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ABSTRACT. This paper concerns the transmission eigenvalue problem for an
inhomogeneous media of compact support containing small penetrable homo-
geneous inclusions. Assuming that the inhomogeneous background media is
known and smooth, we investigate how these small volume inclusions affect
the real transmission eigenvalues. Note that for practical applications the real
transmission eigenvalues are important since they can be measured from the
scattering data. In particular, in addition to proving the convergence rate
for the eigenvalues corresponding to the perturbed media as inclusions’ volume
goes to zero, we also provide the explicit first correction term in the asymptotic
expansion for simple eigenvalues. The correction terms involves the eigenvalues
and eigenvectors of the unperturbed known background as well as information
about the location, size and refractive index of small inhomogeneities. Thus,
our asymptotic formula has the potential to be used to recover information
about small inclusions from a knowledge of real transmission eigenvalues.

1. Introduction. The transmission eigenvalue problem, which is a non-selfadjoint
and non-linear eigenvalue problem, appears in the study of the scattering problem
for inhomogeneous media [7]. The corresponding transmission eigenvalues can be
determined from the scattering data [3], [13] and provide information about material
properties of the scattering media [4], [5]. Hence they can play an important role
in a variety of inverse problems related to target identification and non-destructive
testing [11]. The transmission eigenvalue problem is a non-selfadjoint and nonlinear
problem that is not covered by the standard theory of eigenvalue problems for elliptic
operators. In the past few years transmission eigenvalues have become an important
area of research in inverse scattering theory. Since the first proof of existence of
transmission eigenvalues in [5] and [16], the interest in the transmission eigenvalue
problem has increased, resulting in a number of important advancements in this
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area. For an updated survey on the topic we refer the reader to [7] (see also the
special issue of Inverse Problems Vol. 29, No 10).

This paper is a continuation of the study started in [8]. In particular we consider
the transmission eigenvalue problem corresponding to an inhomogeneous media per-
turbed by small volume penetrable inclusions, and investigate the behavior of the
corresponding transmission eigenvalues as the volume of perturbation goes to zero.
In the current paper the transmission eigenvalue problem is written as a non-linear
eigenvalue problem for a compact operator following the fourth order formulation
approach developed in [6] and [5]. This approach restricts us to study the pertur-
bation of only real eigenvalues, which from practical application point of view is
sufficient since the real eigenvalues are measurable from the scattering data. Our
discussion allows for the unperturbed media to be inhomogeneous as opposed to
[8] where the unperturbed media is assumed homogeneous. On the other hand, in
[8], the convergence of the eigenvalues and eigenvectors was obtained for the entire
spectrum (complex eigenvalues included). Unfortunately, there is a term missing
in the expression for the first order correction in the asymptotic expansion of the
eigenvalues calculated in [8]. In the current paper, for a simple transmission eigen-
value, we also obtain explicit formulas for the first correction term, hence correcting
the formula obtained in [8]. Our calculations are based on a nonlinear version [14] of
Osborn’s theorem [15] which is valid only for simple eigenvalues. For the nonlinear
eigenvalue problem, we are finding an eigenvalue \ of T()\), that is, the operator
depends on A\. Simplicity is required when applying Osborn’s theorem because the
multiplicity introduces other eigenvalues );, which are not equal to A, and hence
not nonlinear eigenvalues. Hence the case of multiple eigenvalues is still not com-
pleted and of interest since it is known that transmission eigenvalues, in some cases
even the first eigenvalue, can have multiplicity greater than one. Of course other
approaches that use some existing symmetry, such as J-selfadjointness [12], can be
considered to study the perturbation of transmission eigenvalues. Note however
that the transmission eigenvalue problem is inherently non-selfadjoint.

The paper is structured as follows. In the next section we formulate the transmis-
sion eigenvalue problem as a nonlinear eigenvalue problem for a compact operator
and introduce the analytical framework. In Section 3 we prove the main conver-
gence results needed to later obtain asymptotic expressions for the transmission
eigenvalues. For the convenience of the reader in Section 4 we recall the nonlin-
ear perturbation formula for the general case proven in [14] and use it to provide
an explicit expression with a correction term for the perturbation of real simple
transmission eigenvalues. We present the proof of a few technical lemmas in the
Appendix.

2. Problem statement. Let our domain D C R? (d = 2,3) be bounded with C?
boundary, and let ny € C*°(D) be the given smooth background coefficient which
becomes constant near the boundary of D. That is, we assume that

(1) ng — N has compact support in D for some constant 7.

This background ngy will be perturbed by small volume inhomogeneities of arbitrary
smooth shape. For ¢ = 1,...,m, we define the bounded shapes B; to be smooth
deformations of a ball centered at the origin, so that z;+€eB; is a small inhomogeneity
centered at z;. We also assume that e is small enough so that each scaled ball is
separated from the others and the boundary, in particular (z;+€B;)N(z;+€B;) =0
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for i # j. We let W, be the union of these inhomogeneities, that is

m

W, = U (z; + €By),

i=1
and we define the perturbed squared index of refraction n.:

_fn xzez+eBi=1,...,m
) ne)={ LR

where the n; € R are constants. Let HZ(D) denote the Sobolev space given by

ou
HZ(D) := {ueHQ(D) tu=—-=0on 8D}.
v
or, equivalently, the H? closure of C§°(D) functions. Consider now the interior
transmission eigenvalue problem corresponding to a scalar isotropic media with

these small inhomogeneities. We wish to find nontrivial w,v € L?(D) with w —v €
HZ(D) satisfying

(3) Aw + new =0 in D

(4) Av+7v=0 in D

(5) w="v on 0D
ow Ov

Note that the boundary conditions are equivalently stated as w —v € HZ(D). In
relation to the scattering problem, the eigenvalue parameter 7 := k% where k is the
wave number proportional to the frequency. The transmission eigenvalue problem is
non-selfadjoint and in special cases is known to have complex eigenvalues. However
here we limit ourselves to the study of real eigenvalues, which are the only ones
that can be measured from scattering data and used to obtain information about
the media.

Definition 1. Values of 7 € R, for which the eigenvalue problem (3)-(6) has a
nontrivial solution are called transmission eigenvalues.

In [6], the transmission eigenvalue problem was shown to posses an infinite set of
real transmission eigenvalues assuming that ne—1>a >00r0 < g < 1—n.(z) <1
for a and S independent of e. Here we assume that ne — 1 > « > 0, and note that
all of the following could just as likely be done in the second case. We also note that
the existence of real or complex eigenvalues is proven under weaker assumptions in
[17]. However, our approach makes fundamental use of the framework developed in
[6], hence we need the above assumptions. Under our assumption, it is proven in
[4], [9], that all transmission eigenvalues 7, are uniformly bounded below by 79 :=
A1(D)/a+1 where A1 (D) is the first Dirichlet eigenvalue of —A in D. Therefore we
may assume that all transmission eigenvalues lie in |7y, +00), and this assumption
plays an important role in our proofs later on.

The goal of this paper is to find an asymptotic expansion with respect to e
for transmission eigenvalues of the perturbed problem. Since everything in our
problem is real valued, throughout the paper, for sake of simplicity, we assume that
the involved Sobolev spaces contain real valued functions over real numbers field.
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Given our assumptions, the transmission eigenvalue problem (3) is equivalent to
the fourth order nonlinear eigenvalue problem [5] for u = w — v € HZ(D)

(7) (A +7ne)

n{_l(A—i—T)u:O,

which in variational form is stated as follows: find u € HZ(D) such that

(8) /D nel— 1 (Au+Tu)(Ap + Tn.p)de =0 for all ¢ € HZ(D).

Following the definitions in [5], we rephrase this in terms of variationaly defined
operators. Let us define the bilinear forms on HZ(D) x HZ(D),

O Antwo = (

for e > 0 and
(10) B(u, ¢) = (Vu,Vo)r2(py.

Note that due to the restrictions on n., the bilinear forms will be bounded [6],

[7]. Hence by the Riesz Representation Theorem, we may define operators A, ., B :
HEZ(D) — HZ(D) such that

(11) Az e(u, ¢) = (Arcu, ¢)H§(D) and  B(u, ¢) = (Bu, d))Hg(D)

for all u,¢ € HZ(D). Notice that B is compact due to the compact embedding of
H?(D) into H*(D), and A, . is invertible since A, . is coercive for all 7 > 0 [6]. It
is convenient to use the inner product and norm on HZ(D) induced by the bilinear
form A o:

(12)  (wd)a = Aro(u,9) = (Arou, Q) pzpy and |julla = v/ (u,u)a

where we note that these norms depend on 7. Here ¢ = 0 corresponds to the
unperturbed case, i.e. the media with refractive index ng. We also denote the
adjoint with respect to this inner product by *, that is for an operator T': H3(D) —
H§(D),

(13) (Tu, ) a = (u, T*¢)a for u,v € HZ(D).

We may now rewrite the variational form (8) of the transmission eigenvalue problem
as

(14) (Areu —7Bu, @) g2(py = 0

for u, ¢ € HZ(D), or equivalently, finding u € H3(D) such that

(15) (I —7AZ!B)u=0.

Define the linear operator T,(7) : H3(D) — H2(D) for € > 0 and 7 € C such that
(16) T.(7) == A7 !B,

<Au+Tm4A¢+T@) 2w, B

e =1 L2(D)

so we can write (15) as
(17) TT(T)u = u.

‘We have now rephrased the problem as a nonlinear eigenvalue perturbation prob-
lem. That is, would like to find 7 such that there exists a nontrivial u € HZ(D)
satisfying

TT(T)u=1u
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for € > 0. If e = 0, then n. = ng in the definition of Ty(7), and this corresponds to
our background problem. Our goal is to find a correction formula for the eigenva-
lues of the perturbed problem in terms of the eigenvalues and eigenvectors of the
background problem. To this end, we will apply Theorem of [14], an application of
Osborn’s theorem for approximating the eigenvalues of compact operators [15]. We
can apply the theorem if T.(7) converges to To(7) in norm, and this convergence
restricted to the eigenspace of Tp(7) dictates the speed of which 7. approaches 7.

For sake of the reader convenience, we state here the main result of this paper
which will be proven in Section 4.

Theorem 2.1. Let d = 2,3, u be a solution to (8) for e =0 (i.e. n.:=mny), and
T and T. be transmission eigenvalues corresponding to ng and ne respectively, such
that T is simple. Then for u chosen such that ||u||a =1,

o - G no(zi) —ni (Au(z) + Tu(z;))?
Te o ; | Bil (no(z;) — 1)2 1+ 72(DTy(7)u, u) o

o(e?).
where

1 1
DT; =—2— | —u, A -2 2(P) -
(DTo(T)u, u) 4 - (no — % u+Tu)L2(D) (u, u) p2(py

The proof of this results requires many technical and auxiliary results that will
follow. The next section will contain some estimates which will give us these conver-
gence rates and will show that the hypotheses of the theorem are satisfied. Section 4
contains the application of this eigenvalue correction theorem; and in the appendix
we prove several technical lemmas used throughout the the paper.

3. Operator convergence. In this section we prove some lemmas which will allow
us to successfully apply the nonlinear eigenvalue correction theorem [14]. First, we
prove convergence in the H§ norm for A7l f assuming smoothness on f. Next, we
introduce a correction term which we will use to improve the convergence rate. We
then prove that we have operator norm convergence of A~ IB, and, finally, we derive

an asymptotic formula for A7l f in the inner product of H§(D).
To simplify the analysis, we will assume a single inhomogeneity W, = eB centered
at the origin. The arguments carry over easily to the more general case.

3.1. Strong convergence of A !. For a fixed f € HF(D), define u, for € > 0 as
(18) ue=A7Lf and wo=A}f.

Lemma 3.1. Let A, be defined as in (11) and f € H3(D). If A;(l)f € C*%(D)
for some a > 0, then

1AL f — A;(l)f”Hg(D) < Cretl?,
that 1is,
|ue — uoll m2(py < Crel?,

where C is independent of € and C, = Cy + C17 + Ca7? with C; independent of T
fori=0,1,2.

Proof. Since A, u. = A, gug = f, we have that for ¢ € H3(D),

(19) 0= (Ascuc — Arouo, d) 2(p)
= (A‘r,e(ue - u0)7 ¢)H§(D) + (Aﬂfuo - A"VOUO’ ¢)H3(D)
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From the definitions (11) of A, . and A, o, we have

1 1

(20)  (Areuo — Arouo, @) pz(p) = /D <n€ R

1 1 1 1
+ 7'/ — ugA¢dr + T/ — Augopdx
p\ne—1 mng—1 p\ne—1 mng—1

1 1
-|—7'2/ ( - )u()(ﬁdx‘
D ne_l no—l

Since we assume that ug € C*%(D) by the fact that n. — ng is zero outside of
W, = eB, we have a bound on the first term,

/( 1 )Aqungda:
D n€—1 no—l

) AugAddz

1 1
< G - \ [Suoll [ 180]ds
ny — 1 no — 1 0o eB
< Gollxellzzpy)l9llmz(p)
(21) < COGd/2H¢||Hg(D),

and the second

1 1
/D (ne—l - no_l)ququx

(22)

1 1

A

ol [ 180la0
eB

ny — 1 ng — 1 0o
Cled/2”¢HH§(D)~

For the other terms, we can obtain the desired convergence rate from Sobolev em-
bedding theorem

IN

/D(nel—l_nol—l)Auoqbdx = nll—l_nol—l‘oo|Au°H°°/eB|¢|dx
< CledH¢||L°°(D)
(23) < Ce'lldllg o)
and
/D<n11_1—n01_1>u0¢dx = G ml—l_nol—l'oo”uO”"o/eBde
(24) S C2€d||¢||HO2(D)-

Thus, we have shown that

(25) (Are(ue — o), @) z(py < CTed/2H¢||H02(D)

where C, = Cy + C17 + Cy72. By choosing ¢ = u. — ug, the desired result follows
from the coercivity of the bilinear form A, .

(26) Clluc = woll}z(py < Ce”?[lue — ol 2 ().

Note that the coercivity constant C' for A, . on HZ(D) is independent of € and 7
provided we assume 7 > 79 := A1(D)/(ac + 1) (see (13) in [6]). O

We now construct an appropriate corrector function and use it to improve the
estimates for the convergence of AT L. To do this, we will rescale the problem to
one in which the inhomogeneity shape is fixed, similar to what was done in [8]. In
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what follows, we identify ny with its constant extension to R¢, which is well defined
and smooth by the assumption (1). Define

-~ D
(27) y=uz/e, D=—
€
and
- o o ng yeEB
(2%) i) =nee) = { 1 VEL g
Let the function o5 € H3(D) solve
1 -
(29) [ i = [ 800
RL B

for any ¢ € HZ(D). The existence and uniqueness of @5 follows from the Riesz
representation theorem. Since the domain D is increasing with e, we also define
a limiting function v on all of R?. To do this, we introduce the Sobolev space
following [2]:

wemrd) = { “€ D'(RY): 0< |m| <k, p™=2(Inw)~tDImly € L2(RY)
0 k+1<|m| <2, p™=2DImly € L2(RY)

where weights are given by p := (1 + |z|?)}/? and w := (2 + ||?); indices k = 1 if
d=2or k= —1if d = 3. This space is equipped with the usual H? norm with the
indicated weights. Then the function vg € WZ(R?) satisfies

(30) /R 1A upA,edy = /B A,d(y) dy

an—1

for all € WZ(RY). As shown in [8], we may choose vp such that it satisfies the
following decay conditions at infinity:
(31)  wp(y) =ollyl>~**), V- vsly) =o(yl'"""*), Dup(y) = ollyl~**).
Remark 3.2. By its definition (30), vp is a weak solution to the partial differential
equation:

1

Due to the decay conditions (31), the Laplacian is invertible [2] and we have the
identity
(33) Ay’UB = (’fL — 1))(3.

Recall that ug := AZ é f as in the previous proof (18). We define the correction
@™ to be

(34) A — (ml - no(()l) - 1) (Auo(0) + Tuo(0)) 35 (x/e).

Notice, this function is in H2(D) since 95(y) € HZ(D) thus it will act as a correction
term in the HZ(D) norm. However, since 95 depends on ¢, to derive an asymptotic
formula we also define the correction term u() € H?(D)

(35) uV) = — < L ! ) (Aug(0) + Tug(0))vp(z/€).

’I’Ll—lino(O)—l
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where vp is defined by (30). Note that these two corrections are close to each other
due to the lemmas in the appendix, in particular Lemma 5.1. The following lemma
and its corollary describe precisely the error when these corrections are introduced.

Lemma 3.3. Let d =2,3. For A, . and @Y defined by (11) and (34) respectively,
if f € H3(D) and A;éf € C%%(D) for some a > 0, then

IA7Lf — AT_,(l)f - 6271(1)”113(13) < Cro(e??),

that 1is,

l[twe —uo — 62ﬂ(1)||H§(D) < Cro(e"?),
where C. = Z?:o C;t? for C; independent of T.
Corollary 3.4. Let uY) defined by (35), if the conditions of Lemma 3.3 hold, then
[Aue — Aug — E2AuM || 12 py < Cro(e?/?),
where C; = Z?:o Gt for C; independent of T.

Proof of Corollary 3.4. The proof follows from the above Lemma 3.3 and Lemma
5.1 (originally from [8]). O

Proof of Lemma 3.3. Starting from (19), we add and subtract Amezﬁ(l) to the right
hand side to have

(36) 0= (A‘r,e(ue —Up — ezﬂ(l))a (,25) + (AT,GUO - A‘r,OUO + Ar,eezﬂ(1)7 ¢)H§(D)
As in the previous proof, we have the estimate

1 1

2~(1 _
(AT,EUO - AT,OUO + A7—76€ al ), ¢)H§(D) _/D <n6 1 no — 1

1 1
+T/( — >u0A¢dm
p\ne—1 mng—1

(37) + (A ca, ) uzpy + O (€d||¢||Hg(D)) :

) AugAddz

First we will show that
(38) (Ar,e€2ﬂ(1)a¢)H§(D)

= —(nll_ 1~ no(Ol) — 1) (Aug(0) + Tu(0)) /EB Agp(x)dz + o (eQquﬂHg(D)) .

We begin by considering

1

ne — 1

(39) (hr e (-/e), Dy = € ( MB<-/e>,A¢)

L2(D)

+EZT<A@B<-/e>, ! ¢>> +e%( ! aB<-/e>,A¢)
ne =1/ 12(p) ne—1 12(D)

2,2 1 ~
ter ((”e -1 +1) UB(./G)’(ﬁ)L?(D).
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For the second term in (39), observe that by using Cauchy-Schwarz and A, = €2A,
for y = x/e,

2r (AﬁB(./ﬁ) — Avp(-/e), nsi l(b) L2(D)

1
ne — 1

<7 1Ay08 = AyvsllL2(p) 10l L2 ()

Le=(D)
(40) < CTO(€d/2)||¢||H§(D)
where the last line follows from Lemma 5.1. We now use the smoothness of ng to

replace it with its value at the center of the ball. Since n. — ng only has support on
eB, by Taylor’s theorem we have for (, = €£,,

(41) é*r <AUB('/E)7 (nﬁl_ 1 nol_ 1) ¢> L2(D)
=ér (AUB('/G)» (ml_ 1~ no(ol) 1ty (Tlo(Cxl)—J (éx)) ¢> L2(eB)

We will first bound the term without the gradient of ngy. For convenience define
1 1
ny — 1 Un) (O) —1 '

(42) on =

We calculate

1 1
(A'UB('/E)’ <n1 -1 ng(0) — 1)¢>L2(GB)
— —eSnr (Vva(./EL V¢)L2(eB) + 527'571((9VUB('/6)’ ¢)L2(8(eB))

(43) < CE”VyUB(-/G)HLz(eB) ||A¢HL2(D) + 627(5n(6y’03(-/6), ¢)L2(8(eB))-

627'

After the change of variables y = z/e,

SCGd/Q—H Hvy’UBHLz(B) ||A¢||L2(D) + 627'(5’11(81,1}3(-/6), ¢)L2(8(EB))
(44) <Ce* AP p2(py + emon(Dy, vB(-/€), ) 12 (0 BY)

because vp € H?(B). To bound the second term, we change variables and use
continuity of v to show

€70n(0y, vB(-/€), @) L2(0(eB)) <€TON|| 9| (0(eB)) 100, vB(-/€)| L1 (0(eB))
<eronl|¢| L () 0v, 0B (®)l| L1 (2m)€ !
<Cre'rén) 8l 2 (p) 0w, vB (Y) | L1 (08)
(45) =0 (63 )

since vp is bounded in H?(B). Estimating the term in (41) with the gradient of
ng, we obtain

r(dvat9. 9 (=) )

1
V()| L el [ 1aguelas

INVERSE PROBLEMS AND IMAGING VoLUME 9, No. 3 (2015), 725-748
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< C7el|9ll mzpylIXeBll L2 (D) 1Ay vB | L2(D)
(46) < CTed/2+1H¢”H§(D)~

Therefore, we have

e (AUB(./E)’ n 1— 1¢> L2(D)

1
(47) = (Best/0 o g0) 0 (P ol

Because ng € C°°(D) and ¢ € H3(D), one clearly has

(48) HA( ! ¢)\ < Ol Ad]12(0).

o =17/ lL2 (o)

Therefore, we compute the bound

627' (A’UB(-/E)a nol— 1¢> L2(D)

= |e2r (v3(~/€)aA <n01— 1¢>>L2(D)
A (m)l— 1¢)

< C€2||UB||L°°(Rd)||¢HH§(D)
(49) < C€2||¢||H3(D)

< C€|lvp(-/€)ll L (D)

L2(D)

since vg € L®(R?) for d = 2,3. Now, we will estimate the third term of (39) using
Cauchy-Schwarz

1

<C
ne — 1

627< ! 53('/6),A¢>

ne — 1

€255 (-/2) || L2(p) || AB| L2 (D)
Le(D)

L*(D)
(50) = o (26l 3 )

by Proposition 5.2. For the last term we may do similarly to obtain

o (<”el— 1 " 1) ﬁB(./e)ﬁ) L*(D)

+1

120 (-/2) || L2(py |8l L2 (D)
Le=(D)

ne —1
= o (21l () -

Combining the above inequalities, we may write

(51)

1
inin (/0,0 = (7 808(/0.80) o (2ol

L2(D)
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Observe by definition of vp(x/€) combined with a change of variables y = /e,

& (a0, a0)

:ez/‘AﬂBu#@A¢dx

L*(D)

= 62/ AU (y) Ay ¢ley) etdy

Il
| =
S5
B>
<
<
—
o
)
Iy
o
<

(52)

[
g
8
BN
&
o
<

Thus, we have the asymptotic formula

(53)  (Arc®at™, )2 (p)

T (nll_ 1 no(Ol) — 1) (AUO(O) * TUO(O)) /eB Adle)dz
+ o (P2lmy ) ) -

Using the support of n, —ng and the definition of A, €2a(") in (37), we have that

(AT,EU‘O - AT,OUO =+ AT,662a(1)7 ¢)Hg(D)

:/‘ LI AwAmm+T/ L 1 ) uasde
eB 7’L1—1 ’I”L()—l eB n1—1 no—l

1 1
a KB (’I’Ll -1 N no(o) _ 1> (AUO(O) + TUo(O))Angd:v
(59 Tole? 61l p))-

Recall that by assumption we have ug = A;(l)f € C%%(D) for some a > 0 and
constant C, so we will be able to estimate the remaining terms of (54).

‘/EB ((nll— 1 nol— 1>Au0_<n11_ 1 no(ol) — 1>AU0(0)>A¢dm

< C’ea/ |Ad| dx
eB

< Ce*|xeBllL2(p) 9]l H2(D)
(55) < Ced/2+a”¢”H§(D)~

Similarly, we will use that wug is Lipschitz on D to show

‘/eB ((”11— 1 ”01_ 1)%_(”11—1 B no(Ol) — 1>UO(O)>A¢dx

< Ce/ |Ag| dx
eB

< Cellxesllz2(p) 9/l 52 (D)
< CEd/erl”d’”H%(D)

Choose ¢ = u, — ug — €24V, By the argument of the past lemmas and since the
coercivity of constant associated with A, . is independent of € and 7 > 7, we have
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that
(56)  llue—uo = V| ) = 0 (V2fuc — uo — iV )
0

We can now combine the previous lemma and the technical lemma in the last
section to prove the convergence of BA~ Lf.

Lemma 3.5. Let d = 2,3. For A, . and B defined by (11). If f € HZ(D) and
A;(l)f € C%%(D) for some a > 0, then

IB(A7: = Az0)fllmgp) < Cro(e?)
where C. = Z?:o Cyt? for C; independent of T.
Proof. By the definition of the operator B, we have that for ¢ € HZ(D)
(B(AZ — A70)f, ) mz (o) = (VA7 = AZ0)f, Vo) 12(p)

(
(

= (A:i - A:,(l))fv A¢)r2(Dy
(57) < (A7 - A;é)fHL2(D)||¢”H§(D)~
Choosing ¢ = B(A;l — A;(l))f, the inequality becomes
(58) IB(Aze = AZo) fllazoy < I(Are — AZg) fllz2(p)-
From the previous lemma we have
(59) JAZLf — Ao f — €aW]| 12 (p) = o(e¥/?).

We note by Proposition 5.2 the correction term €2ii(!) defined by (34) is o(e%/?). O

3.2. Norm convergence of A !B. We now show operator norm convergence of
A;,lelB% for 7/ in an open set containing 7.

Lemma 3.6. Letd =2,3, 7> 71 >0, and let A, . and B be defined by (11). Then,
there exists an o with 0 < a <1 and an open bounded set U containing T such that
forallT €U
||A;TGB - A;’}OBHE(H‘%(D)) < Ce®
for a C independent of T but depending on choice of U.
Proof. Let f,¢ € HZ(D) and note that from (19) we have that
(AT,e(ue - UO): ¢)H3(D) = _(AT,SUO - A7’,0“07 ¢)H§(D)

hence we estimate the term in the right hand side. To this end, we define u. =
A;iIB%f for ¢ > 0 as in Lemma 3.1. We begin by using (20) from the proof of
Lemma 3.1,

1 1

(A‘r,euo - AT,O’“’O? ¢)H3(D) :/D (ne 1 - no — 1

1 1
+7’/( — >u0A¢dm
p\ne—1 mng—1
+7‘/< LI )Auogzﬁdx
D ns_l no—l

1 1
+7'2/ < — )u0¢dz
D ne—l no—l
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(60) =I+ 1T+ 1T+ 1V.

We are immediately able to bound I, I1] and IV

(61) 11,111 < CT|AZsBIe 2| | 3 oy Il 11z )
and

(62) IV < CTQHA;,(l)B”Gd/QHf”Hg(D)H¢||H§(D)

where the estimates follow from (22), (23), (24) and the Sobolev embedding of
HZ(D) into C%*(D). For the remaining term I, we need to use the fact that ug is
more regular then |f| due to the presence of compact B. Because Bf solves

(63) AABf = —-Af,
standard elliptic regularity [1] yields that Bf € H*(D) for f € H3(D). Furthermore,
by looking at the variational form for A; o, one finds that given v = Bf, A;(l)u also

solves a fourth order elliptic equation:
(64)

AAA ju = A ! Au | +TA ! ul+7 ! Au + 712 ! +1]u,
’ ng — 1 ng— 1 ng—1 ng— 1

Therefore, if f € HZ(D), elliptic regularity again implies that Bf € H*(D) and
hence that A;%)Bf € H*(D). Therefore, we have the bound

(65) ||A:,(1)Bf|\H4(D) < ||A;,(1)||L(H4(D))||B||£(H4(D),H§(D))||fHHg(D)~

The Uniform Boundedness Principle applied to the set {A;é :7 €U, U compact}

yields a bound in H*(D) uniform in 7. That is, for some C' independent of 7,

(66) 1A76BS | 4oy < Cllf 12 (0)-

Therefore, we may compute a bound for the integral I,

1 1
/ ( — )Aququx
p\ne—1 mng—1
1 1

< [Auo| 2 () Al L2(p)

’II1—1 no—l
1 1

(67) <

‘ / Xen(Aug)? d.
D

Let 1 < p < 2 and let p* be its Sobolev conjugate so that they satisfy 1/p* =
1/p—1/d. Recall that L?>(D) C LP(D) and therefore H'(D) ¢ W'P(D) c L¥" (D).
Let g be the Holder dual to p := p*/2 that is 1/g + 1/p = 1. It is important to
notice that by our choice of p, 1/¢ > 0. We may now calculate

/ XEB(AUO)Q dz
D

711—1 no—l

(68)

< O|[(Auo)? |l oy leBI = Cll A |7+ ) leBI'?
< C”AUOH%H(D)EU(Z < C||U0||%{3(D)61/q < C||f||§fg(D)€1/q
through up = A;éBf and (65). This along with (67) and (68) implies

(69) 1< O£l gz ()6l sz ().

We conclude the proof using (60) and the uniform coercivity of A, for 7 > 75 as
in the end of the proof of Lemma 3.1. The bounds derived will hold for any 7" € U
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by the same argument and since U is compact we can choose the constant C' in the
final estimate independent of 7’. O

3.3. An asymptotic formula. Having established the order of convergence of the
operators involved in the transmission eigenvalue problem, we next proceed with an
asymptotic formula for the operator A ., where we explicitly display the first term
in the asymptotic expansion. Such a formula is later used to obtain the correction
term for the eigenvalues.

Lemma 3.7. Let d = 2,3, f € HZ(D) and ¢ € H}(D)\C*>*(D). If A[f €
C?%(D) for some a > 0, then

(A = Aro)(uo +aM),0) =Bl E—
(Aug(0)A¢(0) + 7(uo(0)A¢(0) + Aug(0)$(0)) + 2o (0)(0)) + oe?)
for @V defined by (34).
Proof. By definition and using the support of n. — ng,

((AT,E - AT,O)(UO + 62'&(1))7 ¢)H§(D)

1 1
- - A 2aMA¢d
/63<n1_1 no—l) (up + e“u')Agp dx
—|—7'/ ( ) ug + 2 )A¢dx
B ’le—]. no —
25(1)
+T/€B(n11 710*1 Aug + e“ut)p da

1
2 _ 2506 4
+ 7 /€B<n1_1 n0_1>(uo+e Yo da
(70) =T+ 11+ IIT +IV.

We consider first 11 and IV which are the most straightforward. After a change of
variables, the term containing ug in I1 is

e [, (i~ ) et a

™) = 1B (g gy ) 1 (0)A6(0) + ofe)

because the integrand is continuous, whereas the term containing 4! is

1 1
TGd/ ( — ) M A dy
eB \ N1 — 1 nog — 1

2

1 1 -
ST — ||A¢HLOO(D)/ 62’03 d(ﬂ

7’7,1—1 ’I’Lo—l Lo (D) eB
(72) < C7lxesll2(py €08l L2(p) < CTe?0(e?)
by Proposition 5.2. Therefore,

1 1

7 IT =7 B - A d
(73) ] (g~ g ) 1(0)26(0) + o),
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and the same reasoning yields

1 1
1—1 n(0) -1

(74) IV = 2¢ B (n ) 10(0)p(0) + o(e?).

Now let us consider I:

/ ( L ! >A(e2ﬁ(1)62u(1))A¢d:c
eB

nl—lino—l

2
1 1

<C — A Lo . Ay(tp —v

Sl v it § 1AG o< (D) lIXeBl L2 (D) 1Ay (T8 — vB)||L2(D)

< C|AG| oo ()€ 0(e¥?)
(75) = o(")
by Lemma 5.1 and the fact that ¢ € C*%(D). Next, we recall that

1 1

76 on = — :
(76) " <n11 no(())l)

We now change of variables, note that A, = €2A, and recall our C%“ assumption
on ug so that we have

—d o 1 e 20 )
= /B <n1 -1 no(ey) — 1) Aluo(ey) + (¥))Ad(ey) dy

_€d ! — ! U\ € €
= /B<m T (e = 1) Aug(ey)Ad(ey) dy
1 1
- an(Bun(0) +ru0) [ (g = g ) ym)Ad(en)dy +ofe)
—B) (g - ) Aw©86(0)

(77) ,

= 8ul0) + i) (g = it ) 860) [ Ayunay + ofe)
by the Lebesgue Dominated Convergence Theorem. Similarly,

I1T =7¢%| B (nll_ T no(ol) — 1) Aug(0)p(0)

_ TEd(nll— - nO(Ol) — 1> (Aug(0) + Tug(0))p(0) /B Ayvp(y)dy

(78) + o(e?).
Due to Remark 3.2,
(79) [ Avestdy = [ (@)= 1)y = (- DI

since ny is constant. The previous equality implies

1 1 Tlo(O) —ni
80 on | |B|] — — A dy | = |B|————
(80) ! (' | <”1 -1 mn(0) - 1) /B vsly) y) | |(n0(0) —1)?
for on defined by (76). By collecting terms we have the formula in the statement of
the theorem. O
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4. A correction formula for transmission eigenvalues. Now we turn our at-
tention to the transmission eigenvalue problem. In what follows let u be the solution
to

1

(81) / —] (Au 4 Tu)(Ap + Tnog)dz =0 for all ¢ € H3(D).
D Mo —

normalized with respect to the A-inner product, that is, the A-normalized eigen-

function of the transmission problem for the unperturbed media, and we define u,

to be

(82) Ue = A;iIB%u =T (T)u for € > 0.

Recall that ug = To(7)u = u/7. The unperturbed eigenfunction « is known to
be H*(D)( H3(D) due to standard elliptic regularity results [1]. We will assume
throughout this section that 7 is simple, i.e., the eigen-space is one-dimensional.
To derive the eigenvalue correction, we will apply a nonlinear eigenvalue correction
theorem which was a corollary of [15]. For the convenience of the reader, we restate
it (Corollary 4.1 of [14]) here:

Theorem 4.1 (Nonlinear Eigenvalue Correction [14]). Let X be a Banach space
and {T.(\) : X = X} a set of compact operator valued functions of X\ which are
analytic in a region U of the complex plane, such that T.(A) — To(\) in norm as
€ — 0 uniformly for X € U. Let \g # 0, Ao € U be a simple nonlinear eigenvalue of
TOa

XoTo(Xo)o = 9,

define DTo(No) to be the derivative of Ty with respect to A evaluated at Ao, and let
¢ be the normalized eigenfunction and ¢* its dual. Then for any € small enough
there exists ¢, a simple nonlinear eigenvalue of T,, such that if

AHDTo(Mo)o, ¢*) # —1

we have the following formula

2 ((To(Xo) — Te(Mo)) o, 0*)
O 1+ AY(DTo(Xo)o, ¢*)

+0 (i‘éB 1Ze(N) = To() g N T ) = T () gy

A —Xo =\

)

where R(E) is the space spanned by ¢ and R(E)* is its dual or the space spanned
by ¢*.

We will apply this theorem using the A-inner product defined in the second
section, and thus u will satisfy ||u||4 = 1. We note that this inner product depends
on 7, and therefore we keep track of how all constants depend on 7. The lemmas
from the previous section are sufficient to prove the following:

Lemma 4.2. Let d = 2,3, T.(7) defined by (16) for € > 0, and u be the solution to
the variational problem (8). Then,

[Te(T)u —To(T)ul|a < CTed/Q

and
T (7)u — Ty (T)ul| 4 = Clo(e??)
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where C. = Z?:o Cit" and C. = Z?:o Citt and C;,C! are independent of T.
Furthermore, there exists open set U C Ry containing T with U compact such that

T.(7") — To(7)
uniformly in the operator norm for all 7' € U.

Proof. The first is obvious from Lemma 3.1 because the bilinear form A, is
bounded

(83) Aro(d,0) < ||AT,O||L(H§(D))”(ZSH?{(%(D)'

To derive a finer estimate on the constant, we compute

Ar(6.6) = [ 180+ 77|+ 7ol da

< max< 1,
L (D)

(84) < (Co +C~'172)H¢||i1g(D)

1
7’L()—1

} (1 +Cr) 10l %2 iy

for some Cp,C; independent of 7. Therefore, combining the previous inequality
with the C; in Lemma 3.1 and computing:
(85) (Co+ Crr)2 < C(Cl? + C)/*7)

we have the first bound in the statement of the theorem. To prove the faster
convergence of the adjoint, notice that for a fixed ¢, the adjoint of T.(7) (of course
with respect to the A-inner product) is

(86) T.(7)* = A gBA tA o

since both A; . and B are self adjoint with respect to the standard inner product
[6]. So we may compute using coercivity,

(TX(T)u — Ty (T)u, p)a = (B(A;i - A;(l))ATyou, ) H2(D)
<|B(A7: - A;,(l))AT,OU”Hg(D)||¢||H§(D)
1 _ _
(87) SGHB(AT,i - AT,(l))AT,Ou||H§(D)”¢HA~

Let us choose ¢ = T (T)u—T§ (7)u. Since A;(l)IB%u = Ly e H}(D)H*(D), Lemma
3.5 yields the desired result. The last assertion in the statement of the lemma follows
directly from Lemma 3.6 and (84). O

Next, we compute an asymptotic expansion for the inner product that appears
in the eigenvalue correction theorem.

Lemma 4.3. Let d = 2,3, T.(7) defined by (16) for ¢ > 0, and u be the solution to
the variational problem (81). Then

((To(1) = Te(7))u, u)a
-l (807 + 2ruf0)8u(0) + 72(0) + o)
_ ed@ nO(O) !

— 5 u TU 2 o €d .
Oy (Au(0) + u(0))? + ofe)
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Proof. Due to Lemma 3.7, it is sufficient to show that
(To(r) = Te(7))uy u)a = ((Are = Aro)(uo + €aV), u) g2 p) + ()

where ug = Lu and @V is defined by (34). Because u. = T.(T)u, we notice that
A; cue = A; pup = Bu so that

(ue — Uo, ¢)A :((AT,O - AT,e)uea ¢)H02(D) + (AT,€U€ - A7',0u0a ¢)H§(D)
(88) :((AT,O - AT,G)“E) ¢)H§(D)

We must now construct an approximation for this term. Let z, 1= u, —ug —e2a(!) €
HZ(D). We claim

(89) ((Are = Aro)ze, @) z(p) = o).

Indeed, using the support of n. — ng,

((AT,G - AT,O)Z€7 ¢)H§(D)

:/ LN AzEAgﬁderT/ SN
eB ny—1 ng — 1 eB ny—1 ng — 1

1 1 1 1
+ 7'/ - Az.pdx + 7'2/ — zepdx.
s\n1—1 mng—1 B\n1—1 mnyg—1

The second term we may discard using Sobolev embedding and Lemma 3.3:

1 1
— A
’/eB (n1—1 710_1)26 pdz

1 1
77,171 Tlo*l

<

=l adle~ [ s
) eB

L~ (D

< C”Zs”Hg(D)fd
(90) =o(e7).

Similarly, we can calculate the last term by the same approach

1 1
‘/eB (m -1 no-— 1>Z€¢dx

(91) <

1 1
Tllf]. TLof].

(92) =o(e%).

1 zell oo (D) || 6]| Lov €
Le=(D)

The remaining terms follow a similar technique

‘/( LI )AzeAgbd:v
B ’I’L1—1 ’no—l

1 1
TLl—]. no—l

<

1AG] () / Xep|Aze| dz
L (D) D

< ClixeBllL2(p) l1zell 12 (D)
(93) < Cell?o(e¥/?)
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and
1 1
/ ( — )Azegbdm
eB \11 — 1 nog — 1
1 1
< - ||¢HL°°(D) XEB|AZ£|dI
ny—1 ng—1 Loo(D) D

(94) = o(ed).

By applying Lemma 3.7,

(95) ((To(1) = Te(7))u, p)a = 6d|B|(T:())((OO))—Tll)12

(Aug(0)AG(0) + 7(uo(0) Ad(0) + Aug(0)$(0)) + 72ug(0)$(0)) + o(e?).
Since ug(0) = %U(O), we have completed the proof by taking ¢ = u. O

For the denominator in the correction theorem, we must compute the derivative
of To(7) with respect to 7, DTy(7). In fact this derivative is DTp(7)u = v where
v € HE(D) solves

(96)

AAA, g = A <11A;515%u) +

nog —

1
no—l

This calculation is rigorously justified in the appendix.

1
AAT (Bu + 27 ( T+ 1) A7 Bu.

no —

Theorem 4.4. Let d = 2,3, u be a solution to (81), and T.() defined by (16) for
€ > 0. For u chosen such that ||u||4 = 1 we have that

no(0) —n1 (Au(0) + 7u(0))?

d d
e — T = B
T T = B O =1 T+ PO w s )
if the denominator is nonzero, where
1
DTy(T)u,u)a = — 2— u, Au + Tu -2 (u,u .
P e ) gy =2 20

Proof. Define u, = T.(7)u. We note that the condition ||u||4 = 1 can be restated
as

(97) 1= A o(u,u) = T(AT,OA;%)BU, )2 (p) = THVUH%Q(D)

hence we can assume that ||Vu||2L2(D) = L. Therefore, Lemma 4.2 grants us the
operator convergence needed for application of the nonlinear eigenvalue theorem
(Theorem 4.1) and a compact U on which the convergence holds. Hence constants
in Lemma 4.2 may be made uniform for 7 € U, yielding

) = o(e?).

9) 0 (50 TN = Tol0) iy 120 = T5 ) ey
AeU
in the case of a simple eigenvalue. Applying the theorem gives the formula

() - TDwwa |
T R DTy (M WA (<)
(0) —n1 (Au(0) + 7u(0))?

i oe)
(no(0) = 1)2 1+ 72(DTo(T)u,u) 4

(99) =7¢l|B|
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after substituting in the result of Lemma 4.3. The value for (DTy(7)u,u)4 in the
statement of the theorem is given by (115) and Proposition 5.3. O

As discussed in Section 3, the arguments used in the case of a single inhomo-
geneity carry over to multiple inhomogeneities. In particular, define

n; GBZ',’L.:].,...7T)”L
n<y>={ y

ng Y eE Rd \ B
and for ¢ = 1,..., m define the functions ¥p, and vp; as before by
1 -
(100) L L

for any ¢ € H3(D) and

(101) | amiavmaodn= [ a)ay

an—1

for ¢ € W2 (R?%). We may then define the correction terms ") and u™) by

TLZ'—]. B 77,0(22')—1

o a0 -3 (A ) (@) + () om (/9

and

m

(103) u) = — Z ( ! ! ) (Aug(2i) + Tuo(zi))vpi(z/€)

im1 n; — 1 B ﬂo(ZZ) -1

where we note that z; is the center of B;. This yields our final theorem.

Theorem 4.5. Let d = 2,3, u be a solution to (81), and T.(T) defined by (16) for
€ > 0. Then for u chosen such that |ulla =1,

_T_EdTm L no(zi) —ni (Au(z) + Tu(z:))? ofe
T ;'Bl|(no(zi)—1)21+T2(DTO(T)u,u)A+ (€9)-

where

1 1
DT; =—2— | ——u, A -2 .
(DTo(T)u, u) 4 = (no — % u+Tu)L2(D) (u, u) p2(py

We conclude by remarking that the formula in Theorem 4.5 can be potentially
used to obtain information about the small penetrable inclusion, more specifically
the location and refractive index. We note that the transmission eigenvalues for the
perturbed media 7. can be measured from scattering data, whereas the transmission
eigenvalues 7 and eigenvectors u for the unperturbed media can be computed since
no(z) is known.

5. Appendix: Technical lemmas. In this section, we will collect the technical
lemmas that are necessary for several of the results in this paper. The first lemma
involves the asymptotic behavior of o5 whereas the second computes the derivative
of Ty(7).
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5.1. Convergence of 9z. Our goal is to prove €295 converges to 0 at the appropri-
ate rate in the L?(D) norm. To do so, we will show that €2(d5(x/€) —vp(z/€)) — 0
in L2(D). Afterwards, we can use that e2vp itself converges to 0 yielding the desired
result. Before we prove this, we restate a lemma from [8].

Lemma 5.1. [8] Let d = 2,3, 0p be the solution to (29) and vg be the solution to
(30). Then we have that

1AyvB — AyipllL2(p) = o(e"?).

The proof of this lemma in [8] is for the constant ng case, but the identical proof
holds for ng smooth with property (1). Since vg(z/€) is not in HZ(D), we require
a separate bound on its L? norm.

Proposition 5.2. Let d = 2,3. For g defined by (29),
‘|€277B('/€)||L2(D) = O(Gd/2)~

Proof. Recall vp is defined by (30). We aim to bound the L? norm of €?(dp(x/€) —
vp(x/€)) by the L? norm of its Laplacian, which we know from Lemma 5.1 is o(e%/?).
To do so, we will construct a correction term which allows us to use Poincaré’s
inequality. We define v; to be the solution to

Ay’Ul =0 in D

vy = —vp(-/e) in 9D

for d = 2,3. Since vy € WZ(R?), vg € L>®°(R?) and in particular vp € Cf(@D)
Since the domain is C?, vy is a classical solution and so v; € C?(D)(C°(D) [10]
From the maximum principle for harmonic functions,

(104)

(105) [v1llz(py < [[v1(z/€)l|(oD)-
The decay conditions of vg (31) imply that vp(y) = o(ly|>~%?) = o(e¥/?2) for
y = x /e and x € dD; furthermore the estimate is uniform in e. Using the maximum
principle,

El[vrllz2(py <E[DIY2Clop(-/e)llL=(ap)

§€2|D|1/200(6d/2_2)

(106) =Co(e??).
For convenience, define V, := €?(0g(x/€) — vp(x/€) — v1(x/€)) and assume to the

contrary that ||Vel|z2(py/ €4/2 does not converge to 0. Therefore there exists a sub-
sequence €, — 0 and C' > 0 such that

Ve
(107) o<l ’“L'f;“”
€k
Noting that by construction V;, € H}(D), Poincaré’s Inequality yields
IVVellZ2(py

2 d
C?e

1< ||VY€k||L2(D) < ||‘/5k||%2(D)

< <C,
062/2 C2¢f :

(108)

As v; € C?(D), we have that V., € H?(D)( Hg(D); thus integration by parts is
valid, yielding

(109) IVVellZa(py = = (Ver, AVe) 220y < Ve 2oy | AVe, Il 2()
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Substituting this into (108), we conclude

Vel 22D < IVell2 oy 1AVE [ 22(D)
Cedl2 =7 Cedl2

Because €2A = A, and Av; =0,

(110)

- [AVellz2 o) _ 1Ay78 — Ayva|lL2(p)

(111) 1<
Cez/z CGZ/Q

= o(1)

from Lemma 5.1, which is a contradiction. Thus ||Vy||z2(p) = o(e%/?). To conclude,
we must justify why each correction €2v; and €?vp are at least o(e%/?) in the L2

norm. First, (106) implies the claim for v;, and finally, vp € C°(R?) implies
(112) Ellvs(-/e)llL2(py < €DV (v Lo @n)-
O

5.2. Derivative of Ty(7) with respect to 7. To apply the theorem, we must
have the derivative of Ty(7) = A;}JB with respect to 7 evaluated at a function wu.
However, since B does not depend on 7, this problem is equivalent to the derivative
of AZ é evaluated at Bu. Thus it is only necessary to compute DA é. With that in
mind, for u € HZ(D) we define the solution map L, to variational problem:

(113) AAA, oL;u=A ( A;5u> + ;AAT_’%UJrQT <

1
1)A7E
no — 1 1t ) ot

no—l ng —

which exists and is bounded due to Riesz Representation. Further, define for u €
HG (D),

(114) ur = A7 ju.
Notice that by construction,

(Lru, @) a =(AroLru, ¢)g2(p)
1

= ( ! Ur, A¢> + < Au‘ra ¢>
no — 1 2y \"0—1 12(D)

1
(115) ror (g 1) uno) "

Proposition 5.3. Let d = 2,3 and 7 > 0. Then —L, as defined by (113) is the
derivative of A;(l) with respect to 7. That is, DA;% =—L,.

Proof. Observe since Aryp oUr4n = Ar o = u,

(A7+h,0(u7+h —ur + hLTU), Cb) :(Ar+h,0ur+h - Ar+h,our + hATJrh,OLr% ¢)H02(D)
:(AnOuT - A‘r—i—h,OuT + hAT+h,0LTUT7 ¢)H§(D)

:—(2th+h2)/D(n01_1+1> ur¢de

_ h/ L (A6 + Ausg) do
D o — 1
(116) + h(ArinoLru, @) gz (p)-
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From the definition of the bilinear form, there exists a constant depending on 7
and D such that

no—l

1 1
+h< u,A¢—|—T¢5) +2h(7’+h)<< —|—1>u,¢)
ng — 1 L2(D) no —1 L?2(D)
(117) = (Arou, ®) g2(py + O(hl|ullgz(py 9l H2(D))

where the above estimate uses that HZ is embedded in CY. Using the above in-
equality and (115),

1 1
(ATJrh oL-u, ¢)H2(D) = Ur, A¢ + 7AU-,—, (b
’ ’ no — 1 r2p)  \M0—1 12(D)

1

Substituting this into (116) yields

1
(Arinou, @) gzpy = (Arou, @) g2py + 1 (AU + Tu, ¢>
L2(D)

(Ao (tirsn — ty + hLyu), ¢) = — h? /

1
< +1> uT¢dx+O(h2H¢”H§(D))
D

no—l

<0 (g 1) sl Wl
(119) +0 (R lurlz )1l m3 )
Of course, we have the bound
(120) lurllz2p) < Cllurllzzpy < CIAT Gl ccrz oy 1wl a2 ()

Choosing ¢ = w4 — ur + hL,u, we have by coercivity that
(121) Cllursn —ur + thUHHg(D) =0 (h2||u||Hg(D))

where C' can be chosen to be independent of 7. To finish, we divide by h|[ul z2(p)C
and take the supremum over u € HZ(D),

1A7 40 = Aro + hLr | ez (m))

(122) ; = O(h).
Therefore the Frechet derivative DAZ o(r) = —L,. O
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