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1 Introduction

The transmission eigenvalue problem is a new class of non-selfadjoint eigenvalue
problems that first appeared in inverse scattering theory for inhomogeneous
medium. It is a boundary value problem for a set of equations defined in a bounded
domain coinciding with the support of the scattering object. In connection with
scattering theory, the solution of the transmission eigenvalue problem can be viewed
as finding an incident wave such that for a given inhomogeneous medium the
scattered field is zero. It can be shown that this can in principle occur for only at
most a discrete set of values of the wave number, so-called transmission eigenvalues.
In addition, the relationship between the eigenvalue one of the scattering matrix
corresponding to the scattering by an inhomogeneous medium and transmission
eigenvalues is well known (Colton and Kress, 1998) (this is referred to as the
inside-outside duality in some physics literature (Dietz et al., 1995), see also
Introduction in Kirsch (2009)). We refer the reader to Cakoni and Colton (2006),
Colton et al. (1989), Colton and Kress (1998), Colton and Monk (1988), kirsch
(2007), Kirsch and Grinberg (2008), and Rynne and Sleeman (1992) for more
discussion on the relevance of the interior transmission problem to the scattering
theory for inhomogeneous medium (for a comprehensive discussion of the interior
transmission problem up to the data see the survey paper (Colton et al., 2007)).
The study of transmission eigenvalue problems has recently become an
attractive research topic. Although the interior transmission problem was
introduced in 1988-1989 and in Colton et al. (1989); Colton and Monk (1988),
and until recently the only known result on transmission eigenvalues was the fact
that they form at most a discrete set with positive infinity as the only possible
accumulation point. The first result about the existence of transmission eigenvalues
was published in Piivirinta and Sylvester (2008) for the case of the reduced
wave equation in an isotropic inhomogeneous medium where it was shown that
there exist a finite number of transmission eigenvalues provided that the index of
refraction is large enough. This paper was soon followed by Cakoni and Haddar
(2009) and Kirsch (2009) where the same result was proven for anisotropic media
and Maxwell’s equations. Subsequently the difficult case of a medium with cavities,
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i.e., regions with zero contrast, was investigated in Cakoni et al. (2010a). Further
progress on the question of the existence of transmission eigenvalues was made
in Cakoni and Gintides (2010) where the assumption on the size of the index of
refraction was removed. The story was completed in Cakoni et al. (2010b) where
the existence of an infinite discrete set of transmission eigenvalues was proven for
all the above cases. However, except for some partial results obtained in Cakoni
et al. (2002) and Cakoni and Haddar (2001), the investigation of the transmission
eigenvalue problem up to now is limited to the case of inhomogeneous medium
with one contrast function which is a restrictive model of the scattering of acoustic,
electromagnetic or elastic waves by inhomogeneities. The goal of this paper is
to extend the investigation of transmission eigenvalue problem for the case of
scattering media with two independent refractive indices. In this case, the reduction
of transmission eigenvalue problem to a nonlinear eigenvalue problem for a fourth
order differential operator is no longer applicable. In this paper, we follow the
approach developed in Kirsch (2009).

The plan of our paper is as follows. In Section 2 we formulate the transmission
eigenvalue problem for the case of the scalar Helmholtz equation and show the
existence of an infinite set of transmission eigenvalues for spherically stratified
media with two radial contrasts. Then we proceed with the investigation of the
eigenvalue problem for the general inhomogeneous anisotropic media, in which case
for technical reasons we distinguish between two possible subclasses. In this regard,
in Section 2.1 we discuss the case of a medium with two contrasts of different signs,
where we prove the existence of an infinite discrete set of transmission eigenvalues
that accumulate only at positive infinity. Furthermore, we provide bounds for the
first transmission eigenvalue involving the geometry of the domain and the ratio of
two refractive indices. The case of media with contrasts of the same sign is discussed
in Section 2.2 where the existence of a finite set of transmission eigenvalues is
shown under some assumptions on the refractive indices. Finally, in Section 3
we extend our approach to the case of Maxwell’s equations assuming anisotropic
electric permittivity but constant magnetic permeability different from that of the
background medium. The case of Maxwell’s equations with both refractive indices
functions of spatial variable is still open.

2 The scalar Helmholtz equation

We assume that D is a bounded connected domain of R?, with Lipschitz boundary
0D and denote by v the outward unit normal defined almost everywhere on 9D (to
fix our ideas we present the analysis in R?, but everything holds true in R? as well).
Let Q € L>(D,C3*3) be a matrix valued function such that Q(z) is Hermitean
for almost all x € D. Furthermore, we assume that there exists « > 0 such that
E-(I+Q)¢>alg? all € €C? and almost everywhere in D. We also consider a
scalar real valued function p € L*°(D) such that 1 +p >  on D for some constant
(> 0. The transmission eigenvalue problem reads: find (u,w) € H'(D) x H'(D)
that satisfies

V- [(I+Q)Vu] +A(1+pu=0 and Aw+Iw=0in D, 2.1
u=w and v-(I+Q)Vu=v-Vwon dD. (2.2)
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The variational form of (2.1)-(2.2) is the following coupled pair of variational
equations

/D [Vw - Vi) — Awip]de = 0 for all ¢ € Hj(D), (2.3)

// [(HQ)vu.vmx(Hp)umdz:/ Vo V- udlds  (24)
D D

for all v € HY(D).

Definition 2.1: Values of A > 0 for which the transmission eigenvalue problem
(2.1)~(2.2) has a nontrivial solution (u,w) € H'(D) x H*(D) with (u,w) # (0,0)
are called transmission eigenvalues. The corresponding nonzero solution (u,w) is
called transmission eigenfunction.

Example 2.2 (The spherically symmetric case): In the case when D := Bp is a ball
of radius R centred at the origin and both contrasts @ :=¢(r)] and p :=p(r)
depend only on the radial variable we can directly show that there exists an infinite
set of transmission eigenvalues. We assume that ¢ € C%(Bg) and p € C*(Bg) are
real valued such that 1+ ¢ > 0 and 1+ p > 0 in Bg. Obviously, if both p = 0 and
g =0 every A >0 is a transmission eigenvalue (i.e., this corresponds to the case
when there is no inhomogeneity and therefore no waves are scattered). To avoid
such a situation we assume that

R/ Gi;’ﬁ) dp # 1. 2.5)

We restrict our attention to solutions of (2.1)-(2.2) that depends only on r = |z|.
Then clearly w must be of the form

w(z) = ag jo(VAr)

where jj is the spherical Bessel function of order zero and aq is a constant. Next,
making the substitution u(z) = [1 + ¢(r)]~'/2U(x) we see that the first equation
in (2.1) takes the following form

1+ p(r)
1+q(r)

AU+</\ —m(r))U:O

where

1
m(r) = Tq(T)A 1+ q(r).

Hence, setting

bo y(r)

T
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where by is a constant, straightforward calculations show that if y is a solution of

" 1+p(r)
* (Al )

—m<r>) y=0. y(0)=0, y(0)=1,

then u satisfies the first equation in (2.1). Let us denote by

 14p(r)
n(r) = Tr g0

Following Colton and Kress (1998) (see also (Colton et al., 2007)), in order to solve
the above initial value problem for y we use the Liouville transformation

A9 = ) y(r) where €)= [ (o) dp
0
which yields the following initial value problem for z()

S A= p(©)]z =0, 2(0)=0, #(0)=[n(0)] * (2.6)

where

B 5 )P
PO = It ~ 16 )P T ()

Now exactly in the same way as in Colton and Kress (1998, p. 228) by writing (2.6)
as a Volterra integral equation and using the methods of successive approximations,
we obtain the following asymptotic behaviour for y

LGS [n(O)ln(r)]l/ s (V2 [ 0] Pap) + 0 (1) and

1= 5] o [ ) s ()

uniformly on [0, R]. Applying the boundary conditions (2.2) on dBp, i.e.,

3

b (R) .
TraE R (VAR

d T
bo(1+ Q(R))E ({1 i ql(r)]1/2 y(r ))T_R = ao %jo(\f)\r)

)

r=R

we see that a nontrivial solution to (2.1)—(2.2) exists if and only if

y(R) ’
T a7 R B

W(A) = det =0. (2.7)

d r
[1+a(R)] ([1 - qtr)]l/g y(r ))TR VAo (VAR)
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Since jo(VA) =sinvAr/v/Ar, from the above asymptotic behaviour of y(r)
we have that

W(X) =

[Asin(3V/AR) cos(VAR) — B cos(6VAR) sin(VAR)| + O (i)
2.8)

1
VAR?
where ¢ is given by (2.5) and

B 1 1 B 1/2 [n(R) 1
A= T @7 oy B )] L«n] '

Since 6 # 1 the first term in (2.8) is a periodic function if § is rational and
almost-periodic (see Katznelson, 1968, Section VI. 5) if § is irrational, therefore
taking positive and negative values. This means that for large enough A,
W(A) has infinitely many zeros which proves the existence of infinitely many
transmission eigenvalues.

In the following we need to consider a particular case of the above spherically
stratified media where QQ := gl and p := pg are both constant such that 1+ ¢o > 0
and 1+ py > 0. In this case the interior transmission eigenvalue problem reads as

1+ po

Au+ A u=0 1in Bp, (2.9)
1+ qo
Aw+ A w =0 in Bg, (2.10)
u=w on JBg, (2.11)
L4a0) 28 =2 onoBy (2.12)
or  Or ’

where r = |z|. To solve (2.9)—(2.12) we make the ansatz

1
w(r,8) = anju (VAN @), ulr,8) = bujn ([ AT200 ) Vi (2)
14+ qo
where j, are spherical Bessel functions of order n, Y,* are the spherical harmonics
and & = z/r. Then the corresponding transmission eigenvalues are zeros of the
following determinants

]n(\F)‘R) Jn ( Aiizz R)
W () = det (2.13)
Vi (VAR) \/)\(1 +po)(1 4+ qo0)7), ( /\%R)
O

Our main concern in this paper is to prove the existence of transmission eigenvalues
for the general case. To this end we set v = w — u. Then v € H}(D) and if (u,w)
satisfies (2.1)—(2.2), subtracting the equation for « in (2.1) from the equation for w
in (2.1) we obtain that v satisfies

V- [(I+Q)Vv] +X1+pv=V-[QVw|+pw in D,
v-(I+Q)Vv=v-QVw on dD.
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The weak formulation of the above problem is v € H{ (D) such that

//D [QVw -Vp — )\pwm dx
= //D[(IJrQ)Vv~V@*A(ler)U@]dﬂ? (2.14)

for all v € H*(D). For a given v € H}(D) we can define w := w, by considering
the Neumann boundary value problem (2.14) for w. In order to analyse the above
Neuman problem for w, in the following we use the following bounds of () and p:

* = su su £-Q(x)f), ¢ = inf inf £-Q(x)E), 2.15
1 zegﬁec"f,llé)lﬂ (5 @ )6) 1 zeD geC3,|¢|=1 (6 @ )f) ( )
p* =supp(x) and p. = inf p(z). (2.16)

xzeD zeD

Note that from the assumption at the beginning of this section we have that
14 g« >0 and 1+ p, > 0. For reasons that will become clear later, we need to
distinguish between two cases, namely ) and p have opposite sign and @ and p
have the same sign.

2.1 The case with contrast Q) and p of opposite sign

In this section we consider the case when @ and p have opposite sign, more precisely
either ¢, > 0 and p* <0, or ¢* <0 and p, > 0. For the corresponding scattering
problem this means that either the contrast in the scattering medium represented by
the matrix @) is positive and the contrast represented by p is negative, or the other
way around (note that the corresponding parameters of the background media here
are assumed to be equal to one).

Lemma 2.3: Assume that either q. >0 and p* <0, or ¢* <0 and p. > 0. Then
there exists 6 > 0 such that for every v € Hi(D) and X\ € C with Re\ > —§ there
exists a unique solution w := w, € H' (D) of (2.14). The operator Ay : H}(D) —
HY(D), defined by v w,, is bounded and depends analytically on A € {z € C:
Rez > —4}.

Proof: First we note a difference between the cases A = 0 and A # 0. Setting ¢ = 1
in (2.14) we obtain as a necessary condition that

)\//Dpwdx:)\//D(l-i-p)vdx,

ie., [[pwdr = [[,(1+p)vdz in the case A # 0. In the case A = 0, however, the
solution w is only unique up to a constant which we choose such that this equality
holds as well.

Therefore, we make an ansatz for the solution in the form w = @ + ¢ where ¢
is constant and w € H'(D) where

HY(D) = {zpeHl(D)://Dpwdxzo} (2.17)
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equipped with the H!(D) norm. Let us denote by i > 0 the constant which satisfies

V422,

in . (2.18)
YeH (D) ||w||2L2(D)

ll,:

By standard arguments (of Poincaré type) one shows that g is positive. The
definition of p yields

1
1 [0y < IVONZ2py < 19170 () (2.19)

for all 1 € H'(D), i.e., |V¥|[r2(p) is an equivalent norm in H'(D).
Substituting w = @ + ¢ into [ [, pwdz = [[,(1 4+ p)vdz and using [ [, piw dz =0
yields

c= M //D(l + p)vdz. (2.20)

In particular, ¢ is independent of A. Substituting the form w = @ + ¢ into (2.14)
yields

//D[QV@-V@—)\pﬁ}ﬂd:c://D[(I+Q)vv.va_/\(1+p)vmdx
@.21)

for all y € H'(D). Let 0 = 1 if ¢, > 0 and p* < 0 holds, and ¢ = —1 if ¢* < 0 and
P« > 0 holds. Furthermore, let us denote by A (w, ) the left hand side of (2.21)
multiplied by o. Hence we have that

Re Ax(1,0) = o / /D [QV - VT — (RN) p [[?] de
> min(g”, 1g.) IVO1220) — Fmax((p?], [pa]) 101220

p . .
> |:/IJ+]. IIllIl('q |a|Q*|) —(5max(|p |>|p*|) ||¢||§[1(D) (222)

for all ¢y € H'(D) where we have used (2.19). Therefore, A\(-,-) is coercive for
sufficiently small 6 > 0 with lower bound which is independent of A. Consequently,
there exists a unique solution @ € H'(D) of (2.21) which depends continuously
on v. Furthermore, w = W + ¢ satisfies (2.14) because of the definition of c.
Therefore, we conclude that the bounded linear operator A : Hi(D) — H(D)
which maps v to the unique solution w of (2.14) is well defined and depends
analytically on . U

We set again w, = Ayv and denote by Lyve& H}(D) the unique Riesz
representation of the bounded conjugate-linear functional

P — //D[qu,.vaf)\wvm dx for ) € HY(D),
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ie.,
(Lav,¥) g(py = //D [Vw, - Vi) — Aw, ¢p] da for o € Hj(D). (2.23)

Then also L, depends analytically on A € {z € C: Rz > —¢}. Now we are able to
connect a transmission eigenfunction, i.e., a nontrivial solution (u,w) of (2.1)-(2.2),
to the kernel of the operator L.

Theorem 2.4:

(a) Let (u,w) € HY(D) x H(D) be a transmission eigenfunction
corresponding to some (real) X\ > 0. Then v=w —u € H}(D) solves
L)\’U =0.

(b)  Let v e HY(D) satisfy Lyxv =0 for some (real) X\ > 0. Furthermore, let
w = w, = Ayv € H'(D) be as in the construction of Ay in Lemma 2.3, i.e.,
the solution of (2.14). Then (u,w) € HY(D) x H*(D) is a transmission
eigen function where u = w — v.

Proof: (a) Formula (2.3) implies that (Lxv, )1 (py = 0 for all ¢ € Hj (D) which
means that Lyv = 0.

(b) Next let Lyv =0, i.e,

//D[vwv-vi—xwﬂ] dx =0 for € HY(D)

which means that w = w, solves the Helmholtz equation in D. With u := w — v the
Cauchy data of w and wu coincides. Finally, the equation (2.4) for u follows from
(2.14). O

Theorem 2.5:

(a)  The operator Ly : Hj(D) — Hg (D) is selfadjoint for all X € Rx.

(b) Leto=1ifg.>0andp* <0, and o =—-1if ¢* <0 and p, > 0. Then
oLy : Hy(D) — Hg(D) is coercive, i.e., (6 Lov,v)p(p) > ¢ ”UH?P(D) for all
v € HE(D) and ¢ > 0 independent of v.

(¢) Ly — Lo is compact in H}(D).

(d)  There exists at most a countable number of real X\ > 0 for which Ly fails
to be one-to-one, i.e., the set of transmission eigenvalues is discrete, and
infinity is the only possible accumulation point.

Proof: (a) First we show that L) is selfadjoint for all A € R>o. To this end for

every vy, ve € H3 (D) let wy := w,, and wy := w,, be the corresponding solution of
(2.14). Then we have that

(L)\Ula UQ)Hl(D) = // [le - Vg — )\wlﬁ] dx
D
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://D[(I+Q)Vw1'V@—A(1+p)w1@] da

— / / [QVw1 - VU3 — A\pw: 73] d. (2.24)
D

Using now (2.14) twice, first for v = v and corresponding w = we and ¥ = wy,
and then for v = vy, corresponding w = w; and ¥ = v, yields

(L)\Uly UQ)Hl(D) = // [val - Vg — Apw, WQ] dzr
D

- //D [(I + Q) Vui - Vg — A1+ p) vy 172] dx (2.25)

which is a selfadjoint expression for v; and vs.

(b) Next we show that oLg : H}(D) — H}(D) is a coercive operator. Using the
definition of Lg in (2.23) and the fact that w = w, = v + u we have

(Lov, v) g1 (Dy :// Vw~Vﬁdx:// |Vv\zdx+// Vu-Vodr.  (2.26)
D D D

Fom (2.14) for A =0 and ¢ = u we have that

//D Vu-Vodr = //D QVu-Vudz. (2.27)

If ¢, > 0 then we have [[ QVu- Vudr > q*||Vu||2L2(D) > 0 and hence

(Lov, v)g1(py = // |Vo|? da.
D

From Poincaré’s inequality in H{j(D) we have that ||Vvl||r2(p) is an equivalent
norm in H}(D) and this proves the coercivity of Ly.
Now we assume ¢* < 0. From (2.25) with v; = v9 = v and A = 0 we have

—(Lov, v)g1(p) = —//D QVw - Vwdz + //D(I—FQ) Vv - Vudz
2(1+q*)//D\VU|2dx (2.28)

which proves again the coercivity of —Lg since 1+ g, > 0.

Part (c) of the theorem follows from the compact embedding of Hi (D) into L?(D).
We omit the proof here and include the proof of a similar result for the more
complicated case of Maxwell’s equations in Section 3.

(d) Since (0Lg)~' exists and A+~ Ly is analytic on {z € C:Rez > —§},
this follows directly from the analytic Fredholm theory, see Colton and Kress
(1998). O
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Now we are ready to prove the existence of infinitely many (real) transmission
eigenvalues, i.e., the existence of a sequence of A\; € R, j € N, and corresponding
v; € H}(D) such that v; # 0 and Ly,v; = 0. From now on we restrict ourselves
to real and positive A. Note that since o Lo : H} (D) — H}(D) is a positive definite
operator the kernel of L, coincides with the kernel of I + (oLg)~'/2C\(0Lg)~'/?
where Cy = o(Ly — Lg) is compact. Letting Ty := —(cLo)~Y/2C\(cLo)~ /2, it is
known that the compact and selfadjoint operator 7 has an infinite sequence of
eigenvalues p;(A), j € N such that p;(A) — 400 as j — +oo that can be ordered
in increasing order. Furthermore, they satisfy the max-min principle

Thu,
pi(A) = sup inf 7( AU W) (D)

(2.29)
wew, uew\ {0} lull g1 (p)

where W, denotes the set of all j-dimensional subspaces W of H}(D). From the
max-min principle we conclude that p;, j € N, are continuous with respect to A on
[0, 00). Furthermore, by the above discussion A is a transmission eigenvalue if and
only if p;(A) =1 for some j € N.

Remark: The multiplicity of a transmission eigenvalue is finite. Indeed if A
is a transmission eigenvalue then, since oLg is a positive definite operator
we have that 1 is an eigenvalue of the compact selfadjoint operator T) :=
—(0Ly)~Y2Cy(0Ly)~ /2. This means that the kernel of I 4 (6Lo)~"/2Cy (0 Lo)~/?
is finite dimensional and so is the kernel of L.

Making use of the above discussion, the proof of the existence of transmission
eigenvalues is now based on the following theorem (see e.g. Pdivirinta and Sylvester
(2008) for the proof):

Theorem 2.6: Let Ly : H}(D) — H(D) be defined as in (2.23) and let o =1 if
q« > 0 and p* <0 holds, and 0 = —1 if ¢* <0 and p, > 0 holds. Assume that:

1 there is a Ao > 0 such that oLy, is positive on H}(D) and

2 there is a \1 > Ao such that oLy, is non positive on some m-dimensional
subspace W, of H}(D).

Then there are m transmission eigenvalues in [Ag, \1] counting their multiplicity.

Using now Theorem 2.6 and adapting the ideas developed in Cakoni et al. (2010b)
and Cakoni and Gintides (2010), we are ready to prove the main theorem of this
section. We recall the notations of ¢*, ¢., p*, and p, from (2.15) and (2.16).

Theorem 2.7: Suppose that the matrix function QQ and the function p are such
that either q. > 0 and p* <0, or ¢* <0 and p, > 0. Then there exists an infinite
sequence of transmission eigenvalues \j with +oo as their only accumulation point

Proof: Let us first assume that ¢, > 0 and p* <0 (i.e., c =1 in Theorem 2.6).
First, we recall that the assumption (1) of Theorem 2.6 is satisfied with A\g = 0 i.e.,
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(Lov,v) g1 (py > 0 for all v € Hy(D) with v # 0. Next, by definition of Ly and the
fact that w = u + v have

(Lo, v) g py = //D [Vw - Vo — M) dz
= //D [Vu - Vo — Auv + |Vo]* = Av]?] da. (2.30)
We also have that u satisfies
//[)[Qvu.vawum dx://D[Vv-V@f)\vﬂ da (2.31)

for all » € H'(D). Now taking ) = u in (2.31) and plugging the result into (2.30)
yields

(Lxv, ©) g1 / [QVu - Vu — Aplul® + [Vol> = X |v]?] d (2.32)

Let now B, C D be an arbitrary ball of radius » included in D and let \ be a
transmission eigenvalue corresponding to the ball B, with constant contrasts ¢, and
p*. Let w, 4 be the non-zero solutions to the corresponding homogenous interior
transmission problem, i.e the solution of (2.9)-(2.12) with gy := ¢«, po := p* and
R =r, and set 0 := @ — @ € H}(B,). We denote the corresponding operator by L.
Of course, by construction we have that (2.32) holds for this situation as well, i.e.,
since L 30 =0,

0= (zx@,@)m(m = //B [q|Va> = Ap*|a|® + Vo[> = Mo} dz.  (2.33)

Next we denote by © € H}(D) the extension of & € H}(B,) by zero to the whole
of D and let w :=wy be the corresponding solution to (2.14) and @ := w — 7.
In particular @ € H'(D) satisfies

//D[Qva.vE—Xpamdx://lj[v@.v@,;mdx

//Br[w.wx@m dx
- //B (0. Vi - Vi — Mp*ay] dx (2.34)

for all ¢» € H'(D). Therefore, for ) = @ we have by the Cauchy-Schwarz inequality,

// [QVi - Vi — Aplal?] dx:// (0. Vit - Vi + A|p*|iit] d
1/2 1/2
<[] wrvar e spvaeas] [ [ frva S a
1/2 1/2
123w (2 T v/ WA D)
< {//B [q.|Va|* — Ap*|a] ]dm} {/D[QVU Va — Apla| ]dx}
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since |p| = —p > —p* = |p*| and thus
//D [QVi - Vi — \pla|?] do < //B [q.| V> = \p*|af?] dz.
Substituting this into (2.32) for A = X and v = ¥ yields
(L53,9) gapy = //D [QVi - Vi — Aplal® + [Vo|* — Ao[*] da
< //B (@ | V> = Ap*|af* + |Vof* — \[8]*] dz =0 (2.35)

by (2.33). Hence from Theorem 2.6 we have that there is a transmission eigenvalue
A in (0, A]. Now we fix an arbitrary m € N and take € > 0 small enough such that
D contains m disjoint balls B}, B2...B™ of radius e. Let A\, be a transmission

eigenvalue for each of these balls with ¢. and p*. Let @/, @4/ be the non-zero
solutions of the corresponding homogeneous interior transmission problem and

o) == w! —a] € Hy(B!), j=1,...,m. Let now o] € H;(D) be the extension by
zero to the whole of D of 9/ € H}(B?). Note that {o!,92,...9™} are linearly

independent and orthogonal in H} (D) since they have disjoint supports. From the

argument above we have that L; is non positive on the m dimensional subspace
of H}(D) spanned by {3},92,...9™}. Hence there exist m transmission eigenvalues

in (0, A¢] counting their multiplicity. Since m was arbitrary this part of the theorem
is proved.

The case of ¢* < 0 and p, > 0 can be treated in the same way if we consider
—Ly and qg := ¢*, po := p. In place of Ly and qq := qx, po := p*. O

We can obtain a better lower bound for transmission eigenvalues. To this end we
first assume that g, > 0 and p* < 0 and consider (2.32) again, i.e.,

(Lxv,v)gy(p) = // [QVu - Vu — Aplul® + |[Vo|* = Ajv|?] da.
D
The first term is estimated by
J [ 1@V i pfu] do = mina., N DIl ) > 0
and, since v € Hg(D), we have that [[Vo||7 p) = A1(D)[|v]|72p), where Ay(D) is
the first Dirichlet eigenvalue of —A in D. Therefore, (Lxv,v)g1(py > 0 as long as
A < A1(D). Thus, we can conclude that all transmission eigenvalues A are such that

A > A (D).
Next we consider ¢* < 0 and p, > 0 and from (2.25) since w = u + v

—(Lav,v)H1(py = //D [(—Q)(Vu+ Vv) - (VT + V1) + Aplu+ v[*] d

- VU — v2 €.
+ //D[(IJrQ)Vv Vo — A1+ p)|v*] d
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In this case
//D [(—Q)(Vu + Vo) - (Va + Vo) + Aplu + of?] dz
> min(|q*], Aps)l[u + 0] 31 py > 0

whereas

//D [T+ Q)Vo- VT — AL+ p)[of?] de > [(1+ ¢.)A1 (D) — AL +p*)] [[o]) 2.

Hence 0< A< ii}q)i Ay(D) are no transmission eigenvalues. Therefore all

transmission eigenvalues satisfy A\ > %Al(D), where again A;(D) is the first

Dirichlet eigenvalue of —A in D. From the above discussion and the proof
of Theorem 2.7 we have the following lower and upper bounds for the first
transmission eigenvalue.

Theorem 2.8: Ler Br C D be the largest ball contained in D. Let \(D,Q,p) be
the first transmission eigenvalue corresponding to (2.1)—(2.2).

(I) If g« > 0 and p* <0 then
Al(D) S )‘1(D7Qap) S AI(BR7q>|<7p*)

where M\ (Br, q«,p*) is the first transmission eigenvalue corresponding to
the ball Br with contrast qy := g, and pg := p* in (2.9)—(2.12).
(2) If q* <0 and p. > 0 then

14 p*

A1(D) < M (D,Q,p) < M(Bgr,q",p+)

where \1(Br, q*,px«) is the first transmission eigenvalue corresponding to
the ball Br with contrast qp := q* and pg := py in (2.9)—(2.12).

2.2 The case with contrast QQ and p of the same sign

Now we turn our attention to the case when () and p have the same sign.
The interior transmission problem for this case has been studied in Cakoni et al.
(2002) and Cakoni and Haddar (2001). In particular there it is shown that
transmission eigenvalues form at most a discrete set with +oc as the only possible
accumulation point. Here our main concern is to show the existence of transmission
eigenvalues. To this regard we limit ourselves to the case when both contrasts @)
and p are positive, i.e., ¢. > 0 and p, > 0. We follow the same procedure as in
Section 2.1. In particular, for a given v € Hi(D) we need to solve the Neumann
problem for w := w, given by (2.14) in the weak formulation. Unfortunately, this
problem is not solvable for all A which forces us to put restrictions on A, @ and
p. Therefore, in the following we prove the existence of at least one transmission
eigenvalue under restrictive assumptions on ) and p. Let B,. C D be a ball of radius
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r included in D and set A\ = \;(¢./2, B,) to be the first transmission eigenvalue
of (2.9)—(2.12) with R =r, qo := ¢+/2, and po := 0. Furthermore we require that
p* > 0 is small enough such that

.M

< =« 2.36

T (2.36)

with \ = A1(g«/2, B;) and p from (2.18). We can now prove a result analogue to
Lemma 2.3.

Lemma 2.9: For every v € H}(D) and X € C with ReX < X there exists a unique
solution w := w, € HY(D) of (2.14). The operator Ay : H}(D) — HY(D), defined
by v — w,y, is bounded and depends analytically on A € {z € C: Rez < A\}.

Proof: We proceed exactly in the same way as in Lemma 2.3 to look for the
solution in the form w = @ + ¢ where @ € H'(D) solves (2.21) and the constant
¢ is given by (2.20). Denoting the left hand side of (2.21) again by A (w,v) and
using (2.18) and (2.36) we have that

ReAy (1, ) / /D [QVY - VT — (ReN)p|P] da

p*A
> @.lIVYlZ2py — p IVOIZ2 ()
pA ) G p 2
> [q* - IVYlL2(py = 5u+1|\¢|||H1(D) (2.37)

for all ¢ € H'(D). Therefore, we have that A, is coercive and there exists a
unique solution @ € H!'(D) which depends continuously on v. The rest of the proof
continues the same way as in Lemma 2.3. O

Now we can define the operator Ly : H}(D) — H}(D) for A € {z € C:Rez < A}
by (2.23). Obviously, Theorem 2.4 is valid for L) in the current case as long as
A € [0,\). Furthermore, exactly in same way as Theorem 2.5 we can prove the
following two theorems.

Theorem 2.10: Let again \ = M(g«/2, B;) be the first transmission eigenvalue of
(2.9)-(2.12) with R=r, qo := q«/2, and py:=0. Then Ly is selfadjoint for all
A €[0,)) and is of the form Lo — Cy where C) is compact and Lg is coercive on
Hy(D). In particular, (Lov,v) g (p) > [Vll72(py > cllvllF py for all v e Hy(D).

We can now use Theorem 2.6 to prove that there exists at least one transmission
eigenvalue X € (0,)\) under the assumptions stated at the beginning of this
section. We recall that A = \;(¢./2, B,) denotes the first transmission eigenvalue
corresponding to a ball B, C D of radius r contained in D with contrasts
do = q«/2 and pg = 0. Let &, 4 be the non-zero solutions to the corresponding
interior transmission eigenvalue problem. i.e the solution of (2.9)-(2.12) with R = r,
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qo :=¢x«/2, po:=0, and set 0 :=w — G € H&(BT). Let © be the extension by zero
of ¥ in the whole of D and @ defined again by (2.31), i.e.,

// [QVia -V — \punp] dx = // [V -V — \o] d
D D
for all v € H*(D). Also we recall (2.32) in the form
(Liﬁ,ﬁ)Hl(D) = //D [QVia - Vi — plal? + |Vo| — A|9]?] dzx (2.38)

and have to estimate the first two terms in this expression. Analogously to (2.34)
for v = @, we have that

/ [QVi - Vi — Ap|i|?] dz

// Vv Vu—)\vjdx— */ Vi - Vadz
1/2
/ |Va|? dac / |Val|? dx}
= ‘L*/ |Va|? de T // [q.|Va|* — ‘L*|va|2] dx}
L2 J B, J L/ /B, 2

- _1/2 -
< ‘L*/ Va2 dx
L2 J B, ]

/ [QV?J Vi — 5\p|ﬂ\2] dm]
L/ /B,
where we have used the estimate (2.36) for p*. Therefore,

IA

1/2

1/2

/ [QVi- Vi — )\p|u| Jde < / |Vl da.

Substituting this into (2.38) yields
A ‘1* 2 55 _
(Ls5. S [Val? + Vol = Aol | dv = (Ls0,0) ;) =0

which proves that there is a transmission eigenvalue in (0, \].

Remark 2: If p* is small enough such that (2.36) is satisfied for an r > 0 that in
D we can fit m balls of radius r, then in the same way as in the proof of Theorem
2.7 we can show that there are m transmission eigenvalues in (0, A] counting their
multiplicity.

We finish this section by noticing that for a fixed @ the largest upper bound for
p*is m for the largest ball By included in D. Furthermore note that the
smaller the contrast @ is the larger the contrast p is allowed in our approach.
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3 Maxwell’s equations

We make again the assumption that p € L>(D) is real valued and non-negative'
and Q € L>(D,C3*3) is matrix-valued such that Q(z) is Hermitian for almost
all z € D. Furthermore, we assume that there exists 0 < ¢, < ¢* < 1 such that?
¢z < 2- Q(2)z < ¢*|2|* for all z € C® and almost all z € D. Again, D is
a bounded and connected domain with Lipschitz boundary. We consider the
scattering of time-harmonic electromagnetic waves in media where ¢ = ¢(z) and p

are given by () = eo(1 — Q(z)) " and p = jio(1 + p).

We assume that the reader is familiar with the standard spaces in this context.
The space H(curl, D) is defined as the completion of C°°(D,C?) with respect to
the norm

”u”H(Curl,D) = (uvu)H(curl,D)

where
(U, V) H(curt, D) = // [curlu - curl® +u - 7] da.
D

The subspace of vanishing tangential traces is denoted by Hy(curl, D), i.e.,
Ho(curl,D) = {u € H(curl,D): v x u=0 on dD}.
The trace is well defined, see e.g. Monk (2003).

Definition 3.1: Let o€ {+1,—1}. The number A >0 is called an interior
transmission eigenvalue with respect to I+ 0@ and 1—op if there exists
real-valued (u,w) € H(curl, D) x H(curl, D) with (u,w) # (0,0) such that

curl curlw —Aw =0 1in D (3.39)
and

curl (I +0Q)curlu) —A(1—op)u=0 in D, (3.40)
and the Cauchy data of u and v coincide, i.e.,

vxu=vxwondD and vx ((I+0Q)curlu) =vx curlw on dD.

(3.41)
The variational forms are
// [curlw ceurly — dw - J] dx =0 for all ¢ € Ho(curl, D), (3.42)
D
// (I +0Q)curlu- curly — N1 —op)u -] dx
D
= // [curlw ceurly — dw - 1/)] dx (3.43)
D

for all ¢y € H(curl, D).
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As in the scalar case we have to discuss the case of D being a ball and @ is a scalar
constant.

Example 3.2: Let D be a ball of radius R > 0 centred at the origin and let
Q(x) =¢qI and p >0 be scalar and constant. Then the transmission eigenvalue
problem has the form

1-— .
curl curlw — Aw =0 and curl curlu— A P =0 in D, (3.44)
14 0q
and
vxu=vxw and (14+oq)v X curlu=v X curlw on dD. (3.45)

For abbreviation we set p = /(1 — op)/(1 + 0q) and = 1 + og and k = V. Let
Y, =Y, (&) where || =1 be a (non-trivial and real valued) spherical harmonic of
order n € N, n > 1. We make the ansatz for w and v in the form

w(z) = acurl [jn(kr)Yn(i‘)x], u(z) = Beurl [jn(kpr)Yn(af:)x]

for some «, 3 € R to be determined. Here, r, & are the spherical polar coordinates

of z, ie., x=ri. Setting ¢(z) = j,(kr)Y,(Z) we note that (see Colton and
Kress, 1998) w(z) = avcurl [¢(z)x] = aVe(x) x z satisfies curl *w — k*w = 0 and,
analogously, curl?u — k?p?u =0 in D. We compute the boundary data as

v(z) x w(z) = ad x (Vé(z) x ¥) = aRj,(kR) Grad Y, (&), |z|=r =R,
with tangential gradient GradY,, of Y,, and

v(z) x curlw(z) = ai x V (gf(w) + ¢(m)>

= a(kj,(kR) + jn(kR))Z x Grad Y, (&), |z|=r=R,

and analogously for u. The functions » and w satisfy the transmission conditions
(3.45) if, and only if, @ and [ satisfy the linear system

(kj;<kj£>(i]§l<m> —n[kpjwfj;f(%lﬁ)jn%pf%)]) (g) B (8>

The determinant of the matrix can be studied (as a function of k£ = v/X) in the same
way as in Example 2.2 (compare (2.13)) and yields the existence of infinitely many
eigenvalues which eigenvalues which converge to infinity. O

We define again the difference v = w — u and observe that v € Hy(curl, D) satisfies
the equation

o[ curl (Q curlw) + Apw] = curl (I +0Q)curlv) — A1 —op)v in D, (3.46)
ov x (Qeurlw) =v x (I 4+ 0Q)curlv) on 0D, (3.47)
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i.e., in variational form

0’//D [chrlw- curl@—l—)\pw-m dx
= // (I 4+ 0Q)curlv- curly — (1 — op)v - ] dx (3.48)
D

for all ¢ € H(curl, D). It is the aim to define the operator L) in the same way
as in the previous section. Therefore, we have to study first the solution operator
Ay : Ho(curl, D) — H(curl, D) which maps v into w. We note that, by substituting
1 = Vp for some p € H*(D) into (3.48) we have that

// [opw + (1 — op)v] - Vpde =0 for all p€ H'(D) (3.49)
D

provided A\ # 0. We require this equation also for A = 0.

Theorem 3.3: Ler p € L*°(D) non-negative. Then there exists § > 0 such that for
every A € {z € C: Rez > —0} and every v € Hy(curl, D) there exists a unique w =
w(A,v) € H(curl, D) with (3.48) and (3.49). The solution operator Ay : v w is
bounded from Hy(curl, D) into H(curl, D) and depends analytically on M.

Proof: We make use of the Helmholtz decomposition H (curl, D) =Y & VH!(D)
where

Y = {wEH(curl,D):// pw - Vpdz =0 for allpEHl(D)}.
D

To prove existence for given v € Hy(curl, D) we make the ansatz w =0 + V¢
where ¢ € H*(D) solves

U//DpV(b-Vﬁdm = —//D(l —op)v-Vpde for all p € HY(D) (3.50)

and w €Y solves (3.48) for all ¢y € Y. The solution ¢ € H'(D) exists, is
independent of A and depends continuously on v since it is defined by an ordinary
Neumann problem.

To study the existence of w € Y we introduce the sesquilinear form

Ay (w, ) = U/L[chrluw curl@+)\pw~m dx, w,y € H(curl, D),

and consider it on Y x Y. First we note that A is coercive on Y x Y, i.e., there
exists p > 0 with

o [[ @eurt cuntG e = bl eunspy forall v e Y,
D
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(see Monk (2003) for a proof). For A € C with ReX > —§ we estimate

ReAx(¢,9) = 0// (Qcurly - curl + (Re)\)p\w\Q] dz
D
2 (/J’ - 6||p||L°°(D)) ||¢||%—I(curl,D) for all Y ey,

and this is coercive for sufficiently small § > 0. Since the right hand side of
(3.48) is bounded the theorem of Lax and Milgram yields existence, uniqueness
and continuous dependence of a solution @ € Y of (3.48), restricted to © € Y.
With w = @ + V¢ we conclude that, for ¢ € Y,

A)\(wa ’l/}) = A)\(wv ¢) + A)\(VQZS7 W
= //D[CUTZW(I—&—UQ)curlE—)\(l —op)v- P dx

+ Aa//DpV¢~@dx

— //D[curlw(l—i—o'@)curl@—)\(l —o'p)v.m dr

since ¢ € Y. For ¢ = Vp we have that

AA(w,vp):Ao//l)p(w+v¢).vmx:Aa//Dpw.Vpdx

:7)\//[)(170p)v~Vﬁdx

by the definition (3.50) of ¢. Therefore, w solves (3.48) for all i) € H(curl, D).
Equation (3.49) is also satisfied by the definition of ¢. This proves existence. For
proving uniqueness let w € H(curl, D) be a solution of (3.48) and (3.49) for v = 0.
From (3.49) we conclude that w € Y. Substituting ) = w in (3.48) and using the
coercivity yields w = 0. This ends the proof. O

This theorem assures the solvability of (3.46) and (3.47) for w for given
ve H(curl, D). It remains to require that w solves the equation curl curlw —
Aw = 0. Therefore, we define the mapping L) from Hy(curl, D) into itself by the

property that Lyv is the Riesz representation of the conjugate-linear and bounded
functional

v = // [curl Wy - curly — Aw, ﬂ dx, ¢ € Ho(curl, D),
D
where w, = Ayv, 1.€.,

(Lxv, ¥) H(curt, D) = // [curl Wy - curl — Aw, @] dx
D
for all ¢ € Hy(curl, D). (3.51)

The proof of the following result which corrresponds to Theorem 2.4 is obvious.
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Theorem 3.4:

a  Let (u,w) be a transmission eigenfunction corresponding to \. Then
v=w—u € Hy(curl, D) solves Lyv = 0.

b Letv € Ho(curl,D), v # 0, satisfy Lyv = 0. Furthermore, let
w = Ayv € H(curl, D) be the solution of (3.48) and (3.49). Then (u,w) is an
eigenfunction where u = w — v.

So far, we allowed p € L>°(D) to be space dependent and non-negative. From now
on we make the assumption that p > 0 is constant and positive (and p < 1 if the
case of o = 1 is considered). The case p = 0 can be treated analogously, see Kirsch
(2009). Then we note that divu = divw = 0 in the variational sense for any pair of
eigenfunctions corresponding to an eigenvalue A > 0. Therefore, v € Xy and w € X
where

Xo:{UEHo(curl,D)://v-Vpda::Ofor allpeHé(D)},

D

X:{veH(eurl,D)://v~Vpdx:0f0rallp€H&(D)},
D

ie., we have the Helmholtz decompositions H(curl,D)= X & VH}(D) and
Hy(curl, D) = Xo & VHE (D). We note from (3.48) and (3.49) that A, maps Xo
into X and A\Vo¢ = 71;—;”V¢ for all € H}(D) and all A € C with Re\ > —4.
Analogously, Ly maps X into itself and L V¢ = AMZZ2V¢ for all ¢ € Hg(D) and
all A € C with ReX > —¢. From this, an elementary calculation yields the estimate

a(L(vo + V¢),v0 + V) H(curt,D)
1—op

IVl Z2(py < o(Lavo, v0) H(curt,D)

(3.52)

= 0(Lx\vo,v0) H(curt,D) + A

for all vg € Xo and ¢ € H (D).

Again, the transmission eigenvalues are just the parameters A for which L,
fails to be injective. Now we continue with the investigation of L. Analogously to
Theorem 2.5 we show:

Theorem 3.5:

(a) oLyg is selfadjoint and coercive on Xy, in particular
U(LOvav)H(curl,D) > C”U”%I(curl,D) fOV all v e Xo
where ¢ > 0 is independent of v.

(b) Ly depends analytically on \ € {z € C: Rez > —§} with 6 > 0 from
Theorem 3.3.

(¢) Lx— Lo is selfadjoint and compact in X, for all A € Rx>.
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Proof: (a) First we show that L, is selfadjoint for all A > 0. For vy, vy € Xy and
corresponding wi,we € X we have:

(Lav1,2) H(curt,D) = // [curlwy - curlvg — Awy - U3 da
D
= // [(I 4 0Q) curlwy - curlvz — A(1 — op)ws - V3] da
D
— O’// [Q curlwy - curlvg + Apw, @] dx.
D

Now we use (3.48) twice, first for v = vo, corresponding w = ws, and ¥ = wq, and
then for v = vy, corresponding w = w;, and ¥ = ve. This yields

(LAv1,v2) H(curt,D) = U// [curlws - Q curl wy + A\pws - w1 | d
D

- // [curlvy - (I +0Q)curlvz — A(1 — op)vy - V3] da,
D

and this is a selfadjoint expression in v; and wvs.
Now we show that oL is coercive.
Let first 0 = +1. Using the definition of Ly and w, = v + u we conclude

(Lov,v) H(curt,D) = // curlw, - curl v dx
D

:// |curlv|*dz + // curlu - curlvde.
D D

Now we use (3.48) for 0 = +1 and A = 0 to derive the variational form of v € X
in the form

// Qcurlu - curly dr = // curlv - curl dx
D D

for all » € X. For ¢ = u this yields

(Lov,v) H(curt, D) z// |curlv|* dz + // Qcurlu- curludr
D D

2//|curlv|2d3:
D

which yields coercivity of Lg since v — || curlv||r2(p) is an equivalent norm in X.
Let now o = —1. Then we use (3.48) for 0 = —1 and A = 0 twice (as above) and
write

—(Lov, U)H(curl,D)

= —// (I —-Q)curlw, - curlvdr — // Q curlw, - curlvdx
D D
= // Q curlw, - curlw, dr + // (I -Q)curlv- curlvdx
D D

>(1- q+)// | curlv|? dz
D
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which yields again coercivity of — L.

(b)  This follows directly from the continuity of A — A, and the definition L.

(c) Let v e X, converge weakly to zero in Xy. The space X, is compactly
imbedded in L?(D,C?), see, e.g. Corollary 3.51 of Monk (2003). Therefore,
v) converges to zero in L?(D,C?). Denote the corresponding solutions of

(3.48) by wg\j ) = Ayv() e X. By the continuity of the operator Ay we

conclude that wg\j ) converges weakly to zero in X. From (3.49) we conclude

that (1 — op)o@) + opw(?) € ¥ where

Y = {u € H(curl,D) : // u-Vpdr =0 forall p € Hl(D)}
D

denotes the space of divergence-free fields with vanishing normal components on
dD. Also this subspace Y is compactly imbedded in L?(D,C3). Therefore, (1 —

op)v) + opw?) converges to zero in L2(D,C?) and thus also w{’. We note that

((L)\ - L())U(j)’ w)H(curl,D)

= // [curl (wg\j) — w(()j)) - eurli — )\wg\j) m dx (3.53)
D

for all 1 € X,. The difference w() = wg\j) —w(()j) € X satisfies the variational
equation

J// [Q curl @9 - curl + Apw( - Y] da
D
= —\1—-o0p) // o) . pda for all v € X.
D

We set ¢ = W) and estimate

// Qcurl @9 - curl w9 dz = ’// (1 - op)v@ + Upwf\j)] -0 da
D D

<A = op)oD + opw 20y |59 |12 (-
Since the right hand side converges to zero and @ is positive definite we conclude

that also || curl @9 | 2(py2 converges to zero and thus @) — 0 in H(curl, D).
Finally, from (3.53) we conclude that

||(L/\ - LO)U(j) ||H((:url,D) = sup ((L)\ — Lo)v(j), w)H(Curl )
Hw”H(curl,D):l ’

< @D sreurpy + Mw |2y — 0.
This ends the proof. O

Now we continue in the same spirit as in Theorem 2.7.
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Theorem 3.6: Suppose that the matrix function Q € L>(D,C?**3) and the
constant p satisfy the conditions from the beginning of this section. Then there
exists an infinite sequence of transmission eigenvalues \; with +oo as their only
accumulation point.

Proof: Again, assumption (1) of Theorem 2.6 with H{(D) replaced by Xy is
satisfied with Ao =0 ie., 0(Lov,v)p(curs,py >0 for all v € Xy with v #0 by
Theorem 3.5. Next, by definition of L, and the fact that w = u + v have for
A € R>g and v € Hy(curl, D)

(LA, V) g (curt, D) = // [curlw - curl® — Aw - 7] dz
' D

= // [curlu- curl® — Au -0+ | curlv|2 — )\|U|2] dx.
D
(3.54)

From (3.48) we also have that u satisfies

J//D[chrlu- curl ) + Apu - ] dx://D[cur[U. curl § — \v - ) da
(3.55)

for all ¥ € H(curl, D). Now taking ¢ = u in (3.55) and plugging the result into
(3.54) yields

o (Lav, V) g (curl,D) = // [Qcurlu - curl@ + Aplul® + o| curlv]* — Ao|v|?] da.
D
(3.56)

Let now B, C D be an arbitrary ball of radius r included in D and let A be a
transmission eigenvalue corresponding to the ball B, with contrasts ¢, and p. Let w,
@ be the non-zero solutions to the corresponding homogenous interior transmission
problem, i.e the solution of (3.44)-(3.45) with ¢¢ := ¢., po:=p and R=r, and
set 0 :=w —u € Hoy(curl, B;). By construction we have that (3.56) holds for this
situation as well, i.e., since I:iﬁ =0

0=0c

Uy U)H(curl,Br)

(Ls
// (q+| curlaf* + Aplii)? + o curl of* — 5\0\@|2] dx. (3.57)
B

Next we denote by ¢ the extension of & € Hy(curl, B,.) by zero to the whole of D
and note that o € Hy(curl, D) (see, e.g. Monk, 2003). Furthermore, let w := w; be
the corresponding solution to (3.48) and @ := w — . In particular @ satisfies

J//D[chrlﬂ~ curlw+)\pﬁ~m dx
://[curl@curlﬂ—j\@@] dm:// [curlﬁcurl@—j\f)'@] dx
D B

r

= U//B,. [q* curl @ - curly + )\pfpﬂ dx (3.58)

T
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for all 1) € H(curl, D). Therefore, for ¢» = 4 we have by the Cauchy-Schwarz
inequality,

// [Qcurlii - curl@ + Ap|a|*] dx
D
/ [qe curld - curl@+ Api - @ dx
B,

g

T

R 1/2 R 1/2
< {/ (g« | curl @f® + Ap|ii|?] dx} {// [q«| curlal* + Apla|?] dsc}
B, B,
R 1/2 o 1/2
< [/ [qs| curlal* + Apla|?] dx} [// [Qcurl@ - curl @+ Ap|a)?] da?]
B, D
and thus

//D (Qcurlt - curlu + 5\p|11|2] dr < //B [q*|cu7“l1l|2 + 5\p|ﬁ|2] dz.
Substituting this into (3.56) yields
J(L;\ﬂ,ﬁ)H(cwl,D) = //D [Qcurl - curl + Mplil? + o curl o] — :\0\17|2] dx
< //B (q+| curlal* + Aplii)? + o curl o]* — 5\0\1}\2] dr =0

by (3.57). We note that, in general, o € Hy(curl, D) fails to be in Xy. However, if
we define vy € X to be the orthogonal projection of ¥ in X then, by (3.52),

o (Lsvo, vo)H(curl,D) =< U(Lif”f’)H(cwz,D) <0.

Now we argue as in the proof of Theorem 2.7. O
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Notes

'We need to assume that p(z) < p* < 1 if o = 1 in Definition 3.1.
2The assumption ¢* < 1 is only necessary in the case o = —1 in Definition 3.1.





