The Inverse Scattering Problem for a Penetrable Cavity
with Internal Measurements

Fioralba Cakoni, David Colton, and Shixu Meng

ABSTRACT. We consider the inverse scattering problem for a cavity that is
bounded by a penetrable inhomogeneous medium of compact support and
seek to determine the shape of the cavity from internal measurements on a
curve or surface inside the cavity. We prove uniqueness and establish a linear
sampling method for determining the shape of the cavity. A central role in our
analysis is played by an unusual non-selfadjoint eigenvalue problem which we
call the exterior transmission eigenvalue problem.

Dedicated to Gunther Uhlmann on the occasion of his 60th birthday

1. Introduction

The use of sampling methods and transmission eigenvalues has played an im-
portant role in inverse scattering theory for the past fifteen years and for a survey
of recent results in this area we refer the reader to [3] and [6]. These methods
are concerned with the inverse scattering problem for an inhomogeneous medium
and seek to determine the support and bounds on the constitutive parameters of
the scattering object by solving a linear integral equation of the first kind called
the far field equation. A central role in this approach is an investigation of a class
of non-selfadjoint eigenvalue problems called interior transmission eigenvalue prob-
lems. On the other hand, in the case of scattering by an impenetrable obstacle with
Dirichlet, Neumann or impedance boundary conditions, there has been a recent in-
terest in the inverse scattering problem with measured data inside a cavity [12],
[13], [21]-[23]. In this class of problems the object is to determine the shape of the
cavity from the use of sources and measurements along a curve or surface inside
the cavity. A possible motivation for studying such a problem is to determine the
shape of an underground reservoir by lowering receivers and transmitters into the
reservoir through a bore hole drilled from the surface of the earth. In this paper we
will combine the above two directions of research and consider the inverse scatter-
ing problem for a cavity that is bounded by a penetrable inhomogeneous medium
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of compact support and seek to determine the shape of the cavity from internal
measurements. Of particular interest in this investigation is the central role played
by an unusual non-selfajoint eigenvalue problem called the exterior transmission
etgenvalue problem.

The plan of our paper is as follows. In the next section we will formulate both
the direct and inverse scattering problems for a cavity bounded by a penetrable
inhomogeneous medium of compact support. In Section 3 we will formulate the
exterior transmission eigenvalue problem and establish the Fredholm property of
the associated exterior transmission problem. These results will prove to be central
to our analysis of both the uniqueness of the solution to our inverse scattering
problem (discussed in Section 4) as well as our use of the linear sampling method
in Section 5 to recover the shape of the cavity.

2. The direct and inverse scattering problems

Let D C R?, d = 2,3, be a simply connected bounded region of R? with Lipshitz
boundary 9D and denote by v the outward unit normal to dD. We assume the
medium inside D is homogeneous with refractive index scaled to one and denote
by k the corresponding wave number. The medium outside D is assumed to be
inhomogeneous and possibly anisotropic such that outside a large ball Bg it is
homogeneous with the same wave number as the medium in D. More specifically,
the physical properties of the medium in R%\ D are described by the d x d symmetric
matrix valued function with L>°(R?\ D) entries and the bounded function n €
L>®(R?\ D) such that £-R(A)¢ > a|€]|?, € S(A)E <0, forallé € Candn >ng >0
in R4\ D. Furthermore we assume that A = I and n = 1 in R?\ Bg where By, is
a large ball containing D.

In acoustic scattering (d = 3) or electromagnetic scattering (d = 2, for an H-
polarized infinite cylinder) D represents the support of a cavity filled e.g. with air
which is assumed to be the reference media with wave number k. Let ®(z,y) be a
point source located at a point y € D inside the cavity given by

HY (k| - y)) in R?

(2.1) ®(z,y) = ik|z—y|
e . 3
in R°.

|z =yl

and consider the scattering of this point source by the inhomogeneous media. The
total filed u = u® + ®(-,y) inside the cavity satisfies

Agu+ ku = 6(x —y) xeD
whereas the total field w outside the cavity satisfies
(2.2) V- A(x)Vw + k*n(x)w =0 reRY\ D
and across the interface 0D both the total field and its normal derivative are con-
tinuos, i.e.
(2.3) U=w and % = STU; on 0D
together with the Sommerfeld radiation condition

d-1

.oaa Ow
rlgrgor (E —ikw) =0
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uniformly with respect to & = z/r, r = ||, Where := AVw - v. We recall that
supp(A—1I) C Br\ D and supp(n—1) C Br\D. ertten in terms of the scattered
field u® in D and the total field w in R?\ D the above scattering problem is a
particular case of the following boundary value problem in R?: Find u® € H(D)

and u € H} _(R?\ D) such that

(2.4) V- AVw + k*nw = 0 in R?\ D

(2.5) Au® +E*u® =0 in D

(2.6) w—u’=f on 0D

ow  ou®

2. — — = D

(2.7) as ov h on 0
.4 OQw

(2.8) Tlg]élor (E —ikw) =0

where f := ®(-,y)lop and h := %\33 In general f € Hz(dD) and h €
H~2(0D). Using a variational approach it is shown in [3] that the forward scat-
tering problem (2.4)-(2.8) has a unique solution which depends continuously on the
data f,h

Now assume that C'is a smooth (d—1)-manifold entirely included in D which is
referred to as the measurement manifold. We place the point source at every y € C
and measure the corresponding scattered field u®(z) := u®(z,y) for x € C. The
inverse problem we consider in this paper is for fixed (but not necessarily known)
A and n satisfying the above assumptions, determine the boundary of the cavity
0D from a knowledge of u®(x,y) for all z,y € C. (Note that if C' is chosen to be an
analytic manifold by the analyticity of the solution u® to the Helmholtz equation
in D it suffices to know u®(z,y) for z,y on a open arc Cy C C.) Throughout this
paper we make the following assumption:

ASSUMPTION 2.1. The measurement manifold C' is such that k2 is not a Dirich-
let eigenvalue for —A in the bounded region circumscribed by C.

Note that since the interrogating wave number £ is known, it is easy to choose
C to satisfy Assumption 2.1. The main goal of this paper is to prove a uniqueness
result and develop a solution method for solving the above inverse problem.

3. The exterior transmission eigenvalue problem

In this section we will formulate and study the so-called exterior transmission
problem which will play a fundamental role in our uniqueness proof and the jus-
tification of the linear sampling method. To make an analogy with the exterior
scattering problem, the exterior transmission problem here plays the same role as
the interior transmission problem does for the exterior scattering problem for an
inhomogeneous media [4], [6], [L1]. As a physical motivation of the exterior trans-
mission problem we ask the question if it is possible to send an outgoing incident
field v’ from inside the cavity D that does not produce any scattered field in D
and all the energy is transmitted to the exterior of D. Since this outgoing incident
field satisfies the Helmholtz equation outside D, the scattering problem (2.4)-(2.8)
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implies that v := ui\Rd\B and the total field w satisfies the homogenous problem

(3.1) V- AVw + k*nw = 0 in RY\ D
(3.2) Av+ kv =0 in R?\ D
(3.3) w=v on 90D
ow  Ov

4 J D

(3.4) s ov on 0
, a1 Ow . a1 Ov

(3.5) Tgrgor (E —itkw) =0 and Tlerolcr (E —ikv) =0

DEFINITION 3.1. Values of k € C with R(k) > 0 for which the homogeneous
problem (8.1)-(8.5) has a nontrivial solution are called exterior transmission eigen-
values.

In next section we will see that exterior transmission eigenvalues are related
to the injectivity of the near field (data) operator. For later use we need the non-
homogeneous version of (3.1)-(3.5) which we formulate in the following.

The exterior transmission problem is given f € H2(dD), h € H2(dD), {; €
L*(Br \ D) and ¢y € L*(Bg \ D), find w € H. (R?\ D), v € H} (R?\ D) such
that

(3.6) V- AVw + k*nw = £ in RY\D
(3.7) Av + k*v = by in R\ D
(3.8) w—v=f on 0D
ow Ov

. e 9v_ D

(3.9 doa o h on 0
.o Ow N L

(3.10) Tlggor (E —ikw) =0 and 711)1&7" (E —ikv) =0,

where ¢ and /, vanish in R? \ Bg and R is the radius of the ball Bg outside of
which A = I and n = 1. We use a variational approach to study this problem.
To this end we take v; € H} (R?\ D) to be the unique solution of the exterior
Dirichlet problem

Av, + k20, =0 in R \D
v =f on 0D

. da—1 (9’()[ . _
Tlggor 2 (E —ikv) =0

and set vy = v+v;. Then (w, vo) satisfies (3.6)-(3.10) with (f, h) = (0,h := hf%).
Therefore it suffices to study (3.6)-(3.10) with f = 0. We can now rewrite (3.6)-
(3.10) as an equivalent problem in the bounded domain Br \ D, namely find w €
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(3.11) V- AVw + E*nw = £, in Bg\D
(3.12) Av + kv = ly in Bgp\D
(3.13) w—v=0 on 9D
ow  Ov
14 gu v D
(3.14) ova o h on J
(3.15) ow = Thw on OBpg
v
v
(3.16) o Tyv on OBpg

where T}, : H2(0Bg) — H~2(8Bg) is the exterior Dirichlet to Neuman map
defined by

ov
Tk:g_>$|83m g€ H%(0Bg)

where u is the radiating solution to the Helmholtz equation Au + k?u = 0 outside
Bpr, with boundary data v = g on 0Bpg, and v is the outward unit normal to 0Bgr
[3]. Next we define

H = {(w,v) € H'(Br\D) x H*(Bg\D),w —v =0 on 0dD}.

Taking a test function (w’,v’) € H, multiplying both sides of (3.11) by w’ and
(3.12) by v/, and integrating by parts we obtain

/Tkads—/g—des— / AVw-Vw'dz+ / nk?ww'dx = / bw'dz,
VA
oD

9Br Br\D Br\D Br\D
and
/Tkv?ds— / ??ds— / Vo - Vo'de + / krov'de = / (o' dz,
OBr aD Y Br\D Br\D Br\D

respectively. Now taking the difference and and using the fact that w’ = v’ on 0D
together with (3.14) we have that

(3.17) / AVw - Vw'dr — / Vv - Vo'de + / (—nk*ww’ + k*vv’)dx

—/Tkads—i—/TkUst:—/ hw' — / fw'dx + / {v'dz.
oD
OBr OBr Br\D Br\D

We define the sesquilinear form ay(-,-) : H x H — C by

ar((w,v), (w',v")) = / AVw - Vw'dr — / Vv - Vv'dx
]BR\B BR\ﬁ
+ / (—nk*ww’ + k*vv’)dz — / Trww' + / Tov'dz

_ OBRr
Bgr\D OBRr
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and the conjugate linear functional F(-) : H — C by

F(w',v") ::f/ hw' — / Gw'ds + / (' dz.
oD

BR\ﬁ BR\ﬁ

Conversely, assume that (w,v) € H satisfies a((w,v), (w',v")) = F(w',v") for all
(w',v") € H. Taking v' = 0, w’ € C§°(Bgr\D), we have (3.11) and in a similar way
we have (3.12). Taking (w’,v’) € H such that w’ = v' = 0 on dBg, we recover
(3.12). Finally, a choice of (w’,0) € H implies (3.15) and in a similar way we obtain
(3.16). Hence we have proven the following theorem.

THEOREM 3.2. The exterior transmission problem (3.1)-(3.5) is equivalent to
the following problem: Find (w,v) € H such that for all (w',v") € H

(3.18) ar((w,v), (w',v")) = F(w',v").

Note that by means of the Riesz representation theorem we can define the
operator Ay : H — H by

(A (w,v), (W', v") g = ar((w,v), (w',v")) for all ((w,v), (w’,v")) € H x H.

We would like to show that A;, : H — H for k > 0 is invertible. To prove this
we use the T-coercivity approach introduced in [2] and [7], following the ideas in [1].
The idea behind the T-coercivity method is to consider an equivalent formulation
of (3.18) where ay, is replaced by a] defined by

(3.19) af ((w,v), (w',0")) := ax((w,v), T(w',v), V((w,v),(w',v")) € H x H,
with 7 being an ad hoc isomorphism of H. Indeed, (w,v) € H satisfies
ap((w,v), (w',v"))=0  forall (w',v')eH

if, and only if, it satisfies a] ((w,v), (w’,v’)) = 0 for all (w’,v’) € H. Assume that
T and k are chosen so that aZ— is coercive. Then using the Lax-Milgram theorem
and the fact that 7 is an isomorphism of H, one deduces that A is an isomorphism
on H.

In the following, in addition to the assumptions on A and n stated at the
beginning of Section 2, we assume that there exists a neighborhood 2 of 9D where
both $(A4) = 0 and J(n) = 0 in Bg\D N Q. Setting N := Br\D N, we denote by
A, := inf inf - A(z)¢ >0, A*:= sup sup & - A(x)€ < oo,

zeN|¢|=1 zeN |¢|=1

n, := inf n(z) >0, n* := sup n(z) < co.
zEN zeN

(3.20)

for £ € C?. Then we can prove the following result.

LEMMA 3.1. Assume that either A* <1 and n* <1 or A, > 1 and n, > 1.
Then there exists k > 0 such that A;. is invertible.

ProoF. We first consider the case when A* < 1 and n* < 1. Take x €

C*(Br\D) to be a cut off function equal to 1 in a neighbourhood of dD with
support in A := (Bg\D) N Q and let T (w,v) = (w — 2xv, —v). We then have that

GZ;((”LU, ’U), (U), 'U)) = (AV'LU, vw)BR\f + (V”U, VU)BR\ﬁ - Q(Avwv V(X”))BR\ﬁ
R (110, 0) 5 + (0, 9) g — 20, 30) 1 )

*(meﬂﬂ)aBR - (Elﬂvav)aBR + 2(Tz‘nw7X’U)BBR
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where (-,-)x denotes the L2-inner product in the generic space X. By Young’s
inequality we have

2/(AVw, Vxv)p 5l < 2[(xAVw, Vo) x|+ 2|[(AVw, V(x)v) x|
< a(AVw, V) + a YAV, Vo)

+ B(AVw, Vw)y + B~ HAV(X)v, V(X)v)n,
and
2|(nw, xv) g\ 5l < 2l(nw, v) x| < n(nw,w)x + 17" (0, V)0
for some a > 0,8 > 0, > 0. Recall that A and n are real in /. Furthermore, due
to the exponential decay of w and v at oo we have that
—(Tisw,w)op, = / (IVw|* + £*|w|?) da
RI\Br
with a similar expression for —(7T;,.v,v)sp,. Note also that
(Tinwaxv)aBR =0.

Using all the above estimates we finally obtain that

lal(w,0), (w, )| = R (a]((w,v), (w,v)))
+ & (%(nwvw){BR\ﬁ}\ﬁ + (v, U){BR\B}\6>
+ (1 —a—B)(AVw, Vw)x + (I —a tA)Vo, Vo) x
+ &A1= n)(nw, 0+ (K7 (1= 17'n) — sup| V[P AL v, v)x

Taking «, 5,n, k such that A* < a, n* <n, 8 <1 — a, and k large enough yields
that afn is coercive.

The case when A* > 1 and n* > 1 can be proven the same way using T (w,v) =
(w, —v + 2xw). O

REMARK 3.3. In Lemma 3.1 the assumption that A and n are real in a neigh-
borhood N of OD can be relazed. In particular, the proof of Lemma 3.1 goes through
if we only assume that —J(A) < R(A) snd S(n) < R(n) in N.

THEOREM 3.4. Assume that A and n satisfies the assumptions of Lemma 3.1.
Then if k is not an exterior transmission eigenvalue the exterior transmission prob-
lem (3.6)-(3.10) has a unique solution which depends continuously on the data f,
h, 51 and EQ.

PROOF. From Lemma 3.1, we can choose x such that A;, is invertible. Since
the embedding from H to L?(Br\D) x L?(Bgr\D) is compact and T} — Tj, is a
compact operator from H2 (0Bg) to H~2 (0Bg) [3], we can conclude that A, — A;,
is a compact, and hence the result follows from the Fredholm alternative. ([

We can now prove the following discreteness result for exterior transmission
eigenvalues.

THEOREM 3.5. Assume that A and n satisfies the assumptions of Lemma 3.1.
Then the set of exterior transmission eigenvalues is discrete.



8 FIORALBA CAKONI, DAVID COLTON, AND SHIXU MENG

PROOF. Since T} depends analytically on k € C, R(k) > 0, we have the map-
ping Ay — A;x : k — L(H) is analytic. We can choose k such that A, is invertible.
The theorem follows from the analytic Fredholm theory [8]. O

4. Uniqueness of the inverse problem

In this section we prove that the boundary of the cavity is uniquely determined
from a knowledge of the scattered field u®(x,y) for all z,y € C where C is the
measurement manifold introduced in Section 2. It is not necessary to know the
physical properties of the inhomogeneous exterior medium as long as they satisfy
appropriate a priori assumptions. The proof of uniqueness for the inverse penetra-
ble cavity is more complicated than for the case of scattering by an impenetrable
cavity considered in [22]. The idea of the uniqueness proof for the inverse medium
scattering problem originates from [14], [15]. Here we make use of the exterior
transmission problem inspired by the idea in [11]. Since we are using some regu-
larity results, in this section we assume more regularity of the boundary 0D and
material properties A and n than in previous sections.

Let C be the smooth closed d — 1 manifold of measurement satisfying Assump-
tion 2.1 and let us define the admissible set of cavities

S:={D cR%: D is of class C', D contains C in its interior.}

Furthermore, we assume that the media outside the cavity has the material prop-
erties (A, n) which belong to

Ao A,n € CHQop \ D) N L>®(R4\ D), Qsp is a neighborhood of D
T and A, n satisfy the assumptions in Section 2 and in Theorem 3.4.

We begin with a simple lemma.

LEMMA 4.1. Assume that A,n € A. Let {v,, w,} € H*(R?\ D) x HY(R%\ D),
n € N, be a sequence of solutions to the exterior transmission problem (3.6)-(3.10)
with boundary data f, € H2(0D), h, € H-2(dD). If the sequences {f,} and
{hn} converge in H2(OD) and H~2(0D) respectively, and if the sequences {vy}
and {wy,} are bounded in H*(Br\ D), then there exists a subsequence {v,, } which
converges in H'(Bgr \ D).

PRrROOF. Let {v,, Q&L} be as in the statement of the lemma. Due to the compact
imbedding of H(Bgr\ D) into L?(Br\ D) we can select L2-convergent subsequences
{vn, } and {wy,, }. Hence, {v,, } and {wy,, } satisfy

(4.1) V- AVw,, — *nw,, = — (k% + k?)w,, in Br\D
(4.2) Avy, — Ko, = — (K% 4+ k*)v,, in Br\D
(4.3) Wn, — Uny = Sy on 0D
0wy, Ovy,
(44) aVA - W = hnk on 0D
0
(4.5) ;”; — Thewn, = (T — T ), on Bp
Ov,, B
(4.6) o TirVny, = (T — Tix)Vn,, on O0Bg

for kK > 0 chosen as in Lemma 3.1. Note that the left hand side of (4.1)-(4.6)
in the variational setting is equivalent to the bounded invertible map A;.. Thus
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Up,, and wy, are bounded by the right hand side with respect to the appropriate
norm. Now, due to compactly embedding of H' into L2, there is a subsequence
of the right hand sides of (4.1) and (4.2) that converge in L?. Since T} — T}, is a
compact operator there is a subsequence of the right hand side of (4.5) and (4.6)
that converge in H -3 (0BR). Hence the result follows from the boundeness of Ajy.
|

Note that Lemma 4.1 allows us to prove the uniqueness result without assuming
that k is not an exterior transmission eigenvalue.

THEOREM 4.1. Assume that D1,Dy € S are two penetrable cavities having
material properties Ai,n1 € A and As,ne € A in the exterior of D1 and Do,
respectively, such that the corresponding scattered fields coincide on C for all point
sources located in C and any fixed wave number k. Then Dy = Ds.

PRrROOF. We denote by G the connected component of Dy N Dy which contains
the region bounded by C. Let uj(-, 2) be the solution of (2.4)-(2.8) corresponding
to Dj;, Aj,n;, j = 1,2. We have that uf(z, z) = u3(z, z) for z,z € C. Following
the argument in [21], the latter implies that u§(x,z) = uj(x, z) for x,z € G. Next,
assume that Dy is not included in Ds. We can find a point z € 9D7 and € > 0 with
the following properties, where 25(z) denotes the ball of radius ¢ centered at z:

(1) Qge(z) n DQ = @ B

(2) The intersection Dy N Qg (z) is contained in the connected component of
D1 to which z belongs. B

(3) There are points from this connected component of D; to which z belongs
which are not contained in Dy N Qg(2).

(4) The points z, = z + EV(z) lie in G for all n € N, where v(z) is the

n

innerward unit normal to 9D at z.

Due to the singular behavior of ®(-, z,) at the point z,, it is easy to show that
12C, za)ll g1 (ppBy) = 0 a8 n— o0

where Bp is a large ball of radius R containing D; and Dy. We now define
1

vp () : D(x, zp), reRING

®(, Zn)”Hl(BR\DT)
and let wy »,uf,, and wz,,u3, be the solutions of the scattering problem (2.4)-
(2.8) with boundary data f := v, and h := dv,, /v corresponding to D; and Da,
respectively. Note that for each n, v, is a radiating solution of the Helmholtz
equation outside D; and Dy. Our aim is to prove that if D; ¢ D5 then the equality
ui(, z) = ua(+, z) for z € G allows the selection of a subsequence {v,, } from {v,}
that converges to zero with respect to H*(Bg \ D1). This certainly contradicts the
definition of {v"} as a sequence of functions with H!'(Bgr \ D;)-norm equal to one.
Note that as mentioned above we have uj ,, = u3 ,, in G.

We begin by noting that, since the functions ®(-, z,) together with their
derivatives are uniformly bounded in every compact subset of R? \ Qy.(2) and
I2(, 20)ll 1 (pp\By) = 00 as m = 00, then [[vp| g1 g\ 5y) — 0 @s n — oo. Hence,
lu5 . |1 (Dyy — 0 as m — oo from the well-posedness of the forward scattering
problem. Since uf,, = uj,, in G then |[uy | g1(@) — 0 as n — oo as well. Now,
with the help of a cutoff function x € C§°(Qsc(z)) satisfying x(z) = 1 in Qr(2),
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we see that ||uy,, | g1(q) — 0 implies that

a(Xul,n)
ov

with respect to the H2(8D;)-norm and H~2 (8 D;)-norm, respectively. Indeed, for
the first convergence we simply apply the trace theorem while for the convergence of
A(xu1 ) /0v, we first deduce the convergence of A(xui ) in L?(D;), which follows
from A(xu1 ) = xAu1 n+2Vx-Vug p+us ,Ax, and then apply Theorem 5.5 in [3].
Note here that we need conditions 2 and 4 on z to ensure Qg.(z) N D§ = Qg (2) NG.

We next note that in the exterior of Q. (2) the H2(Qg \ Q2.(2))-norms of v,
remain uniformly bounded. Then using the interior elliptic regularity and localiza-
tion techniques as in Theorem 8.8 in [10] we can conclude that uf ,, is uniformly
bounded with respect to the H?((Qop N D1) \ Q4c(2))-norm, where Qpp is an open
neighborhood of dD. Therefore, using the compact imbedding of H? into H', we
can select a H' (QpNDy) convergent subsequence {(1—x)us ,,, } from {(1—x)us ,,}.

(4.7) (xu1,n) — 0, — 0, asm — 0o

Hence, {(1 — x)ui ,, } is a convergent sequence in H 2(0D1) and similarly to the

above reasoning we also have that {9((1 — x)uj ,,, )/0v} converges in H~2(8Dy).
This, together with (4.7), implies that the sequences

s oui ,,
{ul,nk} and { 5 k }

converge in H2(8D;) and H~2(8Dy), respectively.

Finally, the functions v,, and wy ,, are solutions to the exterior transmission
problem (3.6)-(3.10) for the domain R*\ Dy with boundary data f = uj,, and
h = duji ,,, /Ov. Since, the H(B, \ D1)-norms of v,, and wy,,, remain uniformly
bounded, from Lemma 4.1 we can select a subsequence of {v,, }, denoted again by
{vn, }, which converges in H!(B,.\ D1) to some v. As H!-limit of weak solutions to
the Helmholtz equation, v is a distributional solution to the Helmholtz equation. We
also have that v|p,\(p,u.. () = 0 because the functions vy, converge uniformly

to zero in the exterior of Qs (2). Hence, v must be zero in all of Br \ D; (here
we make use of condition 3). This contradicts the fact that ||vn, || 15,57 = 1-
Hence the assumption D; ¢ D, is false.

Since we can derive the analogous contradiction for the assumption Dy ¢ Dy, we
have proved that Dy = Ds. O

REMARK 4.2. The assumptions of Theorem 8.4 required for A and n can be
replaced by any other assumptions that guaranty the well-posedness of the exte-
rior transmission problem. Also the assumption that 0D is smooth can be relaxed
as long as it guaranties H'*¢-reqularity near the boundary of the solution of the
corresponding transmission problem (e.g. piecewise smooth [9]).

5. The solution of inverse problem

Now we turn our attention to reconstructing the boundary of the cavity D
from a knowledge of the scattered field u*(x,y) for x € C corresponding to all
point sources for y € C. We will develop the linear sampling method which allows
us to reconstruct D without any a priori knowledge about the physical properties
of the media outside D, i.e. of A and n. The basic assumptions are Assumption



INVERSE SCATTERING FOR A CAVITY WITH INTERNAL MEASUREMENTS 11

2.1, the assumptions of Theorem 3.4 and that k is not an exterior transmission
eigenvalue.

Our data set defines the data operator N: L*(C) — L?*(C) by

(5.1) (Ng)(x) = /C (o, y)g(y)ds(y) g€ L3(C), z € C

which is obviously compact since it is an integral operator with analytic kernel. If
we define the single layer potential v, by

(5.2) vy(z) = /C Bz, y)g(y)ds(y), =€ R\C,

then by linearity Ng is the scattered field evaluated on C' due to v, as incident
field.

THEOREM 5.1. N : L?(C) — L*(C) is injective with dense range if and only if
there does mot exist a non-zero g € L*(C)) such that w € H} (RN\D) and v := v,
solve the homogeneous exterior transmission problem, i.e. (3.6)-(3.10) with f =0
and h = 0.

PROOF. In a similar way as in Theorem 2.1 in [21], we can prove that the
scattered field u® satisfies the reciprocity condition u®(x,y) = u®(y,x) for z,y € C.
Indeed

(5.3) uS(x,y)z/{M"y)mx,-)—uS(.,y)aq)(m")}ds, zeC

Ov ov
oD
and
60w = ({250 - w02 e, yec

oD
Applying Green’s second identity we have that
_ 8us(-,y) s s aus('7x)
(55) 0= [P i) ) D s
aD
and since ®(-,-) satisfies the radiation condition

(5.6) 0= / {aq)a(?.)@(y,.) _@(x,.)‘%’a(z")}ds

oD

Since ®(-, ) is symmetric, subtracting (5.4) from (5.3) and adding to the result the
sum of (5.5) and (5.6) we obtain

wina) =) = [ {2500 - utn 25

oD

where v is the total field. Now using the transmission conditions (2.3), the fact
that A is symmetric, the assumptions that A — I and n — 1 are zero in R%\ Bx and
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the equation (2.2) we have that

) - we) = [ {aw("y)wc,x)—w(-,y>8w("”>}ds

vy Ova
oD

(,z) — AVw(-,z) - Vw(-,y)} dv

I
|
—

=
<
g
S
<

g

Ba\D
— / {V-AVw(-,y)w(-,z) — VAVw(-, 2)w(-,y)} dv
B\D
6.7) o [P - w2 s =
OBRr

since the first volume integral is zero due to the symmetry of A, the second volume
integral is zero due the fact that w(-,z) and w(-,y) satisfy the same equation and
the last integral is zero due to the fact that w(-, ) and w(+, y) are radiating solutions
to the Helmholtz equation outside Bp.

The symmetry property of u° implies that N*h = Nh, where N* is the L-
adjoint of N. Hence N is injective if and only if N* is injective, Since Ker(N*)+ =
Range(N) to prove the theorem we must only prove that N is injective. To this
end, let a non-zero g € L?(C) be such that (Ng)(z) = 0,z € C. Let vy(x) =
Jo ¢(x,2)g(2)ds(z), and consider (w,?) the unique solution of (3.6)-(3.10) with
f = vy and g := %. By superposition 9(z) = (Ng)(z), which means that
(Ng)(xz) =0,z € C, is equivalent to the fact that o(x) = 0,2 € C. Furthermore we
have A? + k2% = 0 in the domain bounded by C and since k satisfies Assumption
2.1 we have © = 0 inside C. But A% + k2% = 0 in D and hence by analyticity
© = 0 in D. The latter implies that @ and v, satisfy the homogeneous exterior
transmission problem. This proves the theorem. ([l

The above theorem implies:

COROLLARY 5.1. If k is not an exterior transmission eigenvalue then the op-
erator N : L?(C) — L?(C) is injective with dense range

For the rest of the paper we need to assume that & is not an exterior transmis-
sion eigenvalue in addition to Assumption 2.1.
We now introduce the data equation

(5.8) (Ng)(z) =®(z,2) V z€C and z#z

where z is a sampling point in R?. This is an ill-posed linear equation whose
regularized solution will be the indicator function of the cavity. To this end we
investigate the solvability of (5.8).

We first define U to be the closure of the set

U = {/ o(-,2)g(y)ds(y), g € LQ(C’)} with respect to H..(R)\D).
c
LEMMA 5.1. Let
Uy = {u € H (R\D) : Au+ k*u =0in RN\D, lim r%(? —ikv) = 0} .
r—00 r

Then U = Uy
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PRrROOF. By the well-posedness of the problem
Au+ k*u=0 in RU\D
u=g on 0D

a1, Ov
lim r° 2z (— —ikv) =
Jim 77 (87" ikv) =0
we have Hu||H1 (®\D) < c||g||Hz (@D)’ where c is some constant. Then I/ is dense

in Uy if we can show that { [, (-, 2)g(2)ds(z)|ap, g € L*(C)} is dense in Hz(dD).
In fact, let f € H™ aD be such that for any g € L?(O)

AD/¢xy y)ds(y) f(x)ds(z) = 0,

that is
[ ] ss@as@wisy) = o
cJop
Then
(5.9) i o(z,y) f(z)ds(z) =0, Yy € C.
D
Then the single layer potential vs(z) = [, ¢(x,y)f(y)ds(y) satisfies vf|c = 0

and the Helmholtz equation in the bounded domain circumscribed by C. Since k
satisfies Assumption 2.1, we have that vy = 0 inside C' and by analyticity we have
that vy = 0 in D. From the jump conditions across 0D

vy = v? on 0D
vy Ot
f f
=1 _ -7 D
ov ov on 9

where + and — denote approaching the boundary from outside and inside 9D,
respectively, we now have that v;f = 0. Since vy is a radiating solution to the
Helmholtz equation, from uniqueness of the exterior Dirichlet problem we have vy =

0 in R\ D and hence we have f = 81’ 8v = 0. Thus the set {vy, g € L*(C)},

vy defined by (5.2), is dense in Hz (8D). Flnally, note that since U is closed in
H} (RA\D) and {vg,g € L*(C)} is dense in Uy we have that U = Up. O

loc

Now we define U(9D) := {(u|ap, %|3D), u €U}

LEMMA 5.2. U(AD) is closed in H2(dD) x H=2(0D) and hence is a Hilbert
space.

PROOF. Let (f,h) € H2(0D)x H=2(dD). If (f,h) € U(8D) then there exists
a sequence {u,}o2 ; in U such that

ouy,
(Un|8D78V|8D) - (f,h) as n — oco.

Clearly, (un|ap, %L;\ap) is bounded in Hz (0D) x H~2(9D) and u, satisfies
Auy, + Ku, =0 in Rd\ﬁ

Up = Unlogp on 0D

_ Ouy,
Tlgl;lor z (W —ikuy) = 0.
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Thus, from the well-posedness of the exterior Dirichlet problem [|u,|| HL (R\D) 18
Y o) and therefore {u,} is bounded in H} (R?\D). Hence
there exists v € U such that u, converges to u weakly. Since the trace opera-
tor H. (R\D) — Hz(dD) and H},o A(RN\D) — H~2(AD) are bounded [3], we
obtain

bounded by ||u,| |H

0 0
(unlop, %bp) converges to (ulgp, 8—Z|3D) weakly.
Hence f = ulpp,h = %bp, which implies that U(8D) is closed in Hz (D) x
H~2(8D). 0

DEFINITION 5.2. The operator B : U(D) — L*(C) maps (v|ap, %|3D), v €
U, to us|c where (us,w,) is the unique solution of (2.4)-(2.8) with f = v|sp and
h:= @‘8D~
ov

THEOREM 5.3. Assume k is not an exterior transmission eigenvalue. Then
B :U(0D) — L*(C) is compact, injective and has dense range in L*(C).

ProoF. The solution u§ € H'(D) depends continuously on (v]ap, 3%|ap).
Since uf|c € H2z(C) and the imbedding Hz(C) — L%(C) is compact, we have B
is compact.

Next, if B(v|op, 92|op) = 0, we have uj|c = 0. But in addition we have
Aug +k?us = 0 inside C and since k satisfies Assumption 2.1 we have u$ = 0 inside
C, and by the unique continuation principle uj = 0 in D. Then w, and v satisfy

V- AVw, + k*nw, =0 mn Rd\ﬁ

Av+ kv =0 in RN\D

Wy =V on 0D
ow, Ov
. D
8Z/A aV on a
) a1 0w, . L a-1 Qv
TLHJPOOT T ( . ikw,) = Tgrfoor 2 (a —ikv) = 0.

Since k is not an exterior transmission eigenvalue, we have v = 0 in R?\ D and thus
(vlap, %bp) = 0. Hence B is injective.

Finally, since Range(N) C Range(B), from Corollary 5.1 we can conclude that
the range of B is also dense in L?(C). O

THEOREM 5.4. Assume that k is not an exterior transmission eigenvalue. Then
®(-, 2) is in the range of B if and only if z € RN\ D.

PrOOF. If z € RN\D and k is not an exterior transmission eigenvalue then
from Theorem 3.4, we have that the exterior transmission problem

(5.10) V- AVw, + E*nw, =0 in RN\D
(5.11) Av, + kv, =0 in RUND
(5.12) w, — v, = P(+, 2) on 0D

ow, 0Ov, 0P(-,2)
(5.13) % oy - oy on 0D
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(5.14) 7&1_11:1007‘%(%% —ikv,) = 7_&13007"%(% —ikw,) =0
has a unique solution (w.,v,) € H} (RN\D) x H! (RN\D). Then (w,,®(-,2))
satisfies (2.4)-(2.8) with (f,h) = (vs, %)L’m. Since v, € U, we have B(v,, %”;) =
®(-, z)|c, which means that ®(x, z) for z € C' is in the range of B.

Now assume that, for z € D, ®(-,2) is in the range of B. Then there exists
v € U such that

0
B(vlop, 5 lon) = ¥(z,2), @€ C.
Let w,, uf, be the solution to (2.4)-(2.8) with (f,h) = (v|ap, %\313). By definition
of B, u$ = ®(-,z) in D but this is not possible since ®(-,z) ¢ H'(Dy). O

As the last ingredient to the main theorem of this section we define the bounded
linear operator S : L2(C) — U(OD) by

ov

(Sg)(z) = (Ug|6D7 ajbp) ) where v, is defined by (5.2).

Obviously we have that the data operator N can be factorized as
Ng = BSg.
We can prove the following denseness result for the operator S.

THEOREM 5.5. The bounded linear operator S : L*>(C') — U(DD) is injective
with dense range.

PROOF. If g is such that Sg = 0 then vy(x) = [ ¢(x,y)g(y)ds(y) satisfies
Av, + kv, =0 in RN\D
vg=0 on 0D

. a1 Qug
rkrfoor 2 (W — tkvg) = 0.

Then v, = 0in R¥\ D, and since Av,+k%v, = 0in R4\ C, by the unique continuation
principle v, = 0 outside C. In particular the single layer boundary integral operator

/C oz, )g)dsy), g IAC), weC

is invertible as long as k? is not Dirichlet eigenvalue for —A inside C [19]. Hence
g=0.

Next, since {vy, g € L*(C)} is dense in U by definition, we have that S has
dense range in U(OD). O

Now we are ready to prove the main theorem of this section which provides the
basis for the linear sampling method.

THEOREM 5.6. Assume that k is not an exterior transmission eigenvalue eigen-
value and satisfies Assumption 2.1. Let u® be the scattered field corresponding to
the scattering problem (2.4)-(2.8) and N is the associated data operator. Then the
following hold:
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(1) For z € R4\ D and a given € > 0 there exists a function g¢ € L*(C) such
that
INgz = @(, 2)|lL2c) <6
and as € — 0, the potential vy given by (5.2) with kernel g5 converges to
the solution v, in the H*(Bg \ D)-norm where (w,,v.) is the solution of

(5.10)-(5.14).
(2) For 2 € D\ C and a given € > 0, every g< € L*(C) that satisfies

[Ngs — (-, 2) 220y <€
18 such that

(Br\D) —

ProoF. (1) Let z € R4\D. Then from Theorem 5.4, ®(-,2) is in the range
of B and

ov,
B(v2|3Doa 5|3D) - (I)(" Z)a

where (w,,v,) is the solution of (5.10)-(5.14). Now, for € > 0, since S has dense
range in U(0D) by Theorem 5.5, there exists g¢ € L?(C) satisfying

ov,
(5.15) HSQE— (UZ|3D, (9 |6D)

which yields

The latter can be re-written as
[Ngs — @(-,2)|l2(c) < €

€

w@pyxu-top) Bl

Ov,,

BSg: — B(vzlop, o ey lop) < e

L2(0)

Furthermore,

ov,

611—>I%HSQZ_ (UZ|8D7 6 :O

|
HZ2 (OD)xH % (dD)
and hence
lim [fvge —v:llgy (B\1) =0

Furthermore for a fixed e > 0, we observe that u® := ®(-, z) and w := w, satisfy
the scattering problem (2.4)-(2.8) with data f := v.|gp and h := avz = |9p. From
the well-posedness of (2.4)-(2.8) and the fact that ||®(-, 2)| g1 (p) goes to infinity as
z — 0D, we obtain that

. dv,
lim 1|{ vzlop, 5 ~lop =00
#—0D H%(0D)xH™ 3 (9D)
and hence
: ¢ B
i ||ng||H%(aD)xH—%(aD) -
Since |\ng||Hz (oDyxH-}(oD) is bounded bellow by |[vge || g1 (p,,\ 5, We can conclude

that

. . . B
Zg%%”%; (Br\D) = °© and ZHTgD\|9z\|L2(C)*OO

(2). In order to prove the second statement, for z € D \ C assume to the
contrary that there exists a sequence {€,} — 0 and corresponding functions v,,
with kernels g,, := gg» satisfying ||[Ng, — ®(-,2)||L2(c) < €n (i.e. Ngn, — @(-,2)
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in L?(C) as n — oo) such that lvnll g1 (5 5y remains bounded. Then without

loss of generality we may assume weak convergence v, to some v € H'(Bgr\D).
Let us define 7 : v — (v|a D, %|3D) which is obviously a bounded operator from

HY(BRr\D) to Hz(dD) x H=2(dD). Since BT is also bounded, we can conclude
the weak convergence (BT)v,, — (B7)v in L*(C) as n — oco. But (BT)v,, = Ngy
converges strongly to ®(-,z)|c as n — oo, which means ®(-,z) = B(7rv). This
contradicts Theorem 5.4. (]

This theorem can be used to reconstruct the boundary 9D, since roughly it says
that if ¢g¢ is the approximate solution of Ng¢ = ®(-, z) provided by Theorem 5.6 then
[lvge HHl(BR\E) is large z in D and small for z outside D, for fixed e. Unfortunately,
lloge || H1(Bp\D) Can not be used as indicator function for D since it depends on
D. Instead in practice we use the indicator function I(z) := ||g¢|[z2(cy. Since the
data equation (5.8) is ill-posed, it is necessary to use regularization techniques, e.g.
Tikhonov regularization. The question if the Tikhonov regularized solution of (5.8)
captures the approximate solution ¢g; provided by Theorem 5.6 remains open.

The linear sampling method for the reconstruction of 9D can now be described
as follows.

e Choose a set of sampling points in a region covering the expected obstacle.
e For each sampling point z, solve the regularized version of the data equa-
tion,
ag+ N*Ng=N*"®(-, 2)

with a regularization parameter o > 0.

e Calculate the indicator function I(z).

e Plot I(z). Then the cavity D is the region containing points z for which
I(z) > C for a cut-off value C' chosen by ad-hoc procedure (some proce-
dures for choosing C' are available in the literature (see e.g. [5] and the
references therein).
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