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Abstract. We prove the existence of an infinite discrete set of transmission eigenvalues corre-
sponding to the scattering problem for isotropic and anisotropic inhomogeneous media for both the
Helmholtz and Maxwell’s equations. Our discussion includes the case of the interior transmission
problem for an inhomogeneous medium with cavities, i.e., subregions with contrast zero.
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1. Introduction. The interior transmission problem arises in inverse scattering
theory for inhomogeneous media. It is a boundary value problem for a set of equations
defined in a bounded domain coinciding with the support of the scattering object. Of
particular interest is the spectrum associated with this boundary value problem, more
specifically the existence of eigenvalues which are called transmission eigenvalues. On
one hand, in the context of sampling methods for reconstructing the support of the
scatterer [2], [17], one needs to avoid those frequencies that correspond to transmission
eigenvalues, and hence it is important to know that the transmission eigenvalues form
a discrete set. On the other hand, one can use transmission eigenvalues to obtain
information about physical properties of the scattering object [1], [4], [6], and therefore
it is important to know whether they exist and to understand their connection with
the index of refraction. This application is based on the recent results in [3] which
justify the numerical observation that transmission eigenvalues can be computed from
the far field data. Either way, the investigation of the spectral properties of the interior
transmission problem has become an interesting question in inverse scattering theory.

The interior transmission problem was first introduced in [12] in connection with
an inverse scattering problem for acoustic waves. Roughly speaking, two main ap-
proaches are available in the study of the well posedness of the interior transmission
problem, namely, integral equation methods [10], [15] and variational methods [5],
[6], [8], [14]. Until recently the only known result on transmission eigenvalues was
the fact that they form at most a discrete set with infinity as the only possible accu-
mulation point. The first result about the existence of transmission eigenvalues was
announced in [18] for the case of the reduced wave equation in an isotropic inhomo-
geneous medium where it was shown that there exist a finite number of transmission
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eigenvalues provided that the index of refraction is large enough. This paper was
soon followed by [9], [16], where the same result was proven for anisotropic media and
Maxwell’s equations. Subsequently the difficult case of a medium with cavities, i.e.,
regions with zero contrast, was investigated in [5]. We refer the reader to [13] for a
comprehensive review on the interior transmission problem. Further progress on the
question of the existence of transmission eigenvalues was recently made in [7] where
the assumption on the size of the index of refraction was removed and for the case of
medium with constant index of refraction it was proven that there exist an infinite
discrete set of transmission eigenvalues.

In this paper we will extend the ideas of [7] to show that there exists an infinite
discrete set of transmission eigenvalues for inhomogeneous isotropic and anisotropic
media for both the Helmholtz and Maxwell’s equations including the case of media
with cavities. The only assumption we impose is that the index of refraction is less
than or greater than the index of refraction of the background medium. Our proof
employs the analytic framework developed in [6] and [9] and makes use of transmission
eigenvalues for balls with constant index of refraction first used in [7]. We will also
provide lower and upper bounds for the first transmission eigenvalue.

The plan of our paper is as follows. Having set up the analytic framework, we
first show the existence of infinitely many transmission eigenvalues and obtain lower
and upper bounds for the first transmission eigenvalue for the case of isotropic inho-
mogeneous media for the Helmholtz equation. Then in section 2.3 we provide similar
results for the case of anisotropic media for both the Helmholtz and Maxwell’s equa-
tions. Finally we discuss the case of media with voids, i.e., media with subregions
having zero contrast, for which we also prove the existence of infinitely many trans-
mission eigenvalues. Of potential use in nondestructive testing [1] is a new upper
bound for the first transmission eigenvalue provided by our analysis.

Although the results of this paper provide an important step forward in under-
standing the spectral properties of the interior transmission problem, many questions
still remain. We think that some interesting open problems in this direction are the
existence of transmission eigenvalues for the case of media with contrast partly pos-
itive and partly negative, the existence of complex transmission eigenvalues, and the
completeness of the eigensystem of the interior transmission problem.

2. The existence of an infinite set of transmission eigenvalues. We con-
sider the interior transmission eigenvalue problem corresponding to the scattering
problem for inhomogeneous isotropic and anisotropic media for the Helmholtz equa-
tion as well as for Maxwell’s equations. Our goal is to prove the existence of infinitely
many transmission eigenvalues and provide some estimates for these transmission
eigenvalues. Throughout this section, D C R?, d = 2,3, is a bounded simply con-
nected region with piecewise smooth boundary 9D, and v denotes the outward unit
normal vector to 9D.

2.1. Abstract analytic framework. The interior transmission eigenvalue
problems we discuss in this paper can be described by the following abstract ana-
lytic framework which is introduced in [9]. In particular, let U be a separable Hilbert
space with scalar product (-, -), let A be a bounded, positive definite, and self-adjoint
operator on U, and let B be a nonnegative, self-adjoint, and compact bounded linear
operator on U. Then there exists an increasing sequence of positive real numbers
(Aj)j>1 and a sequence (u;);>1 of elements of U such that Au; = \;Bu;. The se-
quence (u;);j>1 forms a basis of (Aker(B))t, and if ker(B)* has infinite dimension,
then \; — 400 as j — oo (see Theorem 2.1 in [9]). Furthermore, these eigenvalues
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satisfy a min-max principle (see Corollary 2.1 [9]), namely,

. (Au,u)
2.1 A=
(2.1) J Vll}lclzr/ll] (uenvﬁ}fo} (Bu, u)

where U; denotes the set of all j-dimensional subspaces W of U such that Wnker(B) =
{0}. These eigenvalues can be ordered in increasing order, i.e., A\ <Ay < ...

Let 7 — A, be a continuous mapping from )0, oo to the set of self-adjoint and
positive definite bounded linear operators on U and consider the generalized eigenvalue
problem

(2.2) Aru— X (T)Bu =0, ue U

Obviously from (2.1) we have that A\; for every j € N is a continuous function of 7 in
10, 00[. The following theorem provides the fundamental tool in proving the existence
of transmission eigenvalues.

THEOREM 2.1. Let 7 — A, be a continuous mapping from |0, 0] to the set of
self-adjoint and positive definite bounded linear operators on U and let B be a self-
adjoint and nonnegative compact bounded linear operator on U. We assume that there
erist two positive constants 7o > 0 and 71 > 0 such that

1. A, — 7B is positive on U,

2. A, — 1B is nonpositive on an m-dimensional subspace of U.
Then each of the equations A\j(t) = T for j = 1,...,m, has at least one solution in
[T0,71], where \;(T) is the jth eigenvalue (counting multiplicity) of A, with respect to
B; i.e., ker (A, — X\;(7)B) # {0}.

Proof. First we can deduce from (2.1) that for all j > 1, A\;(7) is a continuous
function of 7. Assumption 1 shows that \;(79) > 7o for all j > 1. Assumption 2
implies in particular that Wy Nker(B) = {0}. Hence, another application of (2.1)
implies that A;j(m) < 7 for 1 < j < k. The desired result is then obtained by
applying the intermediate value theorem. 0

2.2. The scalar isotropic media. The interior transmission eigenvalue prob-
lem corresponding to the scattering problem for an isotropic inhomogeneous medium
in R%, d = 2,3, reads:

(2.3) Aw +k*n(x)w =0 in D,

(2.4) Av+k*v=0 in D,

(2.5) w=v on 0D,
ow v

for w € L*(D) and v € L?(D) such that w — v € H3(D), where
9 9 ou
Hj(D)=<Sue€ H*(D): u=0 and %:0 on 0D ;.

Here we assume that for some constant « the positive real valued function n is such
that n(z) > o > 0 almost everywhere in D, n € L*°(D), and 1/|n — 1| € L*>(D).
Note that these assumptions are relevant from the physical point of view (see the last
section for the case of media with voids, i.e., where n = 1 in parts of D).
DEFINITION 2.2. Values of k > 0 for which the homogeneous interior transmis-
sion problem (2.3)—(2.6) has nonzero solutions w € L*(D) and v € L*(D) such that
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w—v € HE(D) are called transmission eigenvalues. If k > 0 is a transmission eigen-
value we call w = w — v the corresponding eigenfunction where w and v is a nonzero
solution of (2.3)—(2.6).

Remark 2.1. Based on the analytic Fredholm theory, it is well known that the
set of transmission eigenvalues is at most discrete with 400 as the only possible
accumulation point [11], [15], [20]. The goal of this paper is to prove that indeed
there exist infinitely many transmission eigenvalues.

It is possible to write (2.3)—(2.6) as an equivalent eigenvalue problem for u =
w —v € HZ(D) for the following fourth order equation:

1
n—1

(2.7) (A +k°n) (A+k*)u=0,

which in variational form is formulated as finding a function u € H2(D) such that

1
(2.8) / — 1(Au + k?u) (AT + k*nv) dz = 0 for all v € H3(D).
D

Following [9] we set 7 := k% and define the following bounded sesquilinear forms on
HZ(D) x HE(D):

(2.9) A (u,v) = (%(Au + 71u), (Av+ Tv)) . + 72 (u, V),

(2.10) A (u,v) = (1 — n(Au + mnu), (Av+ Tnv)) + 72 (nu, v)

D

(1 " (Au+tru), (Av+ m)) o (Au, Av),,

3

and
(2.11) B(u,v) = (Vu, Vo),

where (-, -)p denotes the L?*(D) inner product. Using the Riesz representation
theorem we now define the bounded linear operators A, : Hg(D) — HZ(D),
A, : H2(D) — H2(D), and B : H2(D) — HZ(D) by

(ATu,U)H2(D) = A, (u,v), (ATU,U) () = A, (u,v),
(2.12) and (Bu, v) g2 py = Blu, v).

In terms of these operators we can rewrite (2.8) as

(2.13)

(Aru — 7Bu,v) g2 py =0 or (ATu - TBU,U) () =0 forallv € H3(D).

In order to analyze (2.13), we recall the following results from [9] about the properties
of the involved operators. To this end, let A1 (D) be the first Dirichlet eigenvalue for
—Ain D.

LEMMA 2.3. The operators A, : H3(D) — H3(D), A, : H}(D) — H3(D),
7 >0, and B: H3(D) — HZ(D) are self-adjoint. If for some constant v > 0 and for
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almost all x € D > v >0, then A, is a positive definite operator, whereas if

1
7 n(x)—1
= EL()I) > v > 0, then A, isa positive definite operator. In addition, B is a positive
compact operator.

See [9] for the proof.

LEmMMA 2.4. If ﬁ > v > 0 for some constant v > 0 and for almost all x € D,

then

A (D
(Aru — TBu,u) s > allul|?. >0 forall 0<71< D) and u € HZ(D).
supp (n)

If = =iy > 7> 0 for some constant v > 0 and for almost all x € D, then
(ATU - TBu,u)H2 > allul|?e >0 forall 0<7<M\(D) and wue€ HZ(D).

Proof For the reader’s convenience we show here only the proof for the case of
n(z) 7 > > 0. We have

(2.14) (Aru —1Bu, u) o = Ar (u, u) — 7| Vul|72
~2
> (7= 1) huls + (4 = Ol - 7Iuls
for v < € < v+ 1. Since Vu € H}(D), using the Poincaré inequality we have that
(2.15) HVU”L?(D) =N ( )HAU”L?(D)a

and hence we obtain

2
Y T
(ru =B )y 2 (7= T = 75 ) 18uls 7147 = Ol

Hence A, — 7B is positive as long as 7 < (y — V;))\1(D). In particular, choosing
v = —*—, where n* = supp n(z), and taking € arbitrary closed to v + 1, the latter

A (D
(D) = %' .

Obviously, A, and A, depend continuously on 7 € (0, +00). From the above
discussion, k > 0 is a transmission eigenvalue if for 7 = k? the kernel of the operator
A; —7B (if 1/(n — 1) > v > 0) or the kernel of the operator A, — 7B (if n/(1 —n) >
~ > 0) is nontrivial. In order to analyze the kernel of these operators, we consider the
auxiliary eigenvalue problems

becomes T <

(2.16) Au—ANT)Bu=0 wcHZD) if 1/(n—1)>v>0
and
(2.17) Au—ANT)Bu=0 weHED) if n/(1-n)>v>0.

Thus a transmission eigenvalue, k& > 0 is such that 7 := k2 solves A\(7) — 7 = 0, where
A(7) is an eigenvalue corresponding to (2.16) or (2.17) in the respective cases. Our
goal is now to use Theorem 2.1 to prove the existence of an infinite set of transmission
eigenvalues.
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Remark 2.2. The multiplicity of transmission eigenvalues is finite since if kg is a
transmission eigenvalue, then the kernel of I — TOA:Ol/ QIB%A:OU orl— TOA:OU QBAT_OU 2,
where 70 := k2 is finite since the operators TOA;OUQIB%A;}/Z (if1/(n—1) >~ >0) and
T()A;(,l/2BA;Ol/2 (if n/(1 —n) > v > 0) are compact and self-adjoint [19]. (Here A~1/2
is defined by A~1/2 = I A"1/2dE, where dE) is the spectral measure associated
with the positive operator A.)

Now let us consider the interior transmission problem corresponding to a ball Bg
of radius R centered at zero with constant index of refraction ng > 0 such that ng # 1,
ie.,

(2.18) Aw+ k’ngw =0 in Bg,

(2.19) Av+ kv =0 in Bpg,

(2.20) w=wv on O0Bg,
ow  Ov

2.21 — = Br.

( ) dv  Ov on 9B

By a separation of variables technique, it is possible to show [13] (see also [11]) that
(2.18)—(2.21) has a countable discrete set of eigenvalues. Let kg, be the first trans-
mission eigenvalue corresponding to Br and ng. Typically, this krn, is the first
zero of

Jo(kR) Jo(k\/n_oR) ) —0 i R2
~Jy(kR)  —ymoJ(ky/moR) ’

where Jj is the Bessel functions of order zero, and

_ Jo(kR) Jo(ky/noR) _ - 3
(2.23) W(k) = det( Zin(kR)  —Jaojh(kyoR) > =0 in R,
where jo is the spherical Bessel function of order 0 (if the first zero of the above
determinants is not the first transmission eigenvalue, the latter will be a zero of
a similar determinant corresponding to higher order Bessel functions or spherical
Bessel functions). Let v®#m0 and wP®™ be a nonzero solution of (2.18)-(2.21)
corresponding to kg n,, and denote by uPrm0 1= Brn — yBr:" the corresponding
eigenfunction. We have that u?#m0 € H2(Bg) and

(2.22) W (k) := det (

(2.24) / - 1_ : (AuPrmo 4 g uPrrey(AgPrRme 4 k3 nguPrm0) da = 0.
Br 0
In the following we denote by n. = infp(n) and n* = supp(n).
THEOREM 2.5. Let n € L>®(D) satisfy either one of the following assumptions:
1. 1+a<n, <n(z) <n* < oo,
2.0<n,<nx)<n*<1-p
for some constants o > 0 and B > 0. Then there exists an infinite set of transmission
etgenvalues with +00 as the only accumulation point.

Proof. First we note that using the analytic Fredholm theory it can be shown
[11], [13], [20] that, under assumption 1 or 2, the set of transmission eigenvalues is at
most discrete with +o0o as the only possible accumulation point. In the following we
show that there exists an infinite countable set of transmission eigenvalues. First let
us suppose that assumption 1 holds. This assumption also implies that

1 1 1

0< < < < oo.
n*—1"n(x)—1" n.—1 >

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/30/19 to 165.230.224.162. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

EXISTENCE OF TRANSMISSION EIGENVALUES 243

Therefore, from Lemma 2.3, A, and B defined by (2.12) satisfy the requirement of
Theorem 2.1 with U = HZ(D), and from Lemma 2.4 they also satisfy the assumption
1 of Theorem 2.1 with 79 < A (D)/n*. Next let ki ,, be the first transmission
eigenvalue for the ball B of radius R = 1 and ng := n,. This transmission eigenvalue
is the first zero of (2.22) in R? or (2.23) in R3 for R := 1 and ng := n. (or possibly
similar determinants for higher order Bessel functions). By a scaling argument, it is
obvious that k. ,, := ki1 n, /€ is the first transmission eigenvalue corresponding to the

ball of radius € > 0 with index of refraction n,. Now take ¢ > 0 small enm@ such
that D contains m := m(e) > 1 disjoint balls B}, B2, ..., B™ of radius ¢; i.e., B! c D,
j=1,...,m,and B! ﬂﬁé = () for j # 4. Then ke ,,, := k1, /€ is the first transmission
eigenvalue for each of these balls with index of refraction n, and let uB?m € H§(BY),
j=1,...,m, be the corresponding eigenfunction. The extension by zero @/ of w5
to the whole D is obviously in HZ(D) due to the boundary conditions on 8Bg',n*.
Furthermore, the vectors {@!, @2, ..., 4™} are linearly independent and orthogonal in
HZ(D) since they have disjoint supports, and from (2.24) we have that

(2.25) 0 = / — (AW + k2, @) (AT + k2, n.a) de
b *

1 . . . .
(2.26) =/ |AG + k2, @ do+ kL, /|aﬂ|2dx — k2. / |Vid | da
D D

Ny — 1
D

for j =1,...,m. Let us denote by U the m-dimensional subspace of HZ(D) spanned
by {@',4?,...,a™}. Since each @/, j = 1,...,m satisfies (2.25) and they have disjoint
supports, we have that for 7 := kin* and for every @ € U

1
(Ary @ — TiBa, @) 2 ) :/mma—kﬁﬂﬁdx—kﬁz/|ﬂ|2dx—71/|Vﬂ|2dx

D D D
1
(2.27) g/n _1|Aﬁ—|—ﬁﬂ|2dx+712/|ﬁ|2dx—71/|Vﬁ|2dx:0.
D * D D

This means that assumption 2 of Theorem 2.1 is also satisfied, and therefore we can
conclude that there are m(e) transmission eigenvalues (counting multiplicity) inside
[70, ke n.]- Note that m(e) and k., both go to 400 as e — 0. Since the multiplicity
of each eigenvalue is finite, we have shown, by letting ¢ — 0, that there exists an
infinite countable set of transmission eigenvalues that accumulate at co.

If the index of refraction is such that assumption 2 holds, then we have that

1—n, ~ 1—n(x) ~ 1-—n*

0<

and therefore according to Lemmas 2.3 and 2.4, A, and B, 7 > 0, satisfy the require-
ments and assumption 1 of Theorem 2.1 with U = HZ(D) for 7o < A(D). In this
case we can estimate

(ATu—TIB%u, u) :/L|Au+7u|2dx+/|Au|2dx—T/|Vu|2dx
H2(D) 1—n
D D D
(2.28) S/ln *|Au+7'u|2dx+/|Au|2dx—7'/|Vu|2dx.
—-n
D D D
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The rest of the proof for checking the validity of assumption 2 of Theorem 2.1 goes
exactly in the same way as for the previous case if one replaces n, by n*. O

Remark 2.3. The argument in the proof of Theorem 2.5 can be carried through
if kg n, is any transmission eigenvalue corresponding to (2.18)—(2.21).

Remark 2.4. From the proof of Theorem 2.5 it follows that for every j € N the
equation \;(7) — 7 = 0 has at least one solution, where A;(7) is the jth eigenvalue of
the auxiliary eigenvalue problem (2.16) or (2.17).

Using Theorem 2.5 we can now obtain the following estimates for transmission
eigenvalues. We call B, the largest ball of radius r; such that B,, C D and B,, the
smallest ball of radius rg such that D C B,,. For a given 0 < ¢ < 1 let m(e) € N
be the number of balls B, of radius € that are contained in D. We denote by ki .,
and kp n~ the first transmission eigenvalue corresponding to the ball B; of radius one
with the index of refraction n, and n*, respectively.

COROLLARY 2.6. Assume that n € L*>(D).

L. If1+a<n, <n(z) <n* < oo, then

ky p= k1n
(2.29) 0 < =" < kypon(e) < —=.
T2 o 1
There are at least m(e) transmission eigenvalues in the interval [klr—;*, le"]
2. If 0 < n, <n(z) <n*<1-p, then
k n k n*
(230) 0< L < kl,D,n(w) < = .
1

T . . k Ky
There are at least m(€) transmission eigenvalues in the interval [=:2=, ==2=].

Here ki p n(z) i the first transmission eigenvalue corresponding to D and the given
index of refraction n(x).

Proof. The upper bounds in (2.29) and (2.30) are a consequence of Theorem
2.5. Next assume first that 1 + a < n. < n(z) < n* < co. Then obviously for any
u € H3(D) we have

1

w8+ ruly + 7l Jp el du+ ruf? de 472 ulih
[Vl h [Vl
.31) L mmllBuct ol + 72l
[Vl

Therefore from (2.1) we have that for an arbitrary 7 > 0
(2.32) Ai(T, Byr,,n*) < Ai(7,D,n*) < Ai(7,D,n(z)) < Mi(7,D,n.) < A(7, Bry, 1),

where A1 (7, D,n*), A\i(7,D,n(x)), and A\ (7, D,n.) are the first eigenvalues of the
auxiliary problem for D and n*, n(z), and n,, respectively, whereas A (7, B,,,n*)
and A\ (7, B;,,n.) are the first eigenvalues of the auxiliary problem for B,,, n* and
By, ny, respectively. Now for 7 := ki », /71, By, C D, from the proof of Theorem 2.5
we have that A\ (7, D,n(x)) — 7 < 0. On the other hand, for 7 := k1~ /T2, D C By,
we have A1 (19, By,,n*) — 70 = 0 and hence A\ (19, D, n(z)) — 79 > 0. Therefore the first
eigenvalue Ky p n(s) corresponding to D and n(x) is between ky - /r2 and ki p, /71
Note that there is no transmission eigenvalue for D and n(x) that is less than ky ,,« /2.
Indeed, if there is a transmission eigenvalue strictly less than kp ,« /72, then by the
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monotonicity of the eigenvalues of the auxiliary problem with respect to the domain
and the fact that for 7 small enough there are no transmission eigenvalues we would
have found an eigenvalue of the ball B,, and n* that is strictly smaller than the first
eigenvalue. The case for 0 < n, < n(z) < n* <1— f can be proven in the same way
if n, is replaced by n*. O

Remark 2.5. From Lemma 2.4 and the above corollary we have that

ki Al(D)>

kLDm(m) 2 max < T ) n*

if l+a<n,<n(z) <n* <ooand

k1n
k1,Dn@) = max< S Al(D))
T2
if 0 < ne <n(x) <n*<1-—4, where A\;(D) is the first Dirichlet eigenvalue for —A
in D.

2.3. The anisotropic inhomogeneous media. We now turn our attention to
the interior transmission eigenvalue problem corresponding to the scattering problem
for anisotropic media. We consider two problems, namely, the interior transmission
problem for the anisotropic Maxwell’s equations and the interior transmission problem
for the anisotropic scalar equation. In the following we show that these eigenvalue
problems can be analyzed in the same way as the problem discussed in section 2.2.

DEFINITION 2.7. A real valued dx d, d = 2,3, matriz function K € L>(D,R4*%)
is said to be bounded positive definite on D if there exists a constant v > 0 such that
E-K&> €2 for all € € C? and a.e. in D.

Problem 1: Anisotropic Mazwell’s equations. Let D C R3 satisfy the assumptions
stated at the beginning of section 2. In terms of electric fields the interior trans-
mission eigenvalue problem for anisotropic Maxwell’s equations (where the magnetic
permeability is assumed to be scalar and constant) is formulated as the problem of
finding two vector valued functions E and Eg satisfying

curlcurlE— k> NE=0 in D,

curlcurl Eg — k*Eq =0 in D,
Exv=Eyxv on 0D,

curlE x v =curlEg x v on 0D,

where N is a 3 X 3 matrix valued function defined on D with L*°(D) real valued
entries, i.e., N € L>(D,R3*3). To properly formulate this eigenvalue problem, we
consider the Hilbert spaces

H(curl, D) := {u € (L*(D))?: curlu € (L*(D))3},
Hy(curl,D):={u€ H(curl,D): uxv=0o0ndD}
equipped with the scalar product (u, v).,; = (u, v)p+(curlu, curlv) , where (-, -)

denotes the (L2(D))? scalar product and the corresponding norm ||| Next we
define

curl

U(D) :={ue€ H(curl,D): curlu € H(curl, D)},
Up(D) :={u € Hy(curl, D) : curlu € Hy(curl, D)}

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/30/19 to 165.230.224.162. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

246 F. CAKONI, D. GINTIDES, AND H. HADDAR

equipped with the scalar product (u, v),, = (u, v),,, + (curlu, curlv)_ , and the
corresponding norm ||-||,,. We further require that N, N=! and either (N — I)~! or
(I — N)~! are bounded positive definite real matrix valued functions on D. Hence
a solution of (2.33)—(2.36) is such that E € (L*(D))?, Eq € (L*(D))?, and E —
Eo € Up(D). As it is shown in [9] and [14], (2.33)—(2.36) is equivalent to finding
u=E — Eq € Uy(D) such that

(2.37) (curlcurl — k*N)(N — I)"!(curl curlu — k*u) = 0,

which in variational form can be written as

(2.38)
/(N — )" }(curlcurlu — k%u) - (curlcurl v — k*Nv)dz = 0 for all v € Up(D).
D

Problem 2: Anisotropic scalar equation. This problem can be stated in R? as
well as in R3. Hence the bounded region D C R?, d = 2,3, satisfies the assumptions
stated at the beginning of section 2. The interior transmission eigenvalue problem for
anisotropic scalar equations reads:

(2.39) V-AVw +kw=0 in D,
(2.40) Av+ kv =0 in D,
(2.41) w=v on 0D,
ow  Ov
(242) M = % on 3D,
where
ow
(2.43) () :==v(x) - A(x)Vu(z), x € 0D.

81/A
Letting N := A™!, in terms of new vector valued functions
w=AVw and v = Vv,

the above problem can be written as (see [6] and [9] for details)

(2.44) V(V-w)+k*Nw=0 in D,
(2.45) V(V-v)+k*=0 in D,
(2.46) v-w=v-v on 0JD,
(2.47) V-w=V-v on 0dD.

Here the d x d, d = 2,3, matrix valued function N satisfies the same assumptions as
the 3 x 3 matrix N in Problem 1. The suitable spaces to analyze this problem are

H(div,D):={ue (L*(D))*: V-ue L*D)}, d=2,3,
Hy(div,D):={ue€ H(div,D): v-u=0o0n 0D}

and

H(D):={ue H(div,D): V-ue H' (D)},
Ho(D) : = {u € Hy(div,D): V-ue Hj(D)}
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equipped with the scalar product (u, V)H(D) = (u, V)L2(D) +(V-u,V- V)Hl(D) and
corresponding norm ||-||+. Hence a solution u, v of the interior transmission eigenvalue
problem (2.44)—(2.47) is such that u € (L?(D))%, v € (L*(D))4, and w — v € Ho(D).
Similar to the case of Problem 1, (2.44)-(2.47) has an equivalent formulation as a
fourth order differential equation for u:=w — v € Hy(D),

(248)  (VV-4k*N)(N-1)""(VV-u+k’u) =0 in D,

which can be written in the following variational form:

(2.49) /(N—I)—1 (VV-u+k*n) (VV-V+k*NV) de =0  forall v e Hy(D).
D

We note that (2.38) and (2.49) have the same structure, where the operators (curl curl )
and (VV:) together with corresponding traces are interchanged.

DEFINITION 2.8. Transmission eigenvalues corresponding to Problem 1 (resp.,
Problem 2) are the values of k > 0 for which the homogeneous interior transmission
problem (2.33)—(2.36) (resp., (2.44)-(2.47)) has nonzero solutions w € L?(D) and
v € L%(D) such that w — v is in Up(D) (resp., Ho(D)). This solution u := w — v is
the corresponding eigenfunction.

The fact that the set of transmission eigenvalues is at most discrete with +oc as
the only possible accumulation point for both Problems 1 and 2 is proven in [6], [8],
[14], and [16]. We now proceed to show that there exist infinitely many transmission
eigenvalues. To this end, we notice that both eigenvalue problems (2.38) and (2.49)
can be written as an operator equation

(2.50) Aru—7Bu=0 and Aru—7TBu =0, for ues,
where S stands for Uy(D) if Problem 1 is considered and for Ho(D) if Problem 2
is considered. Here the bounded linear operators A, : § — S, A, : § — S, and

B : S — S are the operators defined using the Riesz representation theorem (i.e.,
defined by (2.12) where HZ(D) is replaced by S) associated with the sesquilinear

forms A, A, and B which in the case of Problem 1 are defined by (see [14] for more
details)

(251) A-(u,v) = (N —I) " (curlcurlu — ru), (curlcurlv — ™))+ ™ (u, v)p,

(252) A (u,v):= (N(I — N) Y(curleurlu — 7u), (curlcurlv — 7v))

+ (curlcurlu, curlcurlv),,

D

and
(2.53) B(u,v) := (curlu, curlv)

respectively, where (-, -),, denotes the L?(D)-inner product, whereas in the case of
Problem 2

(254)  A-(u,v):=(N-I)""(VV-u+7u),(VV- v+ ™)) + 7 (u,v)p,

(2.55) A-(u,v) = (NI -=N)""(VV-u+7u),(VV-v+71v))
+(VV-u,VV V),

D
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and
(2.56) Bu,v):=(V-u,V-v),,

respectively.

The properties of these operators are studied in [6], [9], and [14]. Let o.(z) >0
and o*(x) > 0 be the smallest and the largest eigenvalue, respectively, of the positive
definite symmetric d x d, d = 2, 3, matrix N. Recall that the largest eigenvalue o*(z)

which coincides with the Euclidean norm || N(z)|2 is given by o*(z) = sup¢ =1 (€ -
N(z) &) and the smallest eigenvalue o, (x) is given by 0. (z) = inf|¢j=1 (£ - N(z) €). In
the following we define n* := supp o*(z) and n, := infp o, (z). Let A1(D) again be
the Dirichlet eigenvalue for —A in D. The following lemma is proven in [6], [9], and
[14] (see also the proof of Lemma 2.4).

LEMMA 2.9. Let S stand for Uy(D) if Problem 1 is considered and for Ho(D) if
Problem 2 is considered. The operators A, : S — S, A, 858, 7>0, andB: S —
S are self-adjoint. Furthermore, B is a positive compact operator. If (N —I)~1 is a
bounded positive definite matriz function on D (Definition 2.7), then A, is a positive
definite operator and

A (D)

(Ayu—7Bu,u)g > aljul|i >0 forall 0<7< !

n*

and u€S.

If N(I — N)7! is a bounded positive definite matriz function on D, then A, is a
positive definite operator and

(Afu - TBu,u)S >alul|3 >0 forall 0<7<M\(D) and ucS.

Note that the kernel of B : Uy (D) — Up(D) is given by
Kernel(B) = {u € Uy(D) such that u:= Ve, p € H' (D)},
whereas the kernel of B : Ho(D) — Ho(D) is given by
Kernel(B) = {u € Ho(D) such that u:= curly, ¢ € H(curl, D)}.

To carry over the approach of section 2.2 to eigenvalue problems for anisotropic
medium, namely, Problems 1 and 2, we also need to consider the corresponding inte-
rior transmission eigenvalue problems for a ball with a constant index of refraction.
To this end, let Br C R? be a ball of radius R centered at the origin and ng > 0 a
constant different from one. In [11] it is shown, by using separation of variables, that

curlcurlw — k®>ngw =0 in  Bg,
curlcurlv — k*>v =0 in Bg,
wXv=vXv on 0JBg,

curlw x v =curlvxv on 0Bpg
has a countable discrete set of eigenvalues. Let us denote by kg, the first trans-

mission eigenvalue which as in (2.18)—(2.21) is zero of a determinant similar to (2.23)
involving spherical Bessel functions of the variable kR and of order greater than or
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equal to one (see, e.g., [11], p. 263). Let uBr:no = wBr:no _yBr.no he the eigenfunc-
tion corresponding to kg n,. We have that uBr:"0 € Ufy(Bg) and
(2.61)

1 — —
/ 7 (curl curl uB#mo — g2 nOuBR’”O) - (curl curl@wPrmo — k% ngnouBR7"°) dxr =0.
nog — ’ >

Br

Similarly, for Problem 2, we denote by kg, the first transmission eigenvalue of

Aw+ k*now =0 in Bg,
Av+k*v=0 in Bg,
w=v on OBg,
1 0w Ov
no dv v

2.62
2.63

(2.62)
(2.63)
(2.64)
(2.65) on OBpg,

where here By, is a two- or three-dimensional ball of radius R [6] (this problem also has
infinitely many eigenvalues). The corresponding eigenfunction u?#m0 = nyVwBr:m0 —
VoBrmo is in Ho(Bg), where wPrm0 yBrm0 g a nonzero solution to (2.62)-(2.65).
Furthermore, we have that

1
(2.66) / ~ 1(vv-uBm"O+k}2%,,muBR>"0)-(VVﬁBRv”O+k}§,non0ﬁ3m"0)dg;:0.
b —

Br

By definition the eigenvectors u#m for (2.57)—(2.60) and (2.57)—(2.60) are not in
the kernel of B : Uy(D) — Up(D) and B : Ho(D) — Ho(D), respectively. Finally,
if B C D, then the extension by zero @ of eigenvectors u?#"0 for (2.57)(2.60)
and (2.57)—(2.60) to the whole D is in Uy(D) and Ho(D), respectively. Note that, as
noticed in Remark 2.3, it is possible to use any transmission eigenvalues corresponding
to the ball of radius R.

The above discussion provides all the necessary ingredients to apply Theorem 2.1
to (2.50) in order to prove the existence of an infinite discrete set of transmission
eigenvalues for both Problems 1 and 2. The following theorem can now be proven
exactly in the same way as Theorem 2.5.

THEOREM 2.10. Assume that N € L>®(D,R¥*?), d = 2,3, satisfies either one of
the following assumptions:

I 1+a<n,<(£-N(x)€) <n* < oo,

2.0<n, <(E-N@)§) <n*<1-8
for every € € C? such that ||€|| = 1 and some constants o > 0 and B > 0. Then both
Problems 1 and 2 have an infinite countable set of transmission eigenvalues with +oo
as the only accumulation point.

Theorem 2.10 and the tools developed in this section also enable us to prove
similar results as in Corollary 2.6 for the transmission eigenvalues corresponding to
anisotropic media.

To this end, let again B,, be the largest ball of radius r; such that B,, C D and
B, be the smallest ball of radius rs such that D C B,,. For a given 0 < e < ry let
m(e) € N be the number of balls B, of radius e that are contained in D. We denote
by ki1 n, and ki - the first transmission eigenvalue of either (2.57)—(2.60) or (2.62)-
(2.65) for the ball B; of radius one with index of refraction n, and n*, respectively.
Following exactly the lines of the proof of Corollary 2.6, we can obtain the following
estimates for the first transmission eigenvalue corresponding to anisotropic media.
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COROLLARY 2.11. Assume that N € L>®(D,R¥*%) d = 2,3, and let k1,p,N ()
be the first transmission eigenvalue for either Problem 1 (2.33)—(2.36) or Problem 2
(2.44)—(2.47).
L Ifl+a<n,< (£ N(z)&) <n* < oo for every & € C? such that ||€]| = 1,
and some constant o > 0, then

kl.n* kl.n*
— <KD N@) < ——.
T2 T1

(2.67) 0<

Both Problems 1 and 2 have at least m(€) transmission eigenvalues in the
interval | , lﬁ%]
2. If0 <y < (E-N(x)€) <n* < 1-8 for every € € C? such that ||€|, d = 2,3,

and some constant 8 > 0, then

ki n*
ro

(2.68) 0<

Both Problems 1 and 2 have at least m(€) transmission eigenvalues in the
interval , le"*]

Remark 2.6. From Lemma 2.9 and the above corollary we have that

ki /\1(D)>

ry n*

Fin,
(==

kLDm(m) 2 max <
if 1+ a<n, <(€- N(x)€) <n* <ooand

kin,
k1,Dn(z) = max <;—2, Al(D))
if 0 < n. < (£-N(x)€) <n* <1— B, where \{(D) is the first Dirichlet eigenvalue for
—Ain D.

3. The case of inhomogeneous media with cavities. Motivated by a recent
application of transmission eigenvalues to detect cavities inside dielectric materials [1],
we now want to show that there are infinitely many transmission eigenvalues for the
case of an inhomogeneous dielectric media with cavities, i.e., inhomogeneous media
D with regions Dy C D, where the index of refraction is the same as the background
medium. More precisely, inside D we consider a region Dy C D which can possibly
be multiply connected such that R?\ Dy, d = 2,3, is connected and assume that
its boundary 9Dy is piecewise smooth. We denote by v the unit outward normal to
0D and 0Dy. Now we consider the interior transmission eigenvalue problem (2.3)-
(2.6) with n € L*°(D) a real valued function such that n > ¢ > 0, n =1 in Dy, and
|n—1] > ¢ > 0 almost everywhere in D\ Dy. In particular, 1/|n—1| € L>(D\Dy). The
interior transmission problem for inhomogeneous medium with cavities is investigated
in [5]. To prove our result, we need to recall the analytic framework developed in [5].
To this end we introduce the Hilbert space

Vo(D, Do, k) := {u € H3(D) such that Au + k*u =0 in Dy}

equipped with the H?(D) scalar product and look for the solutions v and w both in
L?(D) such that u = w — v in Vy(D, Dy, k). Tt is shown in [5] that (2.3)-(2.6), with
n satisfying the above assumptions, can be written in variational form as

(3.1)/ L (a1#)u (A+k2)1/3dx+k2/ (A + k) e = 0,
D\D, M — 1 D\Do
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which is required to be valid for all ¢ € V;(D, Dy, k).

DEFINITION 3.1. Values of k > 0 for which (3.1) has nontrivial solutions u €
Vo(D, Do, k) are called transmission eigenvalues. These nontrivial solutions are called
corresponding eigenfunctions.

It is important to note that, as is discussed in [5], if k% is not both a Dirichlet and
a Neumann eigenvalue for —A in Dy then Definition 3.1 of transmission eigenvalues
is equivalent to the existence of a nontrivial weak solution to (2.3)—(2.6). However, if
for some k there exists a nontrivial solution to (2.3)—(2.6), then & is a transmission
eigenvalue according to Definition 3.1.

Next let us define the following bounded sesquilinear forms on Vo(D, Do, k) x
‘/O(Dv DOa k)

(3.2) A(u, ) = j:/ L T (AulAyp+ Vu -V +uy) do

D\Do " —

+/ (Vu- Vi +uv) do
Do

and

(3.3) Br(u, ) = ik2/

- (w(AY + k*) + (Au+ kP*nu)y) da

q:/ L (Vu-viud) dx—/ (Vu- Vi +ud) da,
D\D, " — 1 Do

where the upper sign corresponds to the case when n — 1 > ¢ > 0 almost everywhere
in D\ Dy and the lower sign corresponds to the case when 1—n > ¢ > 0 almost every-
where in D\ Dg. Hence k is a transmission eigenvalue if and only if the homogeneous
problem

(3.4) A(ug, ) + Bi(ug, ) = 0 for all ¢ € Vy(D, Dy, k)

has a nonzero solution. Let Ay : Vo(D, Do, k) — Vo(D, Dy, k) and By be the self-
adjoint operators associated with A and By, respectively, by using the Riesz represen-
tation theorem. In [5] it is shown that the operator Ay : Vo(D, Do, k) — Vo(D, Do, k)
is positive definite, i.e., A,;l : Vo(D, Do, k) — Vo(D, Dy, k) exists, and the operator
By, : Wo(D, Do, k) — Vo(D, Dy, k) is compact. Hence we can define the operator
A,:l/Q by A,:l/Q = fooo \"1/2dE,, where dFE) is the spectral measure associated with
the positive operator Ay. In particular, A,:l/ % is also bounded, positive definite, and
self-adjoint. Thus we have that (2.48) is equivalent to finding u € Vy(D, Dy, k) such
that

(3.5) u+ AP BRA P =,

In particular, it is obvious that k is a transmission eigenvalue if and only if the operator
(3.6) I+ AP BRA Y Vo (D, Do, k) — Vi (D, Do, k)

has a nontrivial kernel where Iy is the identity operator on Vi (D, Dy, k). To avoid

dealing with function spaces depending on k, we introduce the orthogonal projec-
tion operator P from HZ(D) onto Vy(D, Do, k) and the corresponding injection
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Ry : Vo(D, Do, k) — HZ(D). Then one easily sees that A;1/2BkA,;1/2 is injective
on Vo(D, Dy, k) if and only if

(3.7) I+ ReA;V?ByA VPP, - HA(D) — H2(D)

is injective. Indeed, if u+RkA,;1/2BkA,;1/2Pku = 0, then by taking the inner product
of the latter with the component w = u — Pyu which is orthogonal to Pyu, we have
that

(3.8) 0= (u, w2 + (RkA,;l/2BkA,;1/2pku, w)

H?2

= (w, w)gy2 + (A,:l/QBkAlzl/sz% Pkw) . ] F2,

when w = 0. The injectivity of A, "/?ByA, "/? now implies the injectivity of (3.7)
since the component Pyu is in Vo (D, Dy, k). The converse is obvious. Furthermore,
as is discussed in [5], T} := RkA,Zl/QBkA,:UQPk : H3(D) — HZ(D) is a compact
operator, and the mapping k¥ — RkAlzl/ 2BkA,Zl/ %P, is continuous. Therefore, from
the max-min principle for the eigenvalues A(k) of the compact and self-adjoint operator

RkA,Zl/QBkA,:UQPk we can conclude that A(k) is a continuous function of k. Finally,
it is clear that the multiplicity of a transmission eigenvalue is finite since it corresponds
to the multiplicity of the eigenvalue A(k) = —1 [19]. We note that using the analytic
Fredholm theory in [5] it is shown that the set of transmission eigenvalues is discrete
with +00 the only accumulation point. The proof of the existence of an infinite set
of transmission eigenvalues is based on the following theorem which is proven in [5]
(see also [18]). This theorem is a modified version of Theorem 2.1, and the proof is
based on the max-min principle for A(k) and the continuity of A(k) on k.
THEOREM 3.2. Let T}, := RkAgl/szAgl/sz. Assume that
1. There is a ko such that I + Ty, is positive on HZ(D).
2. There is a kK1 > Ko such that I + T, is nonpositive on a p-dimensional
subspace Wy, of H3(D).
Then there are p transmission eigenvalues in [Ko, k1| counting their multiplicity.
In the following we set n, := infp,\ 5, (n) and n* := supp, 5, (n). Recall that we
denote by A1(D) the first Dirichlet eigenvalue for —A on D.
THEOREM 3.3. Let n € L*°(D), n =1 in Dy, satisfy either one of the following
assumptions:
1. 1+a<n, <n(z) <n* < oo,
2. 0<n.<nz)<n*<1-0,
on D\ Dg for some constants o > 0 and 3 > 0. Then there exists an infinite set of
transmission eigenvalues with 400 as the only accumulation point.
Proof. First we assume that the assumption 1 holds in which case we have

1 1 1 —
< < i D\ Dy.
0<n*—1*n(az)—1*n*—1<oo o \ Do

We note that T, := I—i—RkA,Zl/szA,Zl/QPk is positive on HZ(D) if and only if Ax+ By
is positive on Vy(D, Do, k). Hence, combining the terms in (3.1) in a different way,
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we have that for u € V(D, Dy, k)

|Au+k2nu|2dx—k4/ n|u|? dz

1
D\Dg

D\ﬁo n—1

+/€2/ _ |Vu|2dx—k4/ |u|2da:+k2/ |Vul|? d.
D\Do DO DO

For n* = supp\p,n > 1, if the sum of the last four terms in (3.9) is nonnegative,
then we have Ay + By is positive. Hence we have

(3.10) —kz/ n|u0|2dx+/ |Vu0|2dx—k2/ |u0|2dx+/ Vo ? de
D\Do D\ Dy Do Do

2/ |Vu0|2dx—k2n*/ luo|® dz > (\(D) — k*n*)|luol|Z2(py-
D D

Therefore all g > 0 such that k3 < % satisfy assumption 1 of Theorem 3.2. Next

we proceed in the same way as in Theorem 2.5. To this end, take € > 0 small enough
such that D\ Dy contains m := m(e) > 1 disjoint balls B!, B?,..., B™ of radius ¢;

ie,BlCD \ Dy, j=1,...,m,and B! NBi = () for j #i. Let ken, := ki,n, /€ be the
first transmission eigenvalue for each of these balls with index of refraction n*, where
k1,n, is the first transmission eigenvalue for the ball B; of radius one with index of
refraction n, (i.e., the first eigenvalue corresponding to (2.18)—(2.21) with R := 1 and
ng := nx). Denote by uP¢™ € HZ(B!), j = 1,...,m, the eigenfunction corresponding
to ke .. The extension by zero @’ of uB¢™ to the whole D is obviously in Vo (D, Dy, k)
and the vectors {@!, 42, ..., %™} are linearly independent and orthogonal since they
have disjoint supports in D\ Dy. Let us denote by U the m-dimensional subspace of
Vo(D, Do, k) spanned by {@!,@2,...,4™}. Since each @/, j = 1,...,m, satisfies (2.25)
and they have disjoint supports, we have that for x; := k. ,, and for every @/ € U
(note that @/ = 0 in a neighborhood of Dy)

(3.11)  (Aw, @+ Be, @i, ) g2 (p)

1
= / —1|Aﬁ+/<5112|2dx—|—,‘$‘1L / |a|? dox — K3 / |Vii|? da
n—

D\Do D\Dq D\Do
1
< / - _1|A€L+KJ%€L|2 dr + K} / af? do — K7 / |Va|? dz = 0.
D\ﬁo ) D\ﬁo D\ﬁo

This means that assumption 2 of Theorem 3.2 is also satisfied, and therefore there
are m(e) transmission eigenvalues (counting multiplicity) inside [ko, k. n,]. Note that
m(e) and ke, both go to +oo as € — 0. Since the multiplicity of each eigenvalue
is finite we have shown that there exists an infinite countable set of transmission
eigenvalues that accumulate at +oo.

Now assume that assumption 2 holds. Similar to the previous case, from the
definitions (3.2) and (3.3) of Ay and By, we have that

1
(Agu + Bru,u) g2 (py = / ——|Au + Kul? da:—k4/ |u|? dx
© D\D, 1 —n D\D,
(3.12) —I—kz/ |Vu|2dx—k4/ |u|? dx—|—k2/ |Vul? dr.
D\Bg Do Do
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Hence we have that Ay + By is positive as long as

(3.13) —kQ/ n|u|2dx+/ |Vul? do — / |u|? dx—i—/ |Vul|? de
D\Do D\D Do
/|Vu|2dx—k2/ ul? dz > (M (D) — k?)|luo||Z2(py > 0.

Therefore, 1o > 0 such that k% < A1 (D) satisfies assumption 1 of Theorem 3.2. The
rest of the proof can be done exactly in the same way as for the first part, where n.
is replaced by n*. d

Finally, we rewrite the main result of Theorem 3.3 in the following corollary. To
this end, we call B,, the largest ball of radius 7 such that B,, C D\ Dy. For a
given 0 < € < 73, let m(e) € N be the number of disjoint balls B, of radius € that are
contained in D\ Dy. We denote by k1, and ki - the first transmission eigenvalue
for the ball By of radius one with index of refraction n, and n*, respectively (i.e.,
the first eigenvalue corresponding to (2.18)—(2.21) with R := 1 and ng := n. and
ng := n*, respectively). Finally let \;(D) be the first Dirichlet eigenvalue for —A
in D.

COROLLARY 3.4. Assume thatn € L°(D \ Dy), n =1 in Dy, and let k1,0, Do.n(z)
be the first transmission eigenvalue corresponding to (2.3)—(2.6) for D, Dy, and n(z).

L If1+a<n.<n(x) <n* <ocoon D\ Dy, then

A (D kin
(3.14) 0< —1(* ) < k1,p.Don(z) < Ln.
n T1

There are at least m(e) transmission eigenvalues in the interval [/ 21L& le"]
2. If 0 <n, <n(z) <n* <1—p on D\ Dy, then

k1 n»
(315) 0 < +/ )\1(D) < k17D7D07n(w) < L .

1

There are at least m(e) transmission eigenvalues in the interval

Ky
Alternative lower bounds for the first transmission eigenvalue that involve the
geometry of Dy can be found in [5].

Acknowledgments. This research was initiated while F.C. was visiting Ecole
Polytechnique supported by the associate team ISTP of INRIA-UDEL. The hospitality
of this institution is gratefully acknowledged.

REFERENCES

[1] F. Cakoni, M. CAYOREN, AND D. CoOLTON, Transmission eigenvalues and the nondestructive
testing of dielectrics, Inverse Problems, 26 (2008), pp. 065016.

[2] F. CAKONI AND D. COLTON, Qualitative Methods in Inverse Scattering Theory, Springer, Berlin,
2006.

[3] F. Cakoni, D. CoLTON, AND H. HADDAR, On the determination of Dirichlet and transmission
etgenvalues from far field data, C. R. Math., to appear.

[4] F. Cakoni, D. CoLTON, AND P. MONK, On the use of transmission eigenvalues to estimate the
index of refraction from far field data, Inverse Problems, 23 (2007), pp. 507-522.

[5] F. Cakoni, D. CoLTON, AND H. HADDAR, The interior transmission problem for regions with
cavities, SIAM J. Math Anal., 42 (2010), pp. 145-162.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/30/19 to 165.230.224.162. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

!

L

B

> » » 2 9 9 9 9

EXISTENCE OF TRANSMISSION EIGENVALUES 255

. Cakoni, D. CoLroN, AND H. HADDAR, The computation of lower bounds for the norm of
the index of refraction in an anisotropic media, J. Integral Equations Appl., 21 (2009),
pp. 203-227.

. CAKONI AND D. GINTIDES, New results on transmission eigenvalues, Inverse Problems Imag-
ing, 4 (2010), pp. 39-48.

. CAKONI AND H. HADDAR, A variational approach for the solution of electromagnetic interior
transmission problem for anisotropic media, Inverse Problems Imaging, 1 (2007), pp. 443—
456.

. CAKONI AND H. HADDAR, On the existence of transmission eigenvalues in an inhomogeneous
medium, Appl. Anal., 88 (2009), pp. 475-493.

. CorLTON, A. KIRSCH, AND L. PAIVARINTA, Far field patterns for acoustic waves in an inho-

mogeneous medium, SIAM J. Math. Anal., 20 (1989), pp. 1472-1483.

. CoLToN AND R. KRESS, Inverse Acoustic and Electromagnetic Scattering Theory, 2nd ed.,

Applied Mathematical Sciences, Vol. 93, Springer, New York, 1998.

COLTON AND P. MONK, The inverse scattering problem for acoustic waves in an inhomo-
geneous medium, Quart. J. Mech. Appl. Math., 41 (1988), pp. 97-125.

CoLTON, L. PAIVARINTA, AND J. SYLVESTER, The interior transmission problem, Inverse
Problems Imaging, 1 (2007), pp. 13-28.

HADDAR, The interior transmission problem for anisotropic Mazwell’s equations and its
applications to the inverse problem, Math. Methods Appl. Sci., 27, (2004), pp. 2111-2129.

KIRSCH, An integral equation approach and the interior transmission problem for Mazwell’s
equations, Inverse Problems Imaging, 1 (2007), pp. 159-179.

. KIRSCH, On the existence of transmission eigenvalues, Inverse Problems Imaging, 3 (2009),

pp. 155-172.

. KirRscH AND N. GRINBERG, The Factorization Method for Inverse Problems, Oxford Uni-
versity Press, Oxford, 2008.

. PAIVARINTA AND J. SYLVESTER, Transmission eigenvalues, SIAM J. Math. Anal., 40 (2008),
pp. 738-753.

] M. REED AND B SIMON, Functional Analysis, Academic Press, New York, 1980.

. P. RYNNE AND B. D. SLEEMAN, The interior transmission problem and inverse scattering
from inhomogeneous media, STAM J. Math. Anal., 22 (1991), pp. 1755-1762.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


