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Abstract

This paper considers the imaging of local perturbations of an infinite
penetrable periodic layer. A cell of this periodic layer consists of several
bounded inhomogeneities situated in a known homogeneous media. We use a
differential linear sampling method to reconstruct the support of perturbations
without using the Green’s function of the periodic layer nor reconstruct the
periodic background inhomogeneities. The justification of this imaging
method relies on the well-posedeness of a nonstandard interior transmission
problem, which until now was an open problem except for the special case
when the local perturbation did not intersect the background inhomogeneities.
The analysis of this new interior transmission problem is the main focus of
this paper. We then complete the justification of our inversion method and
present some numerical examples that confirm the theoretical behavior of the
differential indicator function determining the reconstructable regions in the
periodic layer.

Keywords: inverse scattering, periodic layer, transmission eigenvalues
problem, generalized linear sampling

(Some figures may appear in colour only in the online journal)

1361-6420/19/015009+31$33.00 © 2018 IOP Publishing Ltd  Printed in the UK 1


https://orcid.org/0000-0002-4648-8780
https://orcid.org/0000-0003-1902-059X
mailto:fc292@math.rutgers.edu
mailto:Houssem.haddar@inria.fr
mailto:tn242@math.rutgers.edu
http://crossmark.crossref.org/dialog/?doi=10.1088/1361-6420/aaecfd&domain=pdf&date_stamp=2018-12-04
publisher-id
doi
https://doi.org/10.1088/1361-6420/aaecfd

Inverse Problems 35 (2019) 015009 F Cakoni et al

1. Introduction

Nondestructive testing of period media is an important problem with grown interest since
periodic material are part of many fascinating engineering structures with many technologi-
cal use such as nanograss. In many situation the periodicity of the healthy periodic material
is complicated or difficult to model mathematically, hence computing its Green’s function is
computationally expensive or even impossible. On the other hand, when looking for flows in
such complex media, the option of reconstructing everything, i.e. both periodic structure and
defects, may not be viable. The approach used in this paper provides a criteria to reconstruct
the support of anomalies without explicitly know or reconstruct the background. The imag-
ing method is based on the generalized linear sampling method which was first introduced in
[3, 5]. This method falls in the class of qualitative approaches to inverse scattering. We refer
the reader to [13] and [7] for a description of various aspects of such approaches. Qualitative
methods have been applied to the imaging of many periodic structure, see [1, 2, 6,9, 11, 15—
17] for a sample of work. In the case of our problem, we use an adapted version of so-called
differential linear sampling method which process the measured data against the data coming
from the healthy background. The idea of using differential measurements for sampling meth-
ods was first introduced in [4] where the response of the background was measured, and was
adapted to the case of locally perturbed periodic layers in [11, 18]. For the latter, the response
of the periodic background does not need to be measured. It is replaced by the extraction
of measurements associated with a single Floquet-Bloch mode to encode some differential
behavior for the indicator functions. This extraction requires information only on the period
size of the background. The justification of this method makes essential use of a non-standard
interior transmission problem whose well-posedness was open, and this limited its use to the
case when the defect does not intersect the inhomogeneous components of the background. In
this paper we provide sufficient conditions for solvability of this non-standard interior trans-
mission problem which allow us to design a differential imaging function for more general
location of defects. Let us introduce the problem we consider here.

More specifically, we are concerned with nondestructive testing of a penetrable infinite
layer in R4, d = 2,3 which is periodic with respect to d — 1 first variables. Let L, -+, Lg—1,
L;>0, j=1,---,d— 1 denote the periods of each of these d — 1 variables, respectively.
The d — 1 periodic refractive index of this periodic layer, denoted here by n,, from physical
consideration is a bounded function, has positive real part Re (n,) and nonnegative imaginary
part Im (n,,) > 0. Furthermore for simplicity we assume that this periodic layer is embedded
in a homogeneous background with refractive index normalized to one, i.e. n, = 1 for lx,l > h
for some fixed & > 0. This is what we refer to as the healthy material. We assume that one or
finitely many cells of the layer are locally damaged. This means that in a compactly supported
region w (which can have multiple connected components) the refractive index differs from
ny,. Let us call n the refractive index of the damaged layer (which is not any longer periodic),
i.e. n # n, only in w. The goal is to determine the support of the damaged region w by using
the measured scattered field outside the layer due to appropriate incident fields (to become
precise later). The challenging task however is to resolve w without an explicit knowledge of
n, (which in practice can have a complicated form) nor reconstructing it, but just using the fact
that n,, is d — 1 periodic with known periods Ly, -, Ls—1 under some technical restriction
which will be explained in the paper. More specifically, our analysis can be carried through for
a M-period truncation of the infinite layer (containing the local defect), for M large enough,
which is then extended as ML-periodic layer. As it is shown in [10], this truncation is equiva-
lent to approximating the problem in the Floquet-Bloch domain using uniform discretization
of the Floquet-Bloch variable and a trapezoidal rule to approximate the discretized solution.
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However, let us remark that from the numerical point of view, our inversion algorithm does
not require this ML-periodicity assumption. This is why it is indeed desirable to remove this
technical assumption in our analysis. We also note that this assumption is not needed in [6]
and [16] for the analysis of the inverse problem. The reason is that in these papers the local
defect is reconstructed assuming that the periodic background is known, which is not the case
in our paper, as mentioned above.

The paper is configured as follows. In the next section we formulate the direct and inverse
problem, define the measurements operator and recall some of its properties which are
essential to our imaging method. Section 3 is devoted to introducing the near field operator
corresponding to a single Floquet—-Bloch mode that enables us to use a differential imaging
approach. Most importantly here we study the properties of this operator which bring up the
new interior transmission problem. Section 4 deals with the analysis of this new interior trans-
mission problem. In the last section we build the differential imaging function and study its
behavior for various positions of defective regions. In addition, here we provide some numer-
ical example showing the viability of our inversion method.

2. Formulation of the problem

In this section we give a rigorous formulation of the direct and inverse scattering problem we
consider here. In order to motivate the new interior transmission problem which is our main
concern, we recall the differential linear sampling method that was first introduced in [18]
(see also [11]). This method recovers the support of local perturbations of a periodic layer
without needing to compute the Green’s function of the periodic layer. However to do so we
must make some technical mathematical restrictions aimed to preserve some kind of period-
icity for the damaged layer. In particular, we truncate the damaged infinite periodic layer by
considering M periods (with M large enough to contain the defect) and extend it periodically,
yielding to a ML := (ML,,--- ,ML,_)-periodic layer. We call again n the refractive index of
the ML-periodic extension of the truncated part. In this section we formulate rigorously this
construction where we base our inversion algorithm. We remark that it is highly desirable to
remove this mathematical artifact.

2.1. The direct scattering problem

Here we adopt the notations from [11]. Recall that the parameter L := (Ly,---,L4—1)
€ R, L;>0,j=1,---,d—1 refers to the periodicity of the media with respect to
the first d — 1 variables and M := (My,--- ,My_;) € N?~! refers to the number of peri-

ods in the truncated domain. A function defined in R is called L periodic if it is periodic
with period L with respect to the d — 1 first variables. We consider in the following ML-
periodic Helmholtz equation (vector multiplications is to be understood component wise, i.e.
ML = (M\Ly,--- ,M4_1Lyg—1)). In this problem, the total field u satisfies

{Au+k2nu:0 inRY, d=2,3

u is ML-periodic M

where k > 0 is the wave number. We assume that the index of refraction n € L>°(R?) satis-
fies Re (n) > ng > 0, Im (n) > 0 and is ML-periodic. Furthermore n = n,, outside a compact
domain w where n, € L>(RY) is L-periodic, and in addition there exists 4 > 0 such thatn = 1
for lx,l > h (see figure 1). Thanks to the ML-periodicity, solving equation (1) in R is equiva-
lent to solving it in the period
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Figure 1. Sketch of the geometry for the ML-periodic problem.

©:= J Qu=I[M .M]xR

d—1
meZy,

with €, := [[—% + mlL, % +mL] x R, M; = (L,%J + %) L, MZ‘ = (L%J + %)L and
Zz,,_l = {m c 7471, L*%J +1<m < L%J ,¢=1,...,d — 1}, where we use the nota-
tion [a, b] := [a1,by] X -+ X [ag—1,bs—1] and | -] denotes the floor function. We also shall use
the notation [a] := |a; - az - - - ag—1|. Without loss of generality we assume that there is a local
perturbation w located in only one period, say €2y (note the case when more periods are defec-
tive, the assumption holds true by grouping these cells as one cell with different period).
This problem is treated in [18] under a strict assumption that the local perturbation does not
intersect with the periodic background. In this work, we remove this assumption, and allow
for the local perturbation to be located everywhere in . We call D,, the support of n, — 1
and D = D, U w, note that n = 1 outside D. For the justification of our inversion method (that
relies on a unique continuation argument) we make the assumption that R? \ D is connected.
We consider down-to-up or up-to-down incident plane waves of the form

(N T e () FEiB, ()
ur(x,j) = —=——e'o# # 2)
28,40) (
where
_

()= i and By() = /K = lag ()P, Im(Bx() >0, jez!

and x = (¥,x4) € R~! x R. (Note that o (j) is a vector defined component-wise). Then the
scattered field u* = u — u' satisfies

Au® + KPnu* = —k*(n— i’ inRY, 3
u® is ML-periodic 3)
and we impose as a radiation condition the Rayleigh expansions:
W% x0) = X pegi- B (0)eilcrOFHLOC—) | x> p,
= T () el (£) T B (£) (xat+h “)
MS(X,)Cd) = ZEEZ"*I us (f)el(a#( )-X— B (€) (xa+ ))’ vxd < 7]1’
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where the Rayleigh coefficients i’ * () are given by

B m f[[M,f,M,fr]] ' (%, h)e1o# (O 3dx,
uw (0) = m f[[M;’Mzr]] ' (%, —h)e~io# (D% dx.

‘We shall use the notation

)

0" := [M; ,M; ] x] — h,h

Dy o= MM T x (R}, Ty = M M7 x {—h).

For integer m, we denote by H?, (©")the restrictions to ©" of functions thatare in HJ"_(|x4| < h)

and are ML-periodic. The space H;/Z(l"ﬁ,,) is then defined as the space of traces on I'%; of func-

tions in H;]#(@h) and the space H;/ 2(FL) is defined as the dual of H¥2(I‘f’u). Similar defini-
. +1/2 /~—h

tions are used for H '~ (T'").

More generally for a given f € L*(©"), we consider the following problem: find
w € HJ, (0") satisfying

Aw + KPnw = k(1 —n)f 6)
together with the Rayleigh radiation condition (4). Then we make the following assumption:

Assumption 1. The refractive index n and k > 0 are such that (6) with n and with n re-
placed by n,, are both well-posed for all f € L*(O").

We remark that the solution w € H;& (©") of (6) can be extended to a function in © satisfy-
ing Aw + k*nw = k*(1 — n) f, using the Rayleigh expansion (4). We denote by ®(n,; ) the
fundamental solution to

AD(ny;-) + k2npy®(ny; ) = 8o,
®(np; -) is ML-periodic, 7
and the Rayleigh radiation condition (4).

Then w has the representation as

w(x) = — /D (kz(np —n)w+ k2(1 — n)f) (y)®(np;x — y)dy. (8)

For sufficient conditions that guarantee assumption 1 we refer the reader to [10, 14, 18] and
the references therein.

2.2. The inverse problem

The inversion method is based on the so-called the generalized linear sampling method, which
was first introduced in [3, 5] (see also [7, chapter 2]), augmented with the idea of differential
imaging introduced in [4] which was adapted to this problem in [18].

As described above we have two choices of interrogating waves. If we use down-to-up
(scaled) incident plane waves u** (x;j) defined by (2), then our measurements (data for the
inverse problem) are given by the Rayleigh sequences

B, (. 0) e Zé x Z4,

whereas if we use up-to-down (scaled) incident plane waves "~ (x; ) defined by (2) then our
measurements are given the Rayleigh sequences
5
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W (6)), (j,0) ezt x 7z

These measurements define the so-called near field (or data) operator which is used to derive
the indicator function of the defect. More specifically, let us consider the (Herglotz) operators
HT (247" — LX(D)and H™ : (2(Z97") — L?(D) defined by

Moo= 3 aG* (), Va=fa(i)hesr €A@Y ©
jezd-1
Then H is compact and its adjoint (H*)* : L2(D) — ¢*(Z4~") is given by [11]

(H*)"0 == {F" (J)}jems1, where 3 := /D Pt () (x)dx. (10)

Let us denote by Hijntc (D) the closure of the range of H* in LX(D). We then consider the (com-
pact) operator G : Hx (D) — 2(Z4~") defined by

GE(f) = W (O} ez, (11)
where {W*(£)}ez0-1 is the Rayleigh sequence of w € H,(6") the solution of (6). We now
define the sampling operators N* : £2(Z4~1) — (2(Z4~") by

N*(a) = GE HE(a). (12)

By linearity of the operators G and H* we also get an equivalent definition of N* directly
in terms of measurements as

[Ni(a)]é = E;]a(j) ’//‘}i(&j)’ Lez (13)
jezi-

The following properties of G* and H* are crucial to our inversion method. To state them,
we must recall the standard interior transmission problem: (u,v) € L*(D) x L*(D) such that
u—v € H*(D) and

Au+kKnu=0 in D,
Av+ko=0 in D, (14)
u—v=¢ on OD,

O(u—0)/ov =1 on 0D,

for given (p,v) € H*?(OD) x H'/?(0D) where v denotes the outward normal on dD. k is
called a transmission eigenvalue if the homogeneous problem (14), i.e. with ¢ = O and ¢ = 0,
has non-trivial solutions. Up-to-date results on this problem can be found in [7, chapter 3]
where in particular one finds sufficient solvability conditions. In the sequel we make the fol-
lowing assumption. If the boundary of D intersects the boundary of €2, then the previous
interior transmission problem should be augmented with periodicity conditions on dD N 00O.
Since this condition does not affect the assumptions on the solvability of the interior transmis-
sion problem (in H*(D) with periodic conditions on D N &O) nor requires any substantial
modification of the arguments below (other than changing the solution space), we make the
choice of simplifying this technicality and assume that D N 9y = .

Assumption 2. 9D N 9Qy = 0 and the refractive index n and the wave number k > 0 are
such that (14) has a unique solution.

In particular, if Re (n — 1) > 0 or —1 < Re (n — 1) < 0 uniformly in a neighborhood of
0D inside D the interior transmission problem (14) satisfies the Fredholm alternative, and the

6
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set of real standard transmission eigenvalues is discrete (possibly empty). Thus assumption 2
holds as long as k > 0 is not a transmission eigenvalue.

From now on, for z € ©", we denote by @i(';z) := {®*(£;2) }peze— the Rayleigh
sequences of ®(n,,z) with n, = 1 define in (7) given by

() = i (0B (O)|zaFh).
(62) = S, 0° (15)

Lemma 2.1 (Lemma 3.3 in [11]). The operator H* is compact and injective. Let Hﬂfc (D)
be the closure of the range of HT in L*(D). Then

HE (D) = Hine(D) := {v € L*(D): Av+k*v=0inD}. (16)

mnc

Theorem 2.2 (Theorem 3.5 in [11]). Assume that assumptions 1 and 2 hold. Then the
operator G* Hino(D) — 2(Z41) defined by (11) is injective with dense range. Moreover
(-3 7) belongs to R(G*) if and only if z € D.

Another main ingredient is a symmetric factorization of an appropriate operator given in
terms of N&. To this end, for a generic operator F : H — H, where H is a Hilbert space, with
adjoint F* we define

Fy := [Re (F)| + [Im (F)| (17)
where Re (F) := 1 (F+ F*), Im (F) := 1 (F — F*).
Now if T : L*(D) — L?*(D) is defined by
Tf := K (n — 1)(f + wlp) (18)
with w being the solution of (6), we have the following result under assumptions 1 and 2.

Theorem 2.3 (Theorem 4.2 in [11]). The following factorization holds
Ny = (H5)" Ty H™, (19)

where Ty : L*(D) — L*(D) is self-adjoint and coercive on Hin.(D). Moreover;, z € D if and
only if ®%(7) € R ((N;t)'ﬂ).

The above theorem provides a rigorous method to recover the support of D. However this
is not satisfactory since the aim is find only the support of w and trying to reconstruct eve-
rything may not be feasible due to possible complicated structure of the periodic media and
even useless if w C D,,. Our goal is to derive an imaging method that resolves only w without
knowing or recovering D,. This leads us to introducing next the sampling operator for a single
Floquet—-Bloch mode whose analysis will bring up a new interior transmission problem.

We end this section by introducing some more notations to be used in the sequel.

Definition 2.4. A function u is called quasi-periodic with parameter £ = (&1, ,&s—1)
and period L = (Ly,---,L4—1), with respect to the first d — 1 variables (briefly denoted as
&-quasi-periodic with period L) if:

u(®+jL,xg) = U u(x,x), Vjezi!,
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Let g be a fixed parameter in Z<,"!, we denote by ®,(x) the solution to
AD,(x) + Kd,(x) = =  inQ (20)

and is «, quasi-periodic with period L with «, := 2mq/(ML). Then ®,(- — z) remains the
solution to

AD, (- —2) + KD (- —2) = -5, inQ
for all z € R? The Rayleigh coefficients <I>i( z) of ®,(- — z) are given by

e—in (M DBy (M OlFN)  ifj — g+ M0, ¢ € 79,

21
0 ifj # g+ ML, ez, @h

<f>qi (;z) = {W
Furthermore we assume that each period of D, is composed by J € N disconnected comp-
onents and the defect w as well as the components that contains or have non-empty intersec-
tion with w are in one cell, which we denote by €2 (otherwise we could rearrange the period).
For convenience, we now introduce some additional notations. We denote by O the union of
the components of D, N €2y that have nonempty intersection with w, and by O¢ its comple-
ment in D, N §)g, i.e. the union of all the components of D, Ny that do not intersect w.
Furthermore we denote by A := O Uw and by D:=AU OC Obviously, D=Dn Qo. (See
also figure 1 and note that if w does not intersect with D, then O = 0, O° = D, N £ and
A = w). Let us denote by v, := (mL,0) € R?, the translate vector from € to Qm, me 741,
We consider the following L-periodic copies of the aforementioned regions

U O+ vy, A,:= U A+v, and Bp:— U D+ vy

mEZi]l mEZ,'fl_l mez M

(22)

Remark that 131, =D,U ( Upegi—1t W+ Vm) contains D and the L-periodic copies of w \ D,,.
M
We remark that n = n, = 1 in D, \ D.

3. The near field operator for a single Floquet-Bloch mode

Let us define the operator I, : ¢2(Z4~1) — ¢2(Z4~") given by

a(j), if L=q+M
0, else.

(La)(£) =

The adjoint I} : 2(Z4~") — £2(Z4~") is then (I;b)(j) = b(q +jM). The single Floquet—
Bloch mode Herglotz operator HF : £2(Z7") — L2( )is defined by

Hya=HNa =" a(j)u*(:q+jM)lp o4

J

(23)

and the single Floquet-Bloch mode near field (or data) operator N;t (7Y — 2(Z47)
is defined by
Nfa=I;N*,a. (25)

We remark that ”H,j]ta is an ag-quasi-periodic function with period L. The sequence NjE a corre-
sponds to the Fourier coefficients of the a,;-quasi-periodic component of the scattered field in
the decomposition (30). This operator is then somehow associated with o-quasi-periodicity.
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One immediately sees from the factorization N* = (H*)* T H= that the following factoriza-
tion holds. N N N
Ny = (M) TH, (26)

For later use we also define the operator qu S R(ME) — (74 ") by
+ _ +\*
Gy = (Mg ) Tl (27)

where the operator T is defined by (18).
Observing that

o(J;X) = glor()T — ei%ﬁ, jez!

is a Fourier basis of ML periodic function in L?(0), we have that any w € L(0) which is ML
periodic, has the expansion

w(x):j€§IW(j,xd)¢(j;f), whete  #(j,x) == m /@ w(x)p (R, 8)

Spliting j by module M we can arrange the expansion of w as

W)= 3 (X g+ Mbx)plg + MER)). 29)

gezl="  eezi
where ¢(q + M/{; %) is a-quasi-periodic with period L, here o, := %q. Letting
Wy 1= Z w(q + MU, x4)p(q + MC;X)
LEL

we have that w, is a,-quasi-periodic with period L. Thus any ML-periodic function w € L?*(0)
can be decomposed

w= Z Wy (30)

qE€Zy

where w, is ay-quasi-periodic with period L. Moreover, by the orthogonality of the Fourier
basis {¢(j; -) }jez, we have that
W () =0 ifjAq+MlLeZ  and  WE(g+ ML) =W, (q+ M)
€1y
where qui (j) the Rayleigh sequence of w, defined in (5). By definition of Gj, we see that
G;t (f) is a Rayleigh sequence of w* (j) at all indices j = g + M/, ¢ € Z, where w is solution
of (6). Seeing also the line above that theses coefficients come from the Rayleigh sequence of
w, where w, is one of the component of w using the decomposition (30), which is a,-quasi
periodic. We now assume that f|p, is o -quasi-periodic. Then, using the decomposition (30)

for w, and that fact that n,, is periodic, fis og-quasi-periodic and n — n,, is compactly supported
in one period €, (6) becomes

Awy + Enpwy = K (n, —n)w + (1 —n)f  in Q. (32)
Denoting by w := w — w, the previous equation is equivalent to
Aw, + Knw, = kK (n, —n)w + k(1 —n)f in Q. (33)

Therefore, operator G : R(Hg) — (2(Z¢~") can be equivalently defined as

9
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GE(f) = LW, " (0) bzt (34)

where w, solution of (33) and w, + W is solution of (6). This definition is helpful for proving
the following properties for ’H;ﬁ and GZIt that are the counterpart results to lemmas 2.1 and 2.2,
now needed for the operator N;t.

Lemma 3.1. The operator Hff is injective and

(Hq ) = H{ (D) :={v € L*D), Av+k*v=0inD and o|p, is a,-quasi-periodic}.

Proof. The proof of this lemma follows the lines of the proof of lemma 5.1 in [11] slightly
modified to account for more general location of the defect. Hi is injective since H is injec-
tive and I, is injective. We now prove that (H;t)* is injective on H{ (D). Let ¢ € H{ (D)and
assume (’H;‘E)*(ap) = 0. We define

1

u(x) == M/D<I>q(x—y)so(y)dy

where ®,(x) has expansion

iy (q+ML)-3+iBx (g+ME)|x4|
@) > e (35)
L]] Lezd=! ﬁ# q+M€
with (g +M0) = 2 (q + MC) and By (g + ML) = \/k> — |y (q + ME)|>. By definition
of u and the expansion of ®, we have that

. 1 i s
ut(j) = Il ] m/l)q’q((x»h)*ﬂ@(ﬂdy}e W *qx

_ et VTR0 = (1) () (). i) = q+ ML
0 ifj #q+ M¢

(36)

which implies that #t(j) =0 for all j# g+ M{ and ut (g + Ml = (HE)*(p))
(g +M0) = ((H;t)*(cp))(ﬁ) = 0. Therefore u has all Rayleigh coefficients equal 0, which
implies that

u=0, for £x;>h.
We now observe that for all y € D, A®,(- —y) + k*®,(- — y) = 0 in the complement of 5,,.
This implies that

Au+ku=0 inO\D,
Using a unique continuation argument we infer that ¥ = 0 in © \D Therefore, u € H} (13 )
by the regularity of volume potentials. We now consider two cases:

If wC D, then B,, =D, ie uc HS(D,,). Moreover, by definition, u verifies
Au+ k*u = —¢p in D, and using the fact that Ay + k*¢ = 0 in D,, we finally have

10
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Nl = [ (But Rt = [ uap+ gy =o 37

Dy

This proves that ¢ = 0 and yields the injectivity of (”Hqi)* on H! (D).

nc

Ifw ¢ D), let denote by w* := w \ D, then w® # (). We then rewrite u(x) as

)= gy [ @l 0e0)s + g [ e gidy

Since ¢|p, and ®,(-) are a,-quasi-periodic functions with period L, then for x € D, we have

/ . D, (x — y)p(y)dy = / O, (x —y)p(y)dy, VmeZi"
D,,ﬁ m

D, N

Therefore, for x € D, N Y.

u(x) = [[Alﬂ]/w q’q(x—y)tp(y)dwr/ Dy (x —y)p(y)dy (38)

D,NQ,,

We recall that A®, (- — x) + K>®@,(- — x) = =, in 2, and A®,(- — x) + kK*®,(- —x) = 0in
w (by quasi-periodicity of ®,(- — x)). Hence, from (38) we obtain that for m € Z ",

Au(x) + Ku(x) = —p(x) in D, N Q. (39)
Let us set for m € Z4!
Om(x) := e p(x — mL) for x € W€ + mL.

Then we have, using the a,-quasi-periodicity of ®,(-) that for x € w® + mL

1 1
)= g [ el eyt g [ e e0ia

Dy

where @,(- —x) + kK*®@,(- —x) = -0 in D, and A®,(- —x)+k*®,(- —x) = -5, in
w + mL. We then get

Au(x) + Ku(x) = —,, in w® + mL. (40)

Now define the function ¢ by

¢p=y¢inD,and ¢ = @, inw+mL with m € Zj‘f[l.
Clearly, we have

AP+ k@ =0in D,.
Since u € H; (Bp) we then have

/XAM+#w$=a
D,

P

1
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This implies according to (39) and (40) that

[ lePas+ i [ 1o =0,
D, we

which implies ¢ = 0 in D. This proves the injectivity of (H*)* on H (D) and hence proves
the lemma. O

The following theorem concerning the properties G;t requires the solvability of a new
interior transmission problem (to be formulated later), which up to this study was an open
problem except for the case when w N D, =  investigated in [18].

Assumption 3. The refractive index n and k > 0 are such that the new interior transmis-
sion problem defined in definition 3.3 has a unique solution.

Section 4 is dedicated to derive sufficient conditions for which assumption 3 holds true.
Theorem 3.2. Suppose that assumptions 1-3  hold. Then the operator

GjE H{ (D) — *(Z9=") is injective with dense range.

nc

Proof. To prove the injectivity of G, we assume that f € H{ (D) such that G,4(f) = 0. Let
w be solution of (6) with data f. Since f |, is ay-quasi-periodic and n, — n is compactly sup-
ported of period 29 we then have from (34) that

G;t (f) =1 {V/"Zi(@}ee%u

where {qui(E)}gezd_l is the Rayleigh sequence of w, and w;, is solution to
Aw, + Enw, = kK (n, —n)(w —w,) + (1 —n)f  in Q. 41)
In particular we have that Aw, + kzwq7 =0in ©\ ﬁp (we recall notations in (22)). Using a

similar unique continuation argument as at the beginning of the proof of lemma 3.1 we deduce
that

w, =0 in @\Bp.

Actually, if w C D, then 5,, = D, thus f |5p is a,~quasi-periodic. However, if w ¢ Dy, f | B,
is not a;-quasi-periodic. To restore «,-quasi-periodicity, we introduce another function f by

=~ [f in ©\A,
fi= {ei%mLﬂA in O+mL, YméeZy. (42)

i.e. we keep f the same outside A, and extend the values of fin A by a,-quasi-periodicity
to A,. Since fp, is S Q- quasi- perlodlc then the definition of f 1mp11es that f = f also in
A, N D, Therefore f = finDand f =fin© \D (in other words f # f in Dp \ D) andf|D
is ag-quasi-periodic with period L. We remark that in the special case when w C D, f = f
and 5,, = D,. We now write (41) in terms of f (since f =fin D)

Aw, + Knw, = K2(n, — n)(w — w,) + (1 —n)f  in Qy, (43)

hence it is enough to prove that ]~” =0in Ep. To this end, using the fact that ]~‘ =fin D (recall
that D = AU O° =D, Ny = D N Q) then f verifies

12
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Af+Kf=0 in D,
and by the ay-quasi-periodicity of w, and f, it is sufficient to prove that f = 0 in the cell {2,

i.e. proving that the following problem

{Aqurkzan =K (n, — n)(w —w,) + k(1 —n)f in (44)

Af +KF =0 in

> o

~ —~ ~

has trivial solution (w,,f) € H3(D) x L*(D). Since in O°, n=n, and O° N A =0, then
(Wg.f) € wy € H3(O°) x L*(O°) verifies

Aw, + Knw, =k*(1 —n)f in O, 45
Af +Kf =0 in O°. 45)
Assumption 2 implies that equation (45) has a trivial solution, and therefore
w,=f=0 in O
It remains to prove that f = 0 in A. We can now rewrite (44) as a problem only in A
w, € HX(A) andf € L2(A)
Aw, + Bnw, = K2(n, —n)(w —wy) + (1 —n)f in A, (46)
Af+KF =0 in A.

To deal with this problem, we first express the quantity w — w, in terms of JNC using the prop-
erty that f = 0 outside A. To this end, recalling that f = f in D, we can write (6) in terms of

f as
Aw + Rnyw = K (n, — n)w + (1 — n)f 47)

and then have
w(x) = 7/1) (kz(np —n)w + k(1 — n)f) (y)®(np;x — y)dy. (48)
Using the facts that f = 0 and n = n,in Oy, ie.n, =n=1in A, \ D we have
== [ (R =+ R 00y =
== [ (R RO 0120
== [ (= (1= ) ) B(yix = )y
[ )i 49)
Moreover, since w, € H3(A), then for all § € H?(A) satisfying A0 + k*n,6 = 0 we have

/ (Aw + Ry, )odx =0, (50)
A

13



Inverse Problems 35 (2019) 015009 F Cakoni et al

implying from equation (46), that
/ ((np—n)w+(l—n)j~f)9dx:O. (51)
A

Remark that for X ¢ A, AD(ny;x —y) + kzn,,(I)(np;x —y) =0forall y e A. Combined with
f = 0 outside A,, we then conclude from (49) that

wi) = - [ O 00l forx g A 52)
Next we define

W = - [ B ey xe© 53)

then w — w € Hj(A) and Aw + k*n,w =0 in A. We now keep w and w, as above and let
W 1= w, + W in A which obviously verifies

AW+ Knw = k(1 —n)f in A.

By assumption 1 we have w = w in A. This proves that w = w — w, in A. Moreover, using the
o, quasi-periodicity of f in A, and the periodicity of n, we have that

/ (1 = n,)f ()@ (np;x — y)dy = / (1= m)f(y + mL)®(nysx = (y + mL))dy
A+mL A
= eiaqu/ k(1= )f (7)@ (s x — mL — y)dy.
A

Letting for y € A

B(x,y) := Z e ®(ny; x — mL —y), (54)
0F#mELy

we see that w defined by (53) is equivalent to
#() = = [ #1 = F)B(w )y 55)

This leads us to define the operator S : L2(A) — L2(A)

Siifrr — /A k(1= ny) f(y)@(x,y)dy. (56)

From the smoothing property of the volume potential we have that the operator §k is compact
and Sy (f) satisfies

AS(f) +Kn,Si(f) =0 inRY\ A.

From the above, we write w — w, in terms g‘k( f) then reformulate (46) for wy := w, and f, we
finally obtain

14
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wo € H3(A), f € L*(A),

Awg + Rnwg = K2(1 — n) f + K2(n, — n)Sc(f) in A, (57)
Af + K2 =0 in A

This problem is the homogeneous version of the new interior transmission problem defined
in definition 3.3 below, where u: = wy + f. Assumption 3 now implies that wog = f = 0 in A,
which proves the injectivity of G,. [l

Definition 3.3 (The new interior transmission problem). Find (u,f) € L*(A) x L*(A)
such that u — f € H*(A)and

Au+ Knu = K (ny, —n)Si(f)  in A,

Af +1f =0 in A,
u—f=y¢p on OA, (58)
Ou—f)/ov=n1 on OA,
for given (¢, 1) € H2(OA) x H'/?(ON) where
S LX(A) — L2(A):
[ — /A 12(1 — np)f(y)( > e (nyx — mL — y))dy, (59)

0#£mELy

®(ny; -) is the ML-periodic fundamental solution given by (7), and v denotes the unit normal
on OA outward to A.

Definition 3.4. Values of k € C for which the homogeneous problem with ¢ = 1 = 0, are
called new transmission eigenvalues.
For sake of completeness, we end this section with proving a range statement for the opera-

tor Gj: which is used in the imaging algorithm. To this end, we recall ®,(- — z) defined by
(20), I, given by (23) with adjoint I}.

Theorem 3.5. Suppose that assumptions 1-3 hold. Then, 1 </I\>qi(-; 7) € R(G;‘E) if and only
if z € D,

Proof. We consider two cases:
Case I: z€D,=A,U Oy,
(i)If z € O Let (u,v) € L*(D) x L*(D) be the unique solution of (14) with
= ®@y(- — 2)|op and Y := 9P, (- — z)/Ov|sp and define
{u - in O

w = . .

o, in ©\0,.
Then w € H: (©) anil verifies equation (6) with f = v in Of and f = —®,in © \ Of.
Therefore G*(f) = @;t(-;z). Furthermore u|o¢ and v

o; are a-quasi-periodic (due to

15
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the periodicity of domain Oy and a,-quasi-periodicity of the data), hence fis also a
quasi-periodic. This implies f € H{,.(D) and G} (f) = I;GE(f) = I*<I>i( 2).

(ii) If z € A, We first consider that z€ A = A, ﬁ Q. Let (u v) € LZ(A ) x L2(A,) be
the «,-quasi-periodic extension of (ua,va), where (up := u,vp :=f) is the solution

of the new interior transmission problem in definition 3.3 with ¢ := ®,(- — z)|sa and
1 =: 0®,(- — z)/Ov|aa. We then define

_Ju-—v in A,
YaT e, in ©\A,

Let f:=vinA,and f:= —®,in © \ A, then f € H{ (D) and w, € H.(O) satisfies
the scattering problem (33) w1th data f. Furthermore, w defined such as wi=w, + Sk( 5
in A and w: = wyin D\ A is solution to (6) with data f. Therefore GE(f) = I*@i( 2).
We  next consider ze€A+mL with O0#meZ 7 and  recall
that CIJi( 2) =emudE(z—mL). If we take fe€ mc( ) such that
GE(f) = I*<I>i( -3z — mL), which is possible by the previous step since z — mL € A,
then

G[:]t (eimbaqf) — I; ((/I\)[:It(s Z))

Case2: z ¢ B,,. If G;‘ (v) =1, (/IS;'[ (+; 2), then using the same unique continuation argument as
in the proof of lemma 3.2 we obtain w, = ®,in O \ B,, where w, is defined by (30) with
w being the solution of (6) with f = v. This gives a contradiction since wy is locally H?
in®© \]31, while ®,(- — z) is not.

4. The analysis of the new interior transmission problem

This section is devoted to the study of the solvability of the new interior transmission problem
in definition 3.3. It provides sufficient conditions on n and k for which this problem is well-
posed, i.e. such that assumption 3 holds. As described in the previous section the solvability of
the new interior transmission problem is fundamental to ensuring the properties needed for the
imaging of the defect w with a single Floquet—Bloch mode. Up to now the only case that could
be handled was when w N D = () [18] (see also [11]). Here we provide a general analysis that
cover all possible cases. Our approach generalizes [12] and [19].
We start with proving the following technical lemma:

Lemma 4.1. Assume that n, > o > 0 on R4, Then there exists @ > 0 and C > 0 such that
||§in(f)||L2(A) < Ce "|fllzny, k>0
forall f € L*(A).

Proof. Denoting w := Siv (f) and f the extension of f'as c,-quasi-periodic in A,, we have
that

W) = 2 /A (1= 1,)F()B(nyi x — y)dy

p\A

where ®(n,; -) denotes here the ML-periodic fundamental solution associated with k = ix. An
application of the Cauchy—Schwarz inequality an the Fubini theorem implies

16
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) < AN = 17000~ )P
AJANA
— N[ o= DO [ [Blmyix =) Py
ANA A
Next we let
Y={z:=x—y, xe€A yeA,\A}
dmax € Rt dmax > sup{|zl,z € £} and d:=d(A, A, \ A),

and remark that Vx € A, Vy € A, \ A,
¥ C B:=B(0,dmx) \ B(0,d) (60)

x —y| > d, hence

where B(0,d) is a ball of radii d and centered at the origin. Remark that d > 0 by assumption
2. We then have

~ -~ 2 2
122 a) < H4|Ap\/\|/ |(np = )] dy/ |®(n:2)|"dz.
A\A B

Since f =finA, ]7 is quasi-periodic and n), is periodic in A, then

/ [, — 17 )Py = (] — 1) / |y — 1F) Py < (M) — 1) sup 1= m I 20
A\A A A

We now prove that, there exists > 0 and Cy > 0 such that
2 —UKR
/ycb(np;z)] dz < Coe 0", (61)
B
We recall that ®(n,; z) is ML-periodic and satisfies
(A — K2n,)®(n,;-) = —§ in©O (62)

and ®(n,;-) € L*(O) (or equivalently the Rayleigh radiation condition (4) with k = ix). Con-
sider the fundamental solution ¥ € L*(R?) satisfying

(A — K2n,)¥ = —4 in RY.
Since 1, is positive definite, then one can prove that eI (x) € L?(R¢)fory > O sufficiently

small (following the lines of the proof of theorem 4.4 in [10]). The function #* := <I>(np; D
satisfies

Au® — ffznpus =0 in®

and application of the Green formula and using the periodicity conditions of ®(n,; -) imply

\V/ 512 2 512 dx< C ] ow’ s ov
[ (V- gl ) s < € (1911 150 2 oy 1818 5 15 2 o

17
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for some constant C independent from ~. The decay property of ¥ implies that

ov
— Nk
("qJ'H%(a@) + v ”H—%(a@)) se

for « sufficiently large and y; > 0 a constant independent from «. Therefore, by classical con-
tinuity properties for traces and normal traces and the fact that Au® = k*n,u’, one conclude
that for  sufficiently large

/ (|Vu')? + |u[*)dx < Ce™ ™"
e

for some constant C independent from «. Since B is contained in the union of © and two ML
periods, one to the left of © and the other to the right, using the ML-periodicity of u* we have
that [,;(|Vu'|* + |u']*)dx < 3Ce™7'". One then obtain the desired estimate (61) by writing
®(n,;-) = ¥ + u’ and combining the previous estimate with the exponential decay of . []

We now turn our attention to the analysis of the new interior transmission problem in defi-
nition 3.3. For the given (¢, v) € H>?(A) x H'/2(A) in (58) we construct a lifting function
up € H*(A) such that up|ap = ¢ and Qug/Ov|sn = 1. Hence w :=u — uy — f € Hi(A) and
we let F := (Aug + k*nug) /k* € L*(A). To further simplify notation, we set A := —k* € C,
g:=n—1,p:=n—nyand v:= —w/k* € H}(A). In these notations, the problem we need
to solve reads:

v € H3(A) and f € L*(A),

Av— Mg+ 1)v=qf +pS/~(f) +F  inA, (63)
Af =M =0 in A,

for a given F € L2(A), where S, v—x(f) is given by (59). We remark that (63) is a modifica-
tion of the problem considered in [12] (see also [7, section 3.1.3]). We write this problem in
an equivalent variational form. To this end, let us denote X := HZ(A) x L*(A) with the norm

|(0.) % :== ||U||ZZ(A) + HfHZZ(A) and the corresponding inner product (-, -)x. Then we define
the sesquilinear form g, : X x X — C by

ax(v.f1 ¢, ) = /A(Ag —Ag)fdx + /A (A0 = Mg+ 1)0) P — (af +pS,/=f)ddx, (64)

for (v,f) € X and (¢, %) € X and the bounded linear operator Ay : X — X defined by means
of the Riesz’s representation theorem

ax(v.f;¢,%) = (Ax(v.f), (¢, 9))x- (65)

Letting ¢ € X be the Riesz’s representative of the conjugate linear functional

(6.(6 1))y = /A Fidx,

solving (63) is equivalent to solving

M@ =0 o axO.fide) = /A Fidy, V(o) eX.  (66)

In a similar fashion, we define the sesquilinear form b, : X x X — C by

18
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ba(w.f:6.0) = [ (A5 -2D)rax+ [ (030 - gf)Tr
A A
with the associated bounded linear operator By : X — X such that
b/\(v7f; ¢’ w) = <B>\(U’f)’ ((ZS’ ¢)>X

Lemma 4.2. Forany A\, i € C, the differences Ay — B, and Ay — A,, are compact.

Proof. Let (v,f;) € X be an arbitrary sequence converging weakly to (0, 0) in X. We must
show that (Ax — B,)(v},f;) converges (0,0) strongly in X. Recall that

((Ax = Bu)(0.f). (6. 9))x = (ax — by) (0.f1¢.¢)

where

(ax = b)) (V. fi b)) = (n—A) //\ﬁ$+//\ (= Ag+1)vp — /Ap(g\ﬁxﬁ - «SN‘m)E

Let us take (¢, 1) € X such that[|(¢,9)||x = 1 and define g; € H'(A) such that Ag; = f; and
gj=0on OA. Hence g; — 0 in H'(A) implying that g; — 0 in L*(A) by compact embedding
of H'(A) in L*(A). Obviously,

| [ 53] =] [ 2wd]= | [ 628] < 18310 lglow < lglow.

Similarly, since v; — 0 in H?*(A), then v; — 0 in L?(A), and

‘ /A (=g + 1))”@‘ < sup I = Mg + Dlllvjll 2y 19l 2ay < sup It — Mg+ Dlllojll2(a)

and

| /A P82ty = S =) 9] < s 1838 = 8 =l oy I¥illcoy

< sup Ipl[|(Sy= — gﬁ)ﬁ'“m(/\)-

Since S Nt S/=) 1 L*(A) - L*(A) is a compact linear operator, then
1(Sy=x — Sy=z)fill12(a) converge to O strongly in L*(A). Therefore

[(Ax = Bu) (@ fi)llx—sx = sup  |(ax = bu)(v;.fj; ¥
(&) llx=1

< C(HUJ‘HLZ(A) +1gill2a) + ||S>J§‘ - SMEHLZ(A)) — 0.

The proof for Ay — A,, follows exactly the same lines. |

At this point we need to assume a sign condition on g := n — 1. To this end, let R be a
neighborhood of JA in A and denote by
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Loe— 7 _ 3 * .
Guin := 111{f Re(q) > —1, qs = 1II%fRe (q), q" = s%p Re (g). (67)

The following lemmas, which are proven first in [12] for real refractive index and adapted
to the case of complex refractive index in [7, section 3.1.3]), play an important role in our
analysis.

Lemma 4.3. Assume that g € L*(A) is such that qun + 1 > 0 and either g, > 0 or
q* < 0. Then there exists c > 0 and d > 0 such that for all A > 0 the following estimates holds

U / Re (q)|fPdx < ce 2 / gllf P 68)

forall f € L*(A) solution of Af — \f = 0.
Proof. Seelemma 2.3 in [12] if g is real and lemma 3.14 in [7] for ¢ complex. O

Lemmad.4. Assume thatq € L™ (A)is such that gmin + 1 > 0 and either g, > 0 org* < 0.
Then for sufficiently large X > 0, the operator By is an isomorphism form X onto itself.

Proof. See theorem 2.7 in [12] if ¢ is real and lemma 3.15 in [7] for ¢ complex. O

We now proceed with proving that the operator Ay : X — X is an isomorphism for suf-
ficiently large A. We adopt two different approaches for the cases ¢g* < 0 (theorem 4.5) and
g5 > 0 (theorem 4.6).

Theorem 4.5. Assume that g € L*°(A) is such that gmin + 1 > 0 and ¢* < 0. Then, for suf-
ficiently large X > 0, the operator Ay, : X — X is an isomorphism.

Proof. It is sufficient to prove the injectivity of Ay since B, is an isomorphism from lemma
4.4 and and A, — B) is compact from lemma 4.2. To this end, assume that (v,f) € X is such
that Ay (0v,f) = 0,1i.e. a (v.f: ,7p) = 0 for all (¢,7) € X. As such, (v, f) satisfies

{Av—)\(q+l)v = qf+p§iﬁ(f)

Af — N _ 0 in A. (69)

Multiplying the first equation of (69) with f we obtain

5 ~ - B 5 Ve _
Jart+ [ pSs007 = [ (80-xg+10)7 = [ (s0-20)7 = [ .
First observe that [, (Av — Av)f = 0 since v € Hj(A) and Af — Af = 0 in A. Therefore
/ qlff* = - / PSx(F = A / qof. (70)
A A A

Multiplying now the first equation of (69) with v and integrating by parts we obtain

Ve + g+ Dlefar = [ aroax— [ S (1700 1)
A A A
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Now assume that ¢g* < 0 and taking the real part of the above we write

[ 190R + 2Re @) + Dl =Re (= [ a9 [ p55008). 02)
From (70) and (72) noting that X is real, we deduce that

J 190+ ARe (@) + D + 5 [ —Re (@)l

—re ([ 8507 - D). "

For large enough A > 0, we set p := max (||q\|ooce_2dﬁ, ce_2dﬁ> < 1. Then lemma 4.3

implies

(1-p) / Re (q)]f2dx < / Re (q)lfPdx < (14 p) / IRe (q)|fPdx.

(74)
The latter inequalities implies
1
[ AR @)+ 0iof + 5 [ ~Re (@)l
A A
> [ Ret@)+ Do+ -7 [ Re(@)lrfas
“ s Nk ‘ (75)

From lemma 4.1 we infer the existence of ¢ > 0 such that ||pé~‘l\5\(f) 2y < ce_9ﬁ|lf||Lz(A).
We then have

~ 1- 1
| [ Re [p8 (T - 9] < e M llon (ol + ke )
A

Using Young’s inequality then splitting the integral of Ii* into the domains R and A \ R we
finally have

~ 1= _ 2¢ _ cA _
[ Re (pEAGT -9 ts] < S gy + G ol

2¢ _ cA _
<5 VDI Iy + e Mol

A
2c(l+p) _ cA _
< KD et R @ I + g ye " IVRe@F ol 0
For ) sufficiently large such that
Me_eﬁ < ];p —€ and Le_eﬁ < )\ — &,
AGx A 4(gmin + 1)

with € > 0 small enough we finally obtain from (73), (75) and (76)

5” Re (6]) + 10”%2(/\) + 5“ |Re (q)lfH%Z(R) <O.
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This prove that v = 0 in A and f = 0 in R. Inequality (74) then implies f = 0 in A which ends
the proof. O

Theorem 4.6  Assume that g € L™ (A) is such that quin + 1 > 0 and g, > supg(Im (q))? > 0.
Then, for sufficiently large X\ > 0O, the operator Ay : X — X is an isomorphism.

Proof. Again similarly to the proof of theorem 4.5 it is sufficient to prove that A is in-
jection, which will do by contradiction. Assume to the contrary that there exists a sequence
A — o0 and (v;,f;) € X with [|[(9;,)]lz2(a) = 1 and Ay (v;,f;) = 0. Then v; € Hj(A) and
f; € L*(A) satisfy

Av; — Xi(g + 1)v; +p8\/~(f]) and  Afi— \fi =0. 77

For given £ > 0 small enough, from lemmas 4.1 and 4.3 and the fact that ||(v;,f;)[|l.2(a) = 1,
we have that for \; > 0 large enough

HPSi@(ﬁ)HLZ(A)Hﬁ”LZ(A) + V14l 2 avm)
+ /\j”\/gj“%}(A\R)”\/ lalojl|Tavg) < €% (78)

From (70), we observe that

/RRG (@)lfil*dx = Re (—Aj/kquﬁdX) —/A\RRe(q)lﬁzdx
—Re (/Apgiﬁ(ﬁ)vjdﬁr)\j /A\quﬂﬁ'dx)

Estimating the last three terms from (78) and using Cauchy—Schwarz inequality we now ob-

tain
[Ret@iia< ([ re <q>w|2dx>1/2 (/ Rj'(zq) o) "

This implies that

V2 gl 2
(/RRe(q)de> <€+)\j</RRe(q)|vj|2dx> , (79)

(where we used for A>0 and B >0, A?<e?+AB implies (A— B/2)> <e&*+
B?/4 < (e + B/2)? and taking the square root yields A < ¢ + B). From (71), we see that

(using again (2}, /) [[x = 1)

A,/R(l+Re(q))|v,|2dx<A,/A(1+Re(q))|vj|2dx

(frow)” ([ o) o
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since (1 + Re (¢)) > 0 in A. Combining the last two inequalities yield

2 |2 1/2
)\-/ 1+ Re v-zdxgz\/ﬂqux—l—E(/ 14 v-zdx) + &%
\i R( (Q))|J| \j RRe(q)|]| RRe(q)|]| )

The assumption ¢, > S%p(lm (¢))* > 0 in particular implies infg %((I;;W =0Jp >0,

hence we have

2 |¢1|2 2 2 2
A-é/vdxéa(/ 0; dx) + °.
00 R|./‘ RRe(q)|/‘

Choosing A; such that 4);d > || RL,LK,) || L= (r) We obtain that

1/2
Aj50/|vj|2dx§25 (Aj50/|vj|2dx> +€2
R R

which implies

1/2
</\j50 / |v,|2dx> < 3e
R

and proves that \;dy [, [vj|*dx — 0 as j — co. Coming back to (80) we deduce that

/(1 + Re (g))[o;Pdx — Oasj — oo
A

and from (79), since Re (g) is positive definite in R, we deduce that [, |f;|*dx — 0 as j — oco.
Lemma 4.3 then implies

/[ﬁ|2dx—>0asj—>oo.
A

The last two zero limits contradict the fact that || (v;,fj)||,2(a) = 1, which proves injectivity. ]

Recall that solving the new interior transmission problem formulated in definition 3.3 is
equivalent to solving

Ao f) =0 inX (82)

(where we go back to the original eigen-parameter k € C which is such that A = —k?). Let us
fix Ao > O such that theorems 4.5 or 4.6 holds, i.e. Ay, is an isomorphism and let ko = +/Aoi.
Then we can rewrite (82) as

(0.f) + AL (A — A)(0.f) = AL or  (I=C)(v.f) =A 0 (83)

where Cj := A,;I(Ak — Ag,) is compact from lemma 4.2. Thus the Fredholm alternative
applies to (82). In particular a solution of the new interior transmission problem exists pro-
vided k is not a new transmission eigenvalue defined in definition 3.4. To show that the set
of new transmission eigenvalues is discrete we appeal to Fredholm Analytic Theory (see e.g.
[8]) since the mapping k — Cy is analytic in C. Thus we have proven the following theorem:
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Theorem 4.7. Assume that the bounded function n satisfies inf, Re (n) > 0, Im (n) > 0,
and there exists a neighborhood R of OA inside A such that either supgRe (n — 1) < 0 or
infg Re (n — 1) > supg(Im (n))? > 0. Then the new interior transmission formulated in defi-
nition 3.3 has a unique solution depending continuously on the data p and 1) provided k € C
is not a new transmission eigenvalue defined in definition 3.4. In particular the set of new
transmission eigenvalues in C is discrete (possibly empty) with +00 as the only possible ac-
cumulation point.

Note that theorem 4.7 provides sufficient conditions under which assumption 3 hold. It is
highly desirable to show if and when real new transmission eigenvalues exist, because for such
real wave numbers our imaging algorithm introduced in the next section fails.

5. A differential imaging algorithm

We now apply all the results of sections 2 and 4 above to design an algorithm that provides us
with the support of the defect w without reconstructing D, or computing the Green’s function
of the periodic media. We follow the idea proposed in [11] and build a differential imaging
functional by comparing the application of the Generalized Linear Sampling algorithm to
respectively the operators N* and Nqi. The new results obtained in theorem 4.7 allow us to
justify this algorithm for general location of w (possibly multi-component).

5.1. Description and analysis of the algorithm

Throughout this section we assume that assumptions 1-3 hold. For sake of simplicity of pre-
sentation we only state the results when the measurements operator N is available. Exactly
the same holds for the operator N~ by changing everywhere the exponent + to —. For given ¢
and a in £2(Z~") we define the functionals

J3(¢.a) = a(NJa,a) + [N*a - ¢,

84
JE(¢,a) = a(N;:ﬁa, a) + |[Nfa — ¢|? 9

with N;u = IZN;L]. Let a®*, ag** and ag* in 0(Z41) verify (i.e. are minimizing sequences)
a(@T2a) < | JS(@7(52).0) + (o)

+ (Pt (. . i + (Pt (.
Jo (@4 (32),ag7) < aeegflzfdf,)fa (@5 (+52),a) + c(a) (85)

JE,LdF (1 2),a07) < aeeg?zfdfl) JE,LDF (5 2),a) + c(a)
with % — 0 as a — 0. Here @i(-;z) are the Rayleigh coefficients of ®(1,z) (i.e. ®(np;z)
defined by (7) with with n, = 1) given by (15) and &\);t(-;z) are the Rayleigh coefficients of
®,(- — z) given by (21).

The standard analysis of the generalized linear sampling method (see e.g. [7, section 2.2])
making use of the factorization of Ny in theorem 2.3 along with all the properties of the
involved operators developed in sections 2.2 and 3 imply the following results (see also [11]
and [18] for detailed proofs).

Lemma 5.1.

(i) z € D if and only if lim (N;aw,aavl) < 00. Moreover, if 7 € D then HTa™* — v, in
a—0
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L*(D) where (u;,v,) is the solution of problem (14) with ¢ = ®(1;z) and ¢ = 0®(1;z) /v
on OD.
(ii) z € D, if and only if hm(N+ ags, (‘;7) < oo. Moreover, if z € D, then ’H"‘ao‘Z — U,
in LZ(D) where (ug, vjots the solution of problem (14) with ¢ = ®,(- —z) and
1 = 0P, (- — z)/0v on OD.
(iii) z € D, if and only if lim (NJr ag*,ag) < oo. Moreover, if z € D, then HFfag® — hin

L*(D) where h is deﬁnet? by

B —&,(- —2) in A, . ;

h, = { 0. in O if ze O 56
- v, in A, .

hz—{ 3, —2) in O if zeA,

where (uz,v;) is the solution of problem (14) with ¢ = ®,(- — z) and ) = 0®,(- — z)/Ov
on 0D and (u,,v.) is og-quasi-periodic extension of the solution (u,f) of the new interior
transmission problem in definition (3.3) with ¢ = ®4(- — z) and ¢ = 0®,(- — z)/0v on
OA.

Proof. The proof of the items (i) and (ii), we refer to [11]. The proof of items (iii) is a direct
application of theorem A.4 in [11] in combination with theorem 3.5. O

We then consider the following imaging functional that characterizes A,

1
a o (N;_aa,z’ aa’z)
zi = (09 1+ (87)

where for a and b in £2(Z4~1),
D" (a,b) = (Nﬁ*(a —1,b).(a - Iqb)) .

Before giving the main theorem for the characterization of the defect we need the following
assumption.

Assumption 4. The refractive indexes n, n, and wave-number k are such that

Au+Knu=0 in w,
Av+ k*nyo =0 in w,
u—0v=0 on Ow, (88)

O(u—0)/ov=0 on dw

has only the trivial solution.

This assumption is satisfied if n — n,, does not change sign in a neighborhood of the bound-
ary of domain w, or if either n or n, have non-zero imaginary part (see e.g. [7]).

Theorem 5.2. Under assumptions 1-4, we have that

z€D\ Oy ifandonly if lim Z(z) > 0.
a—0

(Note that D\ O, = wU O, contains the physical defect w and O, := D, \ Oy, the comp-
onents of D, which have nonempty intersection with the defect).
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Proof.

Case 1: z¢ D\ O;. If 2 ¢ D then from lemma 5.1(i) we have that (Nya‘“, a®*) — +oo as
a — 0 and therefore 1im Z 1 (z) = 0.
a—0
If ze€ O, let (u,v;) € L*(D)x L*(D) be the unique solution of (14) with
1= ®y(- — 2)|op and ¢ = 0P,(- — z)/Ov|sp then from lemma 5.1(ii), HTa™* — v,.
Note that in this case u; = 0 and v, := —®,(- — z) outside 0.

~

Now let h, € L*(D,) defined by (86). Then from lemma 5.1(iii), ’H;{"Zzg"z — h, in LX(D).
Furthermore, by definition of &, and the fact that v, = —®,(- — z) in A,, we have that v,
coincide with A, in D. From the factorization of N;r and the definition of 7—[; we have
D (g, ag7) = (NF (ag= = 1,a5<), a3 — 1,5

= (Tu(H+a2"z — H;EI?’Z), HJra;"Z — H;&?’Z)

STyl H Y ag — HFag 2y = 0, asa— 0.
Since from lemma 5.1(i), (N;rao"z, a®*) remains bounded as & — 0, we can finally con-
clude from the above that

iiglolgf(z) =0ifz € O,

Case 2: z € D\ O C A,. Then again by lemma 5.1(i), (N;aa’z,ao"z) remains bounded and
by lemma 5.1(iii), (N, 3ag", ag**) remain bounded. Using the factorization of N;ﬁ and the
fact that N, = TN, T, we can write

(N} Lgag =, 1,ag ) — (Tyhe, he) < oo,

where h, € L2 (13,,) defined in (86). In this case, we need to consider the location of z in
two sub-domain.
First, if z € w \ D, (the part of defect outside periodic domain), then by lemma 5.1(if)

(Njag?,ag) — 400 as a — 0. This implies,

DY (a3, ag®) > |(Nfag?,ag?) — (Nf1,ag =, T,ag<)| — 400

‘We then conclude that

lim 77 (z) #0 ifz € w )\ D,.
a—0

Next, if z € D, N A, = O,, again by lemma 5.1(i) (N;’a;"z,a?’z) — (Tyv,,v,) where
v, € L*(D) is defined in lemma 5.1(ii). In this case v, = —®,(- — z) outside D\ 0%,
which implies that i, = v, in O;. On the other hand, /.|, is c;-quasi-periodic with period
L while v;|o, is not a-quasi-periodic with period L (recall that (u,v;) is a solution of
(14) defined in O with ¢ = ®,(- — z) and ¥ = 0P,(- — z)/Ov on (D \ Oy). Indeed,
assume to the contrary that v.|o, is a,-quasi periodic with period L. For a fixed arbitrary
0 £ m € Zy, let us define

1, (x) == e "y (x + mL), for x€ O,

hence (u, v;) satisfy

26



Inverse Problems 35 (2019) 015009 F Cakoni et al

A, + K*npi, = 0 in O,
~sz + kv, =0 in O, 89)
u; — v, = O4(- — 2) on 90,
0(u; —v,)/0v =0/0v®,(- —z) on 90.
Next, we let
- n in O and 7 — u, in O
"Y1 i w\O LTl - +0. in w\O
and observe that (i, v,) verify
Al + K, = 0 in A,
AAUZ + kv, =0 in A, ©0)
u, — v, = P,(- —2) on OA,

0(u, —v,)/0v = 0Py(- —2)/0v on JA,

where we use the fact that from (89) the Cauchy data of u, and ®,(- — z) + v coincide on
00 Nw. From the definition of u, and (90) we have that (u;, %) is a solution to

Au, + kKPnu, =0 in A,
Ali, —/i\— kK*nu, = 0 in A, o)
u, —u, =0 on OA,

Ou; —u;)/Ov =0 on OA.

Since n =n, =7 in A \ w, then u, and %, satisfy the same equation in A \ w and share
the same Cauchy data on 9A \ @, hence by the unique continuation u, = %, in A \ w.
Therefore, (u,, ;) is a solution of (88) and assumption 4 implies that u, = u, = 0 in w,
and consequently by definition v, + ®,(- —z) =0 inw \ O (recall A = O U w). On the
other hand, we have that v := v, + ®,(- — z) satisfies Av+ k*v =0 in A\ {z}, hence
unique continuation implies that v, = —®,(- — z) in A \ {z}. But this is a contradiction,
since by the interior regularity of solutions of Helmholtz equation v, is infinitely many
times differentiable whereas ® has a singularity at z. This proves that v |o, is a,-quasi
periodic with period L, and hence v, # h; in D \ O[‘,'. We now have from the estimate

+ +-oaz)|2 +( az ~a, + a, +oaz)2
Cl[H ag* — Hyag l2py < DT (ag”,ag) < ||Tyll[[HTag™ — Hy ag |72 (p)
where C is the coercivity constant associated with Ty, that Dt (a;“’z, Elf;‘*z) is bounded and
does not go to 0 as « — 0. Thus

lim Z7 (z) #0 ifz € O,.
a—0

This ends the proof of the theorem. O

Theorem 5.2 shows that the functional Z} (z) provides an indicator function for D\ O¢,
i.e. the defect and the periodic components of the background that intersects w. However, the
proof of theorem 5.2 indicates that although the values of Z (z) are positive only in D \ O¢,
they are smaller for z € O, compared to the values of Z} (z) for z € w \ D,,. Therefore, if the
defect w has nonempty intersection with the periodic background then the reconstruction of
O, (i.e. the components that have no nonempty intersection with the defect) are not displayed

27



Inverse Problems 35 (2019) 015009 F Cakoni et al

as clearly as the reconstruction of the part of defect outside D,,. This is illustrated in the fol-
lowing numerical experiments.

We recall that exactly the same can be shown for down-to-up incident field, by simply
replacing the upper index + with —. It is also possible to handle the case with noisy data, and
we refer the reader to [11] and [18] for more detailed discussion.

5.2. Numerical experiments

We conclude by showing several numerical examples to test our differential imaging algo-
rithm. We limit ourselves to examples in R2. The data is computed with both down-to-up
and up-to-down plane-waves by solving the forward scattering problem based on the spectral
discretization scheme of the volume integral formulation of the problem presented in [10].
Let us denote by
28 = {j=q+Ml, g Zi7t, 0 €297 and £ € [~Niin, Noax] }

mc

the set of indices for the incident waves (which is also the set of indices for measured Rayleigh
coefficients). The values of all parameters used in our experiments will be indicated below.
The discrete version of the operators N* are given by the Ny, X Njp matrixes

N* = (ﬁi(ﬁ;j))

@,}EZf’*l : (92)
Random noise is added to the data. More specifically, in our computations we use
£3589y .— NE(; . . d—1 d—1
N=0(j,0) :=N*(j,0) (1 + 6A(j,0)), V(j.0) € ZiL " x Zy (93)

where A = (A(J,£))n,.xN,. 1s @ matrix of uniform complex random variables with real and
imaginary parts in [—1,1]* and § > 0 is the noise level. In our examples we take § = 1%.

For noisy data, one needs to redefine the functionals J7 and J7 g8

(63

T (0a) = o ((NF 1y, 1ga) + SINF ) + INjoa— 6P O4)

a,q

.0 8
JE9(0,a) = a (N} a,a) + 6N lal?) + [N*Pa — 6|,

We then consider a3, ag'5 and a5 in £ (Z?=") as the minimizing sequence of, respectively,
+(HF(. + (BT (.- +(Ht(.
Ja (q) ('71)’ a)? Ja ((pq (" Z)? a) and Ja,q ((I)q (" Z)’ a)'
The noisy indicator function takes the form

-1
+,0( 0.2
I;r’é(Z) = <g+’5(a5a’z) (1 + M%)) (95)

q.0°%q,0

where for a and b in £2(Z4~1),

D5 (a.b) = (N;,a(a “1Lb),(a— L,b))
and

G (a) := (N *a,a) + 5N [lal .

Defining in a similar way the indicator function Z~%(z) corresponding to up-to-down incident
waves, we use the following indicator function in our numerical examples
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Figure 2. Left' the exact geometry for example 1. Right: the reconstruction using
2= Iz

OO C

Figure 3. Left: the exact geometry for example 2(a). Right: the reconstruction of the
local perturbation using z — Z°(z

Figure 4. Left: the exact geometry for example 2(b). Right: the reconstruction of the
local perturbation using z + Z%(z

Figure 5. Left' the exact geometry for example 3. Right: the reconstruction using
7Tz

Figure 6. Left the exact geometry for example 4. Right: the reconstruction using
7Tz

Figure 7. Left: the exact geometry for example 5. Right: the reconstruction using
72+ I9(2).

I(z) :=IT0(2) + T7°(2).

In the following example, we consider the same periodic background D), in which each cell
consists of two circular components, namely the discs with radii ry, r, specified below. The
physical parameters are set as

k =3.57/3.14, n, = 2 inside the discs and n, = 1 otherwise. (96)
Letting A := 27 /k be the wavelength, the geometrical parameters are set as

the period L = 3.5\, the width of the layerh = 1.5\, r; = 0.3\, and r, = 0.4)\.
7

Finally we choose the truncated model
M =3, Npin=>5and Nyx =S5and g = 1. (98)
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The reconstructions are displayed by plotting the indicator function Z°(z).

Example 1. In the first example, we consider the perturbation w be a disc of radius
rw = 0.2\ with the refractive index n = 4 and located in the component of radii r, (see fig-
ure 2-left). In this case we reconstruct the whole component which contains the defect and
its L-periodic copies (see figure 2-right). We remark that this is the unfortunate case when it
is not possible to determine in which period is the defect located. This is in accordance with
what theorem 5.2 predicts.

Example 2.

(a) In the second example, we consider the perturbation w as in example 1 but now located
such that w has nonempty intersection with D), but not included in D), (see figure 3-left).
The reconstruction is represented in figure 2-right. This example also illustrate that the
value of Z°(z) much bigger when z in w \ D, than z in O,. Now we are able to find in
which period the defect is located and recover clearly the part of the defect outside the
component.

(b) In figure 4 we consider same configuration as in figure 3 and change only the refractive
index of the defect which now is inhomogeneous. In particular, the refractive index of
the defect is n =4 in w N D, and n = 3 in w \ D,. The reconstruction is represented in
figure 4-right

Example 3. Example 3, indicated in figure 5, just show that when the defect has no inter-
section with the periodic background, the indicator function Z°(z) allows to reconstruct the
true defect including its true location. Here the defect is a disc of r,, = 0.2\ with n = 3. More
examples of this case can be found in [11].

The last two examples, present the case where the defect consists of two disconnected
components.

Example 4. In this example the multicomponent defect has one component intersecting D,
and one component outside D,,. The true geometry is given in figure 6-left and the reconstruc-
tion in figure 6-right. Here w; is the disc intersecting D, and w the other. The parameters are
Ty, = Ty, = 0.2 wy is inhomogeneous with refractive index n = 4 in the part inside D, and
n = 3 in the part inside D, wheres the refractive index of w, is n = 2.5.

Example 5. In this last example, the defect has two disconnected components such that
one is included in one component of D, and the other lies outside D,. An illustration of exact
geometry is given in figure 7-left and the reconstruction in figure 7-right. Here keeping the
same notations for w; and w; as in example 5, we choose n = 4 the refractive index of w; and
n = 2.5 the refractive index of wy.

All our numerical examples validate the theoretical prediction provided by theorem 5.2. As
already mention the case when the defect is entirely included in a component of the periodic
background is ambiguous in the sense that the actual defective period can not be determined.

We conclude by remarking that everything here can be adapted to the case when the back-
ground periodic layer is composed of inhomogeneities embedded in homogeneous media with
constant refractive index ng # 1. The only difference is in the choice in the fundamental solu-
tion which in this case should correspond to a piecewise homogeneous media instead of n = 1.
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