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Abstract. We consider the problem of detecting whether two materials that should be in contact
have separated or delaminated. The goal is to find an acoustic technique to detect the delamination.
We model the delamination as a thin opening between two materials of different acoustic properties,
and using asymptotic techniques we derive an asymptotic model where the delaminated region is
replaced by jump conditions on the acoustic field and flux. The asymptotic model has potential
singularities due to the edges of the delaminated region, and we show that the forward problem is
well posed for a large class of possible delaminations. We then design a special linear sampling method
(LSM) for detecting the shape of the delamination assuming that the background or undamaged state
is known. Finally, we show by numerical experiments that our LSM can indeed determine the shape
of delaminated regions.
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1. Introduction. Delamination of two materials occurs when one material be-
comes partially detached from the other. This occurs in composite structures [11],
concrete [30], and other engineering applications (e.g., [31, 22]). In this paper we
will develop an inverse scattering approach to the detection of delamination using
acoustic waves. We consider two materials that should have a coincident boundary
(in the undamaged or background state), and we wish to detect whether there is a
part of the common boundary where the two materials have separated. In particular,
we want to determine the size and position of the delamination.

More precisely, we denote by 2 C R™, m = 2, 3, the support of the inhomogeneity
to be tested, which, in the absence of delamination, is composed of two different
materials adjacent to one another with constitutive material properties p4, ny and
p—, n_. We denote their bounded support by 2_ and €2, respectively, and the
shared interface by I' := 9Q_ (i.e., @ = Q_ U Q). Both the outer boundary 9Q,
of the domain 4 and the boundary 9Q2_ of the simply connected domain _ are
assumed to be piecewise smooth, unless mentioned otherwise, and v denotes the unit
normal always oriented outward from the region bounded by the curve. For the sake
of simplicity, we let Qey := R™ \ Q. Furthermore, we assume that along a part of the
interface, denoted here by I'y C T, these two materials have detached (delaminated),
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NONDESTRUCTIVE TESTING OF DELAMINATION 2307

F1G. 1. Layered media with a thin delamination at the interface of two layers Q_ and Q4. The
opening Qo, with coefficients o, no, is shown as the white region.

and we model this fact with the appearance of an opening with support y and
material properties po, no (see Figure 1). Note that 'y = Q¢ N I'. The material
properties (possibly complex valued) in each of the domains are assumed to be smooth,
ie., pur,ny € CHQY), p_,n_ € CHQ_), and po,no € C(Qy) (however, note that
across the interfaces there are discontinuities in the material properties).

Assuming now that the incident field and the other fields in the problem are time
harmonic (i.e., the time dependent incident field is of the form R(u’(z)e’?), where
w is the angular frequency), the total field u®* = u* + u’ in Qey, where u® is the
scattered field, and the fields u™, =, and U inside Q,, Q_, and €, respectively,
satisfy

(11) AUEXt + kQUeXt =0 in Qexta

1
(1.2) V- (uw*) +En,ut =0  in  Q,
JF
(1.3) V- (:W—> +En_u" =0 in Q_,
1
(1.4) V- (MVU> +EnU =0 in Q.
0

Here the wave number k = w/cext, With cext denoting the sound speed of the homoge-
neous background. Across the interfaces the fields on either side and their conormal
derivatives are continuous, i.e.,

ext 1 dut
(1.5) u®™t =yt and ag,/ = Maauy on I'y,
(1.6) ut =u" and ;aau: = ;6(;/_ on I'\T,
(1.7) U=ut and ,ulo??(zf = ;Jrégjj on I'y,
(1.8) U=u" and iz—g = i% on I'_.
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Of course, the scattered field u°® satisfies the Sommerfeld radiation condition

. m—1 ou’ . .
(1.9) 7-11>H010T 2 ( 5 @kub) =0
uniformly in & = z/|x|, where € R™ and r = |z|. In this paper we consider plane
waves as incident fields which are given by u’ := €**'¢, where the unit vector d is
the incident direction. Instead of plane waves, it is also possible to consider incident
waves due to point sources located outside €2, in which case the obvious modifications
need to be made in the formulation of the problem.

The goal of this study is to propose and analyze a linear sampling method (LSM)
type scheme for detecting the delaminated region using remote measurements of acous-
tic waves scattered by the structure. In practice, the thickness of the opening is much
smaller than both the interrogating wave length in free space, A = 2?”, and the thick-
ness of the layers of background material. This introduces an essential computational
difficulty in the numerical solution of the forward problem, as well as in the solution of
the corresponding inverse problem. In the following section we take advantage of the
small scale of the thickness, and using an asymptotic method from [7, 29], we derive
an approximate model of the delaminated structure where the opening ) is replaced
by new jump relations for u™ and u~ across the delaminated part I'y that account for
the presence of the opening. This is undertaken in section 2 using formal asymptotic
methods. Before analyzing the model further, we then demonstrate numerically that
the asymptotic model correctly predicts the acoustic field and far field pattern of the
scattered field for a particular model scatterer incorporating a delamination of small
positive maximum width.

Although there has been considerable work on the asymptotics of scattering from
thin films (see, for example, [5, 2, 3, 4, 6, 24, 20, 7, 29]), the novelty of our reduced
problem is that the delamination covers only a portion of the interface. The thickness
of the delamination vanishes at its boundary, and this introduces potential singulari-
ties into the asymptotic model. Therefore in section 3 we analyze the forward reduced
problem using an appropriate variational formulation and show that under reasonable
conditions on the constitutive parameters and on the shape of the delamination, the
forward asymptotic model has a solution (indeed, it is this variational scheme that
was used to generate the finite element solution used in section 2). Of course, a thor-
ough understanding of the forward model is also needed in our analysis of the inverse
problem.

The inverse problem being studied here is precisely formulated in section 4. We
assume that the background or undamaged state is known, and then seek to deter-
mine the delaminated region Ty using remote (far field) acoustic measurements. In
preparation for the analysis of our scheme and to allow a simple calculation of the
right-hand side of the far field equation, we then prove a new mixed reciprocity result
for layered media. Next in section 4.2 we give details of the LSM: in particular, we
seek to determine whether small artificial test arcs on the interface are within the
delamination or in the undamaged region. This requires a suitable testing function
for the LSM adapted to the delamination problem. We then prove the usual theorem
for the LSM, suggesting that an approximate solution of the far field equation can be
used as an indicator function for the delamination.

Finally, in section 5 we test the inversion scheme on synthetic data for a special
choice of the testing function from section 4.2. In particular, we show that our LSM
can detect delamination even in the presence of noise on the data, and that multiple
delaminated regions can be detected.
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Fic. 2. Zoom of the thin delamination Qo, and the parametrization of the boundaries T'_
and I'y. Here § scales the width of the delamination and is assumed small compared to other
characteristic dimensions of the problem.

2. An approximate asymptotic model. In this section we assume m = 2 and,
focusing our attention on a neighborhood of the opening g, use formal asymptotic
analysis to derive an approximate model that takes into account the thin opening €.
To this end, we start by assuming that the portion I'g of the boundary can be written
in the form

Iy = {XF(8)7 s € [OaL}}ﬂ

where xr € C'0, L] is the counterclockwise arc-length parametrization of I'g. If
the curve I'g is regular and c¢(s) denotes its curvature at xr(s), then 0 < ¢, =
max{|c(s)| : s € [0, L]} is finite. Hence, in the neighborhood of T'y, one can define
the curvilinear coordinates (s,n) € [0,L] x (==, -%) by

Cm ' Cm
z = xr(s) +nv(s),

where we recall that v is the unit normal vector on I'y oriented outward from _
(and taking i = o0 if ¢, = 0). Therefore, if the curvature of Iy is small enough,
the outer and inner boundaries of {2y, denoted here by ', and I'_, can be written in
this coordinate system as

Iy = {xr,(s):=xr(s) +f(s)v(s), se€l0,L]}

and

I ={xr_(s):=xr(s) = 6f (s)v(s), se€l0,L]}.

Note that the function §(f* + f7)(s) defined on 'y describes the thickness of the
delamination. Here § is a small parameter (compared to both the wave length and
the size of the domains involved), and max,¢o, z] fE(s) =1 (see Figure 2).

In an open neighborhood of €y, we can now express the fields U, u~, and u™
in terms of the curvilinear variables (s,7). Ignoring small neighborhoods of the tip
points s = 0 and s = L, since here )y plays the role of a boundary layer, to transfer
the small parameter § from the geometry to the expression of the fields, we make a
stretching change of variables inside €y defined by £ = . Hence, { = ¥ and s are
now the new coordinates inside Q. Next, following [7] and [29], we formally make
the following ansatz for the fields U and u* in an open neighborhood of Q:

(2.1) U(s,§) = > 8U;(s,9)
j=0
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and
(2.2) ut(s,n) = Z éjuji(s
§=0

where neither uji nor U; depends on ¢ any longer. Furthermore, we expand each of

the terms u; £(s,n) in a power series with respect to the normal direction coordinate
7 around zero ie.,
2 52

0 n* 0
+ _ .+ +
(o) = (5,0) 4 0 (5,0) + T S (s, 0)

and after plugging in (2.2) we finally obtain the following expression for u*(s,n):
(2.3) ut(s,m) = ‘ > ‘5?3716“1 (5,0).

Now based on the ansatz (2.1) and (2.3), and using the equations along with the
transmission conditions, we can formally obtain an approximate model for the field
in the opening €. For detailed calculations we refer the reader to [19] (see also [29]),
and in the following we simply sketch the steps that lead to our approximate model.

2.1. The approximate transmission conditions. First we consider the ex-
pressions (2.1) and (2.3), which we substitute in (1.6), (1.7), and (1.8). To this end,
starting with the Dirichlet part of the transmission conditions on I'y, we can write

U(s, %) =Y 6/U;(s, £f%)
J

and

+ (FD)/ YR L
(s, £6f7) Z(WZ G= o T Uy (5,0).
=0 k=0

Then the Dirichlet part of the transmission condition can be directly computed by
equating terms with the same powers of §. Doing so leads to

J J—k(pEVi—k Hi—k
(2.4)  U;(s, +f%) = Z (il)j _(i' ) ;nj_k uf(s,O) forall j =0,1,2,....
k=0 )

Next we deal with the Neumann part of the transmission conditions on I'y. Unlike
the Dirichlet part, the Neumann part of the transmission conditions is more delicate,
because in order to compute the conormal derivatives at ', one has to take into
account the expression in curvilinear coordinates of the normal vectors to those curves.
To this end, as discussed in [7], the normal vectors v* on I'* have the following
expressions:

vt = | 1‘ ((1i5fi)V:F5 ar= )

where v and 7 are the outer unit normal vector and the unit tangential vector defined

on Ty, respectively, whereas the tangent vectors 7%(s) := C%Xpi (s) to I’y are not
unit vectors. Next, in curvilinear coordinates the gradient operator takes the form
1 Ou Ju
Vu(r) = ————7+ —v,

14 nc Os an
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where ¢ := ¢(s) denotes the curvature function of I'y. Thus we now have all of the
ingredients needed to compute the Neumann part of the transmission conditions, and
after straightforward but long calculations [19], the Neumann transmission conditions

vE Vut|pe = vF - VU|ps

imply the following expression:

ﬂf*(lavj-l S e i

+f%) - — _
ds \pop Os (5, £17) pe =5 (j—k-1) (’97)]’6185(5’0))

25 = (1 Uit (| poy Ly PR 0 (570))

po O ps = (j —k)! Oni—k+1
1 9U,; 1 it (£1)I k=1 (fE)i—k—1 gi—hyE
+ofFce | —=2 s, =+ H_ - : "k 5,0
! (“0 oc =) Nﬂ:kg;) G—k—1) g (3 0)
1 0U,_ 1 922 (gq)i—k-2( R yi—k—2 gi—k—1,%
_|_62(f:|:)2 j 1( 7:l:f-:l:) o ( ) : (.f ) 716?1]6 ( ’0)
po  O€ pt =5 (j—k—2) o
for j = —1,0,1,2,..., for all s € [0, L], and with the convention that U; = 0 and

u; =0 for [ < 0.
Next, we consider the partial differential equation satisfied by U;. To this end, we
write the differential operators in curvilinear coordinates and obtain

1 1 o (1 1 Ow 1 0 ((1+4nc)dw
Vil-Vw|=———1- — | + — — .
1 (I14+mnc) 0s \ (1 +mnc) Js (14 mnc) On w o On
Therefore, the equation satisfied by the field U inside 2y in the new curvilinear coor-
dinates is given by

1 9 (/1 1 8U\ 1 1 8 ((1+dc)dU
( )+ irsza (

2 J—
(1+06c) 9s \ u (1+6c) Ds 1+060) 06\ on 35>+knoU—O.

Now substituting the ansatz (2.1) and collecting the terms corresponding to the same
powers of §, we obtain

0 1 0 0 1 0 c 0
7€ (uf)&) Uit (3%5 (mg) * m«%) Uit

0 (10 0 (1 0 2¢%¢ 0
2. Z (== 22— (= o+ K i
(2.6) +<3s (,u088>+3gc 0& <M05§>+ Mo 8f+kn0> Uiz

O (L0 30 (10 €9 & o 2 .
* (gc‘o‘s (uo as) e (Mo a&) T e D€ s T ) Ui

+ 3822k ngUj_a + £k noUj_5 = 0

for j =0,1,2,..., where again ¢ := ¢(s) is the curvature of I'y under the convention
that U; = 0 for negative [.

The recursive relations for the transmission conditions (2.4) and (2.5) and the
partial differential equation (2.6) of the three lowest order terms Uy, Uy, Us allow us
to derive relations between the jumps and mean values of the outer fields uy and
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uy and their conormal derivatives across I'g. In the following we summarize these
relations (we refer the reader to [19] and [29] for details):

[uo] =0,
i

] = 27 o = ) {250,

9

wov

5] +(3 (- 2)8) e

Here [u;] := u (s,0) — u; (s,0) and (u;) = (u] (s,0) +u; (s,0))/2, i = 0,1, are the
pointwise jump and average values of the outer fields on I'y. Analogously we use the
symbols [% %ll‘j] and <% %) for the jump and average values of the conormal derivative
on I'y, and similar definitions for the average values (f (n — ng)), (f(l% — %0)), and
(f(po — p)). Therefore, noting that u* = uf + 5u1i + O(8?), after dropping the
O(6?)-terms, we finally obtain the approzimate transmission conditions (ATCs) of

the second order,

10
(2.8) [u] a<,mf$> on T,
10u
wov

(2.9) ol = (o 80 g+ ) o,

where o = 26 (f (o — ), B+ = 25(% - M%), and v = 26k? (f (n —no)).

It is worth noting that all three coefficients involved in the expression of the ATCs
depend on the thickness and the shape of the defect €2y, as well as on the contrasts
between material properties of the two delaminated layers 24 and the original thin

delamination .

Remark 2.1. We remark that our asymptotic expressions, along with the deriva-
tion of the ATCs, are merely formal. Although not needed to write the final asymp-
totic model, in our derivation process we have used that the functions f* are regular
at the end points of I'g, meaning in particular that f*(0) = f*(L) = 0. In the case
of regular f*, a rigorous justification of the asymptotic model can be done following
the approach in [21, 20] for periodic interfaces with constant width.

2.2. Formulation of the approximate model. We can now replace the orig-
inal problem (1.1)-(1.4), (1.5)—(1.8), and (1.9) by an approximate problem, here re-
ferred to as the crack problem, where the opening £ is replaced by the portion I'y of
T" where the fields satisfy the jump conditions derived above. In an abuse of notation,
from now on u® will refer to the solution of the approximate problem. We define then
the forward approximate scattering problem (i.e., the crack problem), which reads

as follows: given the plane wave incident field u’(x) := e?**¢  find the total fields
u™ = u® + v, uT, and u~ satisfying
(2.10) Au™t + B2t =0 in - Qex,
1
(2.11) V- (w*) +Enut =0  in Q,
H+
1
(2.12) V. (MVu_> +kn_u" =0 in Q_

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/29/19 to 165.230.224.162. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

NONDESTRUCTIVE TESTING OF DELAMINATION 2313

-

=1

F1ac. 3. The configuration of the crack problem.

and
Oux" 1 out
ext _ + [
(2.13) u™ =u"  and o " wyov on Iy,
(2.14) [u] =0 and Ligi] =0 on I'\Ty,
10u 1 0u 0 0
(2.15) [u] _a</u9u> and |:/1,61/:| = (—as<ﬂf>88+’y) (u) on Ty,

along with the Sommerfeld radiation condition (1.9) for the scattered field u® (see
Figure 3), where we recall [w] = w" — w— and (w) = (w™ +w™)/2, and
+ 1 1 2

(2.16) a=25(f(po—pn)), BT=260 w0 ) v =20k* (f (n—ng)) .
We remark that although our formal asymptotic calculations are performed only in the
two-dimensional case, for the analysis in what follows, we will assume that the approx-
imate model (2.10)—(2.12), (2.13)—(2.15), and (1.9) is valid in the three-dimensional
case also. Of course, in the three-dimensional case, the boundary differential operator
0/0s{(Bf)90/0s is replaced by the Laplace—Beltrami operator in the divergence form
Vr - (Bf) Vr; ie., (2.15) is replaced by

1 1
(2.17) [ul=« <ugz> and [ngj] = (=Vr-(Bf)Vr +7) (uw) on I,

where V- and Vr are the surface divergence and the surface gradient on I, respec-
tively.

2.3. Numerical validation of the approximate model. We end this section
with a numerical study of the convergence of the approximate crack problem to the
original problem as  — 0 in the two-dimensional case. Again ignoring the effect of
the end points of I'y on the asymptotic expansions, heuristically it is expected that
the order of convergence is §2. To validate the ATCs, we compare the solution of the
scattering problem by a finite element method based on directly meshing the opening
Qp (i.e., solving (1.1)—(1.4), (1.5)—(1.8), and (1.9) by a finite element method) to the

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Qext

10°
* *,?'
0.014 % 1
N / 102}
0012 . ]
% ¥
% #
001 | \ / 1 104}
e p * e(d,b)
‘ - —line O(6)
0.008 | e ] . ---line O(56%)
‘ : 107 3 2 E 0
0 2 4 6 10~ 10° 10° 10
0 o

FIG. 5. Panel (a) shows the H' relative error of total fields resulting from different incident
directions, whereas panel (b) shows the H' relative error for different values of §. The approzimated
rate of convergence is O(6%'7).

solution of the crack problem (i.e., solving (2.10)—(2.12), (2.13)—(2.15), and (1.9) by
a finite element method based on the variational problem (3.10)). Both problems are
solved using a finite element method code where the unbounded domain is truncated
and the exact boundary condition in terms of the Dirichlet-to-Neumann operator
(which is explained in more detail in the following section) is imposed on a circular
artificial boundary.

For our numerical example we consider a circular inhomogeneity of radius one
with an opening Qg given by (see Figure 4)

f7(s)=0, fr(s):=—-1"2(s+1)(s—1) forse (~I,1), withl=0.2m,

on the interface » = 1. The material properties are chosen to be n_ =1, u_ =1 in
Q ,ny=1p"=11in Qy, ng=0.2, 0 = 0.9 in Qp, and the wave number k = 3.

Using the above parameters, our first experiment uses 6 = 0.04\ (where A\ = 27/k
is the wave length) and different incident directions d = (cos(#), sin(6)), in Figure 5(a)
we plot the H' relative error

uext _ uext ) _
v g 1 = i pm

9

[u™*| g1 (g3

t t

where u$** and u®™" correspond to the exact scattering problem (1.1)—(1.4), (1.5)-
(1.8), (1.9) and to the approximate scattering problem (2.10)—(2.12), (2.13)—(2.15),
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‘ ‘ 10°
0.02 —u(6.d)l
= -ju™(6.d)| )
0.018 | 1072}
0.016
1074}
0.014 | 0 * €%d,5)
/,/ —1Iline O(8)
0.012 © - ---line O(&°)
10 N ‘ 2 ‘ 1
0 2 4 6 1073 10~ 10~ 10°
0 )

F1G. 6. Panel (a) shows the plot of the absolute value of the far field for both models for § = 0.05.
Panel (b) shows the far field L? relative error e (d,d) for different values of 5. The approzimated
rate of convergence is O(51).

(1.9), respectively, and Bp, is a large ball of radius R > 0 containing Q = Q,UQ_. We
observe that the maximum error is attained for the incident direction d = (1,0), i.e.,
for the incident plane wave u’(z,y) = €%, which hits the opening €y in the middle in
a perpendicular direction. Figure 5(b) shows the H'! relative error e(d, §) as a function
of the small parameter § corresponding to the incident direction d = (1,0). The plot
shows that the numerical convergence rate is close to O(67), which approximately
corresponds to the expected theoretical rate of convergence O(§2) for the second order
ATC model.

Since for the solution of the inverse problem we use far field data, as defined in
section 4, in Figure 6 we show numerical results where we compare the far fields of
the exact model and the approximate model for the same shape as above. Figure
6(a) shows the absolute value of the far fields u3°(-,d) and u*(-,d) corresponding to
the scattered waves for the ATC model and the exact model, respectively, again for
d = (1,0). In Figure 6(b) we show the relative L? error of these far fields,

o gy oo 19~ e

lulL2(s1)

for different values of 6 and d = (1,0). The plot shows that the numerical convergence
rate of the far fields is approximately O(d%).

3. The well-posedness of the approximate model. Now we turn our atten-
tion to the study of the well-posedness of the approximate crack problem (2.10)—(2.12),
(2.13)—(2.15), and (1.9). Although our formal asymptotic calculations are performed
only in the two-dimensional case, for the analysis we shall assume that this approx-
imate model is also valid in the three-dimensional case. To study the problem, we
employ a variational method which also provides the analytical framework for a finite
element method to numerically compute the solution. The first step is to formulate
the problem in a bounded domain, and to this end we introduce a large ball Bg of
radius R > 0 containing Q and let Sg denote the boundary of Br. The exterior
Dirichlet-to-Neumann operator Ty, : H'/?(Sg) — H~/?(Sg) is defined by

0
Tk:ou—>—v on Sg,
ov
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where v € H} (R™ \ Bg) solves

lo
Av+ kv =0 in R™\ Bg,

V=« on Sg,
lim 77 <8u ikus> =0.
r—00 or

It is well known that the exterior Dirichlet-to-Neumann operator Ty : H/?(Sg) —
H~'/2(SR) satisfies (see, e.g., [14])

31 S ( /S () uds) >0 and - R ( [5 (@) uds) > 0.

It is standard to show (see, e.g., [13] and [14]) that equations (2.10)—(2.12), (2.13)-

(2.15), and (1.9) are equivalent to the problem of finding u®**, u™, v~ satisfying
(3.2) Au™t 4 B2t =0 in  Br\Q,
1
(3.3) V- (Vu+> +Enyut =0 in Qg
H+
1
(3.4) V. (uVu_> +kn_u" =0 in Q_,
0 ext __ i )
(3.5) % = T (u™" — u?) on Sg,
Ousxt 1 out
(3.6) u™ =yT  and gy = . au,/ on Iy,
10 _
(3.7) [ul=0 and Lu(f;;] = on T\I',

(3.9) [u]:a<;gz> and E?ﬂ:(—vawpﬂ)m) on Ty,

In R? the boundary differential operator simplifies to

0 0
V- (Bf) Vrw = s (Bf) 95

We recall that Q = Q4 U Q_ and that the coefficients «, (8f), and v, which are
bounded functions defined on T'g, are given by (2.16). To study the well-posedness
of the above problem, we notice that while the energy space H! suffices to rigorously
define the solution of the differential equations in Q4 and Br\, it is not enough to
define the boundary differential operator on T'g that appears in (3.8). To handle the
boundary differential operator on I'y, we define the space

(3.9) H o= {u € H'(BR\Ty) such that v/fE Vr (u) € L2(r0)} ,

endowed with the norm

ulle = Nl gy + | VI ¥ ()]

2 2

L2(To)

S |VEe)

Obviously # is a Hilbert space since the weights f+ € L°°(I'y) are nonnegative (note
that f* = 0 at the boundary of I'g on I'). Now, multiplying (3.2)(3.4) with v € H,

L2(Ty
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integrating by parts, and using the continuity of transmission conditions across I'\T'y,
the boundary condition on Sg, and the approximate transmission condition on I'y, we
arrive at the following equivalent variational formulation of (3.2)—(3.8): find u € H
such that

(3.10) A(u,v) = L(v) for all v € H,

where

A(u,v) = /B qu Vo — k*nuv dz + /F (Bf) Vr (u) Vi {v)ds

W
_ 1
(3.11) —|—/ v (u) (v) ds +/ — [u] [v] ds —/ Truv ds
Ty Ty «@ Sr
and
o ou
(3.12) L(v)=— /SR (Tkuzv 5 U> ds.
Here ulo, =u™, ulg_ =u~, and Upaa = u®™*, and
(3.13) p:=1n:=1 in Bg\Q, = py, n:=n4 in Oy,

wi=p_, n:=n_ in Q_.

We decompose the bounded sesquilinear form A : H x H — C defined by (3.17) as

(3.14) A(u,v) = Ap(u,v) + B(u,v),
where
Ap(u,v) == / qu Vo + uv dx + / (Bf)Vr (u) Vr(v) ds — / Tyuvds
Br M I'o Sk
and

= — 2n uv dx uTs lu? S.
Blu,v) := /BR(k 1) d+/rov<><>d+/r W] o]

0 &

Let Ay : H — H and B : H — H be the linear operators defined from the sesquilinear
forms Ag(-,-) and B(:,-) by means of the Riesz representation theorem:

(Agu, v),, = Ao(u,v) and (Bu,v),, = B(u,v) for all u,v € H.
At this point let us assume that there exist constants ¢; > 0 and ez > 0 such that

%(i) > €1 and %(ﬁ - M%) > €5 (which implies that R(8F) > 2ez). Then we have
that

R (ot = [ (% (5) wul o+ 1u) 2zt [ R Te ) ds

(3.15) _R ( /S (T ds)

2
> min(e, 1)||u||§11(9) + deg H\/ fTVr <u>‘

L2(Ty)
+ e H\/FvF (u)‘

2
> Olul|?
L) = flull3
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for some positive constant C' > 0, which proves that Ag(:,) is coercive. The bounded-
ness of Ag(-,-) is obvious, given the assumptions on the coefficients and the fact that
Ty is bounded. Thus, Ay : H — H is an invertible operator with bounded inverse.

Due to the fact that « := 28 (f(uo — p)) is zero at the boundary of Ty in T', the
operator B is not bounded in general. We need to impose some restriction on the
rate at which f* approaches zero at the boundary of I'y. Indeed, we can prove the
following result.

LEMMA 3.1. Assume 1/a € L*(Ty) fort =1+¢ in R? and t = 7/4+ € in R for
arbitrarily small € > 0. Then B : H — H is a compact bounded linear operator.

Proof. We check all three terms of the operator B, i.e.,

Bru,v)y, = —/B (K*n + 1)uw da, (Bou,v)y, = /F v (u) (v) ds,

and (Bau,v),, = /F — [u] [v] ds.

Noting that n € L°(Bg), the compactness of B; follows from the fact that H'(Bg)
(and consequently ) is compactly embedded in L?(Bgr) and that

IBiul|y = sup
lvll#=1

< COllullz2(Bg)-

—/ (k*n + 1)uvdx
Br

Next, since v € L>(T'y), we have that
[Baull3 = sup

lolls=1 /F v (u) (v) ds

<C sup | () [l2@y | () [mrer

lvll#=1

<C sup () |2y lvllzrBr) < Cll (W) |22y

lvll#=1

<C sup () [[L2wo)ll (0) |22 (ro)

lvllz=1

for some positive constant C' > 0, where we have used the continuity of the trace
operator from H'(Bg) to H'/?(I'). Now the compactness of By follows from the
boundedness of the trace operator and the compact embedding of H'/?(T) into L?(T).

Due to the fact that « := 2§ (f(uo — 1)) is zero at the boundary of Ty in T,
the analysis of Bg is more delicate, and we need to appeal to Rellich-Kondrachov
embedding theorems for WP spaces (see, e.g., [1]). To this end, we first recall that
from Theorem 5.3 of [1], we have that for a bounded domain O with C'-boundary
90, the trace operator v : H(O) — L4(90O) is a continuous embedding if 2 < ¢ < oo
for O C R2, and 2 < ¢ < 4 for © C R3. Hence, assuming that I'g is smooth and using
this embedding result, for ¢ as in the assumptions of the lemma, we have that

|
IBsullz = sup / Ligmas| < sop |2 Nollzoqen Il oy
[vll#=11J/Tg & lolle=1 1 ¥l Lt (Tg)
1
(316)  <C swp |- |v||H||[u]||Lq<r0>ch alllzeeo),
lvllze=1 1€ Lt () Al Le(ro)

where we have used that there is a constant C' > 0 such that ||[v][|Lrry) < Clv]|%.
Note that for arbitrarily small €, p and ¢ are chosen arbitrarily large in R and
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arbitrarily close to 4 in R3, in both cases such that 1/t +1/p +1/q = 1. We also
remark that for v € H we have that [u] = 0 in I' \ I's. Now, we use the Rellich-
Kondrachov compact embedding theorem (see Theorem 6.3, Part I in [1]). Applying
this theorem for Q = Qg := I'y, which is a two-dimensional smooth manifold in
the case of R? or a one-dimensional smooth manifold in the case of R? (in our case
m=1/2,p=27=0,k=n=2inR3or k =n =1 in R?), implies that the
embedding
H'2(T'g) — L%(T)

is compact if 1 < ¢ < 4in R3 or if 1 < ¢ < oo in R2. Combining this fact with the fact
that the embedding # < H'/?(T'y) is bounded in (3.16) proves that Bz is compact,
and this concludes the proof of the lemma. We remark that here Theorem 6.3 in [1] is
adapted to the compact manifold I'g covered by a finite number of charts, each with
Riemannian metric bounded below and above by the Euclidean metric, by applying
standard arguments based on the partition of unity. 0

LEMMA 3.2. Assume that 0 < $(n%) < J(ng) and 0 < S(pF) < I(uo). Then
the problem (3.2)—(3.8) has a unique solution.

Proof. Take u' = 0 in (3.2)—(3.8), and let u be a solution to the homogeneous
problem. Taking the imaginary part of (3.17) for v = u, we have

(3.17) +/FO S(y) [(u)]? ds+/r0%(;> [[u]|? ds—%(/SRTkuu ds>.

Now, since from the assumptions on the material properties we have that %(ﬁ) <0,
J(nt) >0, I({Bf)) <0, I(a) >0, and I(y) < 0, the above equation implies

& </ Trua ds) <0.
Sr

But (3.1) now implies that, indeed,

& (/ Truu ds) =0.
Sr

The definition of the Dirichlet-to-Neumann operator and Rellich’s lemma (see [13] and
[18]) now imply that u = 0 and du/dv = 0 on Sgi. Finally, from Holmgren’s theorem
together with the unique continuation principle (which under our geometrical and
physical assumptions holds true; see, e.g., Theorem 17.2.6 in [26]), we can conclude
that u = 0, which proves the uniqueness of (3.2)—(3.8). O

In summary, combining Lemmas 3.1 and 3.2 with the coercivity result (3.15), we
obtain the main result of this section.

THEOREM 3.3 (well-posedness). In addition to the geometrical and physical as-
sumptions stated in the introduction, assume that
1. %(i) > € and %(i — lﬁ) > eo for some constants €1 > 0 and ez > 0,
2. 0 < S(nt) < S(ng) and 0 < S(ut) < S(wo), and
3. the profiles f+ and f~ go to zero at the boundary of Tg in T such that 1/a €
LY(Ty) fort =1+¢ inR? and t = 7/4 + € in R3 for arbitrarily small ¢ > 0,
where a = (f (o — 1))
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Then the problem (3.2)~(3.8) has a unique solution u € H which depends continuously
on the incident wave u* with respect to the H-norm.

Remark 3.1. Since any solution of (3.2)—(3.8) can be extended to a solution of the
scattering problem (2.10)—(2.12), (2.13)—(2.15), and (1.9), and vice versa, Theorem
(3.3) provides a well-posedness result for the approximate crack problem.

For later use we need to consider the above scattering problem in the following
form: find w € N H. (R™\Ty) such that

oc

(3.18) V. (1Vw> + k?nw = 0 in R™\ Ty,
W
10

(3.19) [w] =« <M815> +ahy on Ty,

1 0w
(3.20) | = T Ve e o T

wov

. m—1 aw .

(3.21) Tll)rrgcr (87" - zkw) =0,

where h; and hsy are

10v 1
e () -

hy := (=Vr - (B8f) Vr +7) (v) — [

(3.22)
1o
wnov

for some v € H with V- ((1/u)Vv) € L?(Bg \ T'y). For later use we define the trace
space on I'g of function u € H as

(3.23) H (Ty) = {u € HY2(T'y) such that \/fEVru e L2(ro)} ,
and its dual H =1 (T'y) with respect to the following duality pairing:
— +
(324) (uvv)H(FO)}[—l(FO) T (U7U)H1/2(1"0))f{—1/2(1"0) + (.f VFU, VFU)LQ(F0)7L2(F0) .

Here H'/2(I'y) and H~'/2(T'y) consist of functions in H'/?(Ty) and H~/2(Ty) that
can be extended by zero in the entire I' as H'/2 and H /2 functions, respectively.
They are duals of H~1/2 (I'y) and H'/? (Ty), respectively. Hence hy € H~'/2(T'y) and
hy € H_l(Fo).

4. The inverse problem of reconstructing the delaminated part I'y. In
this section we turn our attention to the main goal of this study, which is the recon-
struction of the delaminated portion I'y of the interface I' between two materials from
measured scattering data. Our reconstruction method is a modified LSM, adapted
to our problem where we already know the interface I' and only look for the delami-
nated part I'y. The LSM and the factorization method have been used to reconstruct
cracks or screens with various types of boundary conditions [8, 10, 12, 27, 33] (see also
the monographs [13, 15]). Although numerically both the LSM and the factorization
method provide similar reconstruction results, the factorization method is mathe-
matically more satisfactory. Here we develop the LSM since our complicated jump
conditions modeling the delaminated part I'g fail to satisfy the standard assumptions
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under which the factorization method works (see [17]). For other inversion methods
applied to similar types of inverse problems in acoustic and elasticity, we refer the
reader to [2, 3, 6].

We assume that the interrogating incident fields are plane waves given by u’(x, d) =
e’kd* wwhere the unit vector d is the incident direction. The corresponding scat-
tered field u®(x,d), i.e., the solution of (2.10)—(2.12), (2.13)—(2.15), and (1.9) with
ut = ethdT gatisfies (see [18] and [13])

s eik|x\ . 1 .
W) =) +0 () =aflal el o,
where
4.1 =2 and Lo
(4.1) 'ym—m if m = an Tm = if m = 3.

The function u (2, d), which is an analytic function of # on the unit sphere S™~1 :=
{z € R™, |z| =1}, is referred to as the far field pattern of the scattered field u*(z, d).

The inverse problem we consider here is to determine the delaminated portion I'g
of the boundary I' from a knowledge of u., (%, d) for # and d on the unit sphere S™~1.
Although in applications to nondestructive testing it is possible to have measurements
all around the scatterer (i.e., for all d), we remark that the inversion algorithm that
we shall develop next can also be justified and implemented for limited aperture data
(see section 4.5 in [13]) as well as for near field data. However, the quality of the
reconstruction is likely to be poor for small apertures, which is usually the case for
qualitative methods [23]. We also remark that for many problems in nondestructive
testing, it is reasonable to assume that the background medium is known, as we know
it here, since the background corresponds to the healthy object to be tested. In the
cases when the background is not known and for simple defects, qualitative methods
could be used to determine interfaces between homogeneous regions of the background
media along with the defect (see [32] and some references therein).

4.1. A mixed reciprocity principle. We start by proving a mixed reciprocity
result in order to deal with the nonhomogeneous background. This generalizes similar
results in [23, 9, 16] (see also [4] for a similar type of calculation).

To this end we let up(+,d) be the total field due to the background, i.e., in the
absence of the delamination Iy, corresponding to the plain wave incident field u'(-, d).
More precisely, up(-,d) is the unique solution in H} (R™) of

1
V- (Vub) +k*nup =0 in R™,
1

(4.2) up = up + ',
. m—1 8u;§ . s
i o (G-t ) =0

where p and n, both in L*°(Q), are defined by (3.13). Note that the continuity of
the field and conormal derivatives across I'; and I' is implicit in this formulation.
Next let Gy(+, ) be the Green’s function associated with the background media, i.e.,
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Gb(-,z) € H!

loc

(R™\ {z}) satisfying

V. (/iva(',Z)) + k*nGy (-, 2) = —0(- — 2) in R™\ {z},

(4.3) lim 25 (8Gba(r" ?)

=00

- mcb(.,z)) —0,

where again the continuity of the field and conormal derivatives across I'1 and T is
understood. We denote by G§°(+,z) € L?(S™~!) the far field pattern of the radiating
field Gy (-, 2).

THEOREM 4.1 (mixed reciprocity principle). The following relation holds:

G°(#,2) = Ymup(z, —&) for all z € R™ and & € S™ 1,

where vy, is defined by (4.1).

Proof. Let us first consider z € Qe := R™\Q. Let ®(-, 2) denote the fundamental
solution of the Helmholtz equation Au + k?u = 0 given by

%Hél)(k|x—z|) in R2,
(4.4 B, 2) = |
1 ezk|a:7z| R
a7 |z — 2 1n

Since Gy(+,z) — ®(+, 2) is a nonsingular radiating solution to Au + k?u = 0 in Qext,
an application of Green’s second identity together with the Sommerfeld radiation
condition implies that for all € Qext

G- = [ (G- 0 g 0) — 0w DG 1)) as,
(45) = [ (G2 ) = 2 G .2 s,

where we have used the fact that, since z € Qext,

/F1 (@(y,z)gfj(x,y) - @(y,z)gz(x,yO ds, = 0.

—iZ-z

Then, from (4.5), and using the fact that ®>°(Z, z) = v,ui(z, =) = Ve , we
obtain for all € Quyy

Gy (#,2) = ymu' (2, — )

8ui . 6Gb
4 - —d) —ui(y, —i) =2
( 6) TYm /F1 (Gb(y,Z) aVy (y7 .13) u (y7 33) ayy

(v, z)) ds,.

On the other hand, the scattered field due to the background wj(-,—%) is also a
radiating solution of Au + k?u = 0 in ey ; hence we have that

[ (@= 600 5w~ = it -0 X5 .0 ) s, <0
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Now the integral representation formula for uj(-, —%) in Qexy (see [13]) yields

a0 wie-d = [ (w0 00 - 0.9 20D ) g,

_ s _A @ _ 8ug(ya 77})
= [ (00 G2) - Gt ) 2D Y s,

In addition, using the transmission conditions across the interfaces I'y and the equa-
tions for up and Gy (-, ), we obtain

/Fl <Ub(y, a%)gij’(z,y) - Gb(z,y)W> ds,

Y
1 0G; 1 ouf (y, —%)
- oy —p) b _ Gt T\ 7

(4.8) /F1 <ub (v, x);ﬁ v, (zy) — G, (Z,y)/ﬁ o, )dsy

~ [ (w0.-2)7 - (1963 (za0) ~ eV - (19 ) ) ) s, =0,

Thus from (4.7) and (4.8), since u, = uj + u’, we have that
R ou'(y, —1) , L O0Gy

4. s - = —— T — —

( 9) ub(za .73) /I‘l (Gb(zvy) aVy u (yv 33) v

()} sy
Y
Finally, (4.6) provides
G (2, 2) = ymup(z, — 7).
Next let z € 2, UQ_. Then Gy(+, 2) is a smooth radiating solution of Au + k?u =0
in Qeyt, and hence Green’s representation formula implies

0P 0Gy
110 Gl = [ (Gl )G~ Bl ) Gt 0)) i,
Evaluating the far field pattern yields

o dethEy L 9Gy(y,2)
(4.11) G2 (2, 2) = m /Fl <Gb(y7z)81/y —e &jy) dsy.

Moreover, since uj(-, —&) is also a radiating solution to the Helmholtz equation in
Qext, we have that

Qup(y, —2) o, . 9Gu(y,2) _

Hence, adding (4.11) and (4.12), recalling that u,(y, —2) = uj(y, —&) + e~ **¥ and
applying Green’s second identity and the transmission conditions across I'; and T’
proves that

o/ n 88_“62"7! —ikd-y BGb(y,z)
Gy (&,2) = Ym /F (Gb(yw)a,/y —¢ c?uy> o

[ (G2 [ ] -0 =l | 522 000 sy
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l% l‘gG" across I' and the fact that u; and Gy
vy p Ovy

satisfy the same equation in (Q4 UQ_)\ B.(z), where B(z) is a small ball of radius
€ centered at z and included either in Q4 or Q_, to obtain

Now we use the continuity of and

G (8.9) = |

Bc(z)

(Gb(y, OV (iwb) (v, ~2) — unly, )V - (iveb) v z)) ay.

Letting € go to zero and using the equation for wu;, and the first equation in (4.3) for
x € B(z) finally implies

GbOO(QAj?Z) =Tm ub<za _fi')a

where we have used (4.7). Finally, by continuity of Gy across I'y and I', we can now
conclude that Gp°(Z,-) = Ym us(-, —&) holds everywhere in R™. |

4.2. The linear sampling method. We now propose and analyze a version of
the LSM to detect the delaminated part I'g on the known interface I'. As mentioned
earlier, the data needed for our inversion scheme is the multistatic far field pattern
Uoo(Z,d), ,d € S™~L. This far field data allows us to define the standard far field
operator F': L2(S™~1) — L?(S™~1) given by

(4.13) (Fo) (&)= [ (@ dg(d)dsa

§m—1

By linearity, F'g is the far field pattern of the scattered field u® satisfying the scattering
problem (2.10)-(2.12), (2.13)(2.15), and (1.9) with u’ := v,, where v, is the so-called
Herglotz wave function defined by

(4.14) vg(x) = /Sm_1 g(d)e*®d ds,.

On the other hand, the far field pattern up®(z,d) of the scattered field due to the
background, i.e., the solution u; (-, d) of (4.2), defines the background far field operator
Fy: L2(S™ 1) — L2(S™1):

(4.15) (Pog) @) = [ i d)g(a)dse

Note that Fpg can be computed since the undamaged configuration of the scatterer is
known a priori. Similarly, by linearity, Fi,g is the far field pattern of the solution wuj
with u? := vg. Also by linearity, the total field u, 4 corresponding to the scattering
by the background media due to v, as incident field, i.e., the solution of (4.2) with
u’ 1= v,, can be written as

(4.16) up,q(z) = /Smil up(z, d)g(d) dsq.

Finally, we define the far field operator solely due to the delamination Fpp : L?(S™~1) —
L2(S™~1) which is given by

(4.17) Fpg = Fg— Fug.

Obviously Fpg can be seen as the far field pattern of the scattered field due to the
defect I'y when the incident field is w4 given by (4.16). From this point we assume
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that we know Fpg, which we will use to develop the LSM to reconstruct I'g. To this
end, we define the bounded linear operator H : L>(S™~') — H~Y2(I'g) x H~* (T')

by
>Kub,g ’
To

where K : H ([g) — H ' (Ty) corresponds to one part of the boundary data on I'g
and is given by (see (3.22) and (3.24))

(K(b, ¢)H(r0)77-¢—1(r0) = /F {<ﬂf> Vr¢- VFJ + 7@5@} ds.

1 8ub,g

(4.18) Hg= (a

w Ov

The conjugate-transpose operator K* : H (I'g) — H ™! (I'g) is defined by
(15°6,0) = [ {(B1)Vr6- V1707 } ds = (Ko.0).

Note that Hg maps u, 4 to the corresponding transmission conditions given by (3.22),
since both the field uy, , and its conormal derivative are continuous on I'y (so the terms
in (3.22) with jumps disappear), and we simply write the average by the common value

+
o ou
% L) = #% 522 and (up, ) = uztg. We remark that

for smooth Ty and smooth coefficients u* and n*, we can assume by the regularity
of the solution of the transmission problem that u; , € H, and hence its trace on I'g
is in H (To).

LEMMA 4.2. The operator H : L*>(S™~1) — H~Y2(To) x H~' (Ty) has dense
range. Assume in addition to the assumptions of Theorem 3.3 that R(n — ng) > 0
(or, more generally, that there is no nontrivial w, 4 such that Kuy g = 0); then H is
injective.

Proof. We first check the injectivity. Let g € L?(S™~!) such that Hg = 0.
Then both iag’;’g Ir, and wupg4lr, = 0. The latter follows by taking the real part
of Kup 4 = 0 and the fact that R((5f)) > 0 and R(y) > 0. Then, by Holmgren’s
theorem we conclude that up, = 0 in a region extending on both sides of I'yp, and
by analytic continuation we obtain that u;, = 0 vanishes identically. Since wuy 4 is
the sum of a radiating scattering wave and the Herglotz wave function v, which is an
entire solution to the Helmholtz equation, the latter implies v, = 0, yielding g = 0.
Next, to show that H has dense range, it suffices to prove that H™* is injective, where
H* : HY/2(Ty) x H (L) — L*(S™') is the conjugate-transpose operator associated
with H. To this end, suppose that (¢,n) in HY/2(To) x H (Ty). Then

on either side of the curve, i.e., (

(oo 6o = (225526 (g = (32502, . K)
(4.19) = /F 0 (zag;;g<+ up K7 dsy)
= /Smfl 9(2) /FO <CZW +an>(y,:i)) dsy dsz
= (g9, H" (C,m)) -
Thus
(4.20) H*(¢,n) = /F (OZL;WC‘FUIJ(?J» —i)Kn> dsy.
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From the mixed reciprocity relation, Theorem 4.1, we have that H* (¢,n) is the far
field pattern associated with the scattered wave

s _ -1 @laGb(l',y) 7
w (CU) = TYm /]_“0 (C H L al/y +K77Gb($,y) d8y7

where 7, is defined as in (4.1). Moreover, since the singularity of the free space
Green’s function Gy(-, ) is of the same order as the fundamental solution ®(,-), w®
assumes the following representation formula (see, e.g., [28]):

ww) = [ (w2 - L8 G ) s,

and thus

o 1 ow® i
4.21 ] =t — d - =~ K.
(1.21) R
Therefore, if H*((,n) = 0, then by Rellich’s lemma together with the unique con-
tinuation principle and Holmgren’s theorem, w® = 0 in R™\I'g, so [w®] = 0 and
[ﬁ%] = 0, implying that { =7 = 0. O

Next, define the bounded linear operator G : H=1/2(Tg) x H~1(Tg) — L*(S™ 1)
by

G (hl,hg) — ’LUOC,

where w™ is the far field pattern of the corresponding radiating solution w to (3.18)—
(3.21). Notice here that the well-posedness of the problem guarantees that the oper-
ator GG is well defined and bounded, since in the variational formulation the source
terms hq, ho always define a bounded linear functional in the space H. It is clear from
the definition of H and G that we have the factorization Fp = GH.

Since for our inverse problem we know the interface I' and are looking for the
delaminated part T'g, we define the test function as follows: for any L C T, given
(ar, Br) € L2(L) x HY(L), we define

{aL<y>ub<y, )4 By <y>18“b(y""”} ds(y),

42 T = b o)

L

where & = x/|z|. Then, we can prove the following.

LEMMA 4.3. Let L C T and (ar,Br) € L*(L) x H'(L), not simultaneously zero.
Then L C Ty if and only if ¢$3° € Range(QG).

Proof. Let’s first assume that L C I'g. Then the corresponding extensions by zero
in Ty, (az,BL), are in L?(Tg) x H'(T'y), and the potential

L ~ 5 1 8Gb(m,y)
po(z) := /Fo {aL(y)Gb(-r7y) +/BL(y)uc'91/(y)} ds(y)

belongs to H} (R™\I'y) and satisfies

13%} -

;81/ =—a; on Ty

(4.23) [¢0] = Br, [
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Let’s now denote by Sp, and Kr, the restriction to I'y of the generalized single and
double layer potentials, defined by

(SFow)(x) = - 1/J(1/)Gb($ay)d3(y)» x € Iy,

and

(KF0¢)($) = - 1/’(9) Gb(xvy)ds(y)v T e FO~

0
v (y)
In [13], it is shown that Sr, : ]:I_%‘*'S(FO) — H%"‘S(I‘O) and Kr, : ﬁ%+s(F0) —
Hz%5(Ty) are continuous for every —1 < s < 1 (here H"(I'y) denotes the space of
functions that can be extended by zero to the whole I' as functions in H"(T")). Since, by
the transmission conditions (4.23), we know that [i%] € L*(Ty) and [¢o] € H (),

together with the fact that (¢g) = —Sr, [i%iyo]Jero [¢0], we have that (¢g) € H'(Ty),
and hence the potential ¢¢ belongs to H. Therefore, ¢o satisfies (3.18)—(3.21) with
hi and hy defined by (3.22) for v = —¢¢ € H, implying that G(hi,he) = ¢3°. To
prove the converse, let’s suppose that L ¢ ', but that there exists a pair («ay, 8) €
L(L) x H'(L), not simultaneously zero, such that ¢3° € Range(G). By definition of
G, there exists (hy, he) in H~1/2(T'y) x H(Ty) such that ¢3° = w™, where w satisfies
(3.18)—(3.21). Therefore, ¢3° is the far field pattern of the two potentials:

or(z) = %Zl/

L

{aL<y>Gb<x,y> 4 m@)i%} ds(y)

and

w) = [ {5 o] 60+ 2 asy),

By Rellich’s lemma, unique continuation, and Holmgren’s theorem, w = ¢, identically
in R™\I'g U L. However, this is a contradiction, because given, for example, any point

2o € L\I'g, both w and the conormal derivative %(%‘; are continuous at xg, whereas
either ¢, or the conormal derivative %% has a jump across L at zy (since either oy,

or A1, doesn’t vanish at that point). 0

LEMMA 4.4. Assume in addition to the assumptions of Theorem 3.3 that R(n —
ng) > 0 (or, more generally, that there is no nontrivial uy, 4 such that Kuy 4 = 0).
Then Fp : L2(S™1) — L*(S™1) is injective and has dense range.

Proof. Since Fp = GH, the injectivity follows from Lemma 4.2 and the fact that
the operator G is injective due to the well-posedness of (3.18)—(3.21). Next, since the
range of H is dense in H~/2 (Ty) x H~1(Iy), it suffices to show that the range of G
is dense. From Lemma 4.3, in particular we have that functions P of the form

(PY)(@):= | v(y)uly,—2)dy=," | (y)GF(&,y)dy
Fo 1—‘0
are in the range of G for all ¢» € L?(T'g). The set { Pt for allyy € L*(I'g)} is dense

in L2(S™71). Indeed, let us consider P : L?(Ty) — L?(S™~1). Its adjoint P* :
L2(S™~1) — L%(T) is given by

(P*g)(y) :/ 9(2)up(y, —2)d2 = upp(y),

§m—1
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where h(Z) := g(—2) and uypp is given by (4.16). Now the total field due to the
background medium wy, ;, corresponding to the Herglotz wave function vy, as incident
wave cannot be zero unless b = 0, since it is the sum of an outgoing wave (the scattered
field) and incoming wave (the incident wave). This implies that P* is injective, which
finishes the proof. O

Now we are ready to characterize Iy in terms of the behavior of the approximate
solution to the far field equation

Fpg = ¢7.

The following main theorem is a summary of all of the above results.

THEOREM 4.5 (linear sampling method). Let Fp : L2(S™~1) — L2(S™~1) be
the far field operator given by (4.17). Then the following hold:
1. For an arbitrary arc L C T and € > 0, there exists a function g5 € L*(S™~1)
such that

HFDQZ — ¢£OHL2(SWL71) < €,
and, as € — 0, the corresponding solution wup gc to the background problem
(4.2) converges in H to the unique solution ur of (3.18)—(3.21) with hy =
a<i%> and hy = K (¢3°) on Ty.
2. For L ¢ Ty and € > 0, every function g5 € L*(S™™!') such that

IFpgs, — ¢ |l r2@m-1) <€

is such that the corresponding solution uy g to the background problem (4.2)
satisfies

. _ . ¢ -
lim [lup gy 15 = 00 and T lgg | aen-1) = oo.

This theorem constitutes the foundation of the LSM, which we will implement in
the next section.

5. Numerical examples for the inverse problem. In this section we show
how the LSM that we have just developed can be applied numerically, and we show
its viability by some numerical examples. From the statement of Theorem 4.5, we
know that the approximate solution of the far field equation Fpgr, = ¢7° can be used
to detect the delaminated part I'y. Unfortunately, the far field equation is ill-posed
since the far field operator Fp is compact, and of course the discrete counterpart,
Agr, = fr, will inherit the ill-posedness as ill-conditioning. Therefore, it has to be
solved by means of a regularization method.

Let us first discuss the construction of the discrete far field operator A and the
right-hand side fr. In all of the numerical examples that we present in this section,
the discrete counterpart of the far field operator is the matrix A € C***0 such
that A;; = uoo(ii,dj) - ug"(a?i,cij), where u°°(~,dAj) and ub°°(',dAj) are the far field
pattern of the scattering problem with and without delamination, respectively, when
the incident one is u™¢(z, dj) = e'**dj Here we take cfj = (cos(2m;/40), sin(27; /40))
and &; = (cos(2mi/40),sin(27i/40)) for 4,5 = 0,1,...,39. In order to see the stability
of the reconstruction method with respect to noise, we added some random noise to
the computed far field for the approximate crack problem, so we actually consider
Ajj = Agj(1 4 €&ij), where {€;;} is a collection of independent random variables with
uniform distribution over the interval [—0.5,0.5] and ¢ > 0 is a constant chosen so
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that the relative noise p := ||A— A||5/||A||; attains the desired value. In each example
p is computed and specified.

Since fr, is the discrete version of the right-hand side of (4.24) and we have
some freedom to choose the densities a and B, we decided to consider ay as an
approximation of §, (where ¢, is the Dirac delta located on z € T') and choose 8, = 0.
Then, for a given finite set of points {z;} C I, our discrete right-hand side simplifies
to .

(f2;) e = up(25, —dp).
Since I is already known, there are many other possibilities for choosing the sampling
arc L and test functions ay, 81, but we have not tried them here. Nevertheless, as
the numerical examples show, our choice gives reasonable reconstructions. In all of
the numerical examples that we present, we chose a collection of equally distributed
points along the interface I, {2 }$% . In order to “solve” each of the 64 ill-conditioned
linear equations

"Zipgk = fzk,
we use the well-known Tikhonov regularization method, which consists in solving the
following minimization problems instead:

gr = argmin{||A,g — f.,|* + Ng]I*},
geC4o

where the regularization parameter was arbitrarily chosen as A = 107!°. The solution
of these problems was made using the free MATLAB package regtools (see [25]).

As stated in Theorem (4.5), the value of ||gp||~" is large if 2 is in the crack
support I'g, and small otherwise. Therefore, it can be used to identify the location
of I'g. In the reconstructions that we present, we show results for four different noise
levels p, in three different settings (a circle with one single crack, a kite with one single
crack, and a kite with two cracks). For visualization purposes, in our reconstructions
the separation of the dotted lines I'y. is chosen to be proportional to ©(zx) = ||g3|| ",
with the parametrization

Xp, (1) = xr(t) £ 7.0 (xr (1)) (),

where xr is the parametrization of I' and we arbitrarily set n, = 0.04 as a constant that
modulates the size of © for pure visualization purposes. The openings of the dotted
lines I'y correspond, therefore, to the predicted location of the cracks by the LSM just
developed in section 4. All the numerical experiments presented here were made for
layered obstacles with parameters n_ =4, ny =2, u_ = puy =1, po = 0.9, ng = 0.2,
and wave number k = 3.

Numerical examples presented in Figures 7-9 indicate that our reconstruction
method provides reasonable reconstructions of I'g even in the presence of noise.

Conclusion. We have derived an asymptotic model for the delamination of two
materials that successfully approximates scattering from thin delaminated regions.
This model was shown to be well-posed and was then used to derive a new inverse
scattering technique based on a modified LSM that we showed can detect delamination
in model problems. We note that the asymptotic model is of independent interest and
could be the basis for applying other inversion techniques such as back-propagation
techniques or Kirchhoff migration.

A stability and resolution analysis of the inverse method has yet to be under-
taken.
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F1G. 7. Reconstruction of a single crack I'o in a circular interface for four levels of moise p.
The solid line at the circular interface is the exact location of the crack, and the opening between
the dotted lines XF, is the predicted location of I'g. The outer lighter colored curve is I'1.

»=0.01

F1G. 8. Reconstruction of a single crack I'g in a kite-shaped interface of a two-layered medium
for four levels of noise p. The solid line at the kite-shaped interface is the exact location of the
crack, and the opening between the dotted lines Xpy is the predicted location of I'g. The outer

lighter colored curve is I'y.

Our study raises the interesting theoretical question of proving convergence of the
asymptotic model as the thickness of the delamination goes to zero. It would also be
desirable to test the problem in three dimensions. Extensions to Maxwell’s equations
and elasticity are challenging, but are currently underway.
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F1G. 9. Reconstruction of two cracks F(l) UF% in a kite-shaped interface of a two-layered medium

for four levels of noise p. The solid line at the kite-shaped interface is the exact location of the
crack, and the opening between the dotted lines Xf is the predicted location of T'g. The outer

lighter colored curve is I'y.
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