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ABSTRACT. We consider the interior transmission eigenvalue problem corre-
sponding to the inverse scattering problem for an isotropic inhomogeneous
medium. We first prove that transmission eigenvalues exist for media with
index of refraction greater or less than one without assuming that the contrast
is sufficiently large. Then we show that for an arbitrary Lipshitz domain with
constant index of refraction there exists an infinite discrete set of transmission
eigenvalues that accumulate at infinity. Finally, for the general case of non
constant index of refraction we provide a lower and an upper bound for the
first transmission eigenvalue in terms of the first transmission eigenvalue for
appropriate balls with constant index of refraction.

1. INTRODUCTION

The interior transmission problem is a boundary value problem in a bounded do-
main which arises in inverse scattering theory for inhomogeneous media. Although
simply stated, this problem is not covered by the standard theory of elliptic partial
differential equations since as it stands it is neither elliptic nor self-adjoint. Of par-
ticular interest is the spectrum associated with this boundary value problem, more
specifically the existence of eigenvalues which are called transmission eigenvalues.
Besides the theoretical importance of transmission eigenvalues in connection with
uniqueness and reconstruction results in inverse scattering theory, recently they
have been used to obtain information about the index of refraction from measured
data [I], [6]. This is based on the important result that transmission eigenvalues
can be determined from the measured far field data which is recently proven in [3].
For information on the interior transmission problem, we refer the reader to [§] and
[9].

Up to recently, most of the known results on the interior transmission problem
are concerned with when the problem is well-posed. Roughly speaking, two main
approaches are available in this direction, namely integral equation methods [7],
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[10], and variational methods typically applied to a fourth order equivalent bound-
ary value problem [2], [5], [I5]. However, except for the case of spherically stratified
medium [§], [9], until recently little was known about the existence and properties
of transmission eigenvalues. Applying the analytic Fredholm theory it was possi-
ble to show that transmission eigenvalues form at most a discrete set with infinity
as the only possible accumulation point. However, nothing was known in general
about the existence of transmission eigenvalues untill the recent important result of
Péivérinta and Sylvester [14] who were the first to show that, in the case of (scalar)
isotropic media, a finite number of transmission eigenvalues exist provided the in-
dex of refraction is bounded away from one. Kirsch [1I], and Cakoni and Haddar
[5] have extended this existence result to the case of anisotropic media for both
the scalar case and Maxwell’s equations. Most recently, the analysis of the interior
transmission problem and the existence of the corresponding eigenvalues have been
established for the case when inside the medium there are subregions with index
of refraction equal to one (i.e cavities) which provides the theoretical background
for an application of transmission eigenvalues in non-destructive testing [I]. How-
ever, the existence of transmission eigenvalues is proven under the restriction that
the contrast of the inhomogeneous medium is sufficiently large and the larger the
contrast is the more transmission eigenvalues are shown to exist.

The goal of this paper is to first show that for an inhomogeneous medium with
bounded support there exists at least one eigenvalue provided that the index of
refraction is less than or greater than one inside the medium, thus removing the
restriction on the index of refraction being sufficiently large. This is done using the
transmission eigenvalues and eigenvectors corresponding to a ball inside the support
of the inhomogeneity with constant index of refraction equal to the supremum of
the actual index of refraction. In addition, for the case of a homogneous medium,
we show that there exists infinitely many transmission eigenvalues with infinity as
the only accumulation point. Our analysis makes use of the analytical framework
discussed in [5] in particular of an auxilarly eigenvalue problem for a self adjoint
coercive operator which depends in a non-linear fashion on a parameter. Specific
values of this parameter correspond to transmission eigenvalues. The main tool of
our approach is a monotonicity relation that we establish for the eigenvalues of this
auxiliary eigenvalue problem with respect to the domain. Finally, as a byproduct
of our analysis we obtain a lower and an upper bound for the first transmission
eigenvalue for an arbitrary inhomogeneous medium in terms of the first transmis-
sion eigenvalue for the smallest ball containing the scatterer and the largest ball
contained in the scatterer for the both cases of a positive or negative contrast in
the medium. The lower bound is an improvement of the lower bound obtained in
[4] and [9] but is implicit in terms of the supremum of the index of refraction.

We conclude by noting that many questions related to the spectrum of interior
transmission problems still remain open. In particular, the next step is to show the
existence of an infinite discrete set of transmission eigenvalues for the general case
of media with non-constant index of refraction and for other scattering problems
such as for Maxwell’s equations and anisotropic media.
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2. INTERIOR TRANSMISSION EIGENVALUE PROBLEM

The interior transmission eigenvalue problem corresponding to the scattering by
an isotropic inhomogenous medium in R? reads:

(1) Aw + E*n(z)w = 0 in D

(2) Av+k*v=0 in D

(3) w="v on oD
ow Ov

(4) % = % on (9D

for w € L?(D) and v € L?(D) such that w — v € HZ(D) where
0
Hg(D):{ueH2(D); u=0 and a%:o on 6D}.

Here we assume that the index of refraction is a real valued function such that
n € L>®(D), 1/|n(z) — 1] € L*>°(D) and n(z) > 6 > 0 almost everywhere in D.
(It is known that for complex index of refraction n this problem has only the zero
solution). Furthermore, we assume that D C R3 is a bounded simply connected
region with Lipschitz boundary 0D and denote by v the outward normal vector to
dD. We remark that everything in this paper holds true for the same equations
in R2.  Transmission eigenvalues are the values of k > 0 for which the above
homogeneous interior transmission problem has non zero solutions. It is possible to
write — as an equivalent eigenvalue problem for u = w —v € HZ(D) satisfying
the following fourth order equation

1
-1
In the variational form is formulated as the problem of finding a function u €
HZ(D) such that

(5) (A+k2n)n (A+k)u=0

1
(6) / ———(Au+ Ku)(AT+ Knp) d =0 for all v € HE(D).
—
D

Following [5] we set k% := 7 and define the following bounded sesquilinear forms on
HG (D) x H§(D):

(7) A (u,v) = (nll(Au—i-Tu), (Av+TU))D+7'2 (u, ),
(8) A (u,v) = <1 i - (Au+ mnu), (Av + Tm})) . + 72 (nu, v)
= <1 f n(Au + 71u), (Av+ TU))D + (Au, Av)
and
(9) B(u,v) = (Vu, Vv)p
where (-, -), denotes the L?(D) inner product. Then @ can be written as either
(10) A-(u,v) — 7B(u,v) =0 for all v € H3(D),
or
(11) A, (u,v) = 7B(u,v) = 0 for all v € H3(D).
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(Note that A, = —A, + 2rB. We use different notations A, and A, to simplify
the presentation as it will become clear in the following). In [5] it is proven that

if ﬁ > v > 0 almost everywhere in D then A, is a coersive sesquilinear form

on H2(D) x HZ(D) whereas if 171(30()) >~ > 0 almost everywhere in D then A,
—n(z

is a coersive sesquilinear form on HZ(D) x HZ(D). Using the Riesz representation
theorem we now define the bounded linear operators A, : H3(D) — HZ(D), A, :
HZ(D) — HZ(D) and B : H3(D) — HZ(D) by

(Aru, ) g2 py = Ar(u, ), (ATU,U> = A, (u,v) and (Bu, V) g2(py = Blw, v).

H?(D)
As is shown in [5], since n is real the sesquilinear forms A,, A, and B are hermitian
and therefore the operators A, A, and B are self-adjoint. Furthermore, by defi-
nition, B is a non negative operator and if ﬁ >~ > 0 then A, is a positive

definite operator, whereas if lffl) > 7y > 0 then A, is a positive definite operator.

(
Finally, noting that for u € HZ(D) we have that Vu € HE(D)?, since HE(D)? is
compactly embedded in L?(D)? we can conclude that B : H3(D) — HZ(D) is a
compact operator. Also A, and A, depend continuously on 7 € (0, +00).

From the above discussion, & > 0 is a transmission eigenvalue if for 7 = k2 the
kernel of the operator A, — 7B (if 1/(n — 1) > v > 0) or the operator A, — 7B (if
n/(1 —n) >~ > 0) is non trivial. In order to analyze the kernel of these operators
we consider an auxiliary eigenvalue problem

(12) Avu—N7T)Bu=0 ue HZD)
if1/(n—1) >~ >0 and
(13) Aru—\N1)Bu=0 ue HD)

ifn/(1—n)>~>0.

The eigenvalue problems and fit into the following abstract analytical
framework which is discussed in [5]. In particular, let U be a separable Hilbert
space with scalar product (-,-), A be a bounded, positive definite and self-adjoint
operator on U and let B be a non negative, self-adjoint and compact bounded linear
operator on U. Then there exists an increasing sequence of positive real numbers
(Aj)j>1 and a sequence (uj);>1 of elements of U such that Au; = A\;Bu;. The
sequence (u;);>1 form a basis of (Aker(B)) and if ker(B)* has infinite dimension
then \; — +o00 as j — oo (see Theorem 2.1 in [5]). Furthermore these eigenvalues
satisfy a min-max principle (see Corollary 2.1 [B]), namely

. (Au, u)
14 =
(14) 17wy, (uergva\}fo} (Bu, u)
where U; denotes the set of all j dimensional subspaces W of U such that W N
ker(B) = {O} and Al < AQ <....
The following theorem proved in [5] is needed in our analysis for proving the
existence of transmission eigenvalues.

Theorem 2.1. Let 7 —— A, be a continuous mapping from 10,00 to the set of
self-adjoint and positive definite bounded linear operators on U and let B be a self-
adjoint and non negative compact bounded linear operator on U. We assume that
there exists two positive constant 19 > 0 and 7 > 0 such that

1. A, — 7B is positive on U,
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2. A;, — 1B is non positive on a m dimensional subspace of U.
Then each of the equations \;j(t) =7 for j =1,...,m, has at least one solution in
(70, 71] where X\j(7) is the j* eigenvalue (counting multiplicity) of A, with respect
to B, i.e. ker (A; — \;(7)B) # {0}.

Returning to and and setting U := HZ(D), we have that (12)) and

have a countable set of eigenvalues {\x(7)}52, that satisfy the min-max principle
(T4). Moreover, for the above discussion, each A,(7) is a continuous function of

7 and kK > 0 is a transmission eigenvalue if 7 := k? is a zero of any of nonlinear
equations
(15) Ar(T) =7 =0.

Remark 2.1. The multiplicity of transmission eigenvalues is finite since, if kg is a
transmission eigenvalue, then the kernel of T —T()A;Ol/ QIB%AT_OU Zorl —TOAT_OU QBA;OU 2
where 7 := k3 is finite because the operators TOA;OU 218&;01/ % and TOA;OU 2]B3A;01/ 2
are compact and self-adjoint (if 1/(n — 1) > v > 0) and (if n/(1 —n) > v > 0),
respectively [12].

Remark 2.2. Based on the analytic Fredholm theory it is shown [§] that trans-
mission eigenvalues can have only +o0o as a possible accumulation point.

We end this section by recalling some well-known results on transmission eigen-
values for a ball. Let B be a ball centered at the origin and let us consider the
interior transmission problem for the ball B with constant index of refraction n > 0
and n # 1.

(16) Aw + E*nw = 0 in B

(17) Av+kv=0 in B

(18) w=wv on oB
ow Ov

By a separation of variables technique, it is possible to show [9] (see also [§]) that
— has a countable discrete set of eigenvalues {k;}52,. Let UJB’” and w?™ be

a non zero solution of QD corresponding to k;, j = 1,.... Denoting uf’” :

wf’" - UJB’" we have that uj’" € H3(B) and
1 n o A Bom o
(20) /n_ 1(Au§3’ + k2P (AT + K2na? ™) da = 0.

B

B o . . . . .
We call u; " a transmission eigenfunction corresponding to the transmission eigen-
value ;.

3. ON THE EXISTENCE OF A TRANSMISSION EIGENVALUE.

Now we are ready to prove our fist result, namely the proof of the existence
of at least one transmission eigenvalue without the restriction that the index of
refraction is sufficiently large [5], [I4]. To this end, we show that for the equation
if 1/(n—1) >~ > 0 and the equation if n/(1 —n) >~ > 0 there exist 7
and 71 satisfying the assumption 1 and 2, respectively, in Theorem [2.1

In the following we denote by n, = infp(n) and n* = supp(n) and assume that
the origin of the coordinative system is inside D.
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6 F10RALBA CAKONI AND DROSSOS GINTIDES

Theorem 3.1. Let n € L*°(D) satisfying either one of the following assumptions
D 1+a<n, <n(z)<n" <o,
2) 0<n,<n(z)<n*<l1l-p.
for some a > 0 and B > 0 positive constants. Then, there exists at least one
transmission eigenvalue.

Proof. First assume that assumption 1) holds. This assumption also implies that

0< 1 < 1 < 1 <
00
n*—1 " nx)—1" n,—1

and according to the above, A, and B, 7 > 0 satisfy the assumptions of Theorem
with U = H3(D). Using the Poincaré inequality

< 1
)= M(D)

we have that (see [5] for more details)

(21) IVullZ o 1Al )

2
Y T
@) (b= rBu gy 2 (7= T = ) AUl + 70+ - Ol

with v = ﬁ and v < € < v+ 1. Hence A, — 7B is positive as long as 7 <
('y — g) Ao(D). In particular, taking e arbitrary close to v+ 1, the latter becomes

T < ﬁ)\O(D) = 81’1\3](3%)1). Then any positive number 7y smaller then 52;531?31)
satisfies assumption 1 of Theorem 2.1} Next we have that
1
(A;u — TBu, u)Hg(D) = / 71|Au + 7ul? de + 72 / lul? dx — ’7'/ |Vul|? de
n—
D D D
1
(23) < / 1|Au—i—7'u|2dgc—i-72/|u|2dav—7'/|Vu|2 dx
Ny —
D D D
Bi,n. _

Now let By C D be a ball contained in D centered at the origin and uy := wj;
]-Bol’n* € HZ(B1) be a transmission eigenfunction corresponding to the transmission
eigenvalue k;, for some jg for the ball By with index of refraction n, and let 7, = k‘zo.
The extension by zero 1; in the whole D of u; is a function in H2(D). Using

and we have that

v

(Aﬁﬂl — TlBﬂl, ﬂ’l)Hg(D) S 0.

Hence from Theorem there exists a transmission eigenvalue k& > 0 such that k>
is between 7y and 71. Next we assume that assumption 2) holds. The proof for this

case uses similar arguments as in the previous case after replacing A, with A,. In
this case we have that

0 <
<17m “1—-n(z) ~ 1—n*

< 00,

and therefore according to the above, A, and B, 7 > 0 satisfy the assumptions of
Theorem [2.1| with U = H3(D). Now we have (see [5] for more details)

(24) (Au—ﬂﬁau u) >(14v—e— T ) |Au|2s +7 _r ]2
g = 0T (D) LTI L2

0
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- and v < e < v+ 1. Hence A, — 7B is positive as long as 7 <
(147 —€) Ao(D). In particular letting € be arbitrarily close to v shows in this case

that any 79 < A\o(D) satisfies the assumption 1 in Theorem Next we have

with v =

(ATU7TBU, u) = /L|Au+Tu|2d:c+/|Au\2dz77'/|Vu|2 dx
H2(D) 1—n
D D D
(25) g/l n *\Au+7u|2dx+/|Au|2d:c77/\Vu\2dx.
-n
D D D

Again we consider By C D be a ball contained in D centered at the origin and

By,n* By,n*
Uy = wjol’ - b

i € HZ(B1) be a transmission eigenfunction corresponding
to the transmission eigenvalue k;, for some jo for the ball B; now with index of
refraction n* and let 71 = k;z-. The extension by zero @ in the whole D of u; is a
function in HZ(D). Using and we now have that
(Anal —niBuy, 111) , =0
H(D)
and the existence of a transmission eigenvalue k& > 0 such that k? is between 7y and
71 is guaranteed by Theorem [2.1 O

3.1. THE EXISTENCE OF AN INFINITE DISCRETE SET OF TRANSMISSION EIGENVAL-
UES FOR CONSTANT INDEX OF REFRACTION. Our next goal is to show that for an
arbitrary domain D there exists indeed an infinite countable number of transmission
eigenvalues in the case when the index of refraction is a positive constant n > 0 such
that n # 1. (Note that for D a ball and spherically stratified medium the result
has been proven in [9].) We consider two balls B; and Bs centered at the origin
with radius 71 and 79, respectively such that By C D C By. Next we consider the
interior transmission eigenvalue problem for By, Bs and D with index of refraction
n, i.e. — with B replaced by By and B, , respectively and — with n(x)
replaced by the constant n. We denote by APt on HZ(B;), AP2 on HZ(Bs) and
AP on HZ(D) the corresponding operators defined in Section [2| and similarly we
also have AP1, AB2 and AP. The eigenvalues of these operators with respect to
the operator B (defined on the corresponding space), i.e. the eigenvalues of corre-
sponding problems or , are denoted by \;(7, B1), A;(1, B2) and X;(7, D),
j = 1,.... The inclusion B; C D induces a natural embedding HZ(B;) C H3(D)
just by extending by zero functions in HZ(B;) to the whole D. Similarly, because
D C By we also have H3(D) C HZ(Bs). In particular, min-max principle ([14)
implies the following monotonocity

(26) )\j(T, BQ) S )\j(T,D) g /\j(T, Bl).

(Note that the kernel of B contains only constant functions which are not in Hg
except for the zero function).

Theorem 3.2. Assume that the index of refraction n > 0 is a positive constant such
that n # 1. Then there exists an infinite discrete set of transmission eigenvalues
with 400 as accumulation point.

Proof. Let us denote by a = ro/r; > 1 and make the change of variable & = ax.
Obviously, if x € By then & € By. Scaling properties of the Helmholz equation
give that if k;p,, j = 1,... is a transmission eigenvalue for the ball B; and
ujB1 (x) = ijl (z) — val (x) is a corresponding eigenfunction then k; g, := k; 5, /a

INVERSE PROBLEMS AND IMAGING VoLuME 0, No. 0 (0), 0
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is a transmission eigenvalue for the ball By and ﬂfQ (z) = u 1(Z/a) is a corre-
sponding eigenfunction and conversely. Hence there is a one to one correspondence
between transmission eigenvalues for B; and B; and we count them accordingly.
Obviously, from Section [2] I we have that for any j € N there exists a m; such that
k2 B = Amy (k] B,» B1). The same scaling property is inherited by the eigenvalue
problem . ) or . Indeed, if n > 1 we have that for u € H3(B;) and @ € HZ(Bz)

alldatral}, +72ullE, s lAd+ Sl + 2 al,

R(u, T, B1) _ n=l
IVullg, a2||Vu||232
LAu+ Ha|%, + (& % a2
(27) — a2 n—1 || ||BQ (a ) H ||B2 — CL2R (’&/7 L7 B2) )
HVU\|32 a?
Similarly, for 0 < n < 1 we have that
n a*n ~ T~ ~
Rt gy~ ISt il ISl FRIAG gl + ot
s 1y D1 - = =
[9ul, [V,
Au+ 54 + ||Aw
) | el il I, ey
HVUH32 a

Hence form and for both cases we have

(29) Ai(T,B1) = V{/nclg uerrl;lva\}io} R(u, T, B1)

2 . 2 7
a lej - ema%o} R — ., B2 a“Aj | =, B2

where U; denotes the set of all j dimensional subspaces W of HZ(B;) and Z:{j denotes
the set of all j dimensional subspaces W of HZ(Bsy). Thus, from we can write

k2 —k = o (5 B = A kﬂz’BlB = A, (K2 5, B
j,B2 ]Blfaig mj( j,B1° 1)* m a2’ 2| = (JBQ; 2)
Hence we have proven that for every j = 1,..., there exists a m; such that
(30) Kipy = Am, (kS p,, Br) and  kj g, = A, (K] p,., Ba)

where k; p, > 0 and k; g, > 0 are the transmission eigenvalue for the ball B; and
By. Recall that k; g, = ak; B, > k;.B,-

Now as mentioned before transmission eigenvalues for D are the zeros of contin-
uous functions

fi() == Xj(7, D) = jeN

For 7 = k ', We have that

fm]( 7, Bg) = )‘m]‘ (k?,Bg7D) kg By = )‘mj (ka,Bsz) - kJZ,Bz =0
and

fmj(kaBl):)\ -j(k?BpD) I%Bl <Am (1%2‘31731) kgBQ

Therefore by continuity f,,, has a zero in the interval [kj By k:]2 31]7 whence there

exists a transmission eigenvalue in each of the intervals [kj By ki p ], for j € N.
Since kj g, — 400 and k;j g, — +00 as j — 400, we have shown the existence of
an infinite set of transmission eigenvalues. O
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NEW RESULTS ON TRANSMISSION EIGENVALUES 9

Note that form [9] and [13] one has the following asymptotic behavior of the
transmission eigenvalues for a ball B of radius r with constant index of refraction n

9 9
2 JT

2 A

J, B r2(y/n—1)2
for j large enough. Now for the arbitrary domain D, let {k;} be the sequence of
transmission eigenvalues that we recovered in the above analysis. Hence for j large
enough we have

+0(1)

2,2 22,2
Vs v
J +CO <K< -+ C

B/ -1 A1)
where C; and Cy are two constant (independent of n and j) and r; is the radius of
the ball B; C D and r5 is the radius of the ball D C Bs.

3.2. BOUNDS FOR THE FIRST TRANSMISSION EIGENVALUE. We end by providing
a lower and an upper bound for the first transmission eigenvalue for an arbitrary
domain D and index of refraction n(z) in terms of the first eigenvalue for appropriate
balls with constant index of refraction.

Corollary 3.1. Let n € L*°(D) and let By be the largest ball By C D and Bs the
smallest ball D C By. Then

1) If1+a<n,<n(x) <n* < oo then

0 <k1,Bons < k1,Dn(e) < K1,B) .
2) If 0 < n, <n(x) <n* <1-—0 then

0 < k1,Byn. < ki,Dn) < k1,80

where k1 g, n, and ki, n+ are the first transmission eigenvalue corresponding to
the ball By with constant index of refraction n. and n* respectively, ki p n(z) s
the first transmission eigenvalue of D with the given index of refraction n(zx) and
k1,B,.n* and k1 B, n. are the first transmission eigenvalue for the ball By with index
of refraction n* and n., respectively.

Proof. Assume first that 1 + « < n, < n(z) < n* < co. Then obviously for any
u € H3(D) we have
el Au+Tul}, + 2} o el Au+ Tul? de 4 72 |ul|F
IVullb - [Vull3,
e llAu A+ Tullp 4+ 73 |ul13
(31) < 5
[Vullh
Therefore from we have that for an arbitrary 7 > 0
(32) >\1(7—7 B27n*) < Al(Tvan*) < Al(T,D,ﬂ(fﬂ)) < )\1(T,D,’I’L*) < >‘1(T7 Blvn*)

where A\ (7, D,n*), Ai(7,D,n(x)) and A\ (7, D,n,) are the fist eigenvalue of the
auxiliary problem for D and n*, n(z) and n., respectively, and A (7, B2,n*) and
A1(7, B1,ny) are the first eigenvalue of the auxiliary problem for By, n* and By, n.,
respectively. Now for 7 := k1 g, n., B1 C D we have that A\ (7, D,n(z)) — 7 <0
since in the subspace spanned by the extension by zero to the whole D of the the
eigenfunction ﬂfl’"* the Rayleigh quotient minus 7 for 7 = 7; becomes negative.
On the other hand, for 79 := k1,B, n*, Ba C D we have A\ (19, B2,n*) — 19 = 0 and
hence Ai (70, D,n(x))—7o > 0. Therefore the first eigenvalue k; p () corresponding
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10 FI10RALBA CAKONI AND DROSSOS GINTIDES

to D and n(x) is between k1 g, n+ and k1, n.. Note that there is no transmission
eigenvalue for D and n(x) that is less then k; p, n~. Indeed if there is a transmission
eigenvalue strictly less then k; p, n« then by the monotonocity of the eigenvalues
of the auxiliary problem with respect to the domain and the fact that for 7 small
enough there are no transmission eigenvalues we would have found an eigenvalue of
the ball B; and n* that is strictly smaller then the first eigenvalue. The case for
0 < n. <n(zr) <n* <1- 0 can be proven in the same way if n. is replaced by
n*. O

REFERENCES

[1] F. Cakoni, M. Cayoren and D. Colton, Transmission eigenvalues and the nondestructive testing
of dielectrics, Inverse Problems 24 (2008), 066016.

[2] F. Cakoni, D Colton and H Haddar, The linear sampling method for anisotropic media, J.
Comput. Appl. Math., 146, 285-299 (2002).

[3] F. Cakoni, D Colton and H Haddar, On the determination of Dirichlet and transmission
etgenvalues from far field data, submitted for publication.

[4] F. Cakoni, D. Colton and H. Haddar, The interior transmission problem for region with cavi-
ties, submitted for publication.

[5] F. Cakoni, D. Colton and P. Monk, On the use of transmission eigenvalues to estimate the
indezx of refraction from far field data, Inverse Problems 23 (2007), 507-522.

[6] F. Cakoni and H Haddar, On the existence of transmission eigenvalues in an inhomogeneous
medium, Applicable Analysis, to appear.

[7] D. Colton, A. Kirsch and L. Paivérinta, Far eld patterns for acoustic waves in an inhomoge-
neous medium, STAM Jour. Math. Anal., 20, 1472-1483 (1989).

[8] D. Colton and R. Kress, “Inverse Acoustic and Electromagnetic Scattering Theory”, 2nd edi-
tion, Vol. 93 in Applied Mathematical Sciences, Springer, New York, 1998.

[9] D. Colton, L. Paivarinta and J. Sylvester, The interior transmission problem, Inverse Problems
and Imaging 1 (2007), 13-28.

[10] A. Kirsch, An integral equation approach and the interior transmission problem for Mazwell’s
equations, Inverse Problems and Imaging, 1, 159-179 (2007).

[11] A. Kirsch, On the existence of transmission eigenvalues, Inverse Problems and Imaging 3
(2009), 155-172.

[12] E Kreyszig, “Introductory Functional Analysis with Applications”, John Wiley, New York.
(1978).

[13] J. R. McLaughlin and P. L. Polyakov, On the uniqueness of a spherically symmetric speed of
sound from transmission eigenvalues, Jour. Differential Equations 107 (1994), 351-382.

[14] L. Paivérinta and J. Sylvester, Transmission Eigenvalues, SIAM J. Math. Anal. 40 (2008),
738-753.

[15] B. P. Rynne and B.D. Sleeman, The interior transmission problem and inverse scattering
from inhomogeneous media, SIAM J. Math. Anal. 22 (1992), 1755-1762.

Received for publication

FE-mail address: cakoni@math.udel.edu
E-mail address: dgindi@math.ntua.gr

INVERSE PROBLEMS AND IMAGING VoLuME 0, No. 0 (0), 0



	1. Introduction
	2. Interior transmission eigenvalue problem
	3. On the existence of a transmission eigenvalue.
	3.1. The existence of an infinite discrete set of transmission eigenvalues for constant index of refraction
	3.2. Bounds for the first transmission eigenvalue

	References

