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ABsTrRACT. We consider the interior transmission problem corresponding to
the inverse scattering by an inhomogeneous (possibly anisotropic) media in
which an impenetrable obstacle with Dirichlet boundary conditions is embed-
ded. Our main focus is to understand the associated eigenvalue problem, more
specifically to prove that the transmission eigenvalues form a discrete set and
show that they exist. The presence of Dirichlet obstacle brings new difficul-
ties to already complicated situation dealing with a non-selfadjoint eigenvalue
problem. In this paper, we employ a variety of variational techniques under
various assumptions on the index of refraction as well as the size of the Dirichlet
obstacle.

1. Introduction. In the recent years, the interior transmission eigenvalue problem
has become an important area of research in inverse scattering theory. This interest
is motivated by the fact that transmission eigenvalues carry information about the
material properties of the scattering object and these eigenvalues can in principle
be determined from the scattering data [7]. For a connection of the interior trans-
mission problem with the scattering problem we refer the reader to [3], [13], [14]
and [19]. Following the first proof of the existence of transmission eigenvalues in
[21] and then in [I0], a flux of results on the study of transmission eigenvalues and
their application in obtaining estimates on material properties of inhomogeneous
scattering media has emerged in the literature [4], [5], [8], [11], [16], [17], [18], (and
the references therein). All these studies have considered the case when the contrast
in the scattering medium does not change sign. In [6] for the scalar case and in [15]
for the case of Maxwell’s equations, the transmission eigenvalues have been studied
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for inhomogeneous media with voids, i.e. subregions where the index of refraction is
the same as of the background media. Recently some progress has been made in the
study of transmission eigenvalue problem for media with contrast that can change
sign [I], [22]. In particular, there it is proven that the transmission eigenvalues for
a discrete (possibly empty) set provided that the sign condition on the contrast is
required only at the boundary of the inhomogeneity.

In this paper we investigate the interior transmission problem and corresponding
transmission eigenvalues for inhomogeneous media that contains a perfect conduc-
tor inside, for both isotropic and anisotropic case. In the context of electromagnetic
scattering, this problem corresponds to the scattering by an inhomogeneous media
with space varying electric permittivity and magnetic permeability which contains
inside a perfect conductor. From practical point of view the importance of this
problem lies in the possibility of using transmission eigenvalues to detect anom-
alies inside inhomogeneous media in non-destructive testing. This type of problem
is considered in [20] where the authors recover the obstacle embedded in an in-
homogeneous media. In Section 2 with start our investigation with the isotropic
Helmholtz equation and prove that there exists a discrete infinite set of real trans-
mission eigenvalues, provided that the real-valued index of refraction n := n(z) in
the medium satisfies 0 < n < 1 where one is the background index of refraction. Our
approach does not work if n > 1. Then we continue in Section 3 with the anisotropic
Helmholtz equation assuming that the contrast in the scattering medium appears
in the main operator (which can be a matrix valued function) as well as in the
lower term. If A and n denote the refractive indices in the main operator and lower
terms, respectively, based on the T-coercivity developed in [I] and [2] we are able
to prove the discreteness of transmission eigenvalues for A — I > 0 and any n > 0
or I —A>0and 1 —n > 0. Our results on the existence of transmission eigen-
values for the anisotropic case are more restrictive. More specifically, adapting the
approach developed in [12], for the case of A— T >0and 0 <n <1orn > 1 and
small enough, we can show the existence of finitely many transmission eigenvalues
assuming that the area of the interior Dirichlet inclusion is small enough.

2. The scalar isotropic case. We start our discussion by considering the case of
the interior transmission problem for an isotropic inhomogeneous medium with a
Dirichlet obstacle inside. Let D € R%, d = 2,3 be a simply connected and bounded
region with piece-wise smooth boundary I" := 9dD. Inside D, we consider a region
Dy C D possibly be multiply connected with piece-wise smooth boundary ¥ := 9Dy
such that R%\ Dy is connected. We assume that Dy is an impenetrable obstacle
satisfying the Dirichlet boundary condition, whereas D\D, is an inhomogenous
medium with index of refraction n where n € L>(D\Djy) is such that n > ¢ > 0.
Let v denote the unit outward normal to I' and .

The interior transmission problem corresponding to the scattering problem for
the scatterer D reads

Aw+k*nw =0 in D\Dy
Av+k*v =0 in D

(ITPH) w—v=4g onI'
a—w—@—h onT
ov v
w=20 on X.
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FIGURE 1. Geometry and notations.

Due to the fact that the function w is only defined in D\ Dy, the first difficulty
that we meet is to correctly define a solution to this problem in appropriate function
spaces. Indeed, the difference u between w and v can only be considered in the set
D\ Dy and we do not have enough information about u and in particular about its

u
normal derivative — on the boundary ¥ to conclude the H2-regularity for u. In

ov

particular, u is not necessarily in H 2(D\Dy) and the only thing we can say is that
Au € L?(D\Dy). Thus we introduce the Hilbert space

H)(D\Dy) := {u € H'(D\Dy) such that Au € L*(D\Dy)}
and we define a weak solution to (ITP4.1) as follows:

Definition 2.1. For given g € H>/*(T') and h € HY2(T), a weak solution to
(ITPH)) is a pair of functions w € L?*(D\Dg) and v € L?(D) satisfying the first
two equations of (ITPHJ|) in the distributional sense such that w = 0 on X and

— 0
uw=w—v € HA(D\Dy) satisfies the boundary conditions on T, uw = g and a—u =h.
v

2.1. Variational formulation. In order to analyze we first write the prob-
lem as a forth order partial differential equation. To this end, let us assume that
1/|n — 1| € L>®(D\Dy) and let w and v be a weak solution to . Then
u := w — v satisfies

(1) Au+ E*nu = —k*(n — 1)v  in D\Dy.

Dividing both sides of by (n — 1) and applying the operator (A + k?) we get a
fourth order equation for u in D\ Dy

(2) (A +k?) (A+k*n)u=0 in D\Dy

n—1
together with the boundary conditions on I’
Ju

(3) u=g ; Eoie h onT
and on X, we have that
(4) u=—v onXx.

Furthermore v satisfies Helmholtz equation in Dy
(5) Av + k*v =0 in Dy
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with continuity of the Cauchy data across ¥ that can be written using as

(6) (/@(;_U(A + an)u>+ — v and a% (kz(nl_l)(A + k2n)u>+ - %_.

Conversely, it is easily verified that a solution v € HA(D\Dy) and v € L?(Dy)
of (2)-(6) defines a weak solution w and v to (ITPH]) by
-1

vi= m(A + k*n)u in D\Dg and w := u + v in D\Do.

Thus —@ and the interior transmission problem are equivalent. Now, we are
ready to write the interior the interior transmission problem in a variational for-
mulation. Indeed for a solution (v, w) of we define v in D by u = w — v
in D\Dg and u = —v in Dgy. Then clearly u is in H'(D) N HL(D\Dy), satisfies

@-@.

ut =u" on X,

and

+
(Au+ k2nu)> =———onX

Au+ k?u =0 in Dy.
0
Taking a test function ¢ such that ¢ = 0 and 8—90 = 0 on I', multiplying by ¢
v
and integrating by parts and using the boundary conditions, we obtain
1
0= / (A + k) ——(Au + k*nu)pde
D\Eo n—1

= / (A + kQ)L(Au + K*u)pdx + k2 / (Au + k*u)pdx
D\Dy n—1 D\Dy

= / L (Au + E?u) (AP + k*P)dx + k? / (Au + k*u)@dr
D\Do, M — D\Dy

1 , \ T apt o ( 1 5 N\,
1
= / (Au + k2u) (A + E*@)dx + k2 / (Au + k*u)pdx
D\ﬁo n—1

D\EO
du™ ou~
+ kz/z %@+d5 — kQ . %ﬁfds

1
/D\D n_1(Au+k2u)(A¢+k2¢)dx+k4/

updr — k2 / Vu - Vadr
D\Bo D\ﬁo

+ kz4/ updr — k? Vu - Vpdx
Dy Dy

1
= / (Au + E*u) (A + k*@)dx + k* / updr — k? / Vu - Vad.
D\D, ' — 1 D D

00

Now, let 6 be a lifting function in H?(D) such that § = g and ¥ h on T. Then
_ v

ug :=u—0 € H}(D)N HL(D\Dy) and the natural variational space for the above
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variational problem is the Hilbert space given by

du

W= {u € Hj (D) N H)(D\Dy)such that 5, =0 on r}
v
equipped with the norm

llulliy = [l o) + 1Aull7 5y

Therefore, the variational formulation of the interior transmission problem becomes:
find ug € W such that

uopdr — k* / Vug - Vpdr
D

(7) / ! (Aug + E*uo)(AD + E*@)dx + k* /
D\D, " — 1 D

= 7/ ! (A0 + k20)(AD + k*P)dx — k4/ 0Bdx + k2/ V0 - Vpde
D\Do, " — D D

for all ¢ € W. By taking appropriate test functions it is easy to see that a solution
of the variational problem defines a week solution to —@ and therefore to
the interior transmission problem.

Remark 2.1. One can remark that on the contrary to the previously studied cases
[10], since w is less regular, only the first order term on the left hand side of
defines a compact operator whereas the last term does not. Furthermore for n
greater than one, the operator defined by the following bilinear from

- 1
Ap(u, ) := / B (Au + k*u) (AP + k*P)dr — k2/ Vu - Vad
D\D, " — D

has no chance to be coercive because of the negative sign in front of the last term of
the operator. For this reason, using this variational formulation, we are only able
to treat the problem for n less than one, since in this case we can show that — Ay
is indeed coercive.

Next, we denote by n, = inf,, 5, n(z) and n* = supp, 5, n(x) and from now on
we assume that n. < n(z) < n* < 1.
Let us define the following sesquilinear forms

1
A (u, @) := / (Au+ k) (A + k*P)dx + k* / upde + k* / Vu-Vedr
D\Dy 1-n D D

and
B(u,p) = 2/ updz
D

and the bounded linear functional

1
U(p) == — / (A0 + k20)(AD + k*P)dx — k* / 0pdz + k* / V0 - Vgde
D\Do, " — 1 D D

Then the interior transmission problem in the variational form now consists of
finding ug € W such that

Ak(u07 SD) - k4B(u07 SO) = E(SO) for all (Z8S w.

Using the Riesz representation theorem we define two bounded linear operators
A : W - W and B: W — W by

(Aru, @)y = Ar(u, ) and (Bu, )y, == B(u, ).
Theorem 2.1. Assume that n. < n(z) <n* <1. Then
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6 FroraLBA CAkoNI, ANNE COsSONNIERE AND HousseM HADDAR
(i) The operator B : W — W is compact.
(ii) The operator Ay : W — W is coercive.

Proof. (i) The compactly embedding of H'(D) into L?(D) implies that B is com-
pact operator on W.

(ii) Now we show that Ay is coercive. Setting v = and using the equality

2 2
(8) YX2—29XY +(1+9)Y?=¢ (Y— gx) + ('y— 1) X2+ (14+v—-¢e)Y?
for X = ||Aul|? and Y = k2||u\|D\5O, where for a generic region O € R,

D\ Do
| - ||lo denotes the L?(0O), we have

(Apu,u)y, = / B
D\Do
> VllAUH%\ﬁO — 2k%[|Aul| py g, 1ul py 5, + K (1 +7) ||U|\?3\50

+ k2 [Vul[f, + kY ullp,

1
T [Au+ FulPde + K ull, 5, + 2 (IVullp + K lullb,

2
X
> (v - ) 1A8u]2, 35, + £y + 1= )llul By 5, + KNIVl + & [ullh,

where 7 < € < v+ 1. For such an €, we conclude that there exists a constant
C > 0 such that

(Aku,u) > Olullfy

for all w € W which proves that Ay : W — W is coercive.
O

The above theorem shows that the operator A; — k*B is Fredholm with index
zero, whence a solution exists if the uniqueness holds. In the following with be
concerned with the injectivity Ay —k*B which leads to the study of the transmission
eigenvalues which are in fact the of main interest in this paper.

2.2. Transmission eigenvalues. The interior transmission eigenvalue problem in
the considered case is

Aw+k*nw =0 in D\Dy

Av+ kv =0 in D

(TEP) w—v= on I'
ow Ov onT
= 2 n
ov Ov
w =0 on X.

As already known from the literature [4], [21], [14] this eigenvalue problem is non
self-adjoint end therefor it may have complex transmission eigenvalues. However
for this study we are limited to the case of real eigenvalues corresponding to (TEP).

Definition 2.2. The values of k > 0 for which (TEP) has a nontrivial solution are
called the transmission eigenvalues.

In term of the operators defined above k > 0 is a transmission eigenvalue if the
kernel of the operator A, — k*B is nontrivial. In the following we are concerned
with the existence and discreteness of transmission eigenvalues.
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Theorem 2.2. Assume that n, < n(x) < n* < 1. Then the set of transmission
etgenvalues is discrete and +o0o is the only possible accumulation point.

Proof. To prove the discreteness of transmission eigenvalues we use the analytic
Fredholm theory [I3]. We have seen earlier that thanks to the coercivity of Ag(-, "),
A,;l exists as a bounded operator on W. Thus, the transmission eigenvalues are
the values of k > 0 for which I — k4AI;IB has a nontrivial kernel. Furthermore,
the operator Ay, is obviously analytic with respect to & € C and hence the mapping
k +— A,:l is analytic in a neighbourhood of the real axis. To apply the analytic
Fredholm theorem, it remains to show that I — k4A,:1B or Ay — k*B is injective

for at least one k. To this end, we recall the Poincaré inequality which is valid for
all u € H}(D)

1
2 2
[lullp < )\O(D)”VUHD
where A\g(D) is the first Dirichlet eigenvalue of —A in D. Then, for all u € W we
have that

1
Ap(u,u) = k*B(u,u) = / _ |Au+ K ulde — k*||ul|B + K[| Vul[B
D\Dy

—-—n

> k& ([[Vullp = k*[ullb)

k2
> k?||Vul|3 <1—>.
= H HD Ao(D)

We deduce that Ag(u,u) — k*B(u,u) > 0 for all k > 0 such that k* < A\g(D) and
hence Ay — k*B is injective for such k. Hence, the analytical Fredholm theory
implies that the set of transmission eigenvalues is discrete and from the analyticity
with 400 and the only possible accumulation point. O

Remark 2.2. From the previous theorem, we deduce a lower bound for the first
transmission eigenvalue. Indeed, if £ > 0 is a transmission eigenvalue, then

k> Ao(D).

Next we want to prove the existence of transmission eigenvalues following [10].
If we consider the generalized eigenvalue problem

Ap — Mk)Bu =0 ueW

which is known to have an infinite sequence of eigenvalues A;(k), j € N, then the
transmission eigenvalues are the solutions \;(k) = k* The proof of the existence of
transmission eigenvalues makes use of the following theorem shown in [I1]

Theorem 2.3. Let k — Ay be a continuous mapping from |0, 0] to the set of
self-adjoint and positive definite bounded linear operators on W and let B be a self-
adjoint and non negative compact bounded linear operator on W. We assume that
there exists two positive constant ko > 0 and ki > 0 such that

1. Ay, — kB is positive on W,

2. Ag, — k1B is non positive on a m dimensional subspace of W.
Then each of the equations \;(k) = k* for j =1,...,m, has at least one solution in
[ko, k1] where \;(k) is the j' eigenvalue (counting multiplicity) of Ay with respect
to B, i.e. ker (A, — A;j(k)B) # {0}.

Theorem 2.4. Assume that n, < n(x) < n* < 1. There exist an infinite discrete
set of transmission eigenvalues.

INVERSE PROBLEMS AND IMAGING VoruME 0, No. 0 (0), 0



8 FroraLBA CAkoNI, ANNE COsSONNIERE AND HousseM HADDAR

Proof. We have already seen that for kg < A\g(D), then Ay, — ki B is positive in W.
Now let us find k1 such that Ag, —k$B is non positive in a subspace of W. Let B,
j =1..M(r), be M(r) balls of radius r included in D\Dj.

FIGURE 2. Balls of radius 7 included in D\ Dy.

We denote by k; the first transmission eigenvalue corresponding to the interior
transmission problem for BJ for all j = 1..M(r) with index of refraction n* which
is know to exist [13], and let u; € HZ(BJ), 1 < j < M(r), be the corresponding
eigenvector which satisfy

1
/ ———(Auj + k2n*u;) (A + k2P)dz = 0
pi 1—n*
for all ¢ € HZ(BJ). We denote by @; € HZ(D) the extension of u; by zero
to the whole of D and we define a M (r)-dimensional subspace of W by V =

Vect {u;,1 <j < M(r)}. Since for j # m, @; and 4, have disjoint support, for
M(r)

u = Z oty €V, we have

j=1
Ap, (u,u) — k1 B(u, u)

M(r) 1

= oy ? (/D\DO Ay + K e~ k:‘f/D 35 2dz + k%/D |V11j|2dx>
j=1
M(r) 1

=Sl ([ Tl e <42 [ usPds i [ (wuPas)
= Bl Bi Bi

M(r)
1
j e g T Ry -k IV
o |2 . |(Auj + kiuy)|2de — ki lul?dx + k? |Vu;|?d
= n- Jpi Bl Bl

M(r)
1 N _ _
=Y o, (/B (A + k2n*u;) (AT, +k%uj)dx) =0.
j=1 v

IN

n*

Thus, we conclude that there exist M (r) transmission eigenvalues in |A\g(D), k1].
Letting r» — 0, we have that M(r) — oo and thus we can now deduce that there

exists an infinite set of transmission eigenvalues.
O

We close this section with a monotonicity result for the first transmission eigen-
value with respect to the size of Dy, which can be useful in non-destructive testing.
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We denote by k1(Do,n) the first transmission eigenvalue corresponding to (I'TPH)
with a perfect conductor Dy and index of refraction n inside D\ Dy.
Theorem 2.5. Let Dy C Dy and n < 1. Then

kl(D67 TL) S kl(Do, n)

Proof. Let & € W be the eigenvector corresponding to ki (Dg,n). Then @ satisfies

1
/ | Aditky (Do, )22 dz—ky (Do, ) / (21 (Do, n)? / IViil?dz = 0.
D\Do 1 — 7N D D
Since D\D}, C D\ Dy, we have @ € W(Dy) C W(Dj) and
- - 1
Ay (Do) (T, @) — k1 (Do, n)*B(i, @) :/ ~ 1
D\Do + —

fkl(Do,n)“/ |ﬂ|2d:z:+k1(D0,n)2/ |Va|da
D D

Aw + ki (Do, n)%a|?dx
|

1
< / |AG + ki (Do, n)?a|>da — kl(Do,n)4/ || dx
D\Dy D

—n
+ kl(Do,n)Q/ |Vii|*dz = 0.
D

Hence (A, (pg,n) — k1 (Dg,n)*B)a < 0, where Ak, (Do,n) and B are the operators
corresponding to D\Eg and thus can deduce that k1 (D{,n) < k1(Do,n). O

Remark 2.3. The Fredholm property of the interior transmission problem and the
discreteness of transmission eigenvalues can be proven also for complex valued index
of refraction n such that 1 > R(n) > ¢ > 0 and (n) > 0. It merely suffices to take
the real part of A(-,-) when proving the coercivity property in part (ii) Theorem
However, it is easy to show by taking the S(Ag(u,u) — k*B(u,u)) that there
are no transmission eigenvalues if $(n) > 0 almost everywhere in D\ Dy.

3. The anisotropic case. In this section, we consider that the medium inside
D\ Dy is anisotropic. In particular, let A be a d x d, d = 2,3 matrix-real valued
function whose entries are in L>(D\Dg) such that A is symmetric and (£- A(z)€) >
c>0, (- A(x)€) > ¢ >0, for all £ € CL. Again, we take n € L>(D\Dy) to be
a real valued function such that n > ¢ > 0. We focus here only in the study of
interior transmission eigenvalue problem which in this case reads: find v € H'(D)
and w € H'(D\Dy) such that

V- AVw+k*nw =0 in D\Dy

Av+ k=0 in D
(TEPA) w=wv onT
v-AVw =v-Vov onI'
w=20 on .

As it will become clear later on, if one is interested in the solvability of the in-
terior transmission problem with nonzero boundary data, our analysis proves the
Fredholm structure of the problem. Again we focus on real values of k and define
transmission eigenvalues as follows:

INVERSE PROBLEMS AND IMAGING VoruME 0, No. 0 (0), 0



10 FroraLBA CAKONI, ANNE COsSONNIERE AND HousseM HADDAR

Definition 3.1. The values of k > 0 for which (TEPA) has a nontrivial solution
are called transmission eigenvalues.

Due to the nature of the problem we employ different techniques for proving
the discreetness and the existence of transmission eigenvalues. We star with the
discreteness question.

In the following, we denote by

v* = sup sup (£-A(x)¢) and v, := inf inf (- A(x)E).
D\Dy |I€l1=1 D\Dy |l€]I=1
3.1. The discretness of transmission eigenvalues. To find a variational for-
mulation for the system , we multiply the first and second equations by w’
and v’ respectively, where v' and w’ are two test functions such that w’ = 0 on 2
and integrate by parts to obtain

(9) / AVw - Vw'dr — k? / nww'dz — E’a—wds =0
D\D D\ Dy r vy
and
(10) */YM~VWh+k{/vﬁme/ﬁ@Q5:Q
D D T ov

Adding both @D and and using the boundary conditions, we have that

/ AVw - Vu'dr — / Vo - Vv'de + k‘2/ vo'dx — kQ/ nww'dzr =0
D\Dg D D D\Dy
Setting
H:= {(v,w) € H (D) x H'(D\Dy)/w = 0 on ¥, such that v =w on T},
the variational formulation of (TEPA) becomes: find (v, w) in H such that for all
(v, w') in H,
(11) ar((v,w), (v, w")) =0

where

ar((v,w), (v, w") = / AVw - Vuw'dr — / Vv - Vv'dz
D\Dy D

+ k2 / voldx — k? / nww' dz.
D D\ Do
One can easily verify that finding a solution to is equivalent to finding a solution
to (TEPA.

Obviously, due to the negative sign in front of the term / Vv - Vv'dz, it is not

possible to show directly that the variational formulationlead% to a Fredholm type.
To get around this difficulty, we use the concept of T-coercivity which has been
initially used for the study of metamaterials in [2] and [I]. To this end let us recall
the T-coercivity concept.

Definition 3.2. Let T be a bijective bounded linear operator on a Hilbert space V.
A bilinear form b(-,-) is T-coercive on V- x V if

Iy >0, Yo e V, [b(v, T)| > |[v][3
The proof of the following theorem can be found in [2].

INVERSE PROBLEMS AND IMAGING VoruME 0, No. 0 (0), 0
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Theorem 3.1. Let £(-) be a continuous linear form on'V and let a(-,-) be a contin-
wous bilinear form on V x V. Assume that a can be splitted as a(-,-) = b(-,-)+c(-,-)
where the bilinear forms b(-,-) and c(-,-) are both continuous and linear on V XV,
and that the bounded linear operator C € L(V) associated with c(-,-) is compact.
Assume moreover that there exists a bijective bounded linear T € L(V') such that
b(-,-) is T-coercive on V x V. Then the variational problem of finding u € V' such
that

(12) Yo € V,a(u,v) = £(v)
has a solution if and only if the uniqueness holds (i.e. the only solution of with
£=0isu=0).

3.1.1. The case of (A — I) positive. In this section, we assume that 1 < v, < 7*.
Our goal is now to apply Theorem to , and the key is to be able to construct
an appropriate bijection T' € L(H). An obvious first idea would be to consider the
linear operator of the form T'(v,w) := (—v,w) in order to to change the sign of

/ Vv - V¥'dz in the variational formulation (11). Unfortunately, (—v,w) is not in
D

H since —v # w on I'. Thus, we need to modity this operator so that it satisfies all
the properties of H. To this end, we introduce the step function x such that xy =1
in D\Dy and x = 0 in Dg. We now define the bijective bounded linear operator
T:H—H(T?=1) by

T: H — H
(yw) — (—v+ 2w, w).

Since w = 0 on 3, the function —v 4 2yw is continuous across ¥ which implies that
the function —v + 2w is in H'(D) and consequently the operator T is well defined
on H. Now, with the help of T" we can define a new bilinear form

dk((vv w)7 (’Ulv w/)) = ak((”? w)v T(U/7w/))

= / AVw - Vw'dr + / Vv - Vv'dz — k‘2/ v’ dw
D\Dy D D
- k‘2/ nww'dx — 2/ Vo - V(xw')dz + 2k2/ vxw' dx
D\ Dy D D
and we show in the following that it satisfies the Fredholm property.
Lemma 3.2. The bilinear form ax(-,-) : HxH — C satisfies the Fredholm property.
Proof. We can write a ((v, w), (v',w")) = b((v,w), (v',w"))+cx((v, w), (v',w")) where

b((v,w), (v, w")) = /

AVw - Vw'dz + / Vv - Vo' dx
D\ Do D

— 2/ Vv - Vw'dz + / v dx + / ww' dx
D\Dy D D\Dy
and

ex(v,w), (o)) = — (K +1) /

v@’dxf/ (k2n+1)w@'daz+2k2/ v dz.
D D\ Dy D

\Do
From Riesz’s representation theorem, we define the bounded linear operator Cj
from H into H by

ck((v,w), (U/7w/)) = (Ck<v7w)7 (Ul’w/))'

INVERSE PROBLEMS AND IMAGING VoruME 0, No. 0 (0), 0
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The compact embedding of H!(D) into L?(D) implies that C}, is a compact operator
for all £ > 0. We now show that b(-,-) is coercive.

b((v,w)7(v,w))=/ _ AVwV@d:H/ Voldz + ||v]|5 + [lwll 3,5,
D\Dg D
—2/ Vv - Vwdx
D\Dy
2 1 19ulf g, + 1901+ el + ulfy 5, =2 90 Vi
0]

Using the following inequality

< / Vo - Vio|da
D\BO

1
< ;HVUH%\E} + 77va|‘2D\ﬁ0

—2 / Vo - Vwdr
D\BO

with n > 0, we then obtain

1
b0, 0),0:0) 2 O = )V, + (1 2 )10l + ol +

> (Il o) + 1wl 15,

with C > 01if 1 < 5 < .. We can finally conclude from (a slightly modified version
of )Theorem that ag(-,-) satisfies the Fredholm property. O

From the above theorem the bounded linear operator B : H — H defined by
mean of Riesz’s representation theorem as

b((”? w)’ (Ulv ’LU,)) = (B(Uv ’LU), (U/’ w/))

is invertible

Remark 3.1. Note that the operator Cy : H — H depends analytically on k € C.
Also note that the operator B does not depend on k. Thus the eigenvalue problem
becomes (I+B~1Cy)(v,w) = 0 where B~1C}, : H — H is compact and the mapping
k — B~1C} is analytic in C.

Theorem 3.3. Assume that 1 < < v < o0 and 0 < ny, < n(x) < n* < oo where
where v = sup p\ 5, Sup|¢j=1(§ - A(2)€), v = inf 5, infjjg=1(§ - A(@)E), nv =
inf p\ 5, n(x) and n* = supp,\ 5, n(x). Then the set of transmission eigenvalues is
discrete.

INVERSE PROBLEMS AND IMAGING VoruME 0, No. 0 (0), 0
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Proof. To apply the analytic Fredholm theory, from Remark [3.1]it remains to show
that there exists a k € C for which B + C}, is injective. We set k = ik.

i (v20), (0, 0) = [

D\ Dy

— 2/ Vv - Viodz — 2k> / vwdx
D\Eo D\ﬁo

\Do

> V0l g, + IVl + #2lfelB + 2l o,
—1||Vv\|2 —nl|Vuwl|} 5 —lﬁHUH2 — r2allw|?) 5
1 D1 D\Do ~ 4 D D\ Do

1 1
> (0 = [ Vulfhyp, + (1= ) 190l + o (1= 3 ) ol

42 (ns — ) ]2, 5,

where n, = inf n(z). Furthermore, w € H(D\Dy) and it vanishes on the bound-
D\Do
ary > which implies the Poincaré inequality

@], < MVwlB g5,

and consequently

i (0, w), (v, ) > (v = 1) = KA = a) [|[Vwl[},, 5,

1 1
a2 (1= D)l + (1= 2 ) 19l

Then, for x? small enough, 1 < 1 < 7, and « > 1, we deduce that a;, is coercive
and B+ Cj, is injective. The analytic Fredholm theory now ensures the discreteness
of the set of transmission eigenvalues. O

Note that the discreteness of transmission eigenvalues for the case of A — 1 >0
is proven without any sign requirement on the contrast n — 1.

3.1.2. The case of (I — A) positive. In this section, we assume that 0 < v, < v* < 1
We again use the T-coercivity to show discreteness of transmission eigenvalues. As
it will become clear later on, for this case we can prove the discretnes under the
additional assumption that n < 1 only.

We recall that (v, w) is a solution to the interior transmission problem
if and only if v € H is the solution of the variational problem . Now, we use the
cutoff function y € C°°(D) satisfying 0 < x < 1 in D\Dg and supp(x) N Dy = 0.
Similarly to the approach in Section we define a bijective bounded linear
operator T from H to H by

T: H — H

INVERSE PROBLEMS AND IMAGING VorLuME 0, No. 0 (0), 0
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Again we consider the new bilinear form a; given by
dk((va w), (’Ula w/)) = ak((v7 w)v T(’Ul,w/))
= / AVw - Vw'dr + / Vo - Vo'de — k? / v’ da
D\Dg D D
— k? / nww' dx — 2/ AVw - V(x0')dz + 2k* / nwyv' dx.
D\Dy D\Dy D\Dy

Lemma 3.4. The bilinear form ay(-,-) satisfies the Fredholm property.

Proof. We can write ag ((v,w), (v',w")) = b((v,w), (v, w"))+ck((v,w), (v, w")) where

b0, ) = [

D \ﬁo

— 2/ XAVw - Vv'dz + / Vo' dx + / ww'dx
D\BO D D\BO

AVw - Vw'dz + / Vo Vu'de
D

and

cx((v,w), (v, w')) = —(k* + 1) /D V0 dx — /D\D (K*n + Vww'dz

- 2/ 7 AVw - Vydz 4 2k* / nwxv' dz.
D\ Dy D\Dy

From Riesz’s representation theorem, we define the bounded operator Cy from
H into H by

ck((”? w)’ (Ulv w/)) = (Ck(va w)7 (U/7 wl)>H'

The compact embedding of H!(D) into L?(D) implies that C}, is a compact operator
for all k > 0. Next we show that b(,-) is coercive. To this end, let (v, w) be in H.

b(v.w), vvw)) = [ AVw-Vwdo + [ [Todet [olfy + lwlfyp,
D\Do D

-2 / xAVw - Vudx
D\ Dy

E

'Y*

— 2/ xAVw - Vudz.
D\ Dy

> —[|AVwl[} 5. + Vol + [lol[b + v} 5
\Do \Do

Using the following inequality

‘—2/ xAVw - Vudzx
D\Do

< / |AVw - Vo|dz
supp(x)

1
<nl|Vellh + L 1AVul?, 5,

INVERSE PROBLEMS AND IMAGING
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with n > 0 to be chosen later. Then

1
b((v, w), (v, w)) = ;IIAVwH2 +IIVolD + [ollD + ||wl[7

D\ﬁo D\BO
1
—nllVollf, 5, — 5|\AVwII%\50
1 1
> (7 - n) Vel 5, + (0~ DTl + [0l + [l

>C (H'UH%P(D) + Hw”ﬁﬂ@@ﬂ)

with C > 0 if v* < n < 1. We can conclude that aj satisfies the Fredholm
property. [

Again we define the invertible bounded linear operator B : H — H associated
with the coersive bilinear form b(-, -) as follows b((v, w), (v',w’)) = (B(v,w), (v, w"))q.
The the transmission eigenvalue problem is equivalent to

(13) (B+Cr)u=0 or (I+B'Cru=0 in H.
Furthermore the mapping k£ — C}, is analytic in C.

Remark 3.2. One can remark that the Fredholm property of ax(-,-) holds true for
any n > ¢ > 0. The restriction on the sign of n — 1 appears in the next theorem,
and is needed to show that there exists at least one k for which B + C}, is injective.

Theorem 3.5. Assume that 0 < < ¥ < 1and 0 < n, < IL(!E) <n* <1
where v* 1= sup p\ 15, Sup|j¢ =1 (& - A(@)E), Yi 1= inf 5, infjjg=1(§ - A(2)€), nu =
inf 5, n(2) and n* = supp,\ 5, n(z). Then the set of transmission eigenvalues is
discrete.

Proof. To apply the analytic Fredholm theory to , it remains to show that there
exists a k for which B + C}, is injective. To this end

di,{((uw),(v,w)):/ AVw~V@dx+/ |Vv\2dx+/$2/ |v|2da
D D

D\ Do
+/<;2/ n|w|2d:r—2/ AVon(Xﬁ)dx—an/ nwo

D\Dy D\Dg supp(x)
> L AVulZ . + [Tl + w2ol3 + ] — LAV, -
= S lAvellp g, +1IVellp + w7llll + S2linwlly 5, = Dl AVellp g,

1 K>
—n|[Vollp - - [AVw]] —aC|[v[[p - glIan?)\ﬁo - &2Blol[D

2 —
D\Dy

1 1 1
(5 - 2= 2) I4Tully 5, + (2 (1= 6) — aC) [l

1
2 2 2
= IVolly + o (o = 5 ) el

where C' = ||Vx||?.
Let v < n < 1, n* <[3<13Lndcvbesuchth8ut,Y%f%fl > 0. Then for

o
# large enough we have that x% (1 — 3) — aC > 0, and thus d;, is coercive which
means B + C;, is injective. Then the analytic Fredholm theory now ensures the
discreteness of the set of transmission eigenvalues. O

INVERSE PROBLEMS AND IMAGING VoruME 0, No. 0 (0), 0
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3.2. The existence of transmission eigenvalues. The T-coercivity approach
does not provide any framework for proving the existence of transmission eigen-
values. For this question we adapt the approach introduced in [12], [I8] to treat
the case A — T >) and n > 1 or n < 1. Unfortunately, due to the presence of the
Dirichlet obstacle Dy this approach provides only the existence of a finite set of
transmission eigenvalues provided that the area of Dy is small enough. In the case
when n > 1 we also require n to be small enough. The existence of transmission
eigenvalues for I — A > 0 is still open.

Throughout this section we assume that 1 < v, < 7* < 400 where v* =
SUP p\ 55, SuP|j¢||=1(§ - A(2)€) and v, = infp 5 infjjg =1 (€ - A(z)€). Recall that
n. = infp, 5, n(z) and n* = supp,\ 5, n(z).

If we consider the new variable u := w — v in D\Dy, then u is in H*(D\Dy),
u =0 on I' and v satisfies the mixed boundary problem depending on u in D\ Dy

V-(I—-A)Vv+k*(1—n)v=V- AVu+k?*nu in D\Dy,
(14) v-(A=I)Vv=v-AVu on I,

—v=u on X.
We define

H{(D\Dy) := {u € H'(D\Dy) such that uw=0on T}
and

Hy.(D\Dy) := {u € H'(D\Dy) such that u=0on $}.

The next step is to solve the mixed boundary value problem for v as a function
of u. To this end, for a fixed u € HL(D\Dy), we define the lifting function 6§ €
H'(D\Dy) such that § = —u on ¥. Setting vy := v — 6, the variational formulation
of 1} as a problem for vy now becomes: find vy € H%;(D\Eo) such that

(15) /D\D (A= 1)V - Vg — k*(n — 1)vop) dz

= —/ _ (AVu- V5 - k*nup) dx—/  ((A=DV6 -V —k(n— 1)0%) da
D\Do D\ Dy

for all ¢ € HL(D\Dy).

First, we want to show that problem is well-posed using Lax-Milgram theo-
rem. Since the right-hand side is obviously a continuous function of ¢ in H&(D\Dy),
it only remains to show that the left-hand side is coercive. In the next theorem, we
see that the latter is always true for n < 1 or for n > 1 small enough. Setting

2

. IVells,\ 5,
eeHL(D\Do) |l¢l%, 5
= 0 D\ Dy

)

we have that for all ¢ € HL(D\Dy),

H 2 2
m||('D||H1(D\5O) < ||VSDHD\EO'

Note that p > 0 coincides with the first eigenvalue of —A in D\D, with mixed
Neumann-Dirichlet boundary conditions.

INVERSE PROBLEMS AND IMAGING VoruME 0, No. 0 (0), 0
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Let B, be a ball of radius r included in D\Dy and let k' > 0 be the first

transmission eigenvalue of the interior transmission problem for B, with A = %I
and n = 1:

V- SVe+kw=0 B
(16) Av+Ekv=0 in B,

w="v on 0B,

u-%Vw:u-Vv on 0B,

The existence of such &' > 0 is proven in [12], [I3]. In the case when n—1 is positive,
i.e ny, > 1, we further assume that

(17) n—1< 28

2k2
Lemma 3.6. For every u in HE(D\Dyg) and k > 0 satisfying k < K oifno> 1,
there exists a unique solution vo € HL(D\Dy) of and consequently a unique
vy =19 + 6 € H'(D\Dy) of (T4).
Proof. We denote

By (v, ) = /D\D (A=I)Vv -V — k*(n — 1)vp) dx

First assume that 1 — n > 0. Then

Bu(w,0) = (3 — DIVl
H 2
> (Ve — 1)m|\”||ﬂl(p\5o)'

Thus By is coercive for £ > 0 if n — 1 < 0. From Lax-Milgram theorem, we
deduce that there exists a unique solution vy of depending continuously on wu.
Now assume that n — 1 > 0 and more precisely that n satisfies

Bi(v,v) = (v« = D[ Vv]| = (K)(n* = Dllvl[}, 5,

k2(n* —1
((% —1)2— (M)> ||VU||2D\EO

L K 2
= (2 1) u+1””‘|H1<D\Do)'

2 —
D\Dy

Y

In this case By, is coercive for 0 < k < k' if n —1 > 0 and the result again follows
from the Lax-Milgram theorem. O
Hence we can now define a linear bounded operator Ay by
Ap: HE(D\Dy) —  HY(D\Dy)
U = Uy =g + 0.
for k>0ifn—1<0and0<k<E ifn—1>0.

Assume now that k2 is not a Dirichlet eigenvalue for —A is Dy, and let v be the
unique solution in H'(Dg) to

(18) {Aerkzv() in Dy

v=1¢ on X

INVERSE PROBLEMS AND IMAGING VorLuME 0, No. 0 (0), 0
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for some ¢ € HY/?(X), In this case, we define the Dirichlet to Neumann operator
Tk by
T.: HY?(X) — H Y2
v
P = e

where v is solution to .
Using the Riesz representation theorem, we can define the operator
Ly : HE(D\Dy) — HL(D\Dy)
by

(L, ) g (p\By) = / (=Vvy, - Vo + k*v, ) do — / Tyv,pds
b

D\ D,
for all ¢ € HE(D\Dy), where last integral is understood in the sense of H~1/2(%),
H'/2(2) duality.

It is obvious that the mapping k — Lj is continuous in the domain of definition,

ie. fork>0ifn—1<0and 0 <k < k' if n —1 > 0 such that k2 is not a Dirichlet
eigenvalue for —A in Dy. The next theorem introduces an equivalent formulation

to (TEPA).

Theorem 3.7. Assume that k>0 ifn—1<0 and 0 <k <k’ ifn—1>0, such
that k? is not a Dirichlet eigenvalue for —A in Dy.

(i) Let (w,v) be a solution of for some k > 0. Then u := w—v €
HL(D\Dy) solves Lyu = 0.
(ii) Let u € HE(D\Dy) such that Lyu = 0. If v := Agu, the pair w := (u + v, v)
is solution to .
Proof. (i) If (w,v) is a solution of (TEPA)), then, v = Azu where u := w — v
and solves the Helmholtz equation in D. In particular, v solves Helmholtz

_ 9 _
equation in D\ Dy and 8—U = Tyv on X. Then, for all ¢ € HL(D\Dy),
v

0= / (Av + E*0)@dx
D\ﬁo

Ov
= —Vov - Vg + k*vp dx—/—@ds: Lyu, ¢ By -
/D\Do ( ) s Ov < >H1(D\D°)

Then Lyu=0. o
(i) Let u € HE(D\Dy) such that Lyu = 0. We define v := Agu in D\Dy and in
Dy, v is defined as the solution to
Av+k2v=0 in Dy
v = Aru on X.
Then, v is in H!(D) and since Lyu = 0, v satisfies Av+k?v = 0 in D. Besides,

v = Apu in D\ Dy implies that the pair w := (u + v, v) is solution to (TEPA)).
O

The following theorem states some properties of the operator L.

Theorem 3.8. Assume that kQA is not a Dirichlet eigenvalue for —A in Dqy, and
E>0ifn—1<0and0<k<k' ifn—1>0.
(i) The operator Ly : HE(D\Do) — HE(D\Dy) is self-adjoint.

INVERSE PROBLEMS AND IMAGING VorLuME 0, No. 0 (0), 0
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(ii) Ly — Lo : HE(D\Dg) — Iﬁ&(D\EO) is compact.
(iii) The operator Lo : HL(D\Dg) — HE(D\Dy) is coercive.

Proof. (i) Let u1, us € HE(D\Dy) and vy = Aguy, vo = Agus. Thus

(19)  (Lyus, ) s 15, = —/ (- AV - Vit — (1 - n)oyn) da
D\ Do

— / (AVvl -V — k‘2’l7/1}1’lfg) dr — / Tk(vl)@ds.
D\Do s

From the equality , we have for i = 1,2 and all ¢ € HL(D\Dy)

/ (AVu; - Vo — K*nu;p) do = / (I = A)Vv; - Vo — k*(1 = n)v;p) da.
D\BO D\BO
Taking ¢ = 2 with ¢ = vy and ¢ = 1 with ¢ = uy in the above, the expression

for L becomes

<LkU1, u2>H1(D\EO) = / - ((A - I)V’Ug . V’U_l - k2(n - 1)’[)2’0_1) dx
D\ Dy

- / (AVm . V’UTQ - k2nu1u_2) dx + / Tk(’Ul)’U_QdS
D\Dy =

= / ((A — I)va -Voy — ]412(’/1 — 1)112171) dx
D\Bg

— / B (AVu1 -V — kznulu}) dx +/ (V’Ul - Vg — k2U1172) dx
D\Do Dy
which is a symmetric expression for u; and us.

(ii) The compactness of Ly — Lo is obtained from the compact embedding of
H'(D\Dy) into L?*(D\Dy). Indeed, let (u;) be a sequence of H{(D\Dy)
weakly converging to zero in HE(D\Dy). Since HE(D\Dy) is compactly
embedded in L?(D\Dy), we deduce that the sequence (u;) strongly con-
verges to zero in L?(D\Dy). Let us denote v], := Ayu; € H'(D\Dp) and
vg = Apu; € H L(D\Dy). Since the operators A;, and Ay are continuous from
HL(D\Dy) into H'(D\Dy), we deduce that v} and v weakly converge to
zero in H'(D\Dy) and consequently, strongly converge to zero in L?(D\Dy).
Furthermore, from 7 v{; and v satisfy for all ¢ € HL(D\Dy),

/ - ((A - I)Vvi VP -k (n — 1)1}%@) dzx = —/ (AVu; - V§ — k*nu;p) dx
D\Do

D\Do
and
/ (A= 1)Vv)-Vade = —/ _ AVu; - Vpdz.
D\Dy D\Dg
Letting v; := vg — vi, and taking the difference between the two previous

equations yield

20) / ((A — )V, - Vg + k*(n — 1)%5) de = *k2/ nu;pdz.
AP D\Bs
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Now, for ¢ = ¥; in , applying Cauchy-Schwarz inequality, we obtain

/ ((1 —n)vl + nuj) vjdxdr
D\Eg

< K| = n)vj, + 0wl 55, 193] oy 5, -

= k?

/ (A= I)V3,; - Viyde
D\EO

Since ||(1 — n)vi + nu;l| p\p, is bounded and |[;]| p\ 5, tends to zero, from
the fact that A — I is positive definite, we deduce that Vo; converges to zero
in L?(D\Dy) and consequently 9; converges to zero in H'(D\Dy).

Now, since for all p € Hy(D\Dy),

(L Loy ) 1 s :/
0)Uj5 L) H1(D\Dy) D\Bs

Vo, -Vedr+k? /

B ’Ui@dfﬂ‘l’ / (Tovg—Tkvi)éds,
D\ Do =

we have that
Lk = Lo)usll g1 (p\Dy) = sup (L = Lo)ujs ) 11 (p\ D)
el 1o\ =1
< IVl v, + R0kl oy, + 118511272 ().
The right-hand side tends to zero and consequently (Lj — Lo)u; strongly tends

to zero in H'(D\Dy). Then, Ly — Lo is compact. B
(iii) Now we show that Ly is coersive. To this end for u € HE(D\Dg) we have that
vy,

Lou,u By = —/ Vo, - Vude — | —1uds
(Low; u) g1 (p\By) D\Bs - O

= 7/ Vo, - Vudx +/ %v_uds
D\Dy s Ov

= —/ Vw, - VﬂdaH—/ |Vu\2da?+/ [V, |*da.
D\Bg D\ﬁo Do

Replacing v,, by w, — u in for £k =0 and ¢ = w,, we obtain

/ Vu - Vi, dr = / (I — A)Vw, - Vi, dx
D\ﬁo D\EO

Therefore

(21)  (Lou,u) = / (A —1)Vw, - Vib,dz +/ |Vu|dz +/ |V, |?dz.
D\D D\D, Do
Since (A — I) is positive definite, we deduce that Lg is coercive, which ends

the proof of the theorem
O

Note that the mapping k — Ly is continuous in its domain of definition, i.e. for
k>0ifn—1<0and 0 <k < Eifn—1> 0, such that k2 is not a Dirichlet
eigenvalue for —A in Dy. The proof of existence of transmission eigenvalues is based
on the following theorem which is a modified version of Theorem [12).

Theorem 3.9. Let Ly, : H:(D\Do) — HL(D\Dy) be as defined above. If

(a) there exists ko such that Ly, is positive on H:(D\Dy), and
(b) there exists k1 such that Ly, is non positive on some m-dimensional subspace
of Hy(D\Do).
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Then there exists m transmission eigenvalues in [ko, k1] counting with their multi-
plicity provided that the entire interval [ko, k1] belongs to the domain of definition
of the mapping k — Ly, .

Theorem 3.10. Assume that A — 1 > 0 and that either n, < n < n* < 1 or
1<n,<n<n* <1+ ZE Then there erists at least one transmission eigenvalue

2

provided that the area of Dy is small enough.

Proof. We have shown in Theorem that Lg is coercive, thus the assumption (a)
of Theorem [3.9]is satisfied for ko = 0.

First assume that n < 1. Let B, be the largest ball included in D\ Dy of radius r
and let us denote by k the first transmission eigenvalue of the interior transmission
problem in B, with A = ~,I and n = n*, i.e.

V-vnVw+kn*w=0 inB,

(22) Av+k?v=0 in B,
w=v on 0B,
v-vVw=v-Vv on 0B,.

Assume now that the area of Dg is small enough such that the first Dirichlet eigen-
value for —A in Dy is greater than k (this is possible since due to the Faber-Krahn
inequality the first Dirichlet eigenvalue for —A in Dq is greater than C/areaDy)
Thus the operator Ly is well defined for all k € [0, k]. denote by @ and @ the
corresponding eigenvectors and we set @ := W — @ € H}(B,). We shall show that
we can find u € HE(D\Dy) such that (Lju,u) < 0 so that the assumption (b) of
Theorem is satisfied.

From the equation satisfied by ¢ in B,. and using the fact that @ = 0 on 0B, and
U =W — 1, we first have

(23) 0= / (Ab + k20) Tdz = / (Vo Vi - i?0d) do

(24) :/ (Vi Vi~ i~ [Vap +#[af?) d.
B,

On the other hand, replacing v by @ — @ in the variational formulation satisfied by
© and w we have

/ (va Vp— 1%%@) de = / ((1 ViV — B2 (1 — n*)ﬁ@) da
B, B,
for all o € H'(B,.). In particular for ¢ = 1, we obtain
(25) / (vw Vi — 152@5) dz = / ((1 — )|V — B2 (1 - n*)|’d)|2) dz.
B, B,
From and 7 we finally get the equality
(26) / ((1 — )|V — B2 = n*)|o]? — [Val? + k?aﬁ) dz = 0.
B

d

Now we denote by @ the extension of @ by zero to all of D\ Dy. Since @ € H{(D\Dy),
we can define v := v; the corresponding solution to

V.- (I—AVu+k*(1—n)v=V-AVi+kna in D\Dy
v-(I-A)Vv=v-AVau onT
v=—-0=0 on X
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and we set W := @ + 0 € Hs(D\Dyg). We first remark that replacing ¢ by @ — @ in
and for ¢ = @, yields

/D\DO ((A DV - Vi — (n — l)wu) dr = /D\DO (|Vﬂ|2 . kzlmz) d

Consequently, replacing v by @ — @ in the expression of L; and using the definition
of @, we obtain

~ ~ ~ = T2~ ~
= —/ (vw Vi — kon — |Va|® + /%2|a|2) dx
D\ Dy
:/ ((AfI)VwaVEfl%Q(nf D|@]? + Vi) —1%2|a\2) dz
D\Dy

:/ B ((A—I)vw-vﬁ—l?(n—l)mﬁ) dx+/ (|va\2—12;2|a|2) dz
D\ Do B,

Now, considering again (15) with ©® = @ — @ and using the definition of @, for all
¢ € HL(D\Dy), we have

/ (A= 1)V V5 - k2 - 1)ip) de = ,/ _ (va- Vo i)

D\ Do -

_ _/ (Vi Vg - i) dr = / (G = OV V= B(u = 1)) .
B, B.

In particular, for ¢ = w € HL(D\Dg) we obtain

(27) / (A= DV -V~ k2 (n — D}l do
D\ Dy
- / ((’y* 1)V - V@ — k2 (n* — 1)@5) dz
B,
The Cauchy-Schwarz inequality applied to the right-hand side of gives

/D\B ((A—I)Vw Vo — k%(n—1)|w|? )dxf/ ( w — 1)V - Voo + k(1 — n* )ww) dx

< (/B (( —D|VD|? + k(1 — n®) |w| )1/2 (/ 71)|V@|2+’;2(17n*)|11)|2> dz)l/Q

' 1/2
< (/B ((W* — 1| Vd|]? + k(1 —n*)|0)| ) dm)1/2 </D\D ((A VB — R — 1)|u~}|2> d$>

and finally
(28) /D\DO (A= D)Vis- Vi~ 20— D} ) da
< [ (e DIvak + 20 - w)jaf) do

s
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Therefore, from and , we obtain that

(L @) s iy = /D\DO ((A=DVD- V5~ k2 (n - D}l do

+/ (|va\271;2|a|2) dz
B,

< / (67 = DIV + R0l + Vil i) de = 0.
B,

We can conclude that there exists a transmission eigenvalue in (0, k].

Now assume that 1 < n, < n < n* <1+ ;;—,’; Again, we assume that the

area of Dy is small enough such that the first Dirichlet eigenvalue for —A in Dy is
greater than k’. (We recall that &’ is the first transmission eigenvalue of the interior
transmission problem for B, with A = %= and n = 1 given in ) We denote by

w and © the eigenvectors corresponding to k" and set @ := 1w — % € H}(B,). From
the equation satisfied by © and using the fact that « = 0 on 0B, and 0 = W — @ we
first have

0= / (w Vi — /%’2@5) de = / (vw Va — K20h — Va2 + l%’2|a\2) da.
B, B,

On the other hand, replacing v by w — @ in the variational formulation satisfied by
© and w we have

/B (va Vg — ic%a) do — /B (1 - %) Vi - Vgda

for all ¢ € H!(B,.). In particular for ¢ = 1, we obtain

(29) /B (vw v /%%5) do = /B (1 - %) Vi) dz.

Combining the above equations, we finally obtain
(30) / ((1 - %) V| — |Va)? + l%%\?) dzx = 0.
B’V‘

Now we denote by @ the extension of @ by zero to all of D\Dy. Since @ €
HL(D\Dy), we can define ¥ := vg the corresponding solution to

V.-(I—-A)Vo+k?(1—n)v=V-AVi+knia in D\D,
(31) v-(I-AVv=v-AVi onT
v=—-0=0 on %

and we set W := u + 0. We first remark that replacing © by @ — @ in , we have
/ ((A V- VE - kK2 (n — 1)12@) dz = —/ (va v 1%%@) dz
D\EO D\BO
= —/ (Va- Vo - i%ip) do
B,

:/B (T -1) Ve vpar
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In particular, for ¢ = w € HL(D\Dy), we obtain

(32) / ((A — )V - V& — K2 (n — 1)\w|2) dz = / (E - 1) Vi - Vida.
D\Do B, \2

The Cauchy-Schwarz inequality applied to the right-hand side of gives
~ — 72 ~ 12 o Vs N —
/ ((A—I)Vw-Vw—k (n—l)|w|)dw-/ (——1)Vw-dew
D\Do B, \ 2
5 1/2
< = 1) |VwlAdx / ——1 Vw dm)
(, G -ywarar) " ([, (51w
1/2
- (/ (E - 1) V)| dx) (/ — )|Vl - *|vuv\2) d:z:>
B, \ 2 B,
1/2
< (/ (k _ 1) V| da:) / A Vi -V — K2 (n - 1)|7I)|2) dz
B, N2 D\ Dy

and finally

(33) /D\D ((AfI)VﬁwVﬁfl%’z(nf1)|1D|2> dx g/B (% 71) V| 2dz.

d

Therefore, we obtain
~ .1 - = — 0 - U — L1255
<Lk/u7u>H1(D\DO) \/D\DO (VU VU k UU) d:L‘
= —/ (vw Vi — K201 — [Vl + 12:’2\12|2) dz
D\ D
_ / (A= D)V -V~ K2 (n— )l + [Vaf* ~ K?/af?) do
D\ Dy
= / 7 ((A — )V - Vio — k" (n — 1)\w|2) dx
D\ Do

+/ (Ivar? - #2jaf?) de

< /B ((72 - 1) IVi|? + |Vl — 1;'2|a|2) dz = 0.

Thus we can conclude that if 1 <n, <n<n* <1+ 'Ykg there exists a transmission

eigenvalue in (0, k'] O

Remark 3.3. As the area of Dy goes to 0, in the case when 0 < n, <n* <1 it is
possible to prove the existence of more and more transmission eigenvalues. In this
case since the first Dirichlet eigenvalue for —A in Dy goes to infinity one can take
r such that M(r) disjoint balls of radius 7 are included in D\ Dy and no Dirichlet
eigenvalues are in [0, k]. This way the assumption (b) of Theorem|3.9|is satisfied in a
M (r)-dimensional subspace of H:(D\Dy) and thus there exists M (r) transmission
eigenvalues in [0, k] (counting multiplicity). The smaller the area of Dy is the
smaller r can be chosen and the larger M (r) becomes. The same remark holds
true for the case when 1 < n, provided that n* is small enough, more specifically
n* <1+ ;;/2
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Remark 3.4. The entire argument in the proof of Theorem holds true if k
or k' is the first transmission eigenvalue of 1} or , respectively, where B, is
replaced with an arbitrary region B C D\Dy (such transmission eigenvalues are
known to exists [12]). Depending on the geometry of D\ D one can choose B such
that the corresponding k or k' are smaller than the ones for the ball B, (see the
estimates on the first transmission eigenvalue in [9], [10] and [12]) which would
enable to prove the existence of at least one transmission eigenvalue for larger Dy.
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