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Consider approximation of equations of linear elasticity when
body is an isotropic, homogeneous, linearly elastic plate.

To describe geometry, change notation and consider plate
occupying region P, = Q x (—t/2,t/2), where 2 a smoothly
bounded domain in R? and ¢ € (0, 1].

Consider thin plate, so thickness ¢t small.

Denote union of top and bottom surfaces of plate by c‘?PtjE =
Q x {—t/2,t/2} and lateral boundary by OP- = 9Q x (—t/2,t/2).

Suppose plate loaded by surface force density g: cB?PtjE — R3 and
volume force density f: P — R3, and is clamped along lateral
boundary.



Resulting stress o*: P — ngxn% and displacement

u*: P, — R3 then satisfy BVP

Figure 1. The two-dimensional domain €2 and plate domain F;.
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e(u*) again denotes strain tensor (symmetric part of gradient)

divo again denotes vector divergence of symmetric matrix o
taken by rows.

Compliance tensor A given by

Ar = [(1+ ) — wtr(0)d]

with £ > 0 Young’'s modulus, v € [0,1/2) Poisson’s ratio, and ¢
the 3 x 3 identity matrix.

Plate model seeks to approximate solution of elasticity problem
in terms of solution of system of PDEs on 2-D domain €2 without
requiring solution of 3-D problem. Passage from 3-D problem
to plate model known as dimensional reduction.



Taking odd and even parts with respect to xz3, 3-D problem splits
into two decoupled problems corresponding to stretching and
bending of plate. system with g replaced by ¢g°> and f replaced
by f°, and bending portion of solution analogously. *

Plate stretching models variants of equations of generalized plane
stress. Plate bending models variants of Kirchhoff-Love
biharmonic plate model or Reissner-Mindlin plate model.

Variations due to different specification of forcing functions for 2-
D model in terms of 3-D loads g and f and different specification
of approximate 3-D stresses and displacements in terms of solu-
tions of 2-D boundary-value problems. No universally accepted
basic two-dimensional model of plate stretching or bending.
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A Variational Approach to Dimensional Reduction

Hellinger-Reissner principle gives variational characterization of
solution to 3-D elasticity problem. Consider two forms of this
principle.

To state first form (HR), define
s =1%(P), V*={veH'(P):v=0ondP}

Then HR characterizes (¢*,u*) as unique critical point (namely
a saddle point) of HR functional

J(T,v)=%/P AT de—/PTi €(v)dw-|-/Pf-vd:c-|-/aPig-vdg
t t

- ¢

on X°* x V*.



Equivalently, (¢*,u*) is unique element of X°® x V* satisfying:
Ac™: de—/P g(u): Tde =0 forall T € X®,

e d:/ vd / vdz forall v eV
/Ptff c(v) dx Ptf'va:+ aptigv,a\g vel

Plate models derived by replacing 2* and V*® in HR with sub-
spaces 2 and V with polynomial dependence on z3 and then
defining (o,u) as unique critical point of J over ¥~ x V.

Equivalent to restricting trial and test spaces in weak formulation
to 2 x V.

Insure unique solution by requiring g([/) C 2. Consider only
simplest model, denoted by HR(1).



Define 2-D analogue of compliance tensor by:
Agj = (1+ I/);;/E — Vtr(;;)g/E.

Can show that HR(1) solution given by:

_(n(z) —¢(z)r3
(15w 9) AT g()ns  arly(Te - 9)
0 sy (Lo = )" 0 |

where n determined by classical generalized plane stress problem

—t divA~ 15( Yy=2¢g%4+ % in Q, n =0 on 9%,
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and ¢ and w by Reissner-Mindlin problem:

Y

t3 1. E - 1 1\ -
- div A~ (fé) 2(1+V)(£5J—zw)——t(g —|—IJ ) in €,
E
2(1 n >d|v(q5 Vw) = 2¢5 + 13 in Q,
¢ =0, w=0 on 992.
In above,
. .
B = [, e fH@) = faz 23} dvs

Denote even and odd parts of g3 by g9, g1, resp., and define ¢°

gl, 9 and f1! analogously.
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Verification of these equations straightforward, but tedious.

For purely transverse bending load, above system is classical
R-M system with shear correction factor 1. So HR(1) method
simple approach to deriving generalized plane stress and R-M

type models.

Next consider alternative approach: produces models that are
more accurate and more amenable to rigorous justification.
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Second form of Hellinger-Reissner principle (HR/)

Define

s ={o € H(div,P) | on = g on 9P}, V* = L3(P).

HR’ characterizes (¢*,u*) as unique critical point (again a saddle
point) on £* x V* of HR’ functional

1
J'(T,v)=—/ AT:Tdac—l-/ divr-vdr+ | f-vdx
B 2 Pt B a Pt B Ptf

Equivalently, (¢*,u*) is unique element of Z; x V* satisfying
.AO*ZTd:B—I—/ u-divrdz =0 forall 7€ X%,
diveo -vdr = — J-vdx for all v e V*,

where ¥} = {o € H(div,P;) | on =0 on 9P},
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Note: displacement BC, essential BC in formulation HR, natural
in HR/, while reverse true for traction BC.

By restricting J’ to subspaces of Z; and V* with specified poly-
nomial dependence on x3, obtain variety of plate models.

HR’(1) model gives

_( n(z) —¢(z)w3
ule) = (p(;g)w:a) " <w<;g> +w2<g>r<x3>)

and more complicated expressions for o, where coefficient fcns

n, p, ¢, w, wy, functions of z, and r(z) = 622/t2 — 3/10.

Y
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Stretching portion of solution determined by BVP

L oa—1
—t div A ng(n)

Y

in €2, n = 0 on 0%,

t
where ,4,1=2g +f0, 12=93+6divgo+f31-

Note only loading term Ll appeared in HR(1) model.

Bending portion of solution determined by solution of BVP

£ divA~le (o) + P (¢ —Yw) =tk, tzw in Q
—— € w) = — — :
12 ~ )T a0+ )2 12~
5
t— div(¢ — Vw) = k3 in €2, =0, = 0 on 02,

where k_, ko, k3 functions of ng, il, 93, f§, and 3.
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BVP determining bending solution different version of R-M
equations than HR(1) model.

Formulas for applied load and couple more involved, but shear
correction factor of 5/6 has been introduced. With ¢ and w

determined above, get different expressions for stresses.

For this model, possible to use *“two-energies principle” to derive
rigorous error estimates between solution of 3-D model and 2-D
reduced model as function of ¢.
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The Reissner—Mindlin Model
Introduce tensor ¢ = A~1 and scale right hand side. Then R-M

equations become:

—divCE&(O) — At ?(gradw — 0) = —F,
—div(gradw — 0) = A\ 1t?g,

with A constant depending on particular version of model. Define
Reissner-Mindlin energy J(0,w)

@ 0+ 7 b0 et 10

for which above equations are Euler equations.
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Useful theoretical and computational tool: introduce shear stress
~ = Xt"?(gradw — 0)|. Get equivalent R-M system:

—divCE&(O) — v = —f,
_dIV7 — 9,
gradw — 0 — A_th'y = 0,

Restrict attention to clamped plate, i.e., BC 86 = 0 and w =0
on 0L2. Weak formulation is:

Find 8 € HH'(Q), w e BY(Q), ~ € L2(Q) such that

a(0,$) + (v, gradv — ¢) = (g,v) — (f,$), ¢ € H (Q),v € HX(Q)
(gradw — 0, 1) — A" 12 (~,n) = 0, n € L?(),

where a(08,¢9) = (CE(0),E(P)).

16



Properties of the Solution

As t — 0, 8 — 09 and w — w9, where 8° = gradw®. Can show
wY satisfies limit problem:
Find w9 € H2(Q) = {v € H?(Q) : v = 0v/dn = 0 on 9}:

a(grad w®, gradv) = (g,v) — (f, gradv), v e H?2(Q).
Weak form of: divdivC &(grad w®) = g + div f, which after

application of calculus identities becomes:

E
D A% w0 = div f, D= .
w'=g+divy 12(1 — v2)

Hence, limiting problem is biharmonic problem.
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To understand limiting behavior and derive regularity results,
introduce Helmholtz decomposition
~ = X"?(gradw — 0) = gradr +curlp, re HY(Q),pe Q).

Rewrite R-M system as equivalent system:

Find (r,0,p,w) € H1(Q) x H'(Q) x AL(Q) x A1() such that

(gradr,gradp) = (g,p), p€ H(Q), (1)
-1

a’(ga d)) T (Curlpa ¢) — (grad r, ¢) T (f7 ¢)7 ¢ < H (Q)7 (2)
— (0, curlq) — A" 2(curlp,curlg) =0, ¢ YD), (3)
(grad w, grad s) = (0 + A\~ 1t?gradr,grad s), sec HY(Q). (4)
Define (8°,p9,w0) € H'(Q) x AL(Q) x H1(RQ) as solution of (1)-
(4) with ¢t = 0. Note for r known, (2)-(3) is ordinary Stokes

system for (69, —69,p°) and perturbed Stokes for t > 0.
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Regularity Results

Key issue in approximation of R-M plate problem: dependence of
solution on plate thickness t. There is a boundary layer, whose
strength depends on particular boundary condition.

0 n=0-s=w=20 hard clamped,
0-n=M;0) - s=w=0 soft clamped,
Mp(@) =0-s=w=20 hard simply supported,
Mp(0) = Mg(@) =w =0 soft simply supported,
Mp(0) = Ms(0) = 0w/On—0-n =20 free,
where n and s denote unit normal and counterclockwise unit

tangent vectors, respectively, and M,(0) = n -Cs(0)n,
Ms(e) = S- CE(H)?’L.
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If 92 smooth, no boundary layer in w, i.e., |lw||s < C, s € R.

Weakest boundary layer: soft clamped plate.

10]]s < Ctmin(O,?/Q—s)’ v]ls < Ctmin(0,3/2—s), s c R.
Next weakest: hard clamped and hard simply supported plates.
16]|s < Ctmin(0,5/2—s), v|ls < Ctmin(O,l/Q—s)7 sc R
Strongest boundary layer: soft simply supported and free plates.

HHHS < C«tmiﬂ(0,3/2—s)7 H,YHS < Ctmin(O,—l/Q—s)j s € R.

Also need estimates showing precise dependence on data that
are valid when 2 is convex polygon.
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Theorem: Let €2 be a convex polygon or a smoothly bounded
domain in the plane. For any t € (0,1], f € H~ (), and
g € H-1(Q), there exists a unique solution (r,0,p,w) € H () x
HY Q) x BY(Q) x AY(Q) satisfying (1)-(4). Moreover, if f €
L2(Q), then 8 € H?(2) and there exists a constant C indepen-
dent of ¢, f, and g, such that

1012 + [Irll1 + llpll1 + tlpll2 + llwll1 + [7llo < CUIFllo + [lgll-1)
If, in addition, g € L2(2), then r and w € H?(S2) and

Irll2 + llwll2 + tlvll1 + [ divyllo < Clgllo + 1 f1lo)-
Finally, if (89, w9) denotes solution of (1)-(4) with ¢t = 0, then

16 — 6°|11 < Ct(lIfllo + llgll-1), [w®lis < U fllo + llgll-1),
lw —w?|l2 < Ct(l|fllo + llgll-1 + tllgllo)-
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Finite element Discretizations

Challenge: find schemes whose approximation accuracy does not
deteriorate as plate thickness becomes small (“locking”).

Recall: as t — 0, minimizer (0,w) of R-M energy approaches
(69, w9), where 89 = grad wP.

If we discretize directly by seeking 0y € ®;, and wy, € Wy
minimizing J(0,w) over ®; x W}, then as t — 0 will have
(Op,wy) — (69, w?) where, again, 69 = grad w?.

Locking problem occurs because, for low order finite element
spaces, last condition too restrictive to allow for good
approximations of smooth functions.
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If ®; and Wh taken to be C° Py functions, then 69 = grad w?
would be C° and piecewise constant, with zero BCS Implies
09 = 0. Need careful choice of FE spaces to avoid ‘“locking.”

Many Iockmg free finite element schemes use following approach.
Let ©, C H (), W, ¢ HY(Q), T, ¢ L?(), where grad W), C
T',. Let II' be an interpolation operator mapping H1(Q) to T},.
Then consider finite element approximation schemes of form:

Find Hh & @h' wy, € Whv Yn € Fh such that

a(0y, ) + (v, gradv — L @) = (g,v) — (f,#), & € Op,v € Wy,
(gradwy, — 110, 1) — A2 (v,,m) =0, nely, (5)

By introducing HF, as t — 0, get gradwh,o —> HFOh,O. If Il
chosen properly, this condition easier to satisfy, while still
maintaining good approximation properties of each subspace.
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Abstract Error Analysis

To analyze schemes using common framework, first establish
several abstract approximation results. Results use following as-
sumptions about approximation properties of finite dimensional
subspaces and operator I that define various methods.

grad W, C I'y,,
ln =Tl < chllnll,  ne€ HY(Q),

for some constant c independent of h. We also define rg > —1
as the greatest integer r for which

(n—1'n,¢) =0, Ce M

Of course this relation trivially holds for r = —1. We then let IT°
denote the L2 projection into M0,
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Following basic result close to Lemma 3.1 of Duran-Liberman.

Theorem: Let 8! € ©;, w! € W), be arbitrary, and define
vf = At~2(grad w! —TI'07) € T';,. Then

10 — 65111+t —vnllo < C10 — 0|11 +tllv — ' llo + kv — TI%9]|0).

Proof: Subtracting equations, we get the error equation
a(0 — 6, ¢) + (v — vy, gradv — II' ¢) = (v, [T — '] g),

for all ¢ € ®; and v € W,;,. Hence

a(0! — 05, ¢) + (v —vp, gradv — ' ¢) = a(6' — 0, ¢)
+ (¢! — 7, gradv — Y @) + (7, [I — TT']¢).
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Taking ¢ = ¢! —¢,, and v = w! —wy,, noting that grad w! —T11'9! =
A 1t24! and grad wy, — HFHh = A_th'yh, get
a(0' — 0,,6" —0,) + X2 (v — vy, 7" =) =a(0' - 6,6' —6),)
+ A2 (T — vy =) + ([ - TIV] (8T — 6,)).
Bound last term by:
(v, [T —TIV)[07 — 6,,])| < Chlly — TT%]|o]|07 — 6|1
The theorem then follows easily.

Note: applying theorem in naive way, error estimates blow up as
t— 0, i.e., if we use simple estimate

thy — | = M1 grad(w — w') — (6 — Nt )|
< xt™1(|lgrad(w — w!)| + |6 — nFe’|),
and use approximation theory to bound each term on right
separately, then bound will contain term 1
26



Key idea to using theorem to obtain error estimates independent
of t: find functions 8 € ®, and w! € W, satisfying

v = a2(grad w! — IV 07) = 111 ~. (6)

We then have the following corollary.

Corollary: If 8! € ®; and w! € W), satisfy (6), then

10 —8]11+tlly —nllo < C(J|0 -6 (|1 +t]|y — T y||o+ Ay —T1%]|o).

From assumptions about approximation properties of 9—’, wI, and
Hrfy, obtain order of convergence estimates. One such result is
the following.
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Theorem: Let n > 1 and assume for each 8 € H*"T1(Q) ﬂﬁl(Q)
and w € H"t2(Q) n AY(Q), there exists 8/ € ®, and w! € W,
satisfying (6). If for 1 <r <n,

16 — 61|l < Ch™||0]|,41,
v — Y y|lo < CRT|IY|r,

then

10 = 0pll1 +tllv —vnllo < C (A101l41 + B t|¥llr 4+ B0 2| Y]lrgt1) -

To obtain L2 errors for rotation and transverse displacement,
need to define appropriate dual problem.
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Given F € L%(Q) and G € L?(Q2), define v, u, and ¢ to
be solution to auxiliary problem

(¢, ) + (gradv — ¢,¢) = (¢, F) + (v,G), ¢ € H v € HX(Q),
(nagradu o /(p) o >\_1t2(TI7C> — 07 YRS LQ(Q)

Then by previous regularity results,

1%]l2 + [lull2 4+ ([ +¢lICll + [ divCllo < e([[Fllo + |Gllo)-
With these definitions, get following estimate.

Theorem: If hypotheses of previous theorems satisfied, then

16 — 6,]17/2 + |lw — wp||5/2
< CR2([10—04)134+12|1y —vpl13) + ([T -T1110y, ¢) + (v, [T —TT o 7).

Remark: Bounds on last two terms depend on particular method.
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Next, give abstract estimate for approximation of derivatives of
transverse displacement.

Theorem: For all wy € W}, we have

l'grad|w —wp]|lo
< C(|lgrad[w — wyl|lo + [|[T = T1"16]lo + h|6 — 0411 + 110 — O1l0)-

In some cases, also possible to establish improved estimates for
shear stress « in negative norms.

Next: Applications of the Abstract Error Estimates
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Some Triangular Reissner—Mindlin elements

Assume €2 a convex polygon. Let 7; denote triangulation of 2
and V and E set of vertices and edges, respectively in 7;,.

We will use the following finite element spaces (expressed in
usual notation).
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My (Ty) -
ML(T;,) -
Bi(7p,) :

RT3 (T3) :

BDM;(T;) :

BDFMi(T;) :

piecewise polynomials degree < k,
M, N CH(Q),

elements of M; continuous at k
Gauss-points of each edge,
elements of MP which vanish on
interelement edges,
Raviart—Thomas approx

of order k to H(rot, 2),
Brezzi-Douglas-Marini

approx of order k to H(rot,2),
Brezzi-Douglas-Fortin-Marini
approx of order k to H(rot, 2),
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The Duran—Liberman element

©,={¢eM3|¢ nePi(e)ecE}), W,=»M) T,=RT}
11" is usual interpolant into RT{ defined for v € HY(2) by

/Hr’y-s:/’y-s, e € E.
e e

O, Wy, L'y,
We then get the following error estimate.

10 — Opllx + tlly = vnllo + [[w — willy < Ch(|Fllo + llgllo)-
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Key steps in Proof: Can find 8! € ®,, satisfying
16 — 61|y < Ch||0||> and II'y € T';, (R-T interpolant) satisfying
Iy = T [lo < Chlly|1-

Result follows from approximation theorems and regularity re-
sults if we can find w! € W, such that

v = at"2(grad w! — IV 07) = 1V~ = X\t 2(1T! grad w — 11169).

First show: [TIY9! = 111'9. | Standard interpolant 0! satisfies
[.8'-s=16-s. on each edge e. Then

/HFHI-.S:/91~8=/0-32/HF9-3,
€ € € €

el =11l0.

SO
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Next show: |grad w! = II! grad w.| Choose w! = NWw, standard
piecewise linear interpolant of w. If e edge joining vertices v, and
Uy, then

/grad MVw.s= /8I_IWw/8s = MY w(v,) = MW w(ve)
(4 (4
= w(vp) — w(vg) = /8w/8s = /gradw . 8.
€ €
Since grad MWw e Ty,

grad w! = grad MVw =1’ grad w.

Also possible to obtain following estimates:

10 — Onllo + llw — whllo < CRA([| fllo + llgllo)-
I = Yull-1 < CR(|| fllo + llgllo)-
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MITC Triangular Families

Three triangular families considered in Brezzi-Fortin-Stenberg,
defined for integer £k > 2. For each of these families, ©; is
chosen to be

o, — {]\j[,%—l—Bk+1 k=23
M, k>4
Then define
Family I: Wy, = M?, T, =RT{ 4,
Family II: Wy, = M + By,11, T, =BDFMj,
Family III: Wy, = Mg,, T, =BDM;j.

Choose IT! to be usual interpolant into each I'j, space.

Basic idea: combine known results on approximation of Stokes
problems and mixed methods for linear elliptic problems.
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Construction based on five properties relating spaces ©;, Wy,
I';,, and auxiliary space @Q; (not part of method).

P1l: grad W;, C T'y,.

P2: rotI';, C Q.

P3: rotII'¢ = NOrot ¢, for ¢ € H'(Q), with N : L2(Q) — Q)
denoting L2-projection (L3(S2) denotes functions in L2(£2) with
mean value zero.)

P4: If n € T, satisfies rotn = 0, then n = gradwv for some
v e Wy.

P5: (@ﬁth) a stable pair for Stokes problem, i.e.,

(rotg¢,q)
sup > C\|qllo, q € Qp.

0£¢cO, [Pl
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For each of the three families described above,

Qn=1{q€ Lg(Q) :qr € P,_1(T), T € Tp,}.

For this choice, fact that pair of spaces (©;,Q;) satisfies P5
follows from corresponding results known for Stokes problem.

Families only defined for k > 2. Difficulties in extendingto k = 17

Bk_|_1 only defined for k£ > 2, so this space must be replaced.
Suitable replacement space for ®; in Family I is space chosen
in Duran—Liberman element. With this choice, Duran—Liberman
element also fits this general framework, with k = 1.

For Family II, similar problem occurs for choice of W} and in
addition BDFM++ = RTL, so method needs substantial change
and does not give anything new.
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For Family III, choices W; = ]\7[8 and I';, = BDMlL make sense.

Can choose O;, = ]\7_/8. Corresponds to choice of piecewise con-
stants for Q;, and P, — Py Stokes element (element mentioned
in Bathe-Brezzi-Fortin). This element, MITC6, depicted below

followed by MITC7, k£ = 2 element of Family II.
Oy, Wy, Iy,

N VN
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Give analysis only for Family I:

-0
e, — o : Wy, = My, TI'y=RIT; 4.
h {M% k> 4 h k h k=1

Analysis of other two families done in similar manner.

Theorem: For the MITC family of index k > 2, we have for
1 <r<k

10—0n /114ty —Ynllo+lw—wplly < CR (16]l,41 + tlVllr + [Vllr-1)

Key steps in Proof: Using standard results about stable Stokes
elements, can find interpolant 8! of 8 € ®;, satisfying |8 —6'||; <
ChT)|6]l,41, 1 <7 <k and

/Q rot(6 —01)q =0 Vge ML,
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By definition of HF, have Vq € Mk__ll,
O:/ rot(9 — 6 =/ rot ITY (9 — 61)q.
o ( )q o ( )q
Choosing ¢ = rotII1 (8 — 1) implies rot IV (6 — 61) = 0. Hence,

HF(H — 01y = grad v, for some v! € Wr,.

Let MYw € M§ be the interpolant of w defined for each vertex
x, edge e and triangle T by

MYw(z) = w(x), /I_IWwp = /wp, for all p € P._5(e),
(& (&
/TI_IWwp = /Twp, for all p € P,_3(T).

Easy to check that ITl'(grad w) = grad MW w.
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Choosing w! = MWw — !, get

~ = xt7?(grad w! — ' 67 = xt—2(grad NWw — grad v! — 11 67)
= Xt 2(I1! (grad w) — IV [0 — 67] — IV 67)
= At_QHF(gradw —0) = Hrfy.

L2 estimates: For the MITC family of index k > 2, we have for
1 <r<k

10 = O4llo + llw — wyllo < CA" T (1181141 + vl + I¥llr—1) -
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The Falk-Tu elements with discontinuous shear stresses

For k=2,3,..., choose
- O -
©) = Mj_1+ Byio, W,=DMp, Tj=M;_,

and IT'' to be L2 projection into T',.
(Also a related element of Zienkiewicz—Lefebvre.)

Lowest order (kK = 2) element depicted below.

e, W, T,
/ :\ N ,
SN SN .
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Theorem: For discontinuous shear stress family of index k > 2,
and 1 <r<k-1,

10—6nll1+tlv—vallo < CR" (10llr41 + lwllpg2 4 tlvllr + lIvllr-1)

For k=2 and r = 1, also have estimate

10 — 6x]l1 + tlly — Ynllo
< Ch (|I0]l2 + [lwOllz + Ivllo + tllylls + ¢ Hlw — w0|2)
< Ch(Ifllo+ llgllo) -

Key points of Proof: For 1 <r < k—1, let M"Ww be standard
interpolant of w satisfying

lw — MWawllg + hllw — MWw|]; < CR™T2||w]|,10.
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Let TIM@ ¢ Mé‘l be a standard interpolant of @ satisfying
16 —1I1M6)|o + hlj6 — TTM 6|1 < CR™ 0], 41
Define I18(0, w*) € B¥1+3 py
B, w*) =1nre — m'taMe — 1l grad w* + grad NWw*,

where w* chosen as either w or wo, (limiting transverse displace-
ment from R-M system when ¢t = 0).

Set wl = NM"w and 81 = 1IM@ + 118(0,w*). Note 6! not an
interpolant of O, since it depends on w* also. However, can
show for 1 <r <k -1,

16 — 67111 < Ch([10]l,41 + llw*ll42)-
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With this choice,

A_ltzf)/[ = grad w! — 11 9!
= gradw! — IT'TIM 0 — TI' T1B(0, w*)
= grad w! — T1''0 + I grad w* — grad N w*
= ' (grad w — 0) + 1! grad(w* — w)
— grad M"Y (w* — w)
= 2121ty 4+ b grad([1 — N [w* — w].

If w* = w, then v = ITl~, while choice w* = w® does not satisfy
this equation.

Need for second choice technical: on convex polygon, do not
have a priori bound for ||w||3, but do have bound for |w9|s3.

Requires modified analysis. On domain with smooth boundary,
simpler choice w* = w sufficient.
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L2 error estimates: For discontinuous shear stress family of index
k>2,and 1 <r<k-1

10 — Onllo + llw — wp |1
< CR (10141 + llwllyo + vl + 1Vllr—1) -

For k=2 and r = 1, we also have the estimate

10 — 040 + llw — wpll1 < Ch? (|| fllo + llgllo) -

We do not obtain a higher order of convergence for ||w — wy]|o-
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Linked Interpolation Methods

One approach: use mixed formulation (5), but replace space
®; x W), by space V, linking ®; and W, by a constraint.

Simplest example: method introduced by Xu and Auricchio and
Taylor, and analyzed in Lyly, Lovadina, and Auricchio-Lovadina.

- 0
®,=Mj+ B3, W,=M}, T,= Moy,
Vi={(@,v+ L) : ¢ €Op,ve Wi,
where Ly = L|r is mapping from H!(T) onto P, _(T) given by

[I(grad Lrg—9) 55" =0, we P, (),

for every edge e of T, where PQ’_(T) is space of CV piecewise
quadratics which vanish at vertices of T.
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Then seek (0, w;,~vp) € Vy, x I'y, such that (5) holds for all
(p,v*;) € Vi x Ty,

Equivalently, write method in terms of usual spaces, but with
modified bilinear form, i.e., seek (0, wy,vy) € O X W, x T'y,:

(0, #) + X132 (yy, grad(v 4 L) — ¢) = (g,v + L¢) — (f, $),
¢ € Op,ve W,

(grad(wp, + LOy) — 65,m) — X 1t2(v4,m) =0, neTy.
Note: can write above as slight perturbation of formulation (5),
by defining II'' = I19(7 —grad L) (where II° denotes L2 projection
onto I'y), and replacing term (g,v) by (g,v + L¢).
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Term (g, L¢) higher order perturbation (and can be dropped),
i.e., Lyly shows:

(g, LP) | < |lgllo,TILTdllor < ChTHQ”O,THVLTCb”g,T
< Ch7llgllo,rllPll1 T

To apply approximation theorems, define w! = MWw, C© piece-
wise linear interpolant of w, and 0! = HMO—I—HBH, where TIMg
denotes an interpolant of @ satisfying

16 — I + |6 — TIM6||; < CRE|)|s, s=1,2,
and I1B0 € B3 is defined by:
1°1180 = 11°[(1 — grad L.) (6 — TIM 9)]. (7)
Can show that for s =1, 2:
16— 6%)o < C(|o —TIM||o + k|0 — TTM |, < Ch®||0)]s.
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Now check that 4! = ITl'~, where II'' = T19(J — grad L).

If we drop term (g, L¢) from right hand side of method, get from
approximation theorems:

10—0p 14ty —nllo+[w—wpll1 < CRUIOll2+t[Yll1+[l7o+wl[2)
< Ch(llgllo + [Ifllo)-

Simple extension of this argument gives same final result with
term (g, L¢) included.
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Nonconforming Element of Arnold and Falk

®, = MS+B;s, W,=DM, T,=My I'=L2—proj

O, Wi, L'y,
/\ /o O\ .
® o O
Note W, not contained in A1 and so grad must be replaced by

grad;,. See also Franca-Stenberg and Duran-Ghioldi-VWolanski
for a modification of this element, and Arnold for a relationship

between these two approaches.
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Use of nonconforming space W; requires modifications in basic
error estimates.

T heorem:

10 — Opll1 + tlly — Yallo + [l grady[w — wplllo < Ch({[fllo + llgllo)-

Key ideas of Proof: Error equation will now contain additional
term for consistency error.

a(0 — 0y, ¢) + (v — vp, grad, v — I @)
= (-1 + X [ vveng, € OpveW,
TeT or
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Following previous proof of Theorem, get
107 — 0,1 + 21y = vuli3 < (16 — 0713 + 21y =113

+h2|\’7—HO’YH%+‘ > (wl_wh>7'nT|>-
TET/8T

Use trivial estimate ||[v — II%|o < ||7|lo and ideas from
non-conforming methods to estimate Ypc, [yr(w! — wp)y - nr
(technical).

Choose 6! to be interpolant used for MINI element for Stokes
problem. Satisfies ||@ — 671 ;, < Ch||6]|2 and condition:

el =11le.
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Hence, to satisfy v = IIl'y, only need to find w! such that
grady w! =11t grad w.
Choose w! to satisfy [,w! = [,w on each edge e. Then for all

n € Po(T),

I I
radw - n = wn -y = wn-n =/ rad w' - n,
/Tg n= | winp=| wnmnr=|g n

which implies grad;, w! = IT' grad w.

To obtain error estimate for transverse displacement, need
nonconforming version of previous result.

Also using non-conforming version of L2 result, get:

10 — 040 + l|w — wpllo < CR2(||fllo + llgllo)-
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Some Rectangular Reissner—Mindlin elements
Let 7;, denote rectangular mesh of €2 and R an element of 7.

Denote by le,kz set of polynomials of separate degree < kq in
r and < kp in y and set Qp = Q -

Define serendipity polynomials Q§ = P, & z*y & zy*.

Need rotated versions of rectangular Raviart-Thomas, Brezzi-
Douglas-Marini, and Brezzi-Douglas-Fortin-Marini spaces,
defined locally for kK > 1 as follows.

RT; 1 (R) ={n: 1= (Qr_11(R), Qrr_1(R)},
BDMi(R) = {n:n e Pp(R) ® V(zy*t1) @ V(=F 1y},
BDFM;j (R) = {n:n= (P,(R)\ {z"}, Py(R) \ {¥"D}.
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Rectangular MITC elements and generalizations

In original MITC family, choose for k > 1,

O, ={¢pc H'(Q) : ¢|r € Qu(R)},
Wy, = {ve H(Q) : v|gr € Qi(R)},
I, ={neL?Q):nlp € BDFM;(R)}.

Auxiliary pressure space

Qn=1{q€ L§(Q) 1 qlp € Pr_1}

and reduction operator Il defined by
[Ty =) - spy1(s)ds =0, Ve, ¥pp 1€ Py 1(e),

/R(HF’Y —7) - Pp_odxdy=0, VR, Vp,_-¢€ P _>(R).
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Lowest order element (kK = 1) called MITC4. BDFM{(R) has
form (a + by,c + dxr) and coincides with lowest order rotated
rectangular Raviart-Thomas element RTOL(R). Space Q5 (R) =

Q1(R).

MITC4 element was proposed in Bathe-Dvorkin and analyzed
by Bathe-Brezzi, and Duran and collaborators, (where proof
extended to more general quadrilateral meshes using macro-
element technique and results obtained under less regularity than
previously required). For rectangular meshes, method coincides
with T1 method of Hughes and Tezuyar.

k = 2 method known as MITC9; analyzed in Bathe-Brezzi-Fortin
and Duran-Liberman.
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Shown in Stenberg-Suri and Perugia-Scapolla possible to reduce
number of degrees of freedom in rotation space ®; without
affecting locking-free convergence. Several possibilities.

For example, for k£ > 3, replace

©,={pc H () : ¢|rc Qu(R)}
by

O, ={pc H (Q) : ¢|r € [Qr(R) N Pj4>(R)]}.
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MITC4

>
>

MITC9

Can also consider MITC8 (Bathe-Dvorkin)
Wy, = {v e HY(Q) : v|p € Q5(R)},
I, ={ne L?*(Q) :nlgp € BDM1(R)},

®, = {¢pc H'(Q) : d|r € Q5(R)}.
On Wh )

D L MITC8
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DL4 method (Duran et al)

Extension to rectangles of Duran—Liberman triangular element
defined previously. W}, and I';, are same as MIT C4 method.

O = {¢p € H'(Q) : d|x € Q1(K) @ (b1,,bo,b3,bs), VK € T},

where b; = b;s;, with s; counterclockwise unit tangent vector to
edge e; of K and b; € Q2(K) vanishes on edges e;, j 7 i.

0O, Wi, Ty,

Y A 1 1 D I_ 4
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Ye's Method

Extension to rectangles of Arnold-Falk element. Not straight-
forward, since values at midpoints of edges of rectangle not a
unisolvent set of degrees of freedom for a bilinear function
(consider (z —1/2)(y — 1/2) on the unit square).

Nonconforming space W, must be chosen differently.
O, ={p € H (Q): ¢|r € Qa(R)},
L, ={necL*(Q):nlg= (b+dz,c—dy) =5}
Wy, ={ve BY(T,) 1 v|gp = a+ bz + cy + d(=® — y?)/2},
and Il is the L2 projection.
O Wh I'p

S Ye
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Extension to Quadrilaterals

Meshes of rectangular elements very restrictive, so would like to
extend the elements defined above to quadrilaterals.

To do so, let F be an invertible bilinear mapping from reference
element K = [0,1] x [0, 1] to convex quadrilateral K.

For scalar functions, if 9(2) defined on K, define v(x) on K by
v=72v0F 1 Then, for V set of shape functions on K, define

Ve(K) ={v:iv=00F Y 5eV}.
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W, defined in this way, beginning with shape functions denoted
in figures. Preserves interelement continuity.

Same mapping, componentwise, used (with minor exceptions)
to define ©®;. Exception: D-L element. Define edge bubbles
b, = (b, o F~1)s; (s; denotes unit tangent on ith edge of K).
Also possible to use different mapping to define interior degrees
of freedom for ®; (doesn’t affect interelement continuity).

I';, defined by rotated version of Piola transform. Letting DF =
Jacobian of F, if i vector function on K, define n on K by

n(z) = n(F(z)) = [DF(@)] 'f(@),
where A—t denotes transpose of inverse of A. Then if V is a set
of vector shape functions given on K, we define

Vi(K)={n:n=[DF] %o F 1t neV}
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For w € W}, gradw = DF 'grad @. Hence, if on reference square
gradw C V, get gradw C Iy, key condition in analysis.

Extensions to quadrilaterals straightforward to define. Question:
Does method retain same order of accuracy as for rectangles?

Problem: approximation properties of some elements can de-
teriorate, depending on way mesh is refined. Much of existing
analysis for quadrilateral elements restricted to parallelograms
(e.g., Stenberg-Suri), where F' is affine, or to elements that are
O(h?) perturbations of parallelograms.

If refinement strategy restricted to produce asymptotically affine
meshes, deterioration in approximation avoided.
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Error estimates for DL4 method for shape-regular quadrilateral
meshes and for MIT C4 method for asymptotically parallelogram
meshes in Duran-etal. Numerical experiments do not indicate
any deterioration of convergence rates for MIT C4, even for more
general shape regular meshes.

MITC8 approximates both 6 and w by spaces obtained from
mappings of quadratic serendipity space. Since this space does
not contain all of Q5 , (missing basis function z2y2), expect to see
only O(h) convergence. I'j, obtained by mapping BDM{ space,
which also degrades in convergence after bilinear mapping.

MIT CO9 uses full Q> approximation for @, but use of Q> serendipity
space to approximate w and the BDFM% space to approximate
~ will cause degradation in convergence rate on general quadri-

lateral meshes.
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Other Approaches for Locking-Free Schemes

So far, all finite element methods discussed modified original
formulation only by introduction of reduction operator il

Now consider other modifications of variational formulation.
Expanded mixed formulations

One of first approaches: method proposed by Brezzi and Fortin
based on expanded mixed formulation arising from introduction
of Helmholtz decomposition:

Y = )\t_Q(gradw — 0) = gradr -+ curl p, (S FII(Q)J? S FII(Q)-
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Find (r,0,p,w) € H1(Q) x HY(Q) x BY(Q) x HL(Q) such that

(gradr,gradp) = (g,p), p€ H'(Q),
=1
a(@, ¢) T (Curlpa ¢) — (grad r, ¢) o (fa ¢)7 ¢ < H (Q)a
— (0, curlq) — A\ 1t?(curlp,curlg) =0, qe YD),
(grad w,grad s) = (0 + A\~ t? grad r,grad s), sc HY(Q).

Key idea: middle two eqns perturbations of Stokes equations, so
stable conforming approximation obtained by Stokes elements
with continuous pressures (3rd eqn requires p € H1(Q)). Used
Mini element.

Hence: COP; used to approximate r, p, and w, C9P; + B3 used
to approximate 6.
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Arnold-Falk method developed as modification with added
feature that finite element method also equivalent to method
using only primitive variables 8 and w.

New idea in A-F: use discrete Helmholtz decomposition:
M(7;) = grad;, M7 (7},) & curl M7(Ty,).

to reduce discrete expanded mixed formulation back to discrete
formulation using only primitive variables.
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Simple Modification of Reissner-Mindlin Energy

Arnold and Brezzi modify definition of variable ~v to be

vy =At"?—-1)(0 — grad w)

and new bilinear form defined:

a(8,w; dp,v) = (Ceb,ep) + A\(0 — grad w, ) — grad v).

Modified weak formulation of R-M is:
Find (0, w,~) € H'(Q) x H1(Q) x L2(2) such that

(1,(0,’[1}; Qb,’U) + A_ltz('ya ¢ o grad'v) — (g,’U) T (fa ¢)7

¢ e H (Q),ve HL(Q),
t2

A1 —t2)

(gradw — 6,7) — (v,m) =0, mn e L?().
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When discretized by finite elements, no longer need condition
grad W;, C T'y,, since form a(@,w; ¢,v) coercive over FIl(Q) X
H1(Q). Hence, greater flexibility allowed.
Using this formulation, choice
- O -
®, = N;j+ B3, W,=M3, T,= Mg

gives stable discretization and error estimate

10 = Opll1 +tllv —ynllo + [Jw —wpll1 < CRA|fllo + llgllo)-
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Least-squares Stabilization Schemes

Approach by Hughes-Franca and Stenberg. Bilinear forms
modified by adding least-squares type stabilization terms.

Recall formulation of R-M equations without shear stress:
Find (0, w) € ﬁl(Q) x H1(2) such that

B(0,w; $,v) = (g,0) — (£, ), e H (Q),ve H(Q)
where

B(0,w; ¢,v) = a(0,d) + \t (0 — grad w, p — grad v).

Y
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In stabilized scheme, define

By(0,w; ¢,v) = a(0,¢) —a Y h7(LO, L)
TET,

+ Y (VP +an?) (0 -grad w+ah? LO, p—grad v+ahF L),
TETh

where LO = divCe(0), and then seek an approximate solution

(0}, wy,) € O x W, such that

Bp(0n,wp; @,v) = (g,v) = (f, @), € Op,vec Wy,

Byj, constructed so that new formulation is both consistent and
stable independent of choice of finite element spaces.

MY W, = M,S+1 considered for k > 1. When
O for all T'e 73 and all ¢ € ©y,.

Choices ®y
k=1, Lo|r
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Bilinear form reduces to:

B (0p; wp; ¢,v) = a(0, @)
+ Z (A2 + ah%)_l(H — grad w, ¢ — grad v),
TcT),

(method proposed by Pitkaranta). Under hypothesis 0 < a < Cf
(for an appropriate constant C), shown that

160 — 0411 + l|w — wpll1 < CRE(||w||pg2 + 110]l5+1),

Modification considered in Brezzi-Fortin-Stenberg. ©; = M3,
Wy, = MY, and term (6 — grad w, ¢ — grad v) modified to
(I11'0 — grad w, ITY ¢ — grad v) by adding interpolation operator ITF
into space RTE. Method uses only linear elements.

Lyly shows linked interpolation method close (and sometimes
equivalent) to stabilized method of B-F-S and to stabilized linked
method of Tessler and Hughes.
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Discontinuous Galerkin Methods (Arnold-Brezzi-Marini,
Arnold-Brezzi-Falk-Marini).

Bilinear forms modified to include terms allowing use of totally
discontinuous elements.

Let H%(7,) denote functions whose restrictions to T belong to
H3(T) for all T € 7y,.

If ¢ belongs to H(7;,), define average {¢} and jump [¢[ on edge
e shared by T and T~ by:

_|_ _
(e} =7 _QHD ,

Need analogous definition for jump of vector ¢ € H'(7;) and
definitions on boundary edges.

el =¢Tnt +on.
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To obtain DG discretization, choose finite dimensional subspaces
®, C H?(7T3), W), c HY(73,), and T}, c H'(7;). Method is:

Find (0, wy) € O, x W}, and ~,, € I';, such that

(Cen(0n),en(@)) — ({Cep(0p)}, [@]) — (10n], {Cen(P)}))
‘|‘(’7h7 gradhv — ¢) — <{7h}7 I]U[I>

+ro (0, @) + pw(wp,v) = (g,v) — (f, @),
(p,v) € Op x Wy,

(grady, wy, — 05,m) — ([wp], {n}) — t2(vp,m) =0, n Ty,

Make standard choice for interior penalty terms pg and py:

GESh

re(®.¢) =3 T = [100: 161 ds, o) = Y = o — (1l
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ro(o, ) and py (v,v) viewed as measure of deviation of ¢ and
v from being continuous. Parameters x© and W positive con-

stants chosen sufficiently large to ensure stability. When W, €
C9, penalty term pyy not needed.

Simplest method: k> 1, Wj, = M, ;. Choose w! = NWw.

Since ©; need not be continuous, choose ®; so that condition
~1 = HF~/ satisfied without using reduction operator ITl.

Simplest choice: ©;, = BDM;j-_,. Note grad W}, C ©,.

Next define 8! = 1196, where II1® : H1(Q) — ©®;, defined by:
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/€(¢ ~N®¢)-sqds =0, q€ Py_q1(e),
| (6—n®¢)-qde=0, qe RT; 5(T).

where RT';._3 is unrotated Raviart-Thomas space of index k — 3.
Note: interior degrees of freedom not original ones. However,

natural interpolant defined by these modified degrees of freedom
satisfies additional key property:

1@ grad w = grad nYuw.

From this condition, get

~T = At7?(grad w! — 01) = A\t ?(grad MW w — H@9)
= At_zl_l@(gradw —0) = H@'y.
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Methods using Nonconforming Finite Elements

Method of Onate, Zarate, and Flores. Choose
®,=M;, W,=M}, T,=RTj;.
®,, not contained in EI*(Q), so replace £ by &),.

Problem: || Eh(Hh)H% not a norm on ®,;, because Korn’s inequality
fails for nonconforming piecewise linear functions.

To partially compensate for this, use following result established
by A-F. Define

4y, = {(’Lﬂ,’n) c MET_ x I'y, : AT 12 rotn = I’Oth’tp}.
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Lemma: There exists constant ¢ independent of A and ¢:

an(, ) + 2712 (n,m) > c[min(1, k2 /21112, + 1| En 13
+ t2||n||3 + r2t3|| rotn||3]  for all (,n) € Z,.

So form not uniformly coercive. Then obtain:

Theorem: There exists constant C' independent of h and t:

16 — 04|11 + 2] rot(y — w)IIF < Chmax(1,t2/h) | gllo,
1EO — 013+ tly — vnllo < Chmax(1,t/h)|gllo-
16 — 8110 + [lw — wpllo < C max(h?,t2)]gllo-

Does not give convergence, but small error if h ~ t.
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Method of Lovadina

®,=M;i, W,=DM;, T,= Moy,

SO two spaces non-conforming. Replace £ and grad by element-
wise counterparts. Bilinear form a(8, ¢) replaced by:

an(0,0) = Y ar(0,0) + po(8,¢), ar(8, ) = /Tc’se) () dz,
TETh

where pg has same definition as in D-G method. By adding term
Po, can prove discrete Korn's inequality.

Method is simplified version of earlier method of Brezzi-Marini:
®, = M1+ B% W, = Mj+ B3, T,= Mo+ grad,Bs3,

where B§ IS nonconforming quadratic bubble vanishing at two
Gauss points of each triangle edge.
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A negative-norm least squares method (Bramble-Sun)
Uses expanded mixed formulation of Brezzi-Fortin.

Reformulated as least squares method using special minus one
norm developed previously by Bramble, Lazarov, and Pasciak.

Only CO finite elements needed to approximate all variables, and
piecewise linears can be used.

Optimal order error estimates established uniformly in t.

Stability result also gives natural block diagonal preconditioner,
for solution of least squares system, using only standard precon-
ditioners for second order elliptic problem.
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