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Abstract

This study develops a spectral theory of the interior transmission problem (ITP) for heterogeneous and
anisotropic elastic solids. The importance of this subject stems from its central role in a certain class of
inverse scattering theories (the so-called qualitative methods) involving penetrable scatterers. Although
simply stated as a coupled pair of elastodynamic wave equations, the ITP for elastic bodies is neither self-
adjoint nor elliptic. To help deal with such impediments, earlier studies have established the well-posedness
of an elastodynamic ITP under notably restrictive assumptions on the contrast in elastic parameters between
the scatterer and the background solid. Due to the lack of problem self-adjointness, however, these studies
were successful in substantiating only the discreteness of the relevant eigenvalue spectrum, but not its
existence. The aim of this work is to provide a systematic treatment of the ITP for heterogeneous and
anisotropic elastic bodies that transcends the limitations of earlier treatments. Considering a broad range of
material-contrast configurations (both in terms of elastic tensors and mass densities), this paper investigates
the questions of the solvability of the ITP, the discreteness of its eigenvalues and, for the first time, of
the actual existence of such eigenvalue spectrum. Necessitated by the breadth of material configurations
studied, the relevant claims are established through the development of a suite of variational formulations,
each customized to meet the needs of a particular subclass of eigenvalue problems. As a secondary result,
the lower and upper bounds on the first transmission eigenvalue are obtained in terms of the elasticity
and mass density contrasts between the obstacle and the background. Given the fact that the transmission
eigenvalues are computable from experimental observations of the scattered field, such estimates may have

significant potential toward exposing the nature (e.g. compliance) of penetrable scatterers in elasticity.

1 Introduction

The interior transmission problem (ITP), which appears in inverse scattering theory for inhomogeneous me-
dia, is a boundary-value problem formulated as a pair of governing field equations over bounded domain
D C R? representing the support of a scatterer, that are coupled through the Cauchy data on OD. A salient
feature of this problem is that it entails the physical properties of both the obstacle and the background
medium. Assuming steady-state wave propagation and scattering, the existence of a non-trivial solution to
the homogeneous ITP amounts to that of an incident wave field, illuminating inhomogeneity D, that gen-
erates no scattered field. The excitation frequencies at which this phenomenon occurs form the set of the
so-called transmission eigenvalues. In the context of qualitative approaches to inverse scattering [7] such as

the linear sampling method [22] and the factorization method [34], an attempt to reconstruct an obstacle at



these frequencies turns out to be futile owing to their intimate relationship to the solution of the correspond-
ing ITP. Over the last two decades, a mounting body of studies on the interior transmission problem has
shown that, due to its lack of self-adjointness and ellipticity at any frequency, the treatment of the ITP is not
tractable by any classical theory of partial differential equations. A survey of particular issues and difficulties
associated with the treatment of this non-traditional boundary-value problem can be found in [25]. Here one
should mention that the early works on the ITP have primarily focused on the question of its well-posedness
via either integral equation methods [20, 23, 32, 39] or customized variational formulations [5, 8, 18, 28] ap-
plied to Helmholtz, Maxwell, and Navier equations. These studies have in particular established a number of
conditions, stated in terms of (contrast between) the physical properties of the scatterer and the background,
under which the existence and uniqueness of a solution to the ITP can be ensured. Moreover, for certain con-
figurations the set of transmission eigenvalues characterizing the ITP has been shown, by making recourse to
the analytic Fredholm theory, to be at most countable with infinity as the only possible accumulation point.

Recently, a leap toward understanding the nature of the transmission eigenvalues has been made in [38],
where the issue of the existence of such frequency values has been addressed for the first time. This devel-
opment has been followed by a number of works on the spectral theory of the ITP [12-14, 16,17, 19, 33]. In
[6,9-11] it was further shown that the transmission eigenvalues, originally seen as frequencies at which the
linear sampling and factorization methods break down, can actually be used to obtain (in a non-iterative fash-
ion) a qualitative information about the physical characteristics of a hidden scatterer. This result constitutes a
significant advancement on the qualitative approaches to inverse scattering that have hitherto been designed
and used exclusively for geometrical obstacle reconstruction.

The impetus to study the ITP for elastic bodies stems from the development of the linear sampling method
[2,4,20,26,37] and the factorization method [21] for inverse scattering problems in elastodynamics. In this
case, the aforementioned impediments plaguing the mathematical treatment of the ITP [25] are compounded
by the fensorial structure of the elastic wave equation, which in particular features a fourth-order elastic ten-
sor which may have up to six distinct eigenvalues in a general anisotropic case. The existing literature on the
elastic ITP is relatively scarce [5, 18-20] and provides, for a limited number of physical configurations (spec-
ified in terms of the elasticity and mass density contrasts between the obstacle and the scatterer), sufficient
conditions under which the problem is well-posed and has, at most, a countable set of eigenvalues.

To help complete the theoretical foundation of qualitative methods for inverse elastodynamic scattering,
this work aims to establish a comprehensive treatment of the interior transmission eigenvalue problem for
elastic bodies. By generalizing upon the methodologies developed for the Helmholtz and Maxwell equations,
the goal is build a spectral theory of the elastic ITP for all possible material configurations, specified in terms
of obstacle-background “contrasts” between the respective elastic tensors and mass densities. In this setting,
the emphasis is made on i) solvability of the ITP; ii) discreteness of its transmission eigenvalue set, and iii)
existence of such eigenvalues. With the aid of such fundamental results, the relationship between the first
transmission eigenvalue (observable from the scattered field data) and the bounds on elastic and mass density
characteristics of a hidden scatterer is exposed for the first time.

The article is organized as follows. The interior transmission problem for elastic bodies is introduced in
Section 2, followed by the reference analytical (spherically symmetric) example for which the existence of
transmission eigenvalues can be proved explicitly. Making use of this critical result, the featured eigenvalue
problem is investigated for a comprehensive set of material-contrast configurations. In particular, Section

3 addresses the configurations with material similitude, i.e. situations where either the mass densities or
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the elastic tensors of the obstacle and the background solid coincide. The analysis is completed in Section 4
which deals with generic configurations without material similitude, i.e. those where the non-vanishing (mass
density and elasticity) obstacle-background contrasts are considered to be either of the same or opposite sign.
Owing to the complexity of the problem which turns out to be resilient to a unified treatment, each class of

material configurations is dealt with via a custom-designed variational formulation.

2 Preliminaries

Consider the time-harmonic vibrations of a bounded domain D C R3, with smooth boundary 0D, at fre-
quency w. For clarity, all quantities in this study are interpreted as dimensionless by making reference
to the characteristic length dj, reference elastic modulus iy, and reference mass density pg. Next, let
(C,p) € L=°(D) and (C., p.) € L>°(D) denote two sets of bounded material-parameter distributions over D,
where C(x) and C(x) are real-valued, symmetric, fourth-order elastic tensor fields, while p(x) and p, ()
are mass density distributions such that

(iL’) < P7

z):€ < ClEP, <
(x):€ < Cl¢] ond p<p webD 0
< pi(x) <Py,

(@) E<ClER, T p

Here £ is a complex-valued, second-order tensor, while c, ¢, p, p« and C, C,, P, P, are strictly positive con-
stants, signifying respectively the infima and suprema of the associated scalar quantities. With reference
to (1), it is further noted that c, C, c, and C, represent the bounds on the extreme eigenvalues of C and C.,
computed with respect to double contraction with a second-order tensor. In the most general anisotropic case
C and C,, which are endowed with major symmetry [5], may each have up to six distinct eigenvalues.
Hereon, it is assumed that the two distributions of material properties are “non-intersecting” in the sense
that either
c.>1>C or c>1>C, or C=C, inD, 2)

and either
px =>1>P or p=>12>P, or p=ps inD, 3)

with the unity as a point of demarcation achieved via suitable choice of the normalization constants i and py.
Note that the strict equalities in (2) and (3) are, when applicable, assumed to hold almost everywhere in D,
with the additional constraint

(ce=CVec=C,VC=C,inD) A (p.=PV p=P, V p=p,inD) =L, )
imposed on (2) and (3) to facilitate the variational analysis of the ensuing eigenvalue problem.

2.1 Interior transmission eigenvalue problem

With the above definitions the interior transmission eigenvalue problem (ITEP), that arises in a variety of
inverse scattering problems [24], can be stated as a task of finding the non-trivial pair (u,u.) € H(D) x

minmax



H'(D) that solves the homogeneous interior transmission problem

V-[C:Vu] + pwu =0 in D, u—u,=0 on 0D,
V- [C.:Vu,] + pew’u, =0 in D, n-(C:Vu—-C,:Vu,)=0 on 9D,

®

where H':= W12 denotes the usual Sobolev space, and m is the unit normal on 9D oriented toward the

exterior of D.

Definition 1. Values of w? for which homogeneous problem (5) permits non-trivial solution (u, u.) € H'(D)x

HY(D) are called the transmission eigenvalues corresponding to transmission eigenfunctions (u, w..).

The ITEP plays a central role in the development of qualitative techniques for obstacle reconstruction
such as the linear sampling method [7,22] and the factorization method [34], that commonly revolve around
the behavior of the so-called measurements operator which maps a set of incident wave patterns onto the
set of scattered wavefields. To provide specificity for the discussion, let (C., p.) and (C, p) hereon denote
respectively the material properties of a hidden obstacle D C € and the background domain §2 (e.g. R3 or a
half-space). With such premise, it can be shown that the scattering operator characterizing D is injective with
dense range providing that there does not exist a non-trivial solution (u, u. ) to homogeneous boundary value
problem (5), where w is in the form of a single-layer potential over 2 whose source density is distributed
over the source surface. Thus, if w? is a transmission eigenvalue of (5), the scattering operator fails to be
one-to-one and the linear sampling and factorization methods can no longer be applied.

The difficulties plaguing the study of the above-described ITEP stem from the structure of the boundary
conditions prescribed over D whereby (5) is neither self-adjoint, nor elliptic at any frequency (see [25] in the
context of the scalar Helmholtz equation). These impediments are reflected in the fact that the existing studies
of the ITEP for elastic bodies [5, 18, 19] are each formulated under fairly restrictive conditions in terms of
the “contrast” between (C., p«) and (C, p). To shed further light on the problem, this investigation aims to
generalize upon the recent developments for the Helmholtz equation and Maxwell equations [13, 16, 17, 30,
33,38] toward: a) studying the solvability of (5) in situations when the contrast between (C., p.) and (C, p)
transcends the restrictions imposed by earlier studies, and b) establishing, for the first time, the existence of
transmission eigenvalues in elasticity. To this end, the task of investigating the ITEP for elastic bodies is recast
as that of characterizing the kernel of a differential-trace operator J — f(w)K that synthesizes the left-hand
side of (5), constructed such that i) J and KK are both self-adjoint, and ii) IK is compact. Such decomposition
in turn permits the analysis to proceed by focusing on the so-called “material ellipticity conditions” under

which operator J is invertible.

Remark 1. The reference problem (5) is symmetric in material pairs (C, p) and (C., p«). Thus, in each case
studied in this article only one material configuration among (2) and (3) will be stated, and lemmas and

theorems will be generalized owing to a symmetry argument.

2.2 Analytical example

To help lay the foundation for the ensuing analysis, consider first the canonical case where D is a ball of
radius R, while pairs (C, p) and (C., p«) each correspond to a homogeneous isotropic solid. By virtue of its
simplicity, this example allows one to explicitly demonstrate the existence of a countable set of transmission

eigenvalues associated with radially-symmetric eigenfunctions.



In the isotropic case, the fourth-order elastic tensors C and C, can be synthesized in terms of the re-
spective Lamé parameters (A, 1) and (A, p.). Under such restriction C and C, have only two distinct
eigenvalues [35], given respectively by {2u, 3A + 2} and {2p., 3A« + 24 }, and their strong ellipticity is
ensured by the well-known inequalities

£>0,  B3A+2u>0,  p>0,  3A\ +2u > 0. 6)

For completeness, it is noted that A and A, are sign-indefinite by virtue of the fact that sign(\) =sign(v) and

sign(\,) =sign(v.), where v € (—1, 3) and v, € (—1, 3 ) are the Poisson’s ratios affiliated respectively with

C and C... In what follows, it is for simplicity assumed that v > 0 and v, > 0. With such hypothesis, one

has

S0 =t A=T2%s0 w=%s0 ™
When the solution to the interior transmission problem is sought in the form of radially-symmetric vector

fields u(x) =u(r)e, and w.(x) =u.(r)e, such that r=|x| and e, =x/r, the field equations (5a) and (5b)

can next be reduced for r € [0, R) as

A=

2

W () + %u’(r) + (“2 - 2) w(r) =0,  W(r)+ %u;(r) + (“ - 2) w(r) =0, @)

2 r? 2 r?

where c=+/(A+2u)/p; e =+/(A+2p.)/p«, while f' and f” denote respectively first and second deriva-

tive of f(r) with respect to its argument. As a result, the solution to (5) can be written in terms of the
spherical Bessel functions of the first order j; (%r) and j; (Cir), which exposes the existence of a non-trivial
solution when w? is a transmission eigenvalue satisfying the characteristic equation

n(5R) n(e
wy/pA+2u)71 (£R) + 2251 (2R)  wy/p(A +2u* )1

Previous studies of the ITEP for elastic solids [5, 18, 19] have consistently shown that the transmission

Fw) =

R)
Cx =0. 9
(R) + 2, (2R) ©

eigenvalues, when they exist, can only accumulate at infinity. Accordingly, it is natural to investigate the
asymptotic behavior of F'(w) as w — oo. To this end, one may employ the relationships

1 i 1
a) = - Coi(t) +0 (19) and (1) = Smt(t) +0 <t2> , (10)
to find
CCy . (w w w L f(w 1
F(w)wfme2 [\/p()\—|—2,u) sin <CR> cos (CR> — /P« (As 4214 ) cO8 (CR> sin (CR>} +0 (uﬂ) . (1D

Assuming non-zero material contrast between (C, p) and (C., p.), one finds that the leading terms in (11)
are nearly-periodic functions of frequency as w — oo, and so is F' [31]. Thus, expansion (11) demonstrates
that F' has infinitely many zeros, i.e. that the set of transmission eigenvalues stemming from (9) is indeed
countable. In concluding the example, it is noted that (8)—(11) represent an elastic-solid analogue of the well

known spherically-symmetric study of the scalar Helmholtz equation, see e.g. [17, 25].
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3 Configurations with material similitude

In what follows, let D,:=(p.— p)~! and De¢:=(C, '~ C~")~! quantify respectively the contrasts in mass
density and elasticity between the two materials. With such notation, this section is devoted to investigating
the ITEP for elastic solids in situations where either D, or D¢ vanishes identically in D. Following the
approach suggested in [9, 15,27, 39], the problem at hand can be conveniently formulated as a system of
fourth-order differential equations that is amenable to eigen-analysis in terms of variational methods.

For clarity of the ensuing developments, it is important to recall the underpinning analytical framework
introduced in [16]. To this end, let J a bounded, positive definite, self-adjoint linear operator on separable
Hilbert space W, and let KK be a non-negative, self-adjoint, compact bounded linear operator on W. With
such hypotheses, it can be shown that there exists an increasing sequence of positive real numbers \,, and
associated sequence of elements w,, € W such that Jw,, = A\, Kw,,. Next, letting 7 — J. be a continuous
mapping from (0, +00) to the set of self-adjoint, positive definite, bounded linear operators on W, consider
the eigenvalue problem of finding w € W such that (J.. — A, (7)K) w=0.

The following theorem, established in [16], is a fundamental tool toward demonstrating the existence of

transmission eigenvalues.

Theorem 1. Let 7 — J; be a continuous mapping from (0, +00) to the set of self-adjoint, positive definite,
bounded linear operators on W, and let IK be a non-negative, self-adjoint, compact bounded linear operator

on W. Assume the existence of two positive constants o > 0 and T > 0 such that
1. J.,— 10K is positive on W, and
2. J.,— 11K is non-positive on an m-dimensional subspace of W.

Then each of the equations A\, (1) = 7, n.=1,2...,m has at least one solution for T € [1y, T1] where A\, (T)
is the nth eigenvalue (counting multiplicity) of J. with respect to K, i.e. ker(J,— A\, (7)K) # {0}.

3.1 Equal elastic tensors

In this section, it postulated that D¢ vanishes (i.e. C =C,) while D, # 0 almost everywhere in D according

to (4). On introducing the Sobolev space of vector fields with zero Cauchy data on 0D, namely
H{(D)={p € H*(D): ¢=0and n-C:Vep =0 ondD}, (12)

and assuming that pair (u, w,) € L?(D) x L?(D) solves the interior transmission problem (5) where C=C,
one finds that, when p, # p and w > 0, the solution difference v:= u — u, € HZ solves the fourth-order
equation

(V-[C:V]+pw?) D, (V-[C:V]+ pw’)v=0  in D. (13)

The variational formulation of (13) consists in finding v € HZ(D) such that
/ D, (V-[C:Vv] + pw?v) - (V:[C: V@] + pu?Pp) de =0 Ve € HJ(D). (14)
D

To facilitate the treatment of the variational problem at hand, let 7:= w2, and define the auxiliary bounded

Sobolevl



sesquilinear forms on HZ(D)x H3(D) as

A (p,7) =
B(e, )

<DP (V[CVSD} +PT¢)7(V[CV¢] +p7—¢) >L2(D) + T2 <P8071/’>L2(D)7

(15)
(C:Vo, V) o

for all (¢,v) € H3(D) x HZ(D), where the inner product between two nth-order tensors is understood in
the sense of n-tuple contraction. On exercising (15) and the divergence theorem, (14) can be equivalently
formulated as a task of finding v € HZ(D) that satisfies
Ar(v,p) — TB(v,) =0 Ve € Hy(D). (16)
Note that the boundedness of the featured operators is a consequence of tensor C being positive definite and
bounded. To expose the sufficient conditions for the ellipticity of A, the latter can be conveniently recast as

AT(SD?’l/)) = <pr (V[CVSD] + T‘P) ’ (V[CV’lP] + T"/j) >L2(D)

(7
+ <(1 - p)DPV[CVSO]v V[CV¢]>L2(D) + T2<pr(p*— 1)80’1/)>L2(D)'

Lemma 1. Assuming C =C, and restrictions on the contrast in mass densities p, > 1> P and D, #0, then

A is a coercive sesquilinear form on H3 (D) x HZ(D).

Proof. The stated hypotheses of the Lemma imply the existence of real-valued constants «, a, and v such
that in D one has
l=p2a>0, pe—12a. >0,

D, > >0, (18)

where « and i, cannot vanish simultaneously.
When ¢ € HZ(D), one finds by virtue of (17a), (18), the Cauchy-Schwarz inequality, and triangle
inequality that

A(p,0) > p7{<1+ ‘;) 2 4 (14 )y —2xy}7 (19)

where z:= ||V -[C: V]||L2(p) and y:=7||@]||L2(p). In this setting, several combinations in terms of «
and o, must be considered separately to provide a valid lower bound for 4. In particular, it can be shown
that

A (e, ) = py {axz + any? + (z — y)z} when a0 (20)
p ayx >0,

1Y 9 z\’ a =0,
Ar(psp) 2 py{(1— 2"+ (1 +aw —6)y +0: |y — — when (21

Os Ox a, >0,

assuming 0, € (1, 1+, ), and
o 9 1\ , Y 2 a >0,
> Z _Z _Z

A (p,p) = pv{(l—k . 5)95 + <1 5>y +5(a: 6> } when o =0, (22)

where 6 € (1,14+a/p).
From the lower bound in (1) on elastic tensor C, on the other hand, there exists a constant 3 > 0 such



that
IV-C:VollZzpy + lelzzpy = BllelFz ), (23)

see, e.g., [36]. On dropping the squared-difference terms on the right-hand sides of (20)—(22), one finally
concludes from (23) that there exists a constant C- > 0 (dependent on 7) such that A, (¢, @) >C, ||<p\|%,2( D)

which concludes the proof. O

On employing the Riesz representation theorem and identifying H3 (D) with its dual, one can introduce
bounded linear operators A, B : H2(D) — HZ(D) such that for all (o,) € H3(D) x H3(D)

(Ar, ) ooy = Ar(@:9), (B, 9) o 1) = Blop, ). 24)

As aresult, (16) can be rewritten as <(AT— 7B)v, cp> =0 forall p € H2(D). Thusif w? is a transmission

H3 (D)
eigenvalue associated with (5) when C=C, then, recglling that 7=w?, one has that ker(A, —7B) # {0}.
Lemma 2. Assuming C =C.,, linear operator A, : HZ(D) — HZ(D) is positive definite, self-adjoint, and
depends continuously on 7 > 0 when p, =2 1> P and D, # 0 hold almost everywhere in D. Further,
B:H2(D) — HZ(D) is a self-adjoint and positive compact linear operator.

Proof. Since p, p. and C are by premise real-valued and C possesses the major symmetry, the sesquilinear
forms A, and B are Hermitian which requires that operators A, and B be self-adjoint. The positive definite
character of A is a direct consequence of (24) and Lemma 1, while its continuous dependence on 7 > 0
arises from the premise that A, depends continuously on 7 > 0.

To establish the claim that B is compact, consider a bounded sequence ,, € HZ(D), such that there
exists a subsequence @,, that weakly converges with respect to the Hg(D)-norm to ¢, € HZ(D). Since
@,, € HZ(D), it follows that V@,, € H' (D). By virtue of the compact embedding of H*(D) in L?(D), one
accordingly finds that V@,, converges strongly to V¢, with respect to the L?(D)-norm. Finally using the
definition of B in (24), the Cauchy-Schwarz inequality, and the boundedness of elastic tensor C, one finds
that

IB(n = Po)lluzp) < ClIVI(@, = ®o)llL2 () (25)

which implies that B is compact since Bg,, strongly converges to B, with respect to the HZ(D)-norm.
With this result in place, the proof of the lemma can now be completed by noting that B is positive owing to
the positive definiteness of C stipulated in (1). O

The ensuing theorem establishes a lower bound for the transmission eigenvalues. To this end consider
the negative Laplace operator —A for which, as shown by classical eigenvalue theory [29], there exist an
increasing sequence of real-valued, positive Dirichlet eigenvalues A, (D) and a sequence of corresponding

first-order eigentensors ¢,, satisfying
_Agan = )\n(D)gDn in D7 Y, = 0 on O0D. (26)

In this setting \; (D) > 0 denotes the first, i.e. the smallest Dirichlet eigenvalue of the negative Laplace

operator.

Theorem 2. [f either p. > 1 2P or p > 12> P, while De = 0 and D, # 0 hold almost everywhere

in D, the set of transmission eigenvalues affiliated with (5) is discrete, with infinity being the only possible
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accumulation point. Moreover, every feasible transmission eigenvalue w? is such that

C

2
w' > M(D) max(P,P,)’

Proof. When p, > 1> P and D, # 0 holds almost everywhere in D, linear operator A, is invertible due to
Lemma 2 and, since B is a compact operator, so is A7 "B . On denoting by I the identity operator on H, 2(D),
the Fredholm alternative applies [40] whereby T — TAflJB is invertible except for, at most, a discrete set of
values 7 € C that can only accumulate at infinity.

Assuming for the time being that p, >1>Pi.e. D, > 0, letv € HZ (D) satisfying (14), which employing
¢ = v and the divergence theorem yields

/ D,|V-[C: V] + puw?v|*dz + T/ (Vv:C: Vv — p,7|v|?) de = 0. (27)
D D

Whenever the second integral is non-negative, one must clearly have V-[C: Vv] + p. 7v = 0 in D. Since
v=0and C:Vv:n=0ondD for v € HZ(D), it follows that v must also vanish in D by virtue of
the Holmgren’s uniqueness theorem (see [26] for a discussion in the context of elasticity). Due to (1) and
Courant-Fischer min-max formulae [29], on the other hand, the Rayleigh quotient of elastic tensor C is found
to be bounded from below as

/Vv:C:V'de /|V'U|2da:
inf <2 >c inf 22— > cA(D), (28)
veH3(D) /|v\2dm veHl(D) /Mzdm
D D
so that
/ (Vo:C:Vo—porlof’) dz > [Jv[|72(p) (A (D) — 7P.) (29)
D

As a result, the last integral in (27) is necessarily non-negative whenever w? =7 < \; (D)c/P., whereby no
eigenvalues can exist within interval (0, A1 (D)c/P.]. The companion claim (when p >12> P, and D, #0)
can be established by interchanging the roles of p and p,. O

Theorem 3. If either p,>12P or p>12> P, while Dc =0 and D, # 0 hold almost everywhere in D,

there exists a countable set of transmission eigenvalues affiliated with (5).

Proof. The proof of the theorem relies on the existence of a countable set of transmission eigenvalues for the
spherically-symmetric case of homogeneous isotropic elastic bodies examined in Section 2.2. Suppose that
P« = 1 = P and that D, # 0 holds almost everywhere in D. Then by virtue of Lemma 2, operators A, and B
satisfy the hypotheses of Theorem 1 with W := HZ(D). In this case, inequalities (20)—(22) of Lemma 1
further ensure the existence of a real-valued constant 3’ > 0 such that

<A7v,'v>Hg(D) > 3| V-1C:V)ll72 (), (30)
for all v € HZ(D). Moreover since n-C: Vv = 0 on dD, one finds from (1), the major symmetry of C, and
application of the Poincaré inequality as in [29] that
1

(C:Vv,C:Vv) < = IV-[C: V|22, (31

1
N < - 2 B
<C V’U,VU>L2 c L2(D) C)\l(D)

(D)

ppsivanishl



whereby

(s =780,y > (8- 5 ) 195Vl ()

Accordingly when 0 < 79 < c\1 (D)3, operator A,,—7oB is positive on H2(D) and thus meets Assumption 1
of Theorem 1.

Next, from the results in Section 2.2 it follows that interior transmission problem (5) with C = C,,
formulated for a ball B, C D of radius r with constant material parameters c=¢C « p:=Pand p,:=p,,
is affiliated with a countable set of transmission eigenvalues. To help establish the claim of the theorem,
let 7 be one such eigenvalue and let & € HZ(B,) be the corresponding eigenfunction. In particular, ©
satisfies { (A,—7B)o, 90>H§(B,.)
parameters. Accordingly, by taking ¢ = ¥ and integrating by parts, one finds

=0 with featured operators corresponding to the assumed (constant) material

PP 28725, = —V-[C-V]|725,) + (put P)%/B Vo:C:Vode. (33)

Moreover, if o € HZ(D) denotes the extension of by zero to the whole of D one has

~ ~ o~ 1+P—P . ~1112 p*+P “ A . =
<(A,}—TB)U,’U>H3(D)<<F)*_P) [V-[C:VD]|725,) — (p*—P 7 . Vo :C:Vodx

PP. \ .5, .
* (p* P) 7—2”””%2(]3,,)7

(34)

where A; and B are given by (24) assuming 7 = 7 and the original set of material parameters in terms of
distributions (C, p) and (C., p.) over D. A substitution of (33) into (34) yields

U 1 . P. 5 s
(s = 7B)9,5) ) < 55 { (1P = RITC T,y = IV Vil |
+ P P (35)
+<p* )7’/ V'&:{*é—c]:Vf)daz.
p«— P B, P
On choosing the maximum eigenvalue, C of elastic tensor C such that
¢ < %C’ (36)

inequality (35) demonstrates that for sufficiently large 7 = 7y, operator A, — 7B is non-positive on the
subspace of H3 (D) spanned by © —a result which constitutes Assumption 2 of Theorem 1. As a consequence,
one concludes from Theorem 1 that there is at least one transmission eigenvalue within interval [7g, 71]
located on the positive real axis, where 0 < 79 <cAq (D)8’ as examined earlier.

Next, consider € > 0 such that Dicontains m > 1 disjoint balls le

, B2, ... B of radius er, whence
EC Dfori=1,...,m and ?; NBL=0 fori # j. By the scaling argument, 7. = 7 /<2 is a transmission
eigenvalue for each of these balls associated with the interior transmission problem formulated assuming
mass densities p = P and p. = p., and homogeneous isotropic elastic tensor ¢ verifying (36). Thus, if
' e HZ(B!) is an eigenfunction corresponding to 7. for all i = 1,...,m whose extension by zero to the
whole of D is denoted by v € HZ(D), vectors {©',92,...,9™} are linearly independent and orthogonal

in H3(D) since they have disjoint supports. With reference to (35) and (36), on the other hand, operator
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A;., — 7-1B is non-positive on the m-dimensional subspace of H2(D) spanned by {#',%2,...,9™} for
sufficiently large 7.1 = 71 /2. By virtue of Theorem 1, there exist at least m transmission eigenvalues within
interval [7, 7.1], counting their multiplicity. By letting € — 0 and m — oo, one concludes that the set of
transmission eigenvalues characterizing problem (5) when C = C, is countable with infinity being the only
possible point of accumulation.

The case when p > 1 > P, and D, # 0 almost everywhere in D can be treated by the same argument
due to the symmetry in p and p, of the formulation employed. O

The above analysis allows one to establish implicit bounds on p, p, and C = C, in terms of the first
transmission eigenvalue (see Corollary 2.6 in [13] for detailed proof). To this end, denote by B, the largest
ball of radius r such that B,, C D, and by B, the smallest ball of radius R such that D C Bp. Further, let ¢
be a constant elastic tensor satisfying (36), and let Wb (r, C,P, p.) and W (R, C,p, P.) denote respectively
the first transmission eigenvalue of (5) for ball B, with material parameters é* = fl, p:=Pand p, :=p.,

and ball By with material parameters ¢.=C, p:=pand p,:=P,.

Corollary 1. Assume that C=C,, and let p and p, satisfy ps =>1>=P. Then the first transmission eigenvalue
w1 dffiliated with (5) is such that

c A1 (D)

max wll"‘”(R,é, P,ps), 3

< w; < w’l’“”(r,é,p, P.). (37)

where c is defined in (1), ¢ satisfies (36), and A\ (D) is the first Dirichlet eigenvalue for —A in D. For
completeness, it is noted that the analogous bounds when p > 1 > P, can be obtained from (37) by

reversing the roles of p and p, due to symmetry of the problem.

3.2 Equal mass densities

This section deals with the case when D, vanishes (i.e. p = p.), while D¢ # 0 almost everywhere in D
following (4). With such premise, consider the pair (u,u.) € H'(D)x H'(D) satisfying (5) with p = p,
and introduce the Sobolev spaces of symmetric second-order tensor fields

V(D) :={®cL*(D): =&, V- ®cL*(D)},

(38)
Vo(D) :={®V(D): n-®=0 on 0D},
and
W(D) = {®eV(D): =", V- &cH' (D)}, 39
Wo(D) = {®€Vy(D): V-® € Hj(D)},
equipped with the inner product (&, \II>W(D) = (®, \II>L2(D) +(V-®, V~\II>H1(D).

To facilitate the ensuing developments, one may recall that any vector field ¢ € H'(D) and second-order
tensor field ® € V(D) satisfy the relationship

/(V-@)-god:c:/ n-® pdr — / P:Vepdr, (40)
D aD D

and note that & € Wy(D) verifies n - ® = 0 and V- ® = 0 on dD. In this setting, one may take the
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gradient of the field equations in (5) and reformulate the problem in terms of U := C: Vu € W(D) and
U,:=C.:Vu, e W(D) as

VV-U+pw’CU=0 inD, V-U-U,)=0 ondD,

41
VV-U*—I—puﬂC;l: +=0 inD, n-U-U,)=0 ondD.

Following the developments in Section 3.1, one finds that the featured solution difference V := U — U,
satisfies V € Wy (D) and meets the fourth-order differential equation

(VV-+pw’C 1) De: (VV-+pw?C) V=0 inD, 42)

when D¢ # 0, p > 0 and w > 0. By virtue of (40), the variational formulation of (42) can be posed as the
task of finding ¥V € Wy (D) such that

/ (VV-V+pu?C V) :De: (VV-@+puw?C @) dz=0 Y& e Wy(D). (43)
D

To aid the treatment of the featured variational problem, one may introduce the auxiliary sesquilinear forms
on Wy (D) x Wy(D) as

Fr(®,%) =(De: (VV-@+prC @), (VV- ¥+prC 1)), +73(p’C @, ¥)

L*(D) L2(D)y’

44)
g(q’7 \Il) = <pV<I>, V'\II>L2(D)’

where again the inner product between two nth-order tensors is understood in the sense of n-tuple contraction.
With such definitions, (43) can be restated as

F(V,®) — 71G(V,®)=0 V® € Wy(D). (45)
By virtue of the symmetry of elastic tensors C and C.., F, and F can be conveniently rewritten as

Fr(®,9)=(C" " Dc:(VV-@+p7®), (VV- T 4p7¥))

(46)
H(Zs=C1):De:VV- 2, VV- W), o +7H(p*(C ~T4):CT D@, ¥,

L2(D)
to help expose the conditions for their ellipticity, where Z is the symmetric fourth-order identity tensor.

Remark 2. When D¢ # 0 and D, = 0 almost everywhere in D, condition c > 1 > C, implies the existence

of real-valued constants o > 0, a, = 0 and ~v > 0 such that for all complex-valued second-order tensors &
£:(Zi—C1): € > alef,  €:(CTT-Tu):€ > alef,  €:De:€ =P @D

Lemma 3. Assuming p=p. and restrictions on the contrast in elastic tensors c > 1 > C, and D¢ # 0, then

F; is a coercive sesquilinear form on Wy(D)x Wy(D).

Proof. On the basis of (1) and Remark 2, one accordingly has

Fr(@,®) > = {(1+aC)2? + (1+ ) y® — 22y} (48)

(@]
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for all ® € Wy (D), where = = |[VV-®||2(p) and y = 7||p®||12(p). Depending on the sign of « and a,
one further has

Fr(®,®) > % {aCa® + ay® + (z —y)®},  when ii%’v (49)
Fr(®,®) > L {<1l)x2+(1+a*6*)y2+5* <yx>2} when =0 (50
C s 0 oy > 0,
assuming 0, € (1, 1+, ), and
Fo(®,®) > z{(1+aC—5)x2+<1—(1s) y2+(5(m—g)2}, when °‘>_0’ 1)
a, =0,

where § € (1,14+«C). Moreover since V-® € H}(D) the Poincaré inequality holds, i.e. there exists a
constant C'p > 0, dependent only on D, such that

V- @||L2py < Cp|VV-®| 12 (py. (52)

On dropping the squared-difference terms in (49)—(51) and recalling (1) which guarantees that p is bounded,
one concludes that there is a constant C?. > 0 such that F,(®,®) > C. ”'1)”%/\/( py Which concludes the
proof. O

With reference to (44), the Riesz representation theorem ensures the existence of bounded linear operators
FT, Fj, G: W()(D) — W()(D) such that for all ((I), ‘I’) S W()(D) X W(](D)
<]FT (oI >

:‘7-7'(@7‘1’)7 <G@aqj>wo = g(q’7‘1’)7 (53)

Wo (D) (D)

which permits (45) to be rewritten as ((F.— 7G)V, <I>>WO(D) =0 for all ® €Wy (D). Here it is again noted,
analogous to the observation made in Section 3.1, that 7 = w? is a transmission eigenvalue associated with
(5) when p=p, if ker(F,— 7G) # {0}.

Lemma 4. Assuming p = p., linear operator F.: Wy(D) — Wy (D) is positive definite, self-adjoint and
depends continuously on >0 when ¢ 12> C, and D¢ # 0 holds almost everywhere in D. Further, linear
operator G : Wy(D) — Wy(D) is self-adjoint, positive, and compact.

Proof. Linear operators F. and G are self-adjoint since p, C and C,. are real-valued functions; the positivity
of I, is a direct consequence of Lemma 3, while the positivity of G is implied by the fact that p is positive
according to (1).

Next, let ®,, denote a bounded sequence in Wy (D) whose subsequence, <i>n, converges weakly with
respect to the Wy (D)-norm to ®, € Wy(D). Since ®,, € Wy (D), one has by (39) that V- ®,, € H(D)
which is compactly embedded in L2(D), whereby V-®,, converges strongly to V-®,, in L2(D). Accordingly,
one has

IG(@n— ®o)llwy(p) < PIV-(n— ®o)llL2(D), (54)

which ensures the strong convergence of G®,, in the Wy (D)-norm sense to G ®,, and thus the compactness
of G. O

13

Poincare



Following the path established in Section 3.1, the ensuing theorem provides a lower bound for possible
transmission eigenvalues when p = p,. To this end consider the linear operator —V'V -, which is known
to possess an increasing sequence of positive eigenvalues S\R(D) and associated (second-order) eigentensors
®,, [1,3] such that

—-VV-®, =\, (D)®, in D, V-®,=0 on dD. (55)
Alternatively, (55) can be written in terms of the sequence of first-order tensors ¢,, := V-®,, as

—Agp, = M(D)p, in D, @, =0 ondD, (56)

where (5\n (D), ,,) are the solutions of the Laplace eigenvalue problem over D assuming Dirichlet boundary
conditions. Thus if A;(D) denotes the first Dirichlet eigenvalue of the negative Laplace operator, one has

that 5\1(D) > )\1(D)

Theorem 4. If either c > 1 > C, or ¢, > 1 > C while De # 0 and D, =0 hold almost everywhere
in D, the set of transmission eigenvalues associated with (5) is discrete, with infinity being the only possible
accumulation point. Further, every feasible transmission eigenvalue w? is such that

min(c, c,)

w2 > )\1(D) P

Proof. Under the premises of the theorem when assumed ¢ > 1 > C,, then F. is invertible owing to Lemma
4 and, since G is a compact operator, so is F, ~'G. The Fredholm alternative then ensures that I — TF1Gis
invertible except for, at most, a discrete set of values 7 € C that can only accumulate at infinity.

Whereby & : D¢ : € > ~|€|? for some > 0 due to (47), next let V € Wy (D) verifying (43), which with
® =V and integration by parts implies

/ (VV-V+7pC V) i De: (VV-V+7pC 1Y) da

D

(57)

+/ (TP(V'V)'(V-V) —72p?y.cit: T)) de = 0.
D

Whenever the second integral is non-negative, one finds that VV-V + p7C.*:V = 0 in D. However, since
n-Y =0and V-V = 0 on 9D, one must also have ¥V = 0 in D due to Holmgren’s uniqueness theorem.
From an application of the Courant-Fischer min-max formulae [29], on the other hand, one has

(V-V)-(V-P) dz (V-V)-(V-P) da
inf D > inf D > A\ (D) (58)
VEWs(D) / |V‘2 dax V-VEZO‘(m(’))D / |\)|2 dx
D D
and, owing to the bounds on C and p as in (1),
/D (p(V-V)-(V-V) =’V :C 1 V) dx > p|[V|isp) (M(D) — TP ), (59)

whereby 7 < A\1(D)c, /P clearly cannot be a transmission eigenvalue. Then one can conclude owing to the
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fact that the roles of C and C, are interchangeable. O

Theorem 5. Ifeither c > 1 > C, or ¢, 2 1 > C while D¢ # 0 and D, =0 hold almost everywhere in D,

there exists a countable set of transmission eigenvalues affiliated with (5).

Proof. The proof in this case follows the ideas developed in the context of Theorem 3. Suppose that ¢ >
1 > C, and that Dz # 0 holds almost everywhere in D, so that operators [F; and G satisfy the hypotheses
of Theorem 1 with W = Wy (D).

With reference to the proof of Lemma 3 and inequalities (49)—(51), there exists a constant 3”7 > 0 such
that for all ¥V € Wy (D)

(F:V.V) > B'VV-VIi2p), (60)

Wo (D)

which together with Poincaré inequality (52) ensures that

((F.— TG)V, V) py = (8" = TPCp) IV-V|Z:2(py- (61)

From (61), one concludes that F,, — 790G is positive on Wy(D) for 0 < 79 < 3”/(PCp), which meets
Assumption 1 of Theorem 1.

Next, consider the interior transmission problem (5) when p = p, for a ball B, C D of radius r with
constant mass densities p = p,. = const. and homogeneous isotropic elastic tensors CandC, given by their
eigenvalues

C=C, ¢=c¢ C=C, & =c. (62)
From the analytical solution in Section 2.2, it is known that there exists an infinite set of transmission eigen-
values for this problem. To help establish the claim of the theorem, let 7 be one such eigenvalue and let
V € Wy(B,) be the corresponding eigenfunction. Accordingly, V satisfies ((F; — 7G)V, <I'>WO 5, =0
with the featured operators taken as those corresponding to assumed (constant) material parameters. Accord-
ingly by taking & = v, recalling that c; ! > C~!, and integrating by parts, one finds that

CIC PP VIGepy < — (14 CH =) [VV-V|[Tap,) + (1 +C) 471V V325, (63)
If Ve Wo(D) is the extension of Y by zero to the whole D, then

o l4ct—Ct ' Gl oy
(8 =760V () IV 9 Vi~ () IV Pl

Gl —ct
c et A
+ (C—1 — c—l) P272||v||2L2(B,r),

(64)

where F; and G are given by (53) assuming 7 = 7 and the original set of material parameters in terms of
distributions (C, p) and (C., p.) over D. A substitution of (63) into (64) yields

JU 14+ct—C! clegt /14 C L —c b\ P2 -
<(F+—TG)V7V>WO<D><{( Tt >_c—1c*1< ot )pQ} IV Vlixs,)

65
c_lc*_l c*—l_’_c—l E C*—l_’_c—l Y f; ) (65)
+ c-ict\col et D - Cl_ 1 P T || ||L2(B,,)-
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Recalling further that C;* > ¢~! and choosing the constant mass density p > 0 such that

Lot <c*1+C1) p2

p> C71C;1 C;14FC*1 };» (66)

one finds from (65) that for sufficiently large 7 = 7y, operator I, — 7 G is non-positive on the subspace
of Wy(D) spanned by V - aresult which meets Assumption 2 of Theorem 1. As a result, one finds from
the latter theorem that there is at least one transmission eigenvalue of B, within interval [7g, 1], where

70 <" /(PCp). The reminder of the proof mimics that in Theorem 3 and is omitted for brevity. O

Note again that the above analysis allows one to establish implicit estimates on the extreme eigenvalues
of C and C, in terms of the first transmission eigenvalue, w1, of (5) with p=p, in a way analogous to that in
Corollary 1.

4 Configurations without material similitude

For a comprehensive treatment of the subject, this section assumes that the mass density and elasticity con-
trasts between the two solids, A,:= p,— p and A¢:= C.— C, are both non-zero almost everywhere in D.
The difficulty in the treatment of such class of configurations stems from the imposed “dual” boundary con-
dition in (5). In particular, if one attempts to apply the methods of analysis established in Section 3, the fact
that A, # 0 and A¢ # 0 simultaneously makes it impossible to deploy the featured functional spaces which
postulate homogeneous boundary conditions over dD. To deal with the impediment, the ensuing analysis
pursues an alternate route by generalizing upon the developments in [5] and [17].

To help establish the necessary framework, one may recast the interior transmission problem (5) in a

variational setting as
/ (Vu:C:Vg‘o—prU-cfo) de =0 Yo € H (D), 67)
D
and

/ (Vu:C:V{o — pw2u~¢) dx :/ (Vu*:C*:Vcﬁfp*wzu*-cfo) dx Yo € HY(D), (68)
D D

where H (D) denotes the Hilbert space of all o € H(D) such that ¢ =00n dD. As aresult, if v := u—u,
then clearly v € Hg (D) and from (68) it follows that

/ (Vu:Ac: Ve — Aw’u-@) do :/ (Vv:C.: Ve — pow’v-@)de Ve e H (D). (69)
D D

4.1 Elasticity and mass density contrasts of opposite sign

To examine the issues of discreteness and existence of the transmission eigenvalues characterizing (5) that

have, for this class of material configurations, eluded earlier studies [5], set 7= w? and let M., be the bilinear
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form on H'(D)x H'(D) and, for given v € H{ (D), N; ., be the linear form on H' (D) defined by

Mr(nﬂp) = <AC:V"77 V¢>L2(D) - T<Apn>’¢’>L2(D)7

(70)
Nrw(n) = <C*:VU’VU>L2(D) - T<p*v’n>L2(D)’

for all (n,v) € HY(D) x H' (D). With such definitions, variational problem (69) consists in finding u €
H'(D) such that
M, (u, ) = Ny o(p) Ve € HY(D). (71)

Lemma 5. For every v € H} (D) and 7 € C such that R(1) > —§ for some § > 0, there exists unique
u € H(D) satisfying (69) when P. < p and c. > C. Further, the linear operator M., : H} (D) — H'(D)
constructed such that Ml;v = w is solution of (69) is bounded and depends analytically on T € {z € C:
R(z)>—4d}.

Proof. The proof assumes P, < p and c, > C. Next, assuming v € H{ (D) and setting ¢ in (71) to be a

/Apu{odw :/ pxv-@dr.
D D

As a result, the solution u € H! (D) of (71) when 7 =0 is unique up to a constant vector which can be chosen

constant vector, one finds that

such that the above equality holds for three linearly independent constant vectors ¢. In light of this result, the
solution for 7 € C can be conveniently sought as u = @ + k, where k is a constant vector and & € H' (D)

belongs to the space of “zero-weighted-mean” functions
HY(D) := {weHl(D): / Ap'z,bda:O}, (72)
D

equipped with the usual H!(D) norm. On selecting k independent of 7 as

k:</DA,,dm>_l/Dp*vd:c,

one finds from (70)-(71) that u satisfies the same equation as u. By the standard arguments for @ € H? (D),
it also follows that ||V1/JH%2(D) is an equivalent norm in H'(D) since

_H

e 1”’#”%{1(13) <IVYlZ2py < %l (pys (73)

where ;o > 0 is the unique minimizer

. V72 py
p= inf ——m——
PYeH (D) H77[’||L2(D)

When c, > C and P, <p, it follows from (70a) and (73) that for sufficiently small § > 0 one has

R(M:(p,9) = (o= OlIVelizpy — 3 (P=pollelizpy = Cllel(p), 74

for all p € H'(D) and some positive constant C" independent of 7 € {z € C: R(z) > —d}, whereby M.,
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is coercive in H 1(D). Since M, and N, are also continuous, application of the Lax-Milgram theorem
ensures the existence of a unique w that solves (71) and depends continuously on v. Furthermore u = u + k
also satisfies (71) by the definition of k. As a result, one concludes that bounded linear operator M., which
maps v to a unique solution u of (71), is well defined and depends analytically on 7 € {z € C: R(z) > —4§}.

O

On recalling (67) and making reference to the relationship w = M, v where v € H}(D), one can define
the corresponding linear form on H} (D) as

L. (p):= <C:Vu,ch>L2(D) - T<pu,go>L2(D), (75)

such that, in light of Lemma 5 and the Riesz representation theorem, there exists a bounded linear operator LL.-
from H{} (D) into H} (D) such that for all ¢ € H} (D) one has (L, v, ¢>H%(D) = L,(¢p). Thus if P, <p and
c.>C and 7=w? is a transmission eigenvalue of (5) associated with eigenfunction pair (u, u.) € H(D)x
HY(D), then v = w — u, € HJ(D) verifies v # 0 and v € ker(L,). Conversely, if v € ker(L,)\{0},
then u = M, v and u, = u — v solve (67) and (68) as a consequence of (69). Thus, (u, u.) defines a set
of transmission eigenfunctions in H*(D)x H' (D) in each case. Note that, owing to Lemma 5, L, depends
analytically on 7 € {z € C: R(z) > —d}.

Lemma 6. Linear operator Lg : Hi (D) — Hg (D) is coercive if P. <p and c,>C.

Proof. With reference to (75), one finds by setting 7=0 that
<LOU7U>H(§(D) = /D Vu:C:Vode, (76)

where v € H} (D) and u = M also satisfies (69) due to Lemma 5. On substituting u = v + . in (69)
and (76), one further has

<L0”’U>H5(D) :/D(VU:C:V'TJ—i—Vu*:Ac:Vﬁ*) dx ()

and, due to the bounds in (1) on elastic tensors,

(Lov,9) 1y = CllV03(p) + (e O Ve o) (78)

Hg(D)
Finally, since v € H}(D) one finally concludes from the Poincaré inequality that there exists a constant

C'>0 such that (Lo, v>H1(D) >C|v|| whereby Ly is coercive on Hg (D). O
0

2
Hg (D)
Lemma 7. Linear operator L, from H}(D) into H (D) is self-adjoint and has the property that L, — L is
compact on H} (D), if P.<p and c,>C.

Proof. Let (v,v') € Hi(D)x H}(D), then due to Lemma 5, u = M, v and v/ = M., v’ each satisfy (69).
With reference to (75), one has

<]LTv,v’>H$(D) = /D (Vu:C: Vo' —pru-v') dz
(719)

= —/ (Vu:Ac: VY — Ayrud') de +/ (Vu:C,: VY — p,ru-v') de,
D D
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which by applying (69) twice, yields
<}LT'U,U’>H1(D) = —/ (Vv :Cy: VU — porv-v) do +/ (Vu': Ac: Va — Ay,7u'-a) dz. (80)
0 D D

As aresult, (L v, v/>H1(D) = (L,v/, U>H1(D)
0 0

To establish the compactness of L, — L, consider a bounded sequence v,, in H{ (D) for which there

i.e. L, is self-adjoint.

exists a subsequence v,, that weakly converges with respect to the H¢(D)-norm to v € H}(D). Since
H}(D) is compactly embedded in L?(D), ©,, converges strongly to v with respect to the L?(D)-norm and,
due to Lem ma 5, sequences u,, := M,v,, and ﬂg := My®,, converge strongly in L?(D) to u and u’,
respectively. On the basis of (75), the Cauchy-Schwarz inequality, and the bounds on C and p as in (1), on
the other hand, one has

[(Lr =TLo) (@0 =) 112 () < C{IV (@n—w)|lL2(p) + [V (@ — u®) || L2 (D) } + PTl[@n—ulL2(p), (81)

which guarantees that (L, — LLy)®,, converges strongly to (I, — Lo )v with respect to the H}(D)-norm, i.e.
that I, — Ly is compact. O

Theorem 6. If either P, < p and c,. > C or p. > P and C, < ¢, the set of transmission eigenvalues
associated with (5) is discrete, with infinity being the only possible accumulation point. Further, every
feasible transmission eigenvalue w? is such that

min(c, ¢, )

2 > )\ (D) S
Y Al )max(P,P*)

Proof. The discreteness of the set of transmission eigenvalues is a direct consequence of Lemmas 5, 6 and 7.
Indeed, under the hypothesis that P, < p and c, > C, one has that I is invertible and that I, —IL is compact,
while L depends analytically on 7 in a neighborhood of the real axis. On employing the decomposition
L, =Lo+(L,—Lyg), it follows from the analytic Fredholm theory [24] that compact operator I+L ! (L—Lo)
is invertible except for a discrete set of values 7 € C that can only accumulate at infinity.

Next, assuming P, < p and ¢, > C, and let v € H{(D) such that v € ker(LL;). On recalling that
u = M,v and u, = u — v, one finds from (67) and (69) that

/D (Vu,:Ac:Va, — AT u,-uy) de + /D (Vv:C:Vv—prv-v) de =0. (82)
But

| (VuBeiVa — Aruca) da > - OIVulp, + 0= Porlulfap > 0. 63
and since v € H¢ (D) one has

/ (Vv:C:Vv—prv-o)de > ||'U||2L2(D) (M(D)c—171P), (84)
D

due to (1) and Courant-Fischer min-max formulae. As a result, one finds from (82)—(84) assuming 7 <
A1(D)c/P that [|[v] z2(p)y = ||u«|/z2(py = 0 and consequently that u = u. = 0, whereby such 7 cannot be
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a transmission eigenvalue. The remainder of the claim is established owing to the material symmetry. O

The last step of the analysis is to demonstrate the existence of a countable set of (real-valued) transmission
eigenvalues associated with (5) assuming that A, and A¢ are both non-zero almost everywhere in D. In
what follows, this is accomplished by employing the methodology proposed in [17] for scalar problems and
making an additional restriction that the medium represented by (C, p) is homogeneous and isotropic, i.e.
that
C =
C =

(C*C)IQ ®ZIZy, + CIZ, for VG(*l,O],

85
(C—0)Z2®I, + cIy for ve(o,3), ®

p=p=P and {

Wl W=

where ® signifies the (outer) tensor product, and Z,, is the symmetric nth-order identity tensor. In this
setting one may first invoke the result of Lemma 6 and note, assuming P.<p and c,> C, that the kernel
of L, coincides with that of T+ (ILo)~'/2C,(LLg)~'/2, C, := (L, — LLg) owing to the fact that operator
Lo: H}(D) — HJ(D) is positive definite (recall that C, is compact by virtue of Lemma 7). As a result,
the multiplicity of any given transmission eigenvalue is finite for 7 is a transmission eigenvalue of (5) if

=1/2 Here it is noted

and only if 1 is an eigenvalue of the compact self-adjoint operator —(ILg)~*/2C, (Lg)
that operator T, := (Lg)~'/2C,(ILy) /2, being compact and self-adjoint, is characterized by an infinite
sequence of eigenvalues y;(7) accumulating at +oco. Owing to the Courant-Fischer min-max principle, one
can further deduce that £ (7) are continuous in 7.

Making use of the above hypotheses and discussion, the existence of transmission eigenvalues character-
izing (5) in situations where the elasticity and mass density contrasts are of opposite sign can be established

by way of the following theorem proven in [38], which plays a similar role as Theorem 1 in Section 3.

Theorem 7. Assume that P, <p and c, > C, and let T — L. be a continuous mapping from [0, +00) to
the set of linear self-adjoint operators H} (D) — H} (D) with property that Ly is coercive and L, — Ly is
compact. Provided that there are two non-negative constants 7o > 0 and ™, > 1o such that

1. L, is positive on H (D),
2. L., is non-positive on an m-dimensional subspace of H} (D),

operator L. possesses m transmission eigenvalues (counting multiplicity) within interval |19, 1], i.e. m
values of T for which ker(LL;) # {0}.

With the above result in place, the next theorem establishes the existence of an infinite set of transmission

eigenvalues.

Theorem 8. Assume that the medium represented by (C, p) is homogeneous and isotropic as in (85), and let
either P, < p and c, > C, or p. > p and C, < c. Then there exists an infinite sequence of transmission

eigenvalues 7; = w? associated with (5) with +o0o as their only accumulation point.

Proof. The proof is essentially the same in the two cases owing to the material symmetry, and is shown here
for P, < p and c, > C. Without loss of generality, it is also assumed that the Poisson’s ratio v affiliated with
the homogeneous background solid, see (85), is non-negative. First recall that, by virtue of Lemma 6, the first
assumption of Theorem 7 is satisfied for 79 = 0. From Theorem 6, self-adjoint operator L., (see Lemma 7)
is thus positive on H, (} (D) for all sufficiently small 79 > 0. Next, from (79) and the fact that u = v + u.. one
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finds

<]LTU’D>H1(D) = / (Vu:C:Vo—pru-v) de
0
? (86)
:/ (Vu, :C:Vo—pru,v+Vv:C:Vo—prv-0) de
D
which, combined with (69) where © = v + u, and when ¢ = u,, yields
<]LT'v,v>Hé(D) = /D (Vu, : Ac: Va, —7 A, Ju, >+ Vo : C: Vo — prv]?) do (87)

due to major symmetry of the elastic tensor. To facilitate the application of (87), let B,, C D be an arbitrary
ball of radius r included in D, and let 7 be a transmission eigenvalue corresponding to ball B,., see Sec-
tion 2.2, affiliated with two sets of constant material properties (C, p):=(C, p) and (C., p) := (cx Z4, P.),
where C and p are given by (85). Note that the hypothesis of a fourth-order elasticity tensor C. having only
one distinct eigenvalue amounts to the assumption that C.is isotropic with trivial Poisson’s ratio. Recalling
an earlier assumption that v > 0, such configuration in particular implies that

Ap=C.—C=_[(c,—C) — (c.—0)]| T2 ®T> + (c.— ) Iy (88)

1
3
which is, in of itself, an isotropic elastic tensor whose maximum and minimum eigenvalue are given re-
spectively by c, —c > 0 and c, —C > 0 (compare with the expression for C in (85) for negative Poisson’s
ratio). Hereon, the nontrivial solutions corresponding to 7 are denoted by w and ., and their difference by
© = 4 — @, which is clearly in H(B,). If L, is the corresponding operator constructed from ¥ and & by

the same procedure as in Lemma 5, one has

<JL+@,@>H3<BT) = /B (Vi : Ap: Vi, —F0;0,>+ Vo :C: Vo — p7|o]?) de=0.  (89)

r

Next, letting © € H} (D) be the extension by zero of © € H}(B,) to the whole of D, and taking the cor-
responding unique solution of (69) as u := M;v and u. := u — v, sequential application of (69) where

U = U + Uy, to pairs (U, ) and (., ) yields

/(V'&*:AC:VQD—%AP'&*{D) da::/ (Vo:C: Vo —piv-p) de
D D

:/ (Vi:C:Vp—pid-p) dw:/ (Vi : Ap: Vo — 7 Apat,-@) dz (90)
B

r r

for all ¢ € H(D). Since A is positive definite, see (88) while A; <0, the last integral in (90) is positive
for ¢ = .. With the latter restriction on the trial function, one accordingly finds from (88) and (90) via the
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Cauchy-Schwarz inequality that

/ (Va, : Ac: Va, — A, |a.|*) do = / (Vi : Ag: Vu, — 7 Ast,-u,) do
D

T

1/2 1/2
< U (Vi : Ap: Vi, — 7 A, ?) d:c] [/ (Va, : Ap: Va, — 7 As|a.?) da:} o1
B, B

< {/ (V'&* A
B,

sinceE:Aézé':ﬁ':(é*—é):E <E€:(C—C):f=¢:Ac:€and —A;=p—P, <p—p.=—-A, Asa
result, one has

_ 1/2 1/2
Vi, — 7 A |4, ?) dw] [/ (Va, : Ac: Vi, — 7 A, |4, %) daz}
D

o

/ (Va, : Ac: Va, — A, |a, %) de < / (Va, : Ag: Vi, — 7 Apla.]?) da.
D BT

A substitution of this result into (87) with 7 = 7 and v = v, followed by the use of (89), yields

/ (Va, : Ac: Vi, — 7 A, |a. > + Vo :C: Vo — p7|o]?) de
D

N

/ (Vi : Ap: Vo, — 7050, + Vo : C: Vo — p7|9]?) dz = 0.
By making reference to Theorem 7, one concludes that there exists at least one transmission eigenvalue within
interval (0,7]. Finally, by arguing in exactly the same way as in the last part of the proof of Theorem 3,

it is possible to demonstrate that in fact there exists a countable set of transmission eigenvalues affiliated
with (5). O

Remark 3. As a consequence of the proof of Theorem, 8 one obtains an upper bound for the first transmission
eigenvalue wyi. More specifically, consider B,. C D as the largest ball contained in D. If P, <p and c,>C,
then the first eigenvalue associated with (5) is not larger than the first transmission eigenvalue corresponding
t0 B, endowed with a pair of constant material properties (C, p) := (C, p) and (Cy,p.) = (cxZ4,P,),
where C and p are given by (85). Conversely if p. > p and C, <c, then the first eigenvalue affiliated with (5)

is not larger than the first transmission eigenvalue corresponding to B, endowed with (C, p) :=(C, p) and

(Cs, ps) = (CTa, p).

4.2 Elasticity and mass density contrasts of the same sign

The methodology proposed in [8, 28], together with its extensions to the elasticity case [5, 18], allow one to
deal with situations where (5) involves contrasts in material parameters that are of the same sign, namely
when either p, > P and c, > C, or p> P, and ¢ > C,. To facilitate the discussion, one may introduce the
space of first-order tensors

H (D) = {(p,p.)€H(D)xH'(D): V-[C:Vy] € L*(D), V-[C.:Vp,] € L*(D)},  (92)

22



together with the pair of (linear) differential-trace operators P, Q : (D) — L2(D) x L2(D) x Hz (dD) x
H~3(9D) defined by

P(p, p.) = (V- [C: V] —pp, V-[C.:Vp,]—pup,, (¢ —¢.)op, n-(C: Vo —C.:V,)op),

Q(p, ¢.) = (pp, psp., 0, 0).
©3)

for all (¢, ¢, ) € (D). On the basis of (92) and (93), the interior transmission problem (5) can be recast
as a task of finding (u, u.) € (D) such that

Plu,u.) + (147)Qu, u.) = 0. 94

Next, it is useful to define the auxiliary space of symmetric second-order tensors
#(D):={®cL*D): ®=®", V-®c L*(D), Vx[C ':® =0}, (95)
and introduce a bounded bilinear form, R, on ¥ (D):=# (D) x H'(D) so that

R((®,0.),(2,.)) :=(p" V- @, VW), + (CT@,¥) |+ (C.:Ve, Vo) L )

+ </’*‘P*a¢*>L2(D) - <‘P*"I"n>L2(aD) - <‘I"nv’/’*>L2(aD)’

6)

for all (®,,) and (¥, ), ) in £ (D). With reference to (96), the Riesz representation theorem guarantees
the existence of a linear operator R : # (D) — ¢ (D) such that for all (®,¢,) and (¥,4,) in £ (D)

(R(®,.), (¥, 9.)) () = RUB, #,), (¥,90,)). 7

With the above notation in place, one is in position to state the key results from [5] that are essential for
the treatment of the problem at hand.

Lemma 8. Operator P is bijective if and only if operator R is bijective.

Lemma 9. Operator R: # (D) — ¢ (D) is self-adjoint and positive definite if P <p. and C<c,. Further,
linear operator Q: (D) — L*(D) x L2(D) x H2 (D) x H~2 (dD) is self-adjoint, positive and compact.

For further reference, it is also recalled that that the negative Laplace operator, —A, admits an increasing
sequence of positive Neumann eigenvalues y,, (D) and associated (first-order) eigentensors v, [29] satisfy-
ing

—AY,, = pn (D), in D, Vip,-n=0 on ID. (98)

Due to the fact that the first eigenvalue in (98) is p; = 0, us denotes the smallest non-zero Neumann
eigenvalue of the negative Laplace operator.

Theorem 9. If either P < p, and C < ¢, or P, < p and C, < ¢, the set of transmission eigenvalues
associated with (5) is discrete, with infinity being the only possible accumulation point. Moreover, every
feasible transmission eigenvalue w? is such that

1 1 max(c, c,) — min(C, C,)

> > mi D) mi . — D .
@ min | & (D) min(c, c.) (min(P, P.) max(p, p*)) » Ha )maX(P, P.) — min(p, ps) ©9)
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Proof. The first part of the theorem is a direct consequence of Lemmas 8 and 9. Under the hypothesis that
R is positive definite (which is ensured by the featured restriction on material contrasts), the use of the Lax-
Milgram theorem demonstrates that P is invertible [5]. In light of the “operator” formulation (94) of the
interior transmission problem (5), on the other hand, the Fredholm alternative applied to compact operator
I+ (1+7)P~Q (where I is the relevant identity operator) affirms the claim regarding the nature of the set
of transmission eigenvalues.

To establish the lower bound (99) on the transmission eigenvalues, assume that P < p, and C < c,. The
combination of (67) and (69) then yields

—/ (Vuy:Ac:Va, — AT, uy) d:c:/ (Vv:C:Vov —prv-v) de, (100)
D D

see also (82). If u, is next decomposed as u, = U, + ¢, where u, € fIl(D) (recall that f]l(D) is the
Sobolev space of weighted zero-mean functions defined by (72)) and c. is a complex-valued vector constant.
Then (69) where u = u, + v and ¢ = 1 provides the value of the constant as

-1
c, = (/ A,,dw) / pvde, (101)
D D

which permits (100) to be rewritten as

—/ (V. Ac: Vi, — AT, w,) d:c:/
D

(Vv:C:Vo - prv-v) de — T|c*|2/ A, dx. (102)
D D

Here the application of relationship u.. = @, + ¢, and Courant-Fischer min-max formulae [29] yield

/|Vﬁ*\2d:p /|Vu*|2dw
inf 22— > inof 2

= pe(D), 1

el D) s Lo ; p2(D) (103)

y || dee [ tuw dz =0 |y | dee
D D

while (1) requires that sup, A, = P, —p >0 and infpinfe&: Ac: € = (c. —C)|€]2 > 0 for all
complex-valued vectors £. As a result, the left-hand side of (102) can be shown to be bounded from above
as

,/D(Va*;AC;VaWA,ﬂa*.a*) dz < (—pa(D)(co— )+ 7(Pu=p)) ll2eipy.  (104)

On recalling that v € H} (D), a similar treatment of the right-hand side yields

«P
/ (Vv:C:Vv —pTv-0) dm—7|c*|2/ A,dx > (c)\l(D)Tpp P) Hv|\2L2(D). (105)
D D *

As a result, when 7 is such that

1 1

and T < C)\l(D) <P - p) s (106)

T < p2(D)

substitution of (104) and (105) into (102) guarantees that @, =v =0 and consequently u, =u =0, whereby
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such 7 cannot be a transmission eigenvalue. Finally, the combination of condition (106) and similar reasoning
using the material symmetry recovers (99) and thus completes the proof. O

To establish the existence of the transmission eigenvalues in situations where the elasticity and mass
density contrasts are of the same sign, it is possible to adapt the methodology developed in Section 4.1. To
this end, it is again assumed that the background medium is homogeneous and isotropic, whereby C and p
are given by (85). For brevity, the ensuing discussion assumes that p < p, and C < c,, noting that the case
when P.< pand C.<c can be handled in exactly the same way. To avoid repetition, the focus is made on
the differences between the current treatment and that in Section 4.1.

The main difficulty in dealing with the problem at hand resides in solving (69), or equivalently (71),
due to general lack of coercivity of the bilinear form M given by (70). To deal with the impediment, let
B, C D be a ball of radius 7 contained in D, and let 7 be the first transmission eigenvalue corresponding to
B, endowed with two sets of constant material properties (C, p) :=(C, p) and (C,, p..) :=(C + %1'4, 0),
where C and p are given by (85). In this setting, it is further required that

(P, —p) < 2—“%(@ - Q), (107)

where p is the unique minimizer defined via (73). With reference to the analytical framework developed in
Lemma 5, for o € H'(D) and 7 € {z € C: R(z) < 7} one now has

RM(0.0) = R((Ac:Ve. V) = 7(86,0) 1))

> (e IVl — 7 (Pam )l
T 2 (cx—C) 2
> - 0= 2| IVl > E5 DLl

which ensures the coercivity of M, in H! (D) under the featured set of of restrictions. Following the proof
of Lemma 5, one can consequently construct a linear operator M., : H} (D) — H'(D) such that M,v = u.
This construction leads to the definition of operator L, : Hj (D) — H}(D) associated with (75) thanks
to Riesz representation theorem. By mimicking the proofs of Lemma 6 and Lemma 7, one can next show
that LLg is coercive, that I, is self-adjoint, and that IL., — Ly is compact. On recalling the first transmission
eigenvalue 7 for ball B, C D described earlier and denoting the corresponding nonzero solutions as & and
U, so that © = 4 — 4. € H}(B,), it follows that (89) also holds for I[,% in the present case. Further, if
© € HE(D) is the extension by zero of © € Hg (B, to the whole of D, one finds by taking @ := M;® and
U, = u — v, and performing similar calculations as in (90) and (91) that

/ (Va, : Ac: Vi, — 7 A, |4, %) dz :/ (Vi : Ag: Va,) do
D ”

- 11/2 ¢ 1/2
< / (V'&* tAg: Vﬁ*) dx / (Vﬁ* (246 Vi, — Vi, : Ag: Vﬁ*) da:}
B, i L/ B,

- - 11/2 1/2
<|[ (Vi agva) || [ (Vi ae Va. - e - O dw}
B, i LJ D

- 11/2 ¢ 1/2
/ (Vi : Ag: Vi) do / (Va, : Ac: Vi, — 7 A, |a,]?) da:} ,

B, D

N
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due to (107) and relationships & : 2A, : £ =¢: Q(é*fé) €< E:(C—C): € =¢:Ac: € and
P.—p=p.—p=2A, Asaresult,

/D (Va, : Ac: Vi, — 7 A, |4, %) de < /B (Vi : Ag: Vi) de.

On substituting this result into (87) when 7 = 7 and v = v, it follows by virtue of (89) that
<Lm,fb>Hé(D) = /D (Va, : Ac: Va, — A, |a, >+ Vo :C: Vo — p7|o]?) do

< / (V'&*:Aé:Vﬁ*—FVf):C:V'B—pﬂf)F) dx =0,
B,

which implies, via Theorem 7, that there exists at least one transmission eigenvalue within interval (0, 7].
The above analysis establishes the following result on the existence of transmission eigenvalues for the case

where the elasticity and mass density contrasts share the same sign.

Theorem 10. Assume that the medium represented by (C, p) is homogeneous and isotropic as in (85). If

either

1. p<p. and C<c, such that

(P.—p) < 2=(c. = C)
where T is the first transmission eigenvalue corresponding to ball B, C D endowed with constant

material properties (C, p):=(C, p) and (C., p.):=(C + C*;CI4, p), or

2. P.<pand C.<c such that [
(h=p.) < 2e-Co)

T
where T the first transmission eigenvalue corresponding to B, C D endowed with constant material
properties (C, p):=(C, p) and (C., p.):=(C + STy, p),

there exists at least one transmission eigenvalue associated with (5) within interval (0, 7).

Remark 4. The foregoing developments, catering for the case where the elasticity and mass density contrasts
are of the same sign, unfortunately can not be carried further along the lines of the proof of Theorem 3 to
establish the existence of infinitely many eigenvalues since the linear operator 1L, has the required properties
only for T < 7, where 7 is bounded by (107). However, if the mass density contrast is sufficiently small so
that (107) is met for v > 0 such that m > 1 balls of radius r can be fitted in D (see the proof of Theorem 3),

one can show that there are m> 1 transmission eigenvalues within interval (0, 7] counting multiplicity.

5 Conclusions

In this study, the existence and structure of the transmission eigenvalues for heterogeneous and anisotropic
elastic bodies is considered for a wide class of mass density and elasticity contrasts between the two solids
featured by the interior transmission problem. When no external excitation is present, the latter bound-
ary value problem entails two body-force-free equations of (anisotropic, inhomogeneous) linear elasticity
in a bounded domain D C R?, with shared Cauchy data over D. In the context of the inverse scattering
theory, these two equations model respectively penetrable obstacle D and background medium occupying

region D. The resulting eigenvalue problem turns out to be nonlinear and may, at best, be transformed into
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a linear eigenvalue problem for a non-self-adjoint compact operator. For generality, the interior transmis-
sion eigenvalue problem is investigated for a wide class of material contrasts between the obstacle and the
background, namely those with material similitude in terms of equal elastic tensors or equal mass densities,
and configurations without material similitude where the mass density and elasticity contrast are each sign-
definite throughout D. For configurations involving either equal elastic tensor distributions or equal mass
density distributions over D it is shown, via a suitable variational formulation of the interior transmission
problem for heterogeneous anisotropic solids, that the latter is necessarily characterized by a countable set
of (positive) transmission eigenvalues that accumulate only at infinity. For configurations without material
similitude, on the other hand, a further distinction is made between the situations where the elasticity and
mass density contrasts are of the same sign, and those where the two are of the opposite sign. In the latter
case the discreteness of transmission eigenvalues is again established for a general case involving anisotropic
heterogeneous solids, while the existence of a countable set of transmission eigenvalues is proven under an
additional restriction that either the background or the obstacle is homogeneous and isotropic. In situations
where the elasticity and mass density contrasts share the sign over D, an earlier result on the discreteness of
the transmission eigenspectrum [5] is complemented by the proof of its non-emptiness, requiring again that
either the background or the obstacle be homogeneous and isotropic. Necessitated by the breadth of material
configurations studied, the above claims are established through the development of a suite of variational
techniques, each customized to meet the needs of a particular class of eigenvalue problems. As a secondary
result, the lower and upper bounds on the first transmission eigenvalue are obtained in terms of the elasticity
and mass density contrasts between the obstacle and the background. Given the fact that the transmission
eigenvalues are computable from the observations of the scattered field, such estimates may have significant
potential toward exposing the nature (e.g. compliance) of penetrable scatterers in elasticity, see [10] for a

discussion in the context of scalar problems.
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