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We consider the two-dimensional electromagnetic inverse scattering prob-
lem for a dielectric medium partially coated with a thin layer of highly
conductive material. Using the linear sampling method, we show that the
approximate solution of the far field equation can be used to reconstruct
the support of the coating in addition to the shape of the scattering
obstacle. We also deduce formulaes providing point-wise reconstruction of
the surface conductivity on the coated portion and the real index of
refraction on the uncoated portion of the boundary. Numerical examples
are given for the case with constant surface conductivity and index of
refraction showing the viability of our reconstruction procedure.

Keywords: linear sampling; mixed transmission conditions; inhomogeneous
medium; inverse scattering

AMS Subject Classifications: 35R30; 35Q60; 35J40; 78A25

1. Introduction

We consider the scattering of time-harmonic electromagnetic waves with frequency
by an inhomogeneous dielectric obstacle partially coated with a thin layer of a highly
conductive material. This problem arises in non-destructive testing and underground
interrogation.

In this work, we restrict ourselves to the case where the scatterer is an infinitely
long cylinder with axis in the z-direction and cross-section D, and the incident
electromagnetic field is a plane wave propagating in the direction the cylinder axis
such that the electric field is polarized perpendicular to the z axis. We assume that the
electric permittivity €, and magnetic permeability u, of the exterior background
medium are positive constants whereas inside the cylindrical scatterer the magnetic
permeability p is the same as of the exterior medium but the electric permittivity € is
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a positive function independent of z and the conductivity o =0. The cross-section
D CR? is a bounded domain with C?-boundary 9D such that the exterior domain
D,:=R*\D is connected. We denote by v the outward unit normal to dD. The
boundary aD = dD, U aD, is split into two open disjoint parts dD, and 9D,, where
oD, corresponds to the uncoated part and 9D, corresponds to the coated part of
the surface of the scatterer. Let the positive function n defined on 9D, denote the
surface conductivity which involves the physical parameters of the coating and its
thickness. Assuming that the function n does not depend on z, then the incident,
interior and scattered magnetic fields have only one component in the z direction, i.e.
H'=(0,0, U, H" = (0,0, V) and H*= (0,0, U®), respectively. Eliminating the electric
fields and denoting by a(x)=e€p/e(x) the contrast, the direct scattering problem is
formulated as the following transmission problem for V and U (see [1,2]):

Va(x)VV +k* V=0 in D
AUS +12U° =0 in D,
V—(U+U)=0 ~ on D,

. AU+ U
Vo + U) = —ino 9 ap,

S v (1)

ﬂ — M — 0 on 8D
v, ov

8 S
lim,— o ﬁ( aU — ikU‘) =0,

/a

where r=|x|, U'is the incident plane wave given by U':= ¢/ de Q:={x:|x|=1},

%(x) =v(x) - a(x)VWV(x), xel,
and the radiation condition in (1) holds uniformly with respect to x = x/|x|.

In the following, we assume that a € C>(D) and n € C?(aD,) such that a(x) > a;>0
for x e D and n(x)>ny>0 for x € 3D, (note that 3D, is not necessarily connected).
To formulate mathematically the direct scattering problem, we recall the usual
Sobolev spaces H'(D), H 1 (D,) and H%(BD), and for aD.C dD we define by

H(0D,) := {ulyp, - u € H}(OD)}
H(3D,) := {ue H'3D,) :suppu C aD.},

and denote by H2(3D.) and H2(dD,) the dual spaces (H2(dD.)) and (H(dD.)),
respectively, with L? as a pivot space (for details see [3]). For later use we also define
the Hilbert space

9
H'(D, aD,) = {u € H'(D) such that 8—3 c Lz(aD(,)}

equipped with the usual graph norm

)’

ov

2 ._ 2
lullyy p.ap,y = Nutllzn(py + :
L2(8D.)

The forward scattering problem reads: given D, a, n and U’ as above, find
VeH'(D) and U GH/loc(De) that satisfy (1) where the boundary conditions are
assumed in the sense of the trace operator. In [1] (see also [2]) it is shown that (1) has
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a unique solution depending continuously on the incident field. It is also known [4]
that the radiating field U® have the asymptotic behaviour

eikr

US(x) = —=Usx(X,d) + OG?), r— o0, )

\/;
where Uy (X, d) is the far field pattern of the radiating solution U* which depends on
the incident direction d €  and the observation direction X € Q, where Q is the unit
circle.

The inverse scattering problem we are concerned with is to determine the shape D,
identify the uncoated part 9D, and coated part dD. and reconstruct n and alyp, from a
knowledge of the far field pattern Us(X,d) of the scattered field U° for x,d € Q.
However we remark that, based on [5], the results of this article hold true if Uy(X, d)
is known on a limited aperture, i.e. for d € Q¢ and x € Q, where Q; and Q, are open
subsets of the unit circle 2. Note that, except for some reasonable regularity
conditions (only for technical reasons) no a priori information is assumed. For the
uniqueness of the support D from the above data we refer the reader to [2,6] whereas
uniqueness theorems for n can be found in [2,7].

The solution of this inverse problem was first considered in [8] (see also [1]) where
the linear sampling method was used to reconstruct the shape D of a partially coated
anisotropic dielectric with non-smooth boundary. In addition, a variational method
was given for determining the essential supremum of the surface conductivity 5. The
idea of [8] was further developed in [7] where 7 is obtained as a solution of an integral
equation. In the foundation of these approaches is the study of the so-called the
interior transmission problem (ITP) that was first investigated in [9].

An alternative approach for solving the inverse scattering problem for partially
coated perfect conductors was proposed in [10-12] based on the probe and singular
sources methods (see also [13,14]) combined with asymptotical analysis of Green’s
function related to the exterior mixed boundary value problem. A full reconstruction
of the scattering objects including the shape, the support of the coating and the
impedance coefficient is presented in the above mentioned papers.

The goal of this article is to extend the ideas of [11,12] to solve the inverse
scattering problem for partially coated dielectrics using the linear sampling method.
More precisely, we show that the approximate solution of the far field equation
can be used to distinguish between the coated and uncoated boundary points, in
addition to the reconstruction of the support of the scatterer. Furthermore, we
obtain formulaes that provide point-wise reconstruction of the index of refraction
evaluated at the uncoated boundary points and the surface conductivity at the coated
boundary points. The inversion scheme is essentially based on a detailed
asymptotical analysis of Green’s function associated with the ITP corresponding
to our scattering problem which is developed in [15]. We note that the linear
sampling method and the probe and singular source methods use the far field data
differently. However they have a common feature, whereas the linear sampling
method is based on the behaviour of Green’s function of the interior problem
corresponding to the scattering problem (in the current case ITP), the probe and
singular source methods rely on Green’s function of the exterior problem. For a
discussion on the probe and singular source methods in comparison to the linear
sampling we refer the reader to [13,16,17-19].
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The plan of the article is the following. In the following section, we derive the
solution algorithm for solving the inverse scattering problem. In order to avoid long
and tedious calculations in our presentation, we state without proof some important
results from [15] which are basic for the derivation of our reconstruction formulaes.
Section 3 is devoted to numerical implementation of the proposed algorithm where
we present some numerical examples showing the viability of the method. Given the
complexity of the inverse problem, the numerical study presented here is preliminary
and by no means comprehensive and further investigation is necessary.

We conclude by saying that our reconstructing algorithm simply start by
sampling the searching region and the information is built step by step from the
reconstruction of the support till the reconstruction of the boundary coefficients.
Parts of the algorithm can be used if more a priori information is available.

2. The inverse scattering problem

The solution method for the inverse problem is based on the study of the
approximate solution to the far field equation. To this end let us define the far field
operator F: L}() — L*(Q) by

Fg() ::/Quoo(fc,d)g(d)ds(d), Xeq 3)

and the far field equation
(Fo() = GY(%,2) gel(Q), feQ zeR:, j=12, )

where GY)(%,2) is the far field pattern of GY)(x,z) = 2®(x,2), j=1,2, x=(x1,x2)
with ®(x,z) := ﬁHgI) (k|x — z|) being the fundamental solution of the Helmholtz
equation in R? with Hg)l) being the Hankel function of the first kind of order zero.
Typically the linear sampling method is based on the far field equation with the right-
hand side the far field pattern of the fundamental solution ®(x, z) [1]. Here, we use
the far field equation on the right-hand side of the far field pattern of the derivative
of the fundamental because we need singularities stronger than logarithmic to be able
to obtain the reconstruction formulaes for n and alyp,.

As already known (see e.g. [1]), the study the far field equation (4) is related to the
ITP referred to in the following as

V~aVV_,(v/)+k2V§") =0 in D

AWD + 2w =0 in D
Vz(j) _ (W;(j) +GY(,2)=0 on aD,

. . . 0 . .
Vi — (WD + GUI(-, 2)) = —in g(Wéj) + GY(., 2)) on aD,
ary) 9 . .
7 —(W.(-’) + G(-/)(~, 2)=0 on 0D
oV, o -

for ze D and j=1,2. The values of k for which the homogeneous ITP (i.e. ITP with
GY(., z) =0) has a non-trivial solution are called transmission eigenvalues. It is shown
in [8] (see also [1]) that assuming that there exists a constant >0 such that either
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a>14+yor0<ay<a<l—yin D and k is not a transmission eigenvalue, then there
exists a unique solution of ITP such that V) ¢ H'(D) and W) e H'(D, aD,).

We recall the definition of a Herglotz wave function v, with kernel ge L (Q)
which is an entire solution of the Helmholtz equation defined by

ve(x) = / ¥ lg(d)ds(d), xeR>. (5)

Q

The following theorem is the bases of the linear sampling method and the proof can
be found in [8] (see also [1, Section 8.5]).

THEOREM 2.1  Assume that k is not a transmission eigenvalue, a, n and oD satisfy the
assumptions stated in Section 1 and there exists a constant y>0 such that either
a>1+yor0<ag<a<l—vyinD. Let WY, VYY) be the unique solution of ITP. Then

(1) For ze D and a given € >0 there exists a g(fe) € L*(Q) such that
I1Fg? — G2l 2@ <€

and the corresponding Herglotz function Vo) converges in H'(D, dD,) to w)
as e — 0.
(2) For a fixed e>0, we have that

zir})lp ||Vgg.j6)|||]_|]l(D’aD() =00 and 11m ||g(’)||Lz(Q) — 00.
(3) For zeR\D and a given €>0, every gg’e) € L*(Q) that satisfies

1FgY) — G, D)2 < €

€
is such that

lim ||Vg</>|||]-|]‘(1) ap,) = and 11m ||g(/)||Lz(Q) — 00.
e—0 € e

An important remark is that, for z€ D, v, converges in H'(D,dD,) to W) as
¢ — 0. Therefore, since v () and W/ satisfy the same Helmholtz equation in D, then
from local regularity results for elhptlc equations and interior estimates we have that
v (,>(z) converges to W)(z) pointwisely for every z € D.

“Our main goal in the following is to show that v 0) with g(/ ) the approximate
solution of (4) provided by Theorem 2.1, in the case when ze D approaches a point
on dD, assumes different behaviour from the case when z € D approaches a point on
dD,. A more detailed investigation of this solution reveals a connection between v )
and the boundary coefficients n and alyp . Since, Vol approximates W) it suffices to
study the behaviour of W) where WU ), V) is the solution of ITP. To this end, we
need to recall some results established in [15]. For sake of presentation let us fix j=2.
Since dD is a C*~closed curve, we know that for every point z, € 3D there exists a rigid
transformation of coordinates under which z; is transformed to 0:=(0,0) and in
addition there exists a function fe C*(—p,p) such that f(0)=7"(0)=0 and
DN B0,p)={(x,y) € B0, p); y<f(x)}. For a fixed point z;, now we consider the
new coordinative system by introducing the local coordinates transformation which
takes x to X = T(x) = R(x) + M.,, where R is the rotation such that R(v(zo)) = (0, 1),
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and M. is the translation such that M. + R(z9) =(0,0). Simple calculations show
that R((0, 1)) =(—vi(zp), vo(zo)) where vi(zg) and vy(zy) are the components of the
normal vector to aD at z,. Let us set 7:= R((0, 1)). In the new coordinative system we
denote by a(X) = a(x) and 7(x) = n(x) for x where they are defined. Let ag=a(z()
and no=n(zo). Denoting by I'(x,z) = 5-In \xl—zl the fundamental solution of the
Laplace equation, we consider the following problems:

A¥(-,2) =0 in R?
AW(-,2) =0 in R?
5, 2) —w(-,2) = VI(-, 2)- 1 on IR (6)
aoi (-, %) — iw(-,z) = ivr(-, Z)-1 on dR2.
0X» 0X> 0xp
AV(-,2) =0 in R>
A(-,2) =0 in R?

(-, %) — (0(,2) + VI(-,5) - 1) = —im%m(-,a LV, 5) 1) onaR:E (D)

a . . a . 0 ~

ay—(,z) ——w(,z) = —(VI'(, 2) - 7) on IR*
8x2 8x2 8X2

where ¥ = (X1, %), Z = (£, %,) and R? is the half plane {¥ € R?: %, < 0}. For x and z

near the point zo € dD, let us define

wo(x) ;== w(Tx,Tz) and v.(x) = wW(Tx, Tz). (8)

The next theorem which is proven in [15] shows that w. is the dominant part of W.
with respect to the singularity near z, where W., V. is the solution of ITP.

THEOREM 2.2 Let zg€ 0D and x,z€ D are in the vicinity of zy. Let W., V. be the
unique solution of the 1TP for j=2. Let w(-,Z2), (-, 2) satisfy (6) if zo€ dD, and (7) if
z0 € dD. and w. is defined by (8). Then there exists a positive constant C such that:

(1) [Re(W. —w:)(x)| = C| In|z — z]|
2) Im(W.—w.)(x)| <C.

Similar results can be stated if G! (-,z) is used on the right-hand side of the far
field equation (4). Indeed, in the latter case we need to take the rotation transforming
v(zp) to the vector (1,0) and state the problem in the half plane R? = {xeR’:
x; < 0}. Obviously, in (6) and (7) 9/0x; is replaced by 3/9x,. Before proceeding with
our main result, we mention that the long technical proof of Theorem 2.2 is based on
a detailed asymptotic analysis of Green’s function associated with the ITP which is
also investigated in [15] (the latter is an important result on its own).

Now we are ready to state our main result which together with Theorem 2.1
provide the foundation of our reconstruction scheme.

THEOREM 2.3 Assume that k is not a transmission eigenvalue, a, n and oD satisfy the
assumptions stated in Section 1 and there exists a constant y>0 such that a> 14y or
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O<ap<a<l—yin D. Let W, V) be the solution of ITP and v(zo) be the outward
normal vector at zo € dD . Then for z€ D we have

(1)
[Im(W ) (z2))| 0  ifzpedD,
! _ : 1
L T TE 00 if 200D, for s€(0,1) 9)
()
. —v;(20) In|(z — z9) - v(z9)|
z0) = lim —2 - or zop € 0D, 10
77( 0) i jTIm(WZ(])(Z)) f 0 ( )
(3)
a(zo) — 1 = i _)vj (z0) for zo €D, (11)
a(zo) + 1 === 4nRe(WY)(2))(z — z) - v(z0)
)
. Re(WW(z 1 1
v(zo) = hn} ( A(2)( ) 72 + W72 (12)
=a| Re(WP (@) |4 [w] 1+ [w]
Re(W(2)) Re(W(2))

and the sign is chosen so that v(zy) is oriented outside D.

Proof  To prove the theorem we need to study the asymptotic behaviour of W) for
z near a fixed point zo € dD. To this end, we proceed in two steps. First we derive an
explicit form of the solution of the transformed problems in the half plane. Then we
combine these explicit formulae with the results of Theorem 2.2 to compute 7(zg) if
zo € 0D, and a(zy) if zg€ dD,.

Step 1  The derivation of explicit formulaes for w and v. Our goal at this point is to
construct explicitly local solution to (6) and (7). To this end, for sake of presentation,
in the following calculations we simply use x=(x,Xx,), z=(zy,2,) instead of
X =(x1,X;) and Z=(Z,Zz;), respectively, and w., v. instead of the solutions
w(-, 2), (-, 2) to (6) and (7). However, at the end the final results will be formulated
in terms of the original notations.

By linearity, it suffices to compute separately the solutions v and w'” to (6) and
(7) where VI'(-,Z) - 7 is replaced by dx,I'(x, z) with j=1, 2, respectively. We represent
both v) and w\/) using the Poisson operators:

p) i/ eMiEtlEl g s )de (13)
- 2w R

. 1 o
wi) = — / eMiErelily e 2)de. (14)
- 2 R
Let us first consider 9, I'(x, z) and represent it as
1 ; W
8T (x,2) = — / o0 —0E= (=2l g (15)
- 4 R

The following computations can be justified in a similar way as in [12].
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First substituting (13), (14) and (15) in
y@ — wE_Z) =0,[(,z) forx; =0

implies that
b— = _%efmé—ma. (16)
Substituting (13)—(15) in
v — w? 4 9,,T(x,2)) = —ma—i(wf}) + 9,0, 2)) for x, =0

yield
1 A 1 1 e P |
_/ elxlé[(p_ w_i__e—lllé—azlf\]dg: —in—/ |é§|el»‘(1§+~z\5\w+ |g_—|elx1§+—z\5| lAlE_d%-
2 R 2 2 R 2
which gives

d— v+ %e—iZ@—ZzIEI — i77<_|§|¢ _ 18] e—i21é+225)

2
and then
1 N
~(1 = inléDy + ¢ = =5 (1 + inlge™ =1, (17)
Similarly, from the second transmission condition in both (6) and (7)
a d a d
oy — W, ———T°(-
a 3X2 vz 8x2 'z 8X2 3)62 ( ’ Z)
for x, =0 we obtain that
(ap — ) = %e—méﬁz\&‘\. (18)

We first consider the solution of the problem (7). To this end, combining (17) and
(18) we now have that

Tlat D)+ ianlé] ioigiope

V= “2(1—a) + ianlE|

(19)
Substituting (19) in (14) gives

1 (a+ 1) +ianl&l 4. .
(2) — i(x1=21)é+(x2+22)[&]
wlx)=—— | —————¢ dé.
=) 47 Jp (1 — a) + ian|&| §
Hence, simple calculations shows that
1 [ a+1)+ian§]
47 Jp (1 — a) + ian|&|

-+00 2251 1 —+00
B S
7)o (1 —a)+ianr 21 Jo

wd(z) = — el dg

a /+oo eZzzr d N 1
=—— r .
7)o (1 —a)+ianr 41z,
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But we have that

—+00 2251 00 _ P,
/ S — - dr :/ a ;l) 1a77’2 2 dr
o (I —a)+ianr o (I —a) +(an)r?

. o anr 2251
=0(1)—i e dr.
M /0 (1 —a)* + (an)*r

By straightforward computation we obtain that

o anr Dor 2
?dr = O(1) — —In(zy).
|, T e o ow i

Hence,
Re wﬁ_z)(z) = # + O(In |z|), for z near 0 50
Imw?(z) = 4m] In(|z3]) + O(1) for z near 0, (20)

where w®, v solve (7) if VI'(-,Z) - 7 is replaced by dx,I'(x, 2).
Next, we consider (6). Now, from (16) and (18), we have
la+1 e izt nlEl

1 i 6tz
B(6.2) = — e and y(en) =5

By the same procedure as above we obtain that

a+1

Oy =4t
e v s 1 A

ei(-\’l —Z1E+(x2+22) I8 d%—

In particular, by simple calculation we obtain that

a+1 <, a+1
L N B P T 21
dna—0J)y, ¢ Y T ama— 1z’ @

where w?, v solve (6) if VI'(-,Z) - T is replaced by dx,I'(x, z).
Now we use 9, I'(x, z) and represent it as

(I £
by M(x.2) = i / R S R N7
' 47 Jr |&]

Arguing as in the previous case we have that

p— Y =i—— § e—l-l-’E—wlf\ (22)

§

(1= inlé)y+ ¢ = L :

+ m%-i| 7171€+22IEI, (23)
and

(ap—y) = 5o (24)

From (23) and (24) we obtain

l—anl§l+ia+1) § oinE+nlE

V= =0+ ianE &8¢

(25)
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Plugging (25) in (14), we now have

W (x) = /OO —an+ (a4 DIEL & i —zpercataiel g

am )y (1 —a)+ianlgl &

and hence

M _L/OO_“"J”(‘“LD"E'E 22l
O=0 ) Toa v @ ®

which means that w)(z) = 0 where w),v) solve (7) if VI'(-,%)- 7 is replaced by
ox1'(x, z). In a similar way it can be shown that
vW(z) =0 (26)

where wil, v(D solve (6) if VI'(-,Z) - T is replaced by dx,I'(x, z).

Finally, from (20), the fact that w{)(z) = v{)(z) = 0 and the fact that VI'(x, z)-
T=—0,'(x, 2)vi(z0) + 0 I'(x, 2)vi(z), by going back to the original notations we
obtain that

Re (2. 2) = 2% + O(In |2)). for Z near 0 o7
Imii(Z, 5) = — 22n(|5,) + O(1)  for Z near 0,

where w(Z,zZ) and ¥(Z, 2) is a solution of (7). Similarly, from (21) we obtain that

(a+ Dva(zo)
47'[(61 - 1)2 L'2(Z()) ’
where w(Z,z) and v(Z, 2) is a solution of (7).

Obviously, in a similar way, in the case where the far field pattern of G"(x, z) is
used on the right-hand side of the far field equation instead of G‘”(x, z), we obtain
the following formulaes:

W, 5) = (28)

Rew(Z, 2) = 42 + O(In |2)), for Z near 0 29)
Im iz, 2) = —2&21n(|Z,|) + O(1)  for Z near 0
and
1
PG5 = (a+ Dvi(z0) (30)

4r(a — 1)z - vi(zp)
for the part w(Z, 2) of the solution of (7) and (6), respectively.

Step 2 Reconstruction of dD,. and dD, parts of the known boundary dD and formula

Jor nlyp, and al,p. Having computed the explicit solution of the problems in half

plane we are ready to prove the results of the theorem by using Theorem 2.2.

We proceed with the reconstruction of the support of the coating 9D, and point-
wise computation of 7l,p . To this end let W), V') j=1,2 be the unique solution of
ITP corresponding to GY(x, z) for j=1,2, respectively. Transforming back (27) to
the original local coordinative system near zy, and using Theorem 2.2, we have that

v; (20)

Re(W @) = e

+ O(In |z — zg|), for z near zj 3D

Im( Wf’)(z)) =) (o) In|(z — zp) - v(zg)] + O(1), for z near zy € D, (32)
: b1
n
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where j=1,2. Doing the same for (28), we have
Im(WY)(z)) = O(1), for z near zo€dD,, forj=1,2. (33)

Hence from (32) and (33), we can distinguish dD, from 9D, using the following
criteria:

- m(v,(2))] 0 ifzgedD
lim llm% = { . w0 [ (34)
z—>zp =0 | In |(Z — Z()) . U|| oo if zp € dD,.,
for every s € (0, 1). Next, from (31), we obtain that
i Re(W(2)) _ vi(z0)
=2 Re(WP(z)) va(z0)
Setting 7:= % and using the relation vi(zp)” 4 va(z0)” =1 we have va(z) = £, /71>
and therefore w(zp) = (£¢,/717 * ,/7in). Hence we obtain the following formula for
the normal vector in terms of WZ, for j=1,2:
. Re(w® 1 1
w(zo) = lim [ £ R 2(2)(2)) - 69
ol Re(W:(2) | 4 [Re(Wﬁ”(z))] 14 [Re( W_S”<z)>]
Re(W7(2)) Re(W(2)

Note that the sign is uniquely determined from the fact that the normal vector is
oriented outward to the reconstructed boundary. Finally, from (32), we deduce that
. =vi(z0)] —zp) -
n(z0) = lim — (z0)In|(z (')Zo) V(zo)|
=20 aImW:(z)

j=12. (36)

Finally we turn our attention to computing a(zo) for zy € dD,. From (28) by going
back to the original local coordinative system near z, and using Theorem 2.2 we
obtain that

azo) —1 _ 2(z0)
a(zo) + 1 47 lim WP()(z — z0) - v(zo) (37)

=2

Similarly, using (30) we also have

azo) =1 _ v1(20)
a(zo)+1  4x le Wz(l)(z)(z —zg) - v(zo)' (38)

In particular, the slope of the normal vector can alternatively be computed by

nz) _ wi(z)
n(zo) =2 w(z)

(39)

This ends the proof of the theorem. |

By combining Theorems 2.1 and 2.3 we established a procedure for solving the
inverse problem. Let ggfe) € L*(R), j=1,2 be the approximate solution of the far field
equation (4) given by Theorem 2.1 and let Vo be the corresponding
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Herglotz function. If W), V) j=1,2 is the unique solution of ITP, from Theorem
2.1 we have that for z€ D, lime_ov ) = WU)(z). Using this in Theorem 2.3 we
have the following reconstruction algorlthm

The reconstruction algorithm

(1) The boundary dD can be characterized as the set of points z € R where the
L*(Q)-norm of g) start to blow up.

(2) Having reconstructed dD the coated portion 3D, can be distinguished from
oD, using the following criteria:

lim lim —————
Agrzlo e—0ln|(z — zp) - v

Im(v j(z ;
Hm(v, () {0 if20€0D g ep (40)

oo if Zo € 3DC,

for every s€ (0, 1).
(3) The surface conductivity n on the coated part dD, can be computed by

e =vi(z0) Iz — 20) - w(zo)
n(z0) = 1er210 mlime_,o Im(v,»(2))

, forzpeadD.. 41)

The index of refraction a on the uncoated part aD, can be computed by

a(zg) —1 vj (20)
a(zg) + 1 T 4x limz_ﬂo limg_,q Re(vg(_,)(z))(z —zp) - V(zo) s

zo € 0D,. (42)

The normal vector v(zg) is reconstructed by the following formula

R mlz
(z9) = lim lim gy ! :

s
) Re((vg<_2> (2)) Re((l’g(wl) )72 Re((v (1)(2))
R0, ) T |xw 0@

, (43)

where the sign is appropriately chosen such that the normal vector is directed
outward to the reconstructed boundary.

Remark 1 Note that (41) and (42) are justified assuming that 1/(zy) #0. Hence,
since the boundary is not known « priori, in principle we need to solve the far field
equation (4) for both cases on the right-hand side GY)(, z).

Remark 2 Theorem 2.1 in fact provides a characterization of the boundary from the
behaviour of v 0) in terms of a norm that depends on the unknown region D and this
cannot be used in practice. Instead the linear sampling method characterizes the
obstacle by the behaviour of g(fg In practice, the approximate solution of the far
field equation is obtained using the Tikhonov regularization combined with the
Morozov discrepancy principle. In general, an open question is whether this
regularized solution behaves in the same way as Vol given by Theorem 2.1. However,
[18,19] have mathematically justified that, in certain cases, applying a regular
regularization technique to the far field equation leads to a solution g that exhibits
the desired behaviour.
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3. Numerical examples

In this section, we shall present some numerical tests of the inversion scheme using
synthetic far field data. For a given scatterer, the far field data is computed by using
a cubic finite element code to approximate the near field and then employing a near
to far field transformation [20] to compute the far field. The finite element
computational domain is terminated by a rectilinear perfectly matched layer using a
linear absorption function in the layer [21].

Having computed approximate values of the far field pattern at N uniformly
spaced points on the unit circle for N incoming waves we have an N x N matrix F of
approximate far field data

Fmn = Upoo(dn,d,), where d,, = (cos(2n(m — 1)/ N, sin(2m(m — 1)/N)T

for 1 <m, n<N, where u, ., is the finite element far field pattern. We add further
noise to F,,, to obtain

(fE)ITIJl = fm,n(l + 65}”1,”)3

where &,,,, are complex numbers with real and imaginary part random numbers in
[—1, 1]. In this study we choose € =0.02. To set up the discrete version of the far field
equation we need to compute the far field pattern GY)(%,z) of

K
an

_ ik B (klx — =)

@2 = 4 x—z

i .
ZHE)I)(kPC—ZD - (xj_Zj)a J= 1’2

For a given sampling point z, the discrete far field equation is then to compute
g=10(g1.22,...,gn) such that

Fg=b where by =GP (d,z), 1<m=<N. (44)

This ill-conditioned problem is solved approximately using the Tikhonov regular-
ization and the Morozov discrepancy principle as described in [22]. The regularized
solution g¢ = (g1, 22, . ..,gn) of the far field equation and the corresponding Herglotz
function are the basic ingredients of the reconstruction scheme as stated at the end of
Section 2. The numerical study of this complex problem presented here is preliminary
and by no mean comprehensive. There are open questions especially related to
stability and the best implementation strategy, and more numerical experiments are
needed.

We limit our discussion to two type of scatterers: a disc with radius R=0.4 and
an ellipse given by x =0.3 cos(s) and y =0.2 sin(s), s € [0, 27]. Both scatterers maybe
uncoated, fully coated or partially coated. The index of refraction a>0 inside the
scatterer and the surface conductivity n>0 are assumed to be constant as will
become precise during the discussion. In all our examples we fix k=15. Note that a
and n depends on the frequency also.

3.1. Reconstruction of the support D

We start by using the modified linear sampling method to approximate the boundary
of the disc. Note that the difference of our approach from the standard linear
sampling method is on the right-hand side of the far field equation (4). We recall that
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@ : 1/norm(g) : (b) ] 1/norm(g)
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Figure 1. Panel (a) shows the reconstruction of the fully coated disc. Panel (b) shows the
reconstruction of the fully coated ellipse. In both n=0.2 and a=1.5 and the red thick line
indicates the true obstacle.

for the reconstruction of D one could use on the right-hand side of (4) the far field
pattern of the fundamental solution as in [8]. However, in order to recover n and a a
more singular behaviour of the imaginary part of the Herglotz function is needed.
Having solved the far field equation for g, we compute 1/(|g|l,2 for z on a uniform
grid in the sampling domain. In the upcoming numerical results we have arbitrarily
chosen N=61, and we sample on a 101 x 101 grid on the square [—1, 1] x [—1, 1].
In Figure 1 (a) and (b) we have plotted the level curves 1/||g|l, = C using the
MATLAB contour command for the fully coated disc and ellipse both for a=1.5
and n=0.2. In Figure 2 (a)-(c) we show the reconstruction of the ellipse partially
coated on the lower part. One observes the enhancing scattering effect of the thin
conducting coating. In particular in the panel (c), although the contrast 1 —a=0.1is
very small, the lower part of the ellipse is still visible due to the presence of the
coating. Note that if 5 is large enough (how large depends on the frequency and the
skin depth) the coating portion behaves as a perfect conductor.

3.2. Reconstruction of the normal vector on 0D

Having computed the regularized solution of (44) we have a discrete level set
function 1/||g||,2. Choosing a contour value C then provides a reconstruction of the
boundary dD of the scatterer. Obviously, the choice of C is very important. To date
there is no mathematical criteria how to choose C and in general an ad-hoc
procedure is implemented. Usually, the chosen C is picked by

C = 6(max(1/gIh) + (1 — 6)(min(1/Iig])

for some 0<6<1. For an appropriate choice of C, the boundary points are the
points z on the grid such that 1/||g|| = C. For each point in the set of (reconstructed)
boundary points we can now use (43) to evaluate the outward normal vector to the
boundary. This is an important step of the algorithm since the normal vector appears
in the reconstruction formula for @ and 5. In Figure 3, we show our results on normal
reconstruction for the case of the fully coated ellipse with a=1.5 and n=0.2.
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Figure 2. Panel (a) shows the reconstruction of the partially coated (on the lower half) ellipse
with a=0.25 and n=0.2. Panel (b) shows the reconstruction of the partially coated (on the
lower half) ellipse with ¢ =0.25 and n=1. Panel (c) shows the reconstruction of the partially
coated (on the lower half) ellipse with ¢ =0.9 and n=0.2. The graph in panel (d) shows the
behaviour of |Im(v »(z))| at the coated and uncoated boundary points for the ellipse
reconstructed in panel (b). In particular, the solid blue graph shows a plot of |Im(vg£z) () as z
approaches the point (0, 0.2) (on the uncoated part) in the vertical direction whereas the dash
red graph shows a plot |Im(vg.;> (z))| as z approaches the point (0, —0.2) (on the coated part) in
the vertical direction. ’

3.3. Detecting boundary coatings

Next we test (40) which provides a criteria to distinguish between a coated and an
uncoated part of the boundary of the dielectric medium. This needs the evaluation of
the Herglotz function v, , having available the kernel g at N points on the unit circle.
This task is done by using Riemann sums with N colocation points. Panel (d) in
Figure 2 shows the behaviour of [Im(v,o(z))| as z goes through the uncoated
boundary point (0, 0.2) and coated boundgéry point (0, —0.2) of the partially coated
ellipse reconstructed in Figure 2(b). One observes the behaviour predicted by (40). In
Figure 4 we show plots of [Im(v, (z))| for sampling points z in the grid in the case of
the disc. In particular, panel (a) corresponds to the plot of [Im(v,1(2))| for the fully
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Figure 3. The right plots show the reconstruction of both components of the outward unit
normal vector to the ellipse reconstructed in Figure 1(b). The reconstructed normal
components are presented by the red solid graphs. The blue dash graphs show the correct
normal vector. We use the reconstructed boundary points which lie on the level curve
presented by the red solid line on the corresponding left plot. The dash blue line on the left
plots denotes the exact boundary. The respective L>-error for the normal reconstruction in
each of the three cases is 3.338, 0.1971 and 0.7445. In the two bottom cases, the exact normal
vector and the reconstructed one are almost indistinguishable.

coated disc. In this case, as discussed in Remark 1, no information is obtained near
points where v; =0. Thus both [Im(v,i(z))| and [Im(v,(z))| need to be considered and
this is done in the plot shown in panel (b). Panel (c¢) instead corresponds to the case
of the uncoated disc, therefore |Im(v, (z))| remains very small near the boundary.

3.4. Reconstruction of a

Having reconstructed the shape and the normal vector together with the support of
the coating, we now use (42) to recover the index of refraction on the uncoated part
of the boundary. In the current examples we reconstruct the constant index of
refraction a of an homogeneous isotropic medium. This constant « is estimated by

a—1 _ im v;j (20)
a+1 =z 4wRe(v,1)(2))(z — 20) - v(z0) ’

J=12, (45)
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Figure 4. Panel (a) shows a plot of |Im(v 0 (2))| for the coated disc with a=1.5 and n=1.
Panel (b) shows a plot of |Im(vgu,(z))| + |Im(vg(z, (2))] for the coated disc with a=1.5and n=1.
Panel (c) shows a plot of |Im(v m(z))l + |Im(v (2)(2))| for the uncoated disc with a=1.5.

Circle R=0.4, observed values at Reconstruction for ellipse, boundary at R=0.3 (6 = 0),
o5 r=0.4795 (560), k=5 a5 and values obtained at r=0.3495
3,
2,
2.5¢
1.5+ ol
1 1.5
1 L
0.5+
0.5
82040608 1 12141618 2 22 O 05 i 15 2 25

Figure 5. Panel (a) shows the reconstruction of a range of a for the uncoated disk. Panel (b)
shows the reconstruction of a range of a for the uncoated ellipse. The dots represent the
reconstructed value of a versus the exact value. An exact reconstruction would lie on the
solid line.

where zj is any point on the uncoated part of the boundary and v, (z) is computed as
explained in Section 3.3. We remark that the implementation of (45) suffers an
additional numerical instability due to the fact that in practice Re(v, (z)) becomes
finitely large near the boundary whereas (z—zp)-v(zo) is infinitely large. This
instability issue requires further numerical study. In the current numerical investiga-
tion we deal with it in an ad-hoc manner, namely by truncating the power series
expansion of 1/(z — zg) - v(zp). In particular, in the upcoming examples we consider 10
terms in the power series (this can also be seen as a sort of regularization by
truncation!). Reconstructions for the disc shown in Figure 5(a) are done by letting z
approach zo=1(0.4795,0) (note that the exact boundary point is (0.4,0)) in the
horizontal direction, thus we use v; in the formula. However, we obtain quite similar
results by approaching the boundary points in the radial direction, since the isolines
1/]|gll = C are almost circles. The results for the ellipse presented in Figure 5(b) are
computed by approaching the (reconstructed) boundary point zo=(0.3495,0)
(the exact boundary point is (0.3,0)) in the horizontal direction. In both examples,
the results become worse as |a¢— 1| increases meaning as the scatterer becomes
stronger.



09:57 1 March 2010

[informa internal users] At:

Downl oaded By:

84 F. Cakoni et al.

n reconstructed at exact boundary for circle n reconstructed for ellipse at
(no rescale) r=0.3745
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Figure 6. Panel (a) (panel (b)) shows the reconstruction of a range of n for the fully coated
disk (fully coated ellipse) using zo=1(0.4,0) (zo=(0.3745,0)). The dots represent the
reconstructed value of n versus the exact value. An exact reconstruction would lie on the
solid line. Here a=1.5.

Exact Reconstructed
7, a 7, a
0.1, 1.1 0.2204, 1.1407
0.1, 1.5 0.1727, 1.9848
0.2, 1.5 0.2892, 1.8904
1, 1.5 1.3147, 1.8601

Figure 7. Table showing reconstructed values of n and a for the partially coated ellipse.

3.5. Reconstruction of n

Using (41) it is now possible to estimate pointwise the surface conductivity n on the
coated part of the boundary. In particular, in this numerical study the constant
conductivity is approximated by

0~ fim — (20) In|(z = z0) - v(20)|

i=1,2 46
e JTIm(Vggj)(Z)) s J s < ( )

where zg is any point on the coated part of the boundary. Numerical results for the
fully coated disc and the fully coated ellipse are shown in Figure 6(a) and (b),
respectively. In the case of the disc we take the exact boundary point zy=(0.4,0),
whereas in the case of the ellipse we take zo=(0.3745,0) (the exact boundary point
would be (0.3, 0)). Similar to Section 3.4, in (46), we replace v{(zo) In|(z — zo)| by 10
terms in its power series expansion. In general, the reconstruction of large n are
worse since large n correspond to thick impenetrable coatings. This fact was also
observed in [8]. As a heuristic possible way to improve the reconstruction due
instability, we suggest a kind of post processing of the reconstruction results.
More precisely, one could scale reconstructed values of n with an appropriate fixed
constant chosen by correcting one value of n synthetically simulated for a given
shape, coating support and a. The table in Figure 7 is a scaled version of the plot in
Figure 6(b) where we have corrected the value of n=0.1.
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Finally, for the partially coated (on the lower half) ellipse we use (45) and (46) to
reconstruct both n and a. The results for several combinations of n and « are shown
in the table in Figure 7.
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