(~(t)), the expression M;(max |w|, max |w’|, max |w”|) is bounded by a constant
independent of p, ¢, and y (depending only on (.5, g1, u)). By definition [y, (v) = fol e ®)dt and

lg,(v) = fé dt. Therefore the result follows from (5.3). The same argument works if +y is a smooth
arc in 0S. 0

5.2. Proof of Theorem 5.1. Let 7 be the triangulation of S with only one triangle such that
V(T) = {p,q,r}. The triangulations 7,, are geodesic subdivisions of 7 in the metric g. Let
the pull back metric ¢*(|dz|?) on S be g*. We can write g* = A~*g for some smooth function
A1 S — Ry. By definition, the uniformization map ¢ is the isometry from (S, g*) to the equilat-
eral triangle AABC. In particular, the surface (S, g*) is convex. If e is an edge in 7y, let L, (e) be
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the length of e in the g-metric. Thus if e is an interior edge, L, (e) is the length of the shortest path
between end points of e in the g-metric. For each interior edge e, let e* be the shortest g*-geodesic
segment between the end points of e such that e* is homotopic to e fixing the end points. Due to
convexity of (.S, g*), the interior of e* is in the interior of S. If e C 05, define e* = e. Let [ (¢e) be
the length of e* in the g*-metric. Note that [ (e) is the length of the shortest path between the end
points of e in the g*-metric. Then (S, 7y, [ ) is a geodesic triangulation of an equilateral Euclidean
triangle. We claim that there exists a constant ¢; = ¢1(g, 6, ¢, g*) such that

(5.4) 15() — pin * Ln(e)| < = for all edges e € Ty,
an
where f1,(v) = In(\(v)) and g* = A~*g. Indeed, by Proposition 5.2, there exists a constant
ca = c2(g, 6, ¢, g*) such that for any g-geodesic path  from z; to zo,
1
- -1 < el
‘ g (7) A(Zl))\(zﬁ) 9(7)| s 9(7)

and any g*-geodesic path v* from z; to za,
1
lgo(¥") = ———
’9 (7 ) )\(Zl)A(ZQ)

Take an edge e in (75, [,,) whose end points are z1, zo. Apply the above inequality to the g-geodesic
eor e C 0S5, one obtains

lo(v")] < el (7).

* 1 c
ln(e) <lg-(e) < ng(e) + ealy(e) < pn * Ly(e) + é

Since L, (e) < q%’ this implies that [ (e) < ;—;. On the other hand, applying Proposition 5.2 to the

g*-geodesic edge e* or e* C 0SS isotopic to e with the same end points, one obtains

1 1 ch
l,(e) < lg(e*) < lg=(e*) + cali (") < I (e) + =

Mn*Ln(e):mg mg - dn

due to Iy« (e*) = I3 (e) < qc—;. Combining these two together and take ¢; = max(c),c}), we see
(5.4) holds.
Consider the new PL metric I,, = i, * L, on T,. Since the function X is uniformly continuous,

for n large p,, is locally near a constant. Therefore, for large n, (7, [,) is a (g, ¢} )-regular sequence

of triangulations. By (5.4) and Theorem 2.4, there exists a discrete conformal factor v, € RV (T»)
such that (7, vy * 1) = (Tn, (Un + pin) * Ly)) is a g—triangulation whose discrete curvature is the
same as the discrete curvature of (S, 7y,,1%). Furthermore, for w,, = v, 4 p, € RV (T

03(97 57 ¢, )‘)
Un/Tn

Following the argument used in [19], we derive part (b) of Theorem 5.1 from (5.5) as follows. Let
7, and T,” be the geometric triangulations of A ABC' which are the images of 7,, under the discrete
uniformization maps ¢,, and ¢ respectively. In particular, for an edge e € Ty, the length of ¢,,(e) €
T, and ¢(e) € T in AABC are wy, * Ly, (e) and [} (e) respectively. To prove part (b), it suffices
to show that the piecewise linear homeomorphism F,, = ¢ o ¢,,1 : (AABC,T!, (A, B,C)) —

(AABC, T, (A, B,C)) converges uniformly to the identity map. Since (75, ;) and (7, wy, * Ly,)
are %—triangulations, there exists a lower bound for all angles in triangles in 7,/ and 7,”. Therefore,

(5.5) 1} (e) — wy, * Ly (e)| <
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there exists a constant X > 0 such that ), are K-quasiconformal. By the reflection principle
for quasiconformal maps ([15], page 47), we can extend F}, to be a K-quasiconformal map, still
denoted by F,,, from a domain 2 to itself where (2 contains AABC' and (2 is independent of n (in
fact we can take 2 = C). It is well known ([15]) that the space of all K -quasiconformal maps of (2
fixing A, B, C' is compact. Hence there exists a subsequence F},; converging uniformly on compact
sets in {2 to a K -quasiconformal map f : (2, (4, B,C)) — (2, (4, B,C)). We claim that f isa 1-
quasiconformal map. Indeed, take a triangle ¢ in 7,, of edge lengths a,, b, ¢,,. Let its image triangle
F,(t) in 7,/ have corresponding edge lengths a/,, b/, ¢/,. By (5.5), we have lim,, o = limy, Z—Z =
Therefore, the two triangles ¢ and F),(t) are nearly similar. Since F,|; : t — F,(t) is linear, this
shows that the quasi-conformal constant of F,|; tends to 1 as n approaches infinity. Therefore f is
1-quasiconformal on AABC'. On the other hand, f fixes A, B, C. It follows that f is the identity
map. The above argument shows all limits of convergent subsequences of F;, are the identity map.
Therefore, F;, converges uniformly on AABC to the identity map.

Cn

lim,, g = 1 since all these lengths ap, ..., a € ( ) for some constant ¢’ independent of 7.

6. THE TORUS CASE

The same proof as in §5 shows the following theorem that discrete uniformization metrics con-
verge to the uniformization metric on tori.

Theorem 6.1. Suppose (S' x S!, g) is a torus with a Riemannian metric g whose associated uni-
formization metric is g* (the flat Riemannian metric of area one conformal to g). Let T, be a
sequence of (8, c)-regular geodesic subdivision of (S' xS, g) and l,, - E(T,) — Rsq be the length
of an edge in g-metric. Then there exists a sequence of w, € RV (™) such that (St xS, T, wy %1)
is a 6 /2-triangulation of a flat torus (S' x S, g,) and g,, converges to g uniformly on S* x S*.

REFERENCES

[1] Bobenko, A., Pinkall, U., & Springborn, B., Discrete conformal maps and ideal hyperbolic polyhedra. Geom. Topol.
19 (2015), no. 4, 2155-2215.

[2] Bishop, C., Conformal mapping in linear time. Discrete Comput. Geom. 44 (2010), no. 2, 330-428.

[3] Choi, P. T., Lui, L. M., A Linear Algorithm for Disk Conformal Parameterization of Simply-Connected Open Sur-
faces. arXiv preprint arXiv:1508.00396, 2015. Accepted for publication in Advances in Computational Mathematics.

[4] Choi, P. T., Lui, L. M., Fast disk conformal parameterization of simply-connected open surfaces. Journal of Scientific
Computing, 2015, 65(3): 1065-1090.

[5] Choi, P. T., Lam, K. C., Lui, L. M., FLASH: Fast landmark aligned spherical harmonic parameterization for genus-0
closed brain surfaces. SIAM Journal on Imaging Sciences, 2015, 8(1): 67-94.

[6] Colin de Verdiere, Y.; Marin, A. Triangulations presque equilaterales des surfaces. J. Differential Geom. 32 (1990),
no. 1, 199-207.

[7] Desbrun, M., Meyer, M., & Alliez, P., Intrinsic parameterizations of surface meshes, Computer Graphics Forum
(Proc. Eurographics 2002), vol. 21, no. 3, pp.209-218, 2002.

[8] Driscoll, T. & Vavasis, S., Numerical conformal mapping using cross-ratios and Delaunay triangulation. STAM J. Sci.
Comput., 19(6):1783-1803.

[9] Gu, D., Luo, F, Sun, J. & Wu T., A discrete uniformization theorem for polyhedral surfaces, to appear J. of Diff.
Geometry, 2017.

[10] Sun, Jian; Wu, Tianqgi; Gu, Xianfeng; Luo, Feng Discrete conformal deformation: algorithm and experiments.
SIAM J. Imaging Sci. 8 (2015), no. 3, 1421-1456.

[11] Gu, X., Y. Wang, Y., Chan, T.F., Thompson, PM. & Yau, S.-T., Genus zero surface conformal mapping and its
application to brain surface mapping, IEEE Trans. Med. Imaging, vol. 23, no. 8, 949-958, 2004.



14 DAVID GU, FENG LUO, AND TIANQI WU

[12] Gu. X. & Yau, S.-T., Global conformal parameterization, Symposium on Geometry Processing, 127-137, 2003.

[13] Hersonsky, S., Discrete harmonic maps and convergence to conformal maps, I: combinatorial harmonic coordinates.
Comment. Math. Helv. 90 (2015), no. 2, 325-364.

[14] Hersonsky, S., Electrical networks and Stephenson’s conjecture. (2015), arXiv:1506.07549.

[15] Lehto, O.; Virtanen, K. I., Quasiconformal mappings in the plane. Second edition. Die Grundlehren der mathema-
tischen Wissenschaften, Band 126. Springer-Verlag, New York-Heidelberg, 1973. viii+258 pp.

[16] Levy, B., Petitjean, S., Ray, N. & Maillot, J.; Least squares conformal maps for automatic texture atlas generation,
SIGGRAPH 2002, pp. 362-371, 2002.

[17] Luo, E.,, Combinatorial Yamabe flow on surfaces. Commun. Contemp. Math. 6 (2004), no. 5, 765-780.

[18] Pinkall, U. & Polthier, K., Computing discrete minimal surfaces and their conjugates, Experimental Mathematics,
vol. 2, no. 1, pp. 15-36, 1993.

[19] Rodin, B. & Sullivan, D., The convergence of circle packings to the Riemann mapping. J. Differential Geom. 26
(1987), no. 2, 349-360.

[20] Stephenson, K., Introduction to circle packing. The theory of discrete analytic functions. Cambridge University
Press, Cambridge, 2005. xii+356 pp.

[21] Trefethen, L. & Driscoll, T., Schwarz-Christoffel mapping in the computer era. Proceedings of the International
Congress of Mathematicians, Vol. III (Berlin, 1998). Doc. Math. 1998, Extra Vol. III, 533-542.

[22] Yueh, M. H., Lin, W. W., Wu, C. T,, Yau, S.T., et al. An Efficient Energy Minimization for Conformal Parameteri-
zations. Journal of Scientific Computing, doi:10.1007/s10915-017-0414-y.

DEPARTMENT OF COMPUTER SCIENCE, STONY BROOK UNIVERSITY, STONY BROOK, NY, 11794

E-mail address: gu@cs.stonybrook.edu

DEPARTMENT OF MATHEMATICS, RUTGERS UNIVERSITY, PISCATAWAY, NJ, 08854

E-mail address: f1luo@math.rutgers.edu

COURANT INSTITUTE OF MATHEMATICS, NEW YORK UNIVERSITY, NEW YORK, NY 251 MERCER STREET
NEW YORK, N.Y. 10012

E-mail address: tiangi@cims.nyu.edu



