C™ EIGENFUNCTIONS OF PERRON-FROBENIUS OPERATORS
AND A NEW APPROACH TO NUMERICAL COMPUTATION
OF HAUSDORFF DIMENSION
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ABSTRACT. We develop a new approach to the computation of the Hausdorff
dimension of the invariant set of an iterated function system or IFS. In the one
dimensional case, our methods require only C3 regularity of the maps in the
IF'S. The key idea, which has been known in varying degrees of generality for
many years, is to associate to the IFS a parametrized family of positive, linear,
Perron-Frobenius operators Ls. The operators Ls can typically be studied in
many different Banach spaces. Here, unlike most of the literature, we study
Ls in a Banach space of real-valued, C* functions, k > 2; and we note that
L is not compact, but has a strictly positive eigenfunction vs with positive
eigenvalue As equal to the spectral radius of Ls. Under appropriate assump-
tions on the IFS, the Hausdorff dimension of the invariant set of the IFS is
the value s = si for which A¢ = 1. This eigenvalue problem is then approxi-
mated by a collocation method using continuous piecewise linear functions (in
one dimension) or bilinear functions (in two dimensions). Using the theory of
positive linear operators and explicit a priori bounds on the derivatives of the
strictly positive eigenfunction vs, we give rigorous upper and lower bounds for
the Hausdorff dimension s., and these bounds converge to sx as the mesh size
approaches zero.

1. INTRODUCTION

Our interest in this paper is in finding rigorous estimates for the Hausdorff
dimension of invariant sets for (possibly infinite) iterated function systems or IFS’s.
The case of graph directed IFS’s (see [40] and [39]) is also of great interest and can
be studied by our methods, but for simplicity we shall restrict attention here to the
IFS case.

Let D C R™ be a nonempty compact set, p a metric on D which gives the
topology on D, and 6; : D — D, 1 < j < m, a contraction mapping, i.e., a
Lipschitz mapping (with respect to p) with Lipschitz constant Lip(6;), satisfying
Lip(8;) := ¢; < 1. If m < oo and the above assumption holds, it is known that
there exists a unique, compact, nonempty set C' C D such that C' = U}”:lﬁj(C’).
The set C' is called the invariant set for the IFS {6;[1 < j < m}. If m = co and
sup{c; |1 < j < m} = ¢ < 1, there is a naturally defined nonempty invariant set
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C C D such that €' = U32,0;(C), but C need not be compact. It is useful to note
that the Lipschitz condition of the IF'S can be weakened, and we address this in a
subsequent section (cf. (H6.1) in Section 6).

Although we shall eventually specialize, it may be helpful to describe initially
some function analytic results in the generality of the previous paragraph. Let H be
a bounded, open, mildly regular subset of R™ and let C*(H) denote the real Banach
space of C”C real-valued maps, all of whose partial derivatives of order v < k extend
continuously to H. For a given positive integer IV, assume that b; : H — (0,00) are
strictly positive CV functions for 1 < j <m < oo and §; : H — H, 1 <5 <m, are
C" maps and contractions. For s > 0 and integers k, 0 < k < N, one can define a
bounded linear map Ly : C¥(H) — C*(H) by the formula

(1.1) (Lo f) (@) =Y [bs ())-

j=1

Linear maps like Ls ; are sometimes called positive transfer operators or Perron-
Frobenius operators and arise in many contexts other than computation of Haus-
dorff dimension: see, for example, [1]. If (L, 1) denotes the spectral radius of L, g,
then Ay = r(Ls ) is positive and independent of k for 0 < k < N; and A4 is an alge-
braically simple eigenvalue of L, , with a corresponding unique, normalized strictly
positive eigenfunction v, € CV (H). Furthermore, the map s +— ), is continuous. If
o(Ls,) C C denotes the spectrum of the complexification of Ls j, 0(Ls ) depends
on k, but for 1 <k < N,

(1.2) sup{|z| : 2 € o(Ls 1) \ {As}} < As.

If £ = 0, the strict inequality in (1.2) may fail. A more precise version of the above
result in stated in Theorem 5.1 of this paper and Theorem 5.1 is a special case of
results in [46]. The method of proof involves ideas from the theory of positive linear
operators, particularly generalizations of the Krein-Rutman theorem to noncompact
linear operators; see [32], [3], [53], [44], and [37]. We do not use the thermodynamic
formalism (see [49]) and often our operators cannot be studied in Banach spaces of
analytic functions.

The linear operators which are relevant for the computation of Hausdorff di-
mension comprise a small subset of the transfer operators described in (1.1), but
the analysis problem which we shall consider here can be described in the gen-
erality of (1.1) and is of interest in this more general context. We want to find
rigorous methods to estimate r(Ls ) accurately and then use these methods to
estimate s,, where, in our applications, s, will be the unique number s > 0 such
that r(Ls ) = 1. Under further assumptions, we shall see that s, equals dimg(C),
the Hausdorff dimension of the invariant set associated to the IFS. This observa-
tion about Hausdorff dimension has been made, in varying degrees of generality by
many authors. See, for example, [6], [7], [5], [9], [10], [13], [18], [20], [22], [21], [24],
[25], [26], [27], [39], [38], [47], [49], [50], [51], and [54].

In the applications in this paper, H will always be a bounded open subset of
R™ for n = 1 or 2. When n = 1, we shall assume that H is a finite union of

bounded open intervals, that 6; : H — H is a CN contraction mapping, where
N > 3, (or more generally satisfies (H6.1)) and ¢’ (x) # 0 for all z € H. In the
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notation of (1.1), we define b;(z) = |¢(x)]. When n = 2, we assume that H is
a bounded, open mildly regular subset of R? = C and that 6;, 1 < j < m are
analytic or conjugate analytic contraction maps (or more generally satisfy (H6.1)),
defined on an open neighborhood of H and satisfying 6;(H) C H. We define
DO;(z) = limp,_,0 |[0;(z + h) — 0;(2)]/h|, where h € C in the limit, and we assume
that D0;(z) # 0 for 2 € H. In this case, L is defined by (1.1), with = replaced
by z, and b;(z) = |D6,(2)|°.

Given the existence of a strictly positive CV eigenfunction v, for (1.1) when
H C R, we show in Section 6 for p = 1 and p = 2, that one can obtain explicit upper
and lower bounds for the quantity DPv,(x)/vs(z) for x € H, where DP denotes the
p-th derivative of vs. Such bounds can also be obtained for p = 3 and p = 4, but
the arguments and calculations are more complicated. When H C R?, it is also
possible to obtain explicit upper and lower bounds for Dyvg(z1,22))/vs(x1, 2)
and DYvg(xq,x2))/vs(x1,22), where Dy = 9/0z1 and Dy = 8/0xs. However, for
simplicity we restrict ourselves to the choice 0;(z) = (z + ;) ™', where 8; € C and
Re(;) > 0. In this case we obtain in Section 7 explicit upper and lower bounds for
DYvs(x1,x2))/vs(w1, 22) for 1 <p <4,1 <k <2, and z; > 0. In both the one and
two dimensional cases, these estimates play a crucial role in allowing us to obtain
rigorous upper and lower bounds for the Hausdorff dimension.

The basic idea of our numerical scheme is to cover H by nonoverlapping intervals
of length h if H C R or by nonoverlapping squares of side h if H C R?. We then
approximate the strictly positive, C? eigenfunction v, by a continuous piecewise
linear function (if H C R) or a continuous piecewise bilinear function (if H C R?).
Using the explicit bounds on the unmixed derivatives of vs of order 2, we are then
able to associate to the operator Ly, square matrices As and By, which have
nonnegative entries and also have the property that r(As) < Ay < r(Bs). A key
role here is played by an elementary fact which is not as well known as it should
be. If M is a nonnegative matrix and v is a strictly positive vector and Mv < v,
(coordinate-wise), then (M) < X. An analogous statement is true if Mv > Av.
We emphasize that our approach is robust and allows us to study the case H C R
when 60;(-), 1 < j <m, is only C3.

If s. denotes the unique value of s such that r(Ls,) = A, = 1, so that s, is the
Hausdorff dimension of the invariant set for the IFS under study, we proceed as
follows. If we can find a number s; such that r(Bg,) < 1, then, since the map s — A4
is decreasing, A, < r(Bs,) < 1, and we can conclude that s, < s;. Analogously, if
we can find a number sy such that r(As,) > 1, then A;, > r(45,) > 1, and we can
conclude that s, > s3. By choosing the mesh size for our approximating piecewise
polynomials to be sufficiently small, we can make s; — so small, providing a good
estimate for s.. For a given s, r(As) and r(Bs) are easily found by variants of
the power method for eigenvalues, since (see Section 8) the largest eigenvalue has
multiplicity one and is the only eigenvalue of its modulus. When the IFS is infinite,
the procedure is somewhat more complicated, and we include the necessary theory
to deal with this case.

If the coefficients b;(-) and the maps 6;(-) in (1.1) are CV with N > 2, it
is natural to approximate vs(-) by piecewise polynomials of degree N — 1 when
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H C R and by corresponding higher order approximations when H C R2. The
corresponding matrices A, and Bs may no longer have all nonnegative entries and
the arguments of this paper are no longer directly applicable. However, we hope to
prove in a future paper that the inequality r(As) < Ay < 7(B;) remains true and
leads to much improved upper and lower bounds for r(L,). Heuristic evidence for
this assertion is given in Table 3.2 of Section 3.2.

We illustrate our new approach by first considering in Section 3 the computation
of the Hausdorff dimension of invariant sets in [0, 1] arising from classical continued
fraction expansions. In this much studied case, one defines 6,, = 1/(z + m), for
m a positive integer and = € [0,1]; and for a subset B C N, one considers the
IFS {0., |m € B} and seeks estimates on the Hausdorff dimension of the invariant
set C = C(B) for this IFS. This problem has previously been considered by many
authors. See [4], [6], [7], [18], [20], [22], [21], [25], [26], and [19]. In this case, (1.1)

becomes ) ” .
(Ls’kv)(x)mzelg(m—&—m) v(w—i—m)’ O=z=1,

and one seeks a value s > 0 for which s := r(Ls 1) = 1. Table 3.1 in Section 3.2
gives upper and lower bounds for the value s such that Ay = 1 for various sets
B. Jenkinson and Pollicott [26] use a completely different method and obtain,
when |B| is small, high accuracy estimates for dimy(C(B)), in which successive
approximations converge at a super-exponential rate. It is less clear (see [25]) how
well the approximation scheme in [26] or [25] works when |B]| is moderately large or
when different real analytic functions ; : [0,1] — [0,1] are used. Here, in the one
dimensional case, we present an alternative approach with much wider applicability
that only requires the maps in the IFS to be C3. As an illustration, we consider in
Section 3.3 perturbations of the IFS for the middle thirds Cantor set for which the
corresponding contraction maps are C*, but not C*.

In Section 4, we consider the computation of the Hausdorff dimension of some
invariant sets arising for complex continued fractions. Suppose that B is a subset
of I = {m +ni|m € N,n € Z}, and for each b € B, define 0,(z) = (2 +b)~L.
Note that 6, maps G = {z € C||z — 1/2| < 1/2} into itself. We are interested in
the Hausdorff dimension of the invariant set C = C(B) for the IFS {6, |b € B}.
This is a two dimensional problem and we allow the possibility that B is infinite.
In general (contrast work in [26] and [25]), it does not seem possible in this case
to replace Ls, k > 2, by an operator A, acting on a Banach space of analytic
functions of one complex variable and satisfying r(As) = r(Ls ). Instead, we work
in C%(G) and apply our methods to obtain rigorous upper and lower bounds for the
Hausdorft dimension dimg (C(B)) for several examples. The case B = I; has been
of particular interest and is one motivation for this paper. In [16], Gardner and
Mauldin proved that d := dimg(C(I1)) < 2, in [38], Mauldin and Urbanski proved
that d < 1.885, and in [48], Priyadarshi proved that d > 1.78. In Section 4.2, we
prove that 1.85550 < d < 1.85589.

The square matrices As and By mentioned above and described in more detail
in Section 3 have nonnegative entries and satisfy r(As) < As < r(Bs). To apply
standard numerical methods, it is useful to know that all eigenvalues u # r(Ay)
of As satisfy |p] < r(As) and that r(As) has algebraic multiplicity one and that
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corresponding results hold for r(By). Such results are proved in Section 8 in the
one dimensional case when the mesh size, h, is sufficiently small, and a similar
argument can be used in the two dimensional case. Note that this result does not
follow from the standard theory of nonnegative matrices, since A; and By typically
have zero columns and are not primitive. We also prove that r(As) < r(Bs) <
(1 + C1h?)r(As), where the constant C; can be explicitly estimated. In Section 9,
we prove that the map s — Ay is log convex and strictly decreasing; and the same
result is proved for s — r(M,), where M is a naturally defined matrix such that
AS g MS S BS'

Although many of the key results in the paper are described above, the paper
is long and an outline summarizing the sections may be helpful. In Section 2,
we recall the definition of Hausdorff dimension and present some mathematical
preliminaries. In Sections 3 and 4, we present the details of our approximation
scheme for Hausdorfl dimension, explain the crucial role played by estimates on
derivatives of order < 2 of v,, and give the aforementioned estimates for Hausdorff
dimension. We emphasize that this is a feasibility study. We have limited the
accuracy of our approximations to what is easily found using the standard precision
of Matlab and have run only a limited number of examples, using mesh sizes that
allow the programs to run fairly quickly. In addition, we have not attempted to
exploit the special features of our problems, such as the fact that our matrices are
sparse. Thus, it is clear that one could write a more efficient code that would also
speed up the computations. However, the Matlab programs we have developed are
available on the web at www.math.rutgers.edu/"falk/hausdorff/codes.html,
and we hope other researchers will run other examples of interest to them.

The theory underlying the work in Sections 3 and 4 is deferred to Sections 5-9.
In Section 5 we describe some results concerning existence of C' positive eigen-
functions for a class of positive (in the sense of order-preserving) linear operators.
We remark that Theorem 5.1 in Section 5 was only proved in [46] for finite IFS’s.
As a result, some care is needed in dealing with infinite IFS’s: see Theorem 5.2
and Corollary 5.3. In Section 6, we derive explicit bounds on the derivatives of
the eigenfunction vs of Ly in the one-dimensional case and in Section 7, we derive
explicit bounds on the derivatives of eigenfunctions of operators in which the map-
pings 6g are given by Mobius transformations which map a given bounded open
subset H of C := R? into H. In Section 8, we verify some spectral properties of the
approximating matrices which justify standard numerical algorithms for computing
their spectral radii. Finally, in Section 9, we show the log convexity of the spectral
radius 7(Ls), which we exploit in our numerical approximation scheme.

2. PRELIMINARIES

We recall the definition of the Hausdorff dimension, dimg (K), of a subset K C
RY. To do so, we first define for a given s > 0 and each set K C RV,

H3(K) = inf{> _|U|*: {U;} is a & cover of K},

where |U| denotes the diameter of U and a countable collection {U;} of subsets of
RY is a d-cover of K C RN if K C U;U; and 0 < |U;| < . We then define the
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s-dimensional Hausdorfl measure

Finally, we define the Hausdorff dimension of K, dimg(K), as
dimpy (K) = inf{s : H*(K) = 0}.

We now state the main result connecting Hausdorff dimension to the spectral
radius of the map defined by (1.1). To do so, we first define the concept of an
infinitesimal similitude. Let (S, d) be a compact, perfect metric space. If § : S — S,
then 6 is an infinitesimal similitude at ¢ € S if for any sequences (si)r and (k)
with s # t for k > 1 and s — t, t, — t, the limit

lim d(0(sk), 0(tr)

k—o0 d(Sk,tk) = (De)(t)

exists and is independent of the particular sequences (sg)i and (tg)r. Furthermore,
¢ is an infinitesimal similitude on S if 6 is an infinitesimal similitude at ¢ for all
tesS.

This concept generalizes the concept of affine linear similitudes, which are affine
linear contraction maps 6 satisfying for all z,y € R™

d(0(z),0(y)) = cd(x,y), c<1.

In particular, the examples discussed in this paper, such as maps of the form 6(z) =
1/(x+m), with m a positive integer, are infinitesimal similitudes. More generally, if
S is a compact subset of R! and 6 : S — S extends to a C'! map defined on an open
neighborhood of S in R, then 6 is an infinitesimal similitude. If S is a compact
subset of R? := C and # : S — S extends to an analytic or conjugate analytic map
defined on an open neighborhood of S in C, # is an infinitesimal similitude.

Theorem 2.1. (Theorem 1.2 of [47].) Let0; : S — S for1 <1i < N be infinitesimal
similitudes and assume that the map t — (DO;)(t) is a strictly positive Holder
continuous function on S. Assume that 0; is a Lipschitz map with Lipschitz constant
¢; <c <1 andlet C denote the unique, compact, nonempty invariant set such that

C =UN,0;(0).
Further, assume that 0; satisfy
0;(C)N0O;(C)=0, for1 <i,j<N.i#j

and are one-to-one on C. Then the Hausdorff dimension of C is given by the unique
oo such that r(Ls,) = 1.

3. EXAMPLES IN ONE DIMENSION

3.1. Continued fraction Cantor sets. We first consider the problem of comput-
ing the Hausdorff dimension of some Cantor sets arising from continued fraction
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expansions. More precisely, given any number 0 < =z < 1, we can consider its
continued fraction expansion

1
x = [ay,a9,a3,...] = . ,
a1 +
! 1

ag + ———

a3 + oo
where a1, ag,as,... € N. We then consider the Cantor set E,,, .. m,], of all points
in [0, 1] where we restrict the coefficients a; to the values myq,...,m,. A number of

papers (e.g., [6], [7], [18], [20], [22], [26]) have considered this problem in the case of
the set E4 2, consisting of all points in [0, 1] for which each a; has the value 1 or 2.
In [26], a method is presented that computes this dimension to 25 decimal places.
Computations are also presented in that paper and in [25] for other choices of the
values myq,...,my. In [4], the Hausdorff dimension of the Cantor set E3 468,10 is
computed to three decimal places (0.517).

Corresponding to the choices of m;, we associate contraction maps 6,,(x) =
1/(z+m). A key fact is that the Cantor sets we consider can be generated as limit
points of sequences of these contraction maps. For example, the set E; 5 can be
generated using the maps 61(z) = 1/(z + 1) and 02(x) = 1/(x + 2) as the set of
limit points of sequences Oy, ... 0, (0), for my,ms,... € {1,2}.

For v € C[0, 1], we define

(3.1) (Lov)(z) = Z

01, @)] 06, (@)).

Our computations are based on the following result, which we shall prove in subse-
quent sections.

Theorem 3.1. For all s > 0, Ly has a unique strictly positive eigenvector vy with
Lsvs = Agvs, where As > 0 and \s = r(Ly), the spectral radius of Ls. Further-
more, the map s — As is strictly decreasing and continuous, and for all p > 0,
(=1)PDWPy () > 0 for all z € [0,1] and

(3-2) |DPlo(z)] < (25)(25 +1) -+ (25 +p = D) (v P)vs (@),

where v = min; m;. Finally, the Hausdorff dimension of the Cantor set generated
Jrom the maps Op,,, ..., Op, is the unique value of s with A\ = 1.

Note that it follows easily from (3.2) when p = 1 and x1, x5 € [0,1] , that
(3.3) vs(2) < vs(w1) exp(2s|ze — 21|/7)-

To see this, write

vs(x2) / " d / “ vy(x)
lo = logvs(xs) — logvs(x1) = — logvs(x) dx = dx,
8 oley) — 8 (22) — logvs(x1) e () @)

apply the bound in (3.2), and exponentiate the result.

To obtain approximations of the dimension of the Cantor sets described in this
section, we first approximate a function f € C2[0,1] by a continuous, piecewise
linear function defined on a mesh of interval size h on [0, 1]. More specifically, we
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approximate f(z), p < x < x4 by its piecewise linear interpolant f!(z) given
by

X — X Xr — X
o) = 222 f ) + (i), ok <@ < Tppas

h h
where the mesh points x satisfy 0 = z¢p < z1,--- < any = 1, with 2541 — 2 =
h = 1/N. The goal is to reduce the infinite dimensional eigenvalue problem to a
finite dimensional one. Standard results for the error in linear interpolation on an
interval [a, b] assert that

F1@) = F@) = 50— )~ ) f(€)
for some & € [a,b]. If z,; < 0y, (7) < 2041, We get

[ijJrl - emj (‘T)] [Hmj (SL’) - xrj]
vi(am]‘ (‘T)) = f”s(zm) + Tvs(xrﬁ_l).

We can also use the properties in Theorem 3.1 to bound the interpolation error.
Letting f(x) = vs(z), we obtain from Theorem 3.1 that

0 < VY (O, (7)) < 25(25 + 1)y 20y (0, (2)).

Using the interpolation error estimate and (3.3), we get for z,, < 0, (2) < 2,41,

0< Ug(emj (@) = vs (O, (7))
< [y 41 = O, (2)][Om, (2) — 21,]8(25 + 1)y max ().

xrj 7zrj+1]
< [z 11 = Oy (2)][0m; (2) — 2r]5(25 + 1)y~ % exp(2sh/7) Ui(emj (2)),
since the point at which the maximum occurs is within A of either of the two

endpoints of the subinterval.

Using this estimate, we have precise upper and lower bounds on the error in the
interval [xT]. , xrjﬂ] that only depend on the function values of v, at Tp; and Ty 4 1.
Letting

err;(z) = [xrﬁ_l — O, (x)][@mj (z) — J:Tj]s(Zs + 1)772 exp(2sh/7),
we have for each mesh point x, with z,, < 0,,, (1) < 2p; 41,
(1= erey ()] (B, (28)) < 03By (28)) < 0] Oy (1),

Since for each mesh point zy, r(Ls)vs(zr) = (Lsvs)(xg), we can use (3.1) and
the above result to to see that

O, (k)

r(Ls)vs(zr) = Lsvs(xg) = Z

and

S

[1 — errj (zx) vl (Om, (k).

r(Lovs(zr) > >

j=1

O, (k)
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Let ws be a vector with (ws)x = vs(xg), k = 0,...N. Define (N + 1) x (N +1)
matrices By and A, by

(Baws)i = Y |t (1)

W] (O, (1)),

S

[1 — err; (zp)|w] (6m, (x1)),

NE

(Asws)k ==

O, (k)

<.
Il
—

where, if z,, < 0,,,(r) < 2,41, we define

[m""j“rl - em]‘ ('T)}
Wl (O (1)) = =Pt

Note that all of the entries of By will be nonnegative and since err;(z) = O(h?),
this is true for A, as well, provided h is sufficiently small.

[amj (ZL‘) - ‘rTj]

(ws)rj + A (ws)"'j"l‘l'

Since wvg(xg) > 0 for k = 0,..., N, we can apply the following result about
nonnegative matrices to see that

r(As) <r(Ls) < r(Bs).

Lemma 3.2. Let M be an (N + 1) x (N + 1) matriz with non-negative entries and
w an N + 1 vector with strictly positive components.

If (Mw), > Ao, k=0,...N, then r(M)

> A
If (Mw), < A wg, k=0,...N, then r(M) < A
Since this result is crucial to our approximation scheme, we supply the proof
below to keep our presentation self-contained. Note, however, that Lemma 3.2 is
actually a special case of much more general results concerning order-preserving,
homogeneous cone mappings: see Lemma 2.2 in [34] and Theorem 2.2 in [36]. If we
let D denote the positive diagonal (N + 1) x (N + 1) matrix with diagonal entries
wj, 1 <j < N+1,r(M)=r(D"'MD); and Lemma 3.2 can also be obtained by
applying Theorem 1.1 on page 24 of [41] to D™'MD.

Proof. If (Mw)y > Awg, k = 0,...N, it easily follows that (M"w); > A"w;, and
S0 || M™w]|0o > A*||w||o- Let e be vector with all e; = 1. Then

[M"[|oo = [[M"e]|oo = [|M"w]loo/[[w]loc > A"

Hence,
r(M) = lim |[|[M"™||}Y" > X
n—oo

If (Mw)r < Awg, k=0,...N, it easily follows that (M"w); < A"wy. Let k be
chosen so that | M"[|ec = >2;(M")g,;. Since [r(M)]" = r(M") < ||M"||c,
minw; [r(M)]" < minw; Y (M")g; < Y (M")g w; = (M w)y, < X'wy.
! ’ j j
So,
minw; < [A/r(M)]" ws.
J

If (M) > A, then letting n — oo, we get that min; w; < 0, which contradicts the
fact that all w; > 0. Hence, r(M) < A. O
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As described in Section 1, if s, denotes the unique value of s such that r(Ls,) =
As, = 1, then s, is the Hausdorff dimension of the set E,,, . m, . If we can find a
number s; such that r(Bg,) < 1, then r(Lgs,) < 7(Bs,) < 1, and we can conclude
that s. < s1. Analogously, if we can find a number sy such that r(A4,,) > 1, then
r(Lsy) > r(As,) > 1, and we can conclude that s, > s3. By choosing the mesh
sufficiently fine, we can make s; — so small, providing a good estimate for s,.

We can also reduce the number of computations by first iterating the maps 6,,,
to produce a smaller initial domain that we need to approximate. For example,
if we seek the Hausdorff dimension of the set Fj o, since 61([0,1]) = [1/2,1] and
02([0,1]) = [1/3,1/2], the maps 6y and 62 map [1/3,1] — [1/3,1], so we can re-
strict the problem to this subinterval. Further iterating, we see that 61([1/3,1]) =
[1/2,3/4] and 62([1/3,1]) = [1/3,3/7]. Hence the maps 6, and 62 map [1/3,3/7] U
[1/2,3/4] to itself and we can further restrict the problem to this domain.

3.2. Continued fraction Cantor sets — numerical results. In this section, we
report in Table 3.1 the results of the application of the algorithm described above
to the computation of the Hausdorff dimension of a sample of continued fraction
Cantor sets. Where the true value was known to sufficient accuracy, it is not hard
to check that the rate of convergence as h is refined is O(h?). Although the theory
developed above does not apply to higher order piecewise polynomial approxima-
tion, since one cannot guarantee that the approximate matrices have nonnegative
entries, we also report in Table 3.2 and Table 3.3 the results of higher order piece-
wise polynomial approximation to demonstrate the promise of this approach. In
this case, we only provide the results for B, which does not contain any corrections
for the interpolation error. In a future paper we hope to prove that rigorous upper
and lower bounds for the Hausdorff dimension can also be obtained when higher
order piecewise polynomial approximations are used.

The errors are computed based on the results reported in [26]. For the last
five entries, we do not have independent results for the true solution correct to a
sufficient number of decimal places to compute the error.

In the computations shown using higher order piecewise polynomials, since the
number of unknowns for a continuous, piecewise polynomial of degree k on N uni-
formly spaced subintervals of width h is given by kN + 1, to get a fair comparison,
we have adjusted the mesh sizes so that each computation involves the same number
of unknowns. For this problem, the eigenfunction v, is smooth and the computa-
tions show a dramatic increase in the accuracy of the approximation as the degree
of the approximating piecewise polynomial is increased.

3.3. An example with less regularity. For 0 < A < 1, we consider the maps

1 1 24+ A
342 342X 342X
which map the unit interval to itself. Both these maps € C3([0,1], but ¢ C*([0, 1].

We note that because of the lack of regularity, the methods of [26] and [25] cannot
be applied. When A = 0, these maps become

(3.4)  Oy(x) = (z+X27/2),  Oy(x) = (z+ \z7/?) +
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TABLE 3.1. Computation of Hausdorff dimension s of some con-
tinued fraction Cantor sets.

11

Set h [ lower s upper s [ lower err | upper err
E[1,2] .0001 | 0.531280505099895 | 0.531280506539767 | 1.18e-09 | 2.63e-10
.00005 | 0.531280505981423 | 0.531280506343388 | 2.96e-10 | 6.62e-11
E[1,3] .0001 | 0.454489076859422 | 0.454489077843624 | 8.02e-10 | 1.82e-10
.00005 | 0.454489077459035 | 0.454489077707546 | 2.03e-10 | 4.57e-11
E[1,4] .0001 | 0.411182724095752 | 0.411182724934834 | 6.79e-10 | 1.60e-10
.00005 | 0.411182724603313 | 0.411182724815117 | 1.71e-10 | 4.03e-11
E[2,3] .0001 | 0.337436780744847 | 0.337436780851139 | 6.12e-11 | 4.51e-11
.00005 | 0.337436780790228 | 0.337436780817793 | 1.58e-11 1.17e-11
E[2,4] .0001 | 0.306312767993699 | 0.306312768092506 | 5.91e-11 | 3.97e-11
.00005 | 0.306312768039239 | 0.306312768061760 | 1.35e-11 | 8.98e-12
E[3,4] .0001 | 0.263737482885901 | 0.263737482913807 | 1.15e-11 | 1.64e-11
.00005 | 0.263737482894486 | 0.263737482901574 | 2.94e-12 | 4.15e-12
E[10,11] .0002 | 0.146921235390446 | 0.146921235393309 | 3.37e-13 | 2.53e-12
.00005 | 0.146921235390764 | 0.146921235390925 | 1.95e-14 | 1.42e-13
E[100,10000] .0004 | 0.052246592638657 | 0.052246592638662 | 1.88e-15 | 3.12e-15
.0001 | 0.052246592638659 | 0.052246592638659 | 1.25e-16 | 1.25e-16
E[2,4,6,8,10] .0001 | 0.517357030830725 | 0.517357030987649
.00005 | 0.517357030911231 | 0.517357030949266
E[1,...,10] .0001 | 0.925737589218857 | 0.925737591547918
.00005 | 0.925737590664670 | 0.925737591246997
E[1,3, 5, ..., 33] .0001 | 0.770516007582087 | 0.770516008987138
.00005 | 0.770516008433225 | 0.770516008784885
E[2, 4, 6, ...,34] | .0001 | 0.633471970121772 | 0.633471970288076
.00005 | 0.633471970211609 | 0.633471970252711
E[1, ,34] .0001 | 0.980419623378987 | 0.980419625624112
.00005 | 0.980419624765058 | 0.980419625326256

TABLE 3.2. Computation of Hausdorff dimension s of E[1,2] using

higher order piecewise polynomials.

[ degree [ h [ s [ error ]
1 .01 | 0.531282991861209 | 2.49 e-06
2 .02 | 0.531280509905739 | 3.63 e-09
4 .04 | 0.531280506277708 | 5.03 e-13
5 .05 | 0.531280506277197 | 7.99 e-15

and the corresponding Cantor set has Hausdorff dimension In2/1n 3
~ 0.630929753571458.

Our computations, shown in Table 3.4, are based on the following result, which
we shall prove in subsequent sections.

Theorem 3.3. Let )
(Lsv)(x) = Z 10 (2)[*v(0;(x)),

where 01 and 0y are given by (3.4). For all s > 0, Ly has a unique (up to nor-
malization) strictly positive C? eigenvector vy with Lyvs = A\svs, where Ay > 0 and
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TABLE 3.3. Computation of Hausdorff dimension s of E[2,4,6,8,10]
using piecewise cubic polynomials.

(b ] s l
0.1 | 0.517357031893604
.05 | 0.517357031040156
.02 | 0.517357030941730
.01 | 0.517357030937108
.005 | 0.517357030937029
.002 | 0.517357030937018
.001 | 0.517357030937018

As = r(Ls), the spectral radius of Ls. Furthermore, the map s — Ag is strictly
decreasing and continuous, and for all x1, x4 € [0,1], we have the estimate

206(x
(< 2502 o p(2)
(6 + 4))2 (6 +4))
e AT [02<A>+01<A>M0<A>(4_3A) ,

where Cy, Ca, and My are defined by (6.6), (6.23), and (6.14), respectively. Finally,
the Hausdorff dimension of the Cantor set generated from the maps 61 and 05 is
the unique value of s with As = r(Ls) = 1.

TABLE 3.4. Computation of Hausdorff dimension s of less regular examples.

A h

lower s

upper s upper s - lower s
0.0 | .0001 | 0.630929753571458 | 0.630929753571458 0
0.25 | .0001 | 0.691029102085966 | 0.691029110502743 8.4168e — 09
0.5 | .0001 | 0.733474587362570 | 0.733474622222681 3.4860e — 08
0.75 | .0001 | 0.767207161950980 | 0.767207292955634 1.3100e — 07
1.0 | .0001 | 0.796727161816835 | 0.796727861914653 7.0010e — 07

4. EXAMPLES IN TWO DIMENSIONS

4.1. The problems. Let H = {(z,y) € R? : (z—1/2)?+y? < 1/4,y > 0}. Writing
z = x + iy, we can consider H as a subset of the complex plane.

Let Cr(H) denote the Banach space of real-valued, continuous functions f :
H — R in the sup norm. Let Iy = {b=m+ni: m € N;n € Z} and for b € I; and
z€C,let Oy(z) =1/(z+b). D ={z€C:|z—1/2| <1/2}, it is known that
for b € Iy, Hb(D) C D and 9b1(D \ {0}) ﬁ@bZ(D \ {0}) = () for bi,by € I, by 75 bo.
Clearly, 0,(D) C D\ {0} for b € I. If we identify H with {z € D : Im(z) > 0},
and if b € I; and Im(b) > 0, 6,(H) C {#z € D : Im(z) < 0}. Hence 1/(2+b) € H if
z€H,be I, and Im(b) > 0. If z € H, b € I, and Im(b) < 0, one can show that
0p(z) € {z € D : Im(z) > 0}.
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Let Cr(D) denote the Banach space of real-valued, continuous functions v : D —
R and let B denote a subset of I;. If B is a finite set and s > 0, one can define a
bounded linear map L, : Cr(D) — Cr(D) by

41 ’—0 IRIC

(4.1) beZB b bGZB |Z n b|25

If B is infinite, one can prove (see Section 5 of [42]) that if, for some s > 0, the
infinite series Y, 5[1/|2 + b|**] converges for some z € D, then it converges for all
z € D and z ~ [1/|z + b|**] is a continuous function on D. It then follows with
the aid of Dini’s theorem that L given by (4.1) defines a bounded linear map of
Cr(D) — Cr(D).

If we define 0 = o(B) := inf{s > 0|3z € D such that >, s[1/]z + b|*’] < co},
it follows from the above remarks that for all s > o(B), Ls defined by (4.1) gives a
bounded linear map of Cg(D) — Cr(D). If s = o, it may or may not happen that
> penll/|z + b*] < oo for some z € D. In any event, it is not hard to prove that
if s > 1, ,cp1/]z +b]**] < oo for all z € D.

Our computational results are based on the following theorems, which are special
cases of results which we shall prove in subsequent sections of the paper.

Theorem 4.1. Let B be a subset of I, and for s > o(B) = o, let Ly : Cr(D) —
Cr(D) be defined by (4.1). For each s > o(B), there exists a unique (to within
scalar multiples) strictly positive Lipschitz eigenvector vs of Ly, i.e., Lsvs = Agvs,
where As > 0 and Ay = r(Lg), the spectral radius of Ls defined by r(Ls) :=
limy oo [|[LE||V*. If B := {b|b € B}, then vy(2) = vy(2) for all z € D. If B is
finite, vs(x,y) is C* on D and x — v, (x,y) is decreasing for (z,y) € D.

If BC I, let B = {w = (b1,...,bg,...)|bj € BYj > 1}. Given z € D and
w(byy...,bg,...) € By, one can prove that limy_,o0(0p, 00p, 0+ - -0, )(2) 1= w(w) €
D exists and is independent of z. Define K = {n(w)|w € B }. It is not hard to
prove that K = Upeplp(K). In general K is not compact, but if B is finite, K is
compact and is the unique compact, nonempty set K such that K = Upcpfy(K).
We shall call K the invariant set associated to B5.

Theorem 4.2. Let B be a subset of Iy and let K be the invariant set associated to
B. The Hausdorff dimension s, of K is given by s, = inf{s > 0|r(Ls) = As < 1}
and r(Ls,) = 1 if B is finite or Ls, is defined. The map s — As, s > 1, is a
continuous, strictly decreasing function for s > o(B).

In all examples which we shall consider, L is a bounded linear map of Cg(D) —
Cr(D) for s = s, and r(Ls,) = 1.

Theorems 4.1 and 4.2 essentially reduce the problem of estimating the Hausdorff
dimension of the invariant set K for B € I to the problem of estimating the value
of s for which r(Ls) = 1. If B = B and if we use the fact that vs(2) = v4(z) for
z € H, we find that

1 _
4.2 Vs(2) = ——vs(1/(Z
(12) A= 3 (/D)
bEB,|b|<R
Im(b)>0



14 RICHARD S. FALK AND ROGER D. NUSSBAUM

1 1

E ————g(1 b g ———g(1 b)).
+ |z+b|25v(/(z+ ) + |z+b\25v(/(z+ )
beB,[b|<R beB,|b|>R
Im(b)<0

If B = I, it was stated in [38] that the Hausdorff dimension of the invariant
set K is < 1.885 and in [48], it was shown that the Hausdorff dimension of the
set K is > 1.78. We shall give much sharper estimates below. We shall also
give estimates for the Hausdorff dimension of the invariant set of B C I, for
some other choices of B, e.g., B=1I :={b=m+ni:m € N,n € NUO} and
B=1I3:={b=m+mni:mec {1,2}},n e {0,£1,£2}}.

4.2. Numerical Method. For an integer N > 0, we define a mesh domain Dy D
D, consisting of squares of sides h = 1/N. Dy, is chosen to have the property that
if (z,y) € D, then the four corners of the mesh square of side h containing (z,y)
are mesh points in Dj. Although we could simply choose Dy, to be the rectangle
[0,1] x [0,1/2], that choice would add unknowns we do not use. We also note that
in the case B = I, there is a smaller domain E C D such that 6,(E) C E\ {0} and
although we have not done so, we could have reduced the size of the approximate
problem by using a mesh domain Ej, D FE.

0.6 T T T T T T

05r

0.4r

0.3

0.2r

0.1r

_0-1 | 1 | | 1 |

FIGURE 4.1. Domain D and mesh domain D),

We then approximate the function vy by a piecewise bilinear function defined
on the mesh Dy so that we can approximate the infinite dimensional eigenvalue
problem by a finite dimensional one. In order to obtain a finite dimensional problem,
we also need to restrict the range of b to the set |b| < R for a suitably chosen value
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of R for which the error in restricting the sum can be given a precise bound which
is sufficiently small.

More precisely, our goal is to again define matrices As and B such that
r(As) <r(Ls) <r(Bs), s> 1

We then use the same procedure as for the one-dimensional problems. If s, denotes
the unique value of s such that r(Ls,) = As, = 1, then s, is the Hausdorff dimension
of the set K. If we can find a number s; such that 7(By,) < 1, then r(Lg,) <
r(Bs,) < 1, and we can conclude that s. < s;. Analogously, if we can find a
number sy such that r(Ag,) > 1, then r(Ls,) > r(As,) > 1, and we can conclude
that s, > so. By choosing the mesh sufficiently fine, we can make s; — so small,
providing a good estimate for s,.

We next describe how to construct the matrices A and By, once we have defined
the mesh Dj,. To do this, we use the following results (proved in Section 7).

(4.3) vs(21) < vs(22) exp(VBs|21 — 22|), 21,20 € D,
s 2s(2s+1)
(4~4) —mvs(%y) < sz”s(%!!) < Tvs(xay)7
2s 2s5(2s +1)
(4.5) _ﬁvs(xay) < Dyyvs(,y) < Tvs(xay)-

Here we suppose that vs(z) is as in (4.2) and that Re(b) >~ > 0 for all v € B.

We also use some standard results about bilinear interpolation. On the mesh
square
Rij={(z,y) rox <z <zpy1,y1 <y <y},
where 241 — 2 = Y111 — ¥ = h, the bilinear interpolant f!(x,%) of a function
f(z,y) is given by:

a,y) = [$k+2— m} {ylﬂh_ y}f(ﬂfk,yz) + [m _hxk} [ylﬂh_ y}f($k+17yl>

Tht1 —27[Y — Y T— T [Y — U
* { +h } { h }f(xk’yl“) + [ A } { h ]f(xk+17yl+1)~
The error in bilinear interpolation satisfies for all (z,y) € Ry ; and some points

(ak,bl) and (Ck,dl) S RkJ,

£ (@) = fla,y) = 1/2)|(@ra1 = 2) (& = 1) (Do f) ar, b)

+ (1 = 9) Y = ) (Dyy ) e, )]

For z = x + iy, let f(z,y) = vs(0p(2)). Further let z; = xp + iy If (2,9) =
(Rebp(2),ImOy(2)) € Ry, (which we will sometimes abbreviate by 65(z) € Ry 1),
we get

ol (01(2) = [P [P (o) + [ 25 [P o )

s3] o[£ 2 [E8n

+
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Defining B
Uy(2) = 1/(Z +b),
we have an analogous formula for v! (U, (z2)), with (Z,9) = (Re ¥p(2), Im Uy (2)).

We next use inequalities (4.3), (4.4), and (4.5) to obtain bounds on the interpo-
lation error. By (4.4) and (4.5), we get for 6;(z) = & + ig where (Z,9) € Ry,

® 2] (o — 3)[F — wrJvs(an, ) + [y — 3105 — wlos(er, di)

e ts
< vl(0p(2)) — vs(0p(2))
5(2s +1)

< ECE ([Th11 — Z)[T — 2p]vs(ar, br) + [yier — 91T — wilvs(cr, di)) -

Applying (4.3), we then obtain
- [WT ([hs1 — FE — 2] + [y — G107 — w]) exp(vV10h)v! (65(2))
< 0L(04(2)) — v,(05(2))
< 225 (o — 8 — ] + s — 310 — i) xplVIOSR)oL (1)

since any point in Ry is within v/2h of each of the four corners of the square Ry ;.
An analogous result holds for vs(U(2)).

Using this estimate, we have precise upper and lower bounds on the error in the
mesh square Ry ; that only depend on the function values of vs at the four corners
of the square and the value of b. Letting

erry (0y(2)) = ([l‘k—H — Z)[% — x) + [yi+1 — 9[7 — yl]) 8(22;1) exp(V/10sh),
erry (0y(2)) = ([l‘k—H —Z)[& — xx) + [Yi+1 — 97 — yl]) % [Z 1 Zﬂ exp(v/10sh),

(where again 6;(z) = & + ij), we have for each mesh point z; ; = x; + iy;, with
Op(zij) € R1,

[1— erry (25,5)]vs (06(2i,5)) < vs(0(2i,5)) < 1+ erri (i) (O (20,9))-
Again, the analogous result holds for vs(¥;(z)). Before using this result as in the
one dimensional examples to find upper and lower matrices that can be used to find

upper and lower bounds on the Hausdorff dimension of the set K, we must first
deal with the final expression in (4.2) where the sum is taken over |b| > R.

Lemma 4.3. For s > 1, we have

Z |z +1b|2s vs(0p(2)) < exp ( st_ R) (R}E 1)5

bel,|b|>R

bels,|b|>R
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1GRED DGR o

Proof. Using (4.3), we have
0s(6y(2)) < exp(25]0,(2) )0 (0).
Now for z =z +iy € D and b = m + in € I;, we have

: 2 2> : 2 : 2
oo B0 ) 2 iy (4 )+ (34 )

>m?+ (In] —1/2)% > m? +n? — |n|.

Hence, for z € D,
1 1 _ 1
A A mPEr g En)? S m ]
Also, it is easy to check that if m? +n? > R? > 1,
1 R 1 1
m2+n2—|nf] - R—1m2+4n2 ~ R2-R’
Hence, for m?> +n? > R?> > 1and z € D,
2s 2s
exp(2s|05(2)]) < exp (m) < exp (m)

It follows that

Z ﬁ exp(2s6,(2))

bel,|b|>R

SeXp( Ris_R>(R]j1)s Z (#—i—rﬂ)s

bely,|b|>R
Now for n =0 and m > R,

1 >~ 1 1 1 2s-1
Eonc o mtnalm)
For b=m+in € I; withm > 1, n > 1, and |b| > R, let

Bim,n)={(&n):m<&<m+1l,n<n<n+1}
Then for (u,v) € B(m,n),

1 1
> .
(u—124+@w—-1)2 ~ m?+n?

Also,
(u—1)2+(v—1)22(m—1)2+(n—1)2:m2+n2—2(m+n)+2

>m?+n?—2vV2Vm2 +n? +2=(Vm2 +n2— (R—V2)% = R2.

Hence,

T Gl T ] (o)

m>1,n>1 m>1 n>1
2 2 2 2B(m,n)
m“4+n“>R m24n?>R

17
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1 s I | w22
< N dudv="1{ —rdar==C
= // (u2+v2) wav 2/}31 2 T 99 T og

u>0,v>0
u2+v22Rf

oo

Ry

711 71 ( 1 )252
22s—2R¥F? 4s—1\R-2 '
A similar argument shows that

(4.6) Y G < hims)

m>1,n<—1
m2+4n?>R>

Combining these estimates, we obtain

> ﬁexmgeb(z))geXp(\/Rgsi_R)(Ri)s

bel,|b|>R
1 (L)zs’i T 1 (;)23’2 _
25— 1\R—1 25— 1\R_2 = CRs

and a similar estimate for the sum over I, where the factor 7 /2 is replaced by 7 /4,
since we no longer include the bound in (4.6). The lemma follows immediately. O

For s = 1.85, evaluating the above expression gives 0.000796 for R = 100,
0.000236 for R = 200, and 0.000117 for R = 300. For s = 1.60, the corresponding
expression for the set Iy gives 0.005582 for R = 100, 0.002347 for R = 200, and
0.001427 for R = 300.

To use these results, we proceed for the finite sum analogously to Section 3 to
get matrices A; and By. To account for the terms where |b| > R, we note that for
the lower matrix As, we can simply drop all terms where |b| > R, while for the
upper matrix By, we add to the operator a term of the form cg sv(0) so that we
are now approximating the operator

S
= Y Lo v e = Y T0ED ey ),

|Z + b‘25
beB,|b|I<R beB,|b|I<R

where cg s is one of the constants in Lemma 4.3, depending on whether we are
interested in I or Is.

5. EXISTENCE OF C™ POSITIVE EIGENVECTORS

In this section we shall describe some results concerning existence of C™ positive
eigenvectors for a class of positive (in the sense of order-preserving) linear opera-
tors. We shall later indicate how one can often obtain explicit bounds on partial
derivatives of the positive eigenvectors. As noted above, such estimates play a cru-
cial role in our numerical method and therefore in obtaining rigorous estimates of
Hausdorff dimension for invariant sets associated with iterated function systems.

The methods we shall describe can also be applied to the important case of graph
directed iterated function systems, but for simplicity we shall restrict our attention
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TABLE 4.1. Computation of Hausdorff dimension s for several val-
ues of h and R (rounded to 5 decimal places).

’ Set \ h \ R \ lower s \ upper s ‘
I; | .02 | 100 | 1.85459 | 1.85609
I; | .01 | 100 | 1.85507 | 1.85595
I; | .005 | 100 | 1.85518 | 1.85591
I; | .02 | 200 | 1.85503 | 1.85604
I; | .01 | 200 | 1.85550 | 1.85589
I; | .02 | 300 | 1.85513 | 1.85603

I, | .02 | 100 | 1.60240 | 1.60677
I, | .01 | 100 | 1.60270 | 1.60668
I | .005 | 100 | 1.60277 | 1.60666
I | .02 | 200 | 1.60444 | 1.60654
I, | .01 | 200 | 1.60474 | 1.60644
I | .02 | 300 | 1.60504 | 1.60650

I3 | .02 1.53705 | 1.53790
I3 | .01 1.53754 | 1.53774
I3 | .005 1.53765 | 1.53770

in this paper to a class of linear operators arising in the iterated function system
case.

The starting point of our analysis is Theorem 5.5 in [46], which we now describe
for a simple case. If H is a bounded open subset of R™ and m is a positive integer,
C™(H) will denote the set of real-valued C™ maps f : H — R such that all partial
derivatives D®f with |a| < m extend continuously to H. (Here a = (av, ..., a)
is a multi-index with a; > 0 for all j, D; = 8/6xj for 1 < j <nand D% =
D{t---D2n), C™(H) is a real Banach space with || f| = sup{|D*f(z)| : = €
H,|a| < m}.

We say that H is mildly regular if there exist n > 0 and M > 1 such that
whenever z,y € H and ||z — y|| < n, there exists a Lipschitz map ¢ : [0,1] — H
with ¢(0) =z, ¥(1) = y and

(5.1) / 1/ ()l dt < Mz — ]|

(Here || - || denotes any fixed norm on R™. If the norm is changed, (5.1) remains
valid, but with a different constant M.)

Let B denote a finite index set with |B| = p. For § € B, we assume

(H5.1) bg € C™(H) for all B € B and bg > 0 for all x € H and all 8 € B.
(H5.2) 6 : H — H is a C™ map for all g € B, ie., if 05(z) = (05, (x),.. .0, (x)),

then 05, € C™(H) for all 8 € B and for 1 <k <n.

In (H5.1) and (H5.2), we always assume that m > 1.
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We define A : C™(H) — C™(H) by
(5.2) (A=) =D ba(a) f(Bs(x)).
BeB

For integers p > 1, we define B, := {w = (j1,...ju) |jx € Bfor 1 <k < pu}. For
w=(J1,...Ju) € By, we define w, = w, wy—1 = (J1,. .. Ju—1); Wu—2 = (J1, - Ju—2),
<o+, w1 = j1. We define

(5'3) awu—k(x) = (eju—k o aju—k—l 0---0 ajl)(x)7
SO
(5.4) 0us(7) := 0w, (x) = (05, 005, _, 0---00;)(z).

For w € By, we define b, (z) inductively by b, (z) = b, (z) if w = (j1) € B := By,
bw(x) = bjz(ﬂj (x))bj (1‘) fw= (j1,j2) S BQ and, for w = (jl,jg, .. -]H) S B,u,

(5.5) by () = bj,, (O, , (2))be,_, (2)-

If is not hard to show (see [42], [4], [46]) that

(5.6) A (D) = Y bul)f(8u(2)).

weB,

It is easy to prove (see [46]) that A defines a bounded linear map of C™(H) —
C™(H). We shall let A denote the complexification of A and let o(A) denote the
spectrum of A. We shall define o(A) = o(A). If all the functions b; and 6, are CV,
then we can consider A as a bounded linear operator A, : C™(H) — C™(H) for

1 <m < N, but one should note that in general o(A,,) will depend on m.

To obtain a useful theory for A, we need a further crucial assumption. For a
given norm || - || on R™, we assume

(H5.3) There exists a positive integer pu and a constant x < 1 such that for all
we€ B, and all z,y € H,

(5.7) 10w (2) = b (y)ll < Kllz —yll.

If we define ¢ = x!/# < 1, it follows from (H5.3) that there exists a constant M
such that for all w € B, and all v > 1,

(5.8) 100 (z) = Ou ()| < Mc"|lz —yl| Yo,y € H.

If the norm || - || in (5.8) is replaced by a different norm |- |, (5.8) remains valid,
although with a different constant M. This in turn implies that (H5.3) will also be
valid with the same constant &, with |- | replacing || - || and with a possibly different
integer L.

The following theorem is a special case of Theorem 5.5 in [46].
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Theorem 5.1. Let H be a bounded open subset of R™ and assume that H is mildly
regular. Let X = C™(H) and assume that (H5.1), (H5.2), and (H5.3) are satisfied
(where m > 1 in (H5.1) and (H5.2)) and that A : X — X is given by (5.2). If
Y = C(H), the Banach space of real-valued continuous functions f : H — R and
L:Y — Y is defined by (5.2), then (L) = r(A) > 0, where r(L) denotes the
spectral radius of L and r(A) denotes the spectral radius of A. If p(A) denotes
the essential spectral radius of A (see [36],[42],[47], and [44]), then p(A) < ¢™r(A)
where ¢ = k" is as in (5.8). There exists v € X such that v(z) > 0 for allx € H
and

(5.9) A(v) = rv, r=r(A).

There exists r1 < r such that if £ € o(A) \ {r}, then |§| < r1; and r = r(A) is an
isolated point of o(A) and an eigenvalue of algebraic multiplicity 1. If u € X and
u(z) > 0Vx € H, there exists a real number s, > 0 such that

k
. 1
(5.10) kll)n;o (rA> (u) = syv,

where the convergence in (5.10) is in the C™ topology on X .

Remark 5.1. If « is a multi-index with |«| < m, where m > 1 is as in (H5.1) and
(H5.2), it follows from (5.10) that

k
(5.11) lim <1> DA*(u) = 5,D%,
k—oo \ T
and
1\F
. 1 k _
(5.12) klirrgo (r> A" (u) = sy,

where the convergence in (5.11) and (5.12) is in the topology of C(H), the Banach
space of continuous functions f: H — R.

It follows from (5.11) and (5.12) that for any multi-index « with |a| < m,

o (D)) (D))
(5.13) Jim. ) S o)

where the convergence in (5.13) is uniform in x € H. If we choose u(x) =1 for all
x € H, it follows from (5.6) that for all multi-indices o with |a| < m, we have
D> by, (x D
(5.14) i 2 Qewen, (@) ”(x),
koo e, bu(?) v(@)

where the convergence in (5.14) is uniform in # € H. We shall use (5.14) in our
further work to obtain explicit bounds on sup {|D®v(z)|/v(z) : x € H}.

We shall also need information about positive eigenvectors when the index set
B is countable, but not finite. Direct analogues of Theorem 5.5 in [46] exist when
B is countable, but not finite, but such analogues were not stated or proved in
[46]. Thus we shall make do with less precise theorems concerning strictly positive
Lipschitz eigenvectors.
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Given a metric space (5, d), a countable index set 55, and continuous maps 6g :
S — Sandbg: S — Rfor § € B, we shall say that the families {65 : 8 € B}
and {bg : f € B} are uniformly Lipschitz if there exist constants M; and Mo,
independent of 8 € B, such that

d(05(z),05(y)) < Mrd(z,y), Yo,y € Sand V3 € B

and

|bg(z) — ba(y)| < Mad(x,y), Vz,y € S and VG € B.
If S is a subset of RYV, we shall take the metric d to be given by some norm || - || on
R™.

For (S,d) a compact metric space, C(S) will denote the real Banach space of
continuous functions f : S — R with || f|| := sup{|f(z)| : € S}. If bg : S — (0, 0)
is a positive, continuous function for all 5 € B, we shall assume that

(5.15) > ba(z) = b(x) < oo
BeB

for all z € S and = — b(x) is continuous on S. If Dy, k > 1 is any increasing
sequence of finite subsets Dy C B with Uy>1 Dy, = B, Dini’s theorem implies that

klingo bg(x) = b(z)
BEDx

and that the convergence is uniform in « € S. Using this fact, one can define for

f€C(S), L(f) € C(S) by
(5.16) (L)) =D bs(x) f(Os(x)).
BeB

Here, one is assuming that (5.15) holds with  — b(x) continuous on S and that
0z : S — S is continuous for all 8 € S, and under these assumptions, L : C(S) —
C(S) is a bounded linear operator. Also, one can see that for integers p > 1 that

(5.17) (LFf)(@) = > bu(@)f(0u(2)),
weB,

where b, and 6, are as defined in equations (5.4) and (5.5).

If M is a fixed positive constant, we define a closed cone K(M;S) C C(S) by
(5.18) K(M;5S)
={f€C(9)|f(x) = 0Vx € S and f(y) < f(x) exp(Md(z,y)) Va,y € S}.

Our next theorem follows easily from Lemma 5.3 in Section 5 of [47] and Theorem
5.3 on page 86 of [42].

Theorem 5.2. Let H C R™ be a bounded, open subset of R"™ and let the metric on
H be given by a fived norm || - || on R™. Let B be a countable (not finite) index set
and assume that 0g : H — H and bg : H — (0,00), B € B, are continuous functions
and that {05 |8 € B} and {bs|B € B} are uniformly Lipschitz. Assume that for
allx € H, > penbp(@) == b(x) < 0o and that x — b(x) is continuous. Assume
that there exists an integer p > 1 and a constant k < 1 such that for all w € B,,,
Lip(0,) < k. Assume also that the family of maps {x — log(bs(z)) : B € B} is
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uniformly Lipschitz. Then there exists a constant A such that for all integers v > 1
and for allw € B,

(5.19) Lip(6,) < Ac”, c=rYE,

Also, for each integer v > 1, the family of maps {x — log(b,(z)) : w € B,} is
uniformly Lipschitz, so there exists My > 0 such that b, € K(Mo; H) (see (5.17)
with S :== H) for allw € B,. If L : C(H) — C(H) is given by (5.16) with
H := S, L has a strictly positive eigenvector v € K(My/(1 —k); H) with eigenvalue
r = r(L) > 0. The algebraic multiplicity of the eigenvalue r equals one, and r is
the only eigenvalue of L of modulus r.

Proof. In the following proof, we shall not distinguish in notation between L and its
complexification L, but of course o (L) refers to the spectrum of L and eigenvalues
refer to (possibly complex) eigenvalues of L. We leave to the reader the proof of
(5.17) and of the fact that for any v > 1, the set of maps {x — log(b,(z)) : w € B, }
is uniformly Lipschitz. If we start with (5.17), rather than (5.16), Lemma 5.3 in
[47] shows that L has a strictly positive eigenvector v € K(My/(1 — x); H) with
eigenvalue r = r(L*) = [r(L)]* > 0. If we apply Theorem 5.3, p. 86 in [42] to L*,
we find that r# is the only eigenvalue of L* of modulus r#* and r# has algebraic
multiplicity one as an eigenvalue of L. Since [(1/7)L]*v = v and w = (1/r)L(v)
is also a nonzero fixed point of [(1/r)L]*, it must be that [(1/r)L]v = Av for some
A # 0. We must have A > 0, because (1/7)L(v)(x) > 0 for all z € H and v(x) > 0
for all z € H. This implies that Ay = v and A > 0; so A = 1 and v is a strictly
positive eigenvector of L with eigenvalue r(L). If we now apply Theorem 5.3 of [42]
to L, we find that r(L) is an eigenvalue of L of algebraic multiplicity one and r(L)
is the only eigenvalue of L of modulus r(L). Note, however, that o(L) may well
contain elements of modulus r(L). O

Corollary 5.3. Let assumptions and notation be as in Theorem 5.2. Assume in
addition that H is convex and that bg € C'(H) for all 3 € B. For each integer
v > 1, define

M, = SUP{W ‘w€ B,z € HY,
where we use the Fuclidean norm on R™. Define My, by Mo, = liminf, ., M,. If
v is a strictly positive eigenvector of L in (5.15), v € K(My, H).

Proof. If z,y € H, then because we assume that H is convex, 2¢ := (1—t)z+ty € H
for 0 <t < 1. (We use t as a superscript here.) If w € B,, v > 1, it follows that

Ilog(bw(y)-—log(bw(x)|==’/ﬁléilogbw(xt)d4

1Vb-@—m)’ HIVblllly — =]
T At < / N lng 0 e
A bes (2) 0

- b (xt)

This shows that x + log b, () is Lipschitz on H with Lipschitz constant < M,,, so
by € K(M,; H) for w € B,. If Ac” < 1, the argument used in the proof of Lemma
5.3 in [47] now shows that v € K(M, /(1 — Ac”); H). Since lim, o Ac” = 0, we
conclude that v € K (My; H). O
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Remark 5.2. Under slightly stronger assumptions, the bounded linear operator
L:C(S) = C(S) :=Y induces a bounded linear operator A : X — X, where X
denotes the Banach space of Lipschitz functions f : S — R. One can prove that
r(A) = r(L) and p(A) < r(A), where p(A) denotes the essential spectral radius of
A. See [47] and Section 5 of [42] for details.

In some applications, the domain H in Theorem 5.1 or Theorem 5.2 possesses
some symmetry or symmetries, and this is often reflected in a corresponding sym-
metry of the unique, normalized positive eigenvector v in these theorems.

Corollary 5.4. Let assumptions and notation be as in Theorem 5.1 or Theorem 5.2
and let v denote the unique normalized strictly positive eigenvector of L in Theo-
rem 5.1 or Theorem 5.2. Assume that ©: H — H is a C™ map, m > 1, such that
n(n(x)) = x for all x € H. Assume that there exists a one-one map 3+ [ of B
onto B such that m(05(x)) = 0p(n(x)) and bg(n(x)) = bz(x) for all B € B and all
x € H. It then follows that v(m(z)) = v(z) for allz € H.

Proof. Define w(x) = v(n(x)), so w(fs(z)) = v(n(0s(x))) for all B € Band z € H.
If X :=r(A), it follow that

No(n(2)) = Aw(x) =Y bg(m(z))v(8s(n(2)) = Y bs(m(a))v(85(n(x))).

peB BeEB
Since bg(m(z)) = bg(x) and v(05(7(x))) = v(7(0p(x))) = w(0s(x)), we find that

Mw(x) = bs(@)w(@s(2)) = (A(w))(@),
peB
" () + wle) _ v(z) + o(x())
v(x) +w(x v(x)+ v(m(x
)= ——5—— = 2
is a strictly positive eigenvector of A with eigenvalue A and w; (7 (v)) = wi(z) for
all z € H. By the uniqueness of the strictly positive eigenvector of A, there exists
p > 0 such that v(z) = pw(x) for all € H, which implies that v(7(z)) = v(z) for
all z € H. (]

Remark 5.3. Suppose that H is a bounded, open mildly reqular subset of C = R?
and for all z = x + iy, T = v —iy € H. Define w(z) = z and assume that the
hypotheses of Corollary 5.4 are satisfied, so v(Z) = v(z) for all z € H. Using this
fact, the original eigenvalue problem can be reduced to an equivalent problem on the
closure of H,, where Hy = {z € H|Im(z) > 0}.

6. ESTIMATES FOR DERIVATIVES OF vs: THE ONE DIMENSIONAL CASE

Throughout this section, we shall assume that H C R! is a bounded, open set
such that H = U%_,(cj,d;), where [cj,d;] N [ck,di] = 0 whenever 1 < j < n,
1<k <n,and j# k. B will denote a finite index set. For 5 € B and some integer
m > 1, we assume

(H6.1:) For each 8 € B, bg € C™(H), 05 € C™(H), bg(z) > 0 for all z € H and
03(H) C H. There exist an integer ¢ > 1 and a real number x < 1 such that
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for all w € By, := {(B1, B2, ,Bu)|B; € Bfor 1 < j < u} and for all z,y € H,
|0, ()0, (y)| < klx—y]|, where 8, := 03, 00p,_,0---0bp, forw = (B1, B2y, Bu) €
B,..

As in Section 5, we define Y = C(H) and X,, = C™(H). Assuming (H6.1), we
define for s > 0, a bounded linear operator L, : Y — Y by

(6.1) (Lof)@) = S bp(@)]* £8s()).

peB
As in Section 5, Ls(X,,) C Xy, and Lg|x,, defines a bounded linear map of X, to
X which we denote by A,. Theorem 5.1 is now directly applicable (replace bg(z) in
Theorem 5.1 by bg(x)®) and yields information about o(A;). In particular, r(Ls) =
r(As) > 0 and there exists a unique (to with normalization) strictly positive, C™
eigenvector vs of A; with eigenvalue r(Ay).

If w=(B1,B2,...,0p) € By, recall that we define b, (x) by
bw(.f) = bﬁp (eﬁp—l ° 95;972 O---0 9,81 (Z‘)) T b53((952 o Hﬂl)(x))b/82((951 (x))bﬁl (l‘),

and

(6.2) (LEA)(@) = D Bul@)]* f(Bu(2))-

weBy

Notice that L? is of the same form as L and Theorem 5.1 is also directly ap-
plicable to LP. Since v, is also an eigenvector of L?, we could also work with (6.2)
instead of (6.1): B, is an index set corresponding to B, b,,, w € B,, corresponds to
bg, B € B, and 0, w € B, corresponds to 0g, B € B. In our subsequent work in
this section, we shall start from (6.1), but the theorems we shall obtain translate
directly to the case of using (6.2); and indeed it is sometimes desirable to start from
(6.2) for some p > 1.

If mis as in (H6.1) and k is a positive integer with k < m, we define D = d/dz, so
(Df)(z) = f'(x) and (D*f)(x) = f*)(x). We are interested in obtaining estimates
for

(6.3) sup{|D*vy(x)|/vs(z) : @ € HY.

Hypothesis (H6.1) implies that there exist constants M > 0 and ¢ = K1 (so
¢ < 1), such that for all z,y € H, for all integers v > 1 and all w € B,,

(6.4) 0w () = 0w (y)| < Mc¥|z —y.
It follows that if we define €9 = 1, and for v > 1,
(6.5) €, 1= sup {|9w(x) —0uW)|/|lxr—y|:we B, and z,y € H,x # y},

we have that €, < Mc¢” and Y2 €, < oc.

We define constants C; and C(s) for s > 0 by
|Dbg ()|

(6.6) C, = sup{ by (x)

:BeB,er}
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e [Dbs(a)"
_ B\
C4(s) = sup { L
A calculation shows that for all w € B,, v > 1,
[Dbu(@)"| __Dbu(a)

5eser}

(6.7) bo(z)s 7 by(x)
(6.8) Cy(s) = sCy, for s > 0.

We begin by considering (6.3) for the case k = 1. In our applications, we shall
only need the case s > 0, so we shall restrict our attention to this case.

Theorem 6.1. Assume that (H6.1) is satisfied. If Cy and €,, v > 1 are as in (6.6)
and (6.5) respectively, then, for s > 0,

(6.9) sup{W:er}gC&s(iey).
s v=0

If 5 € {0,1} and (71)5(wa)(x)/bw£x)) <O0forallw€B,, allv>1andallx € H,
then (—1)°Dvg(z) < 0 for all z € H and all s > 0.

Proof. For a ﬁxed w = (J1,92,---,Jv) € By, for notational convenience define
&(x) = (05, 00j,_,0---00;,)(z) and {y(z) =z for all z € H, so

bw(w) = bj, (§v—1(2))bj,_, (Ev—2(2)) - - - bjy (S0 (2))-

By the chain rule and product rule for differentiation, we find

v—1 v
o) Do) =tute) |5 T

It follows from (6.10) that

Dby, ()| -
. < <
(6.11) () E Crep < Ch g:o
Using (6.7), we see that
[ D(be,(x)*)| -
. <
(6.12) b (x)* —fscngEm

and it follows that

D(Cues, Gole))] o D@ _ o S

Soen, 0@ Y b

Using Theorem 5.1 and (5.14), we conclude by letting v — oo that
\DvS

6.13 Ch

(6.13) ) < Zek

The final statement of the theorem follows by a similar argument, using (6.7) and
(5.14). Details are left to the reader. O
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To facilitate the analysis of (6.3) when k = 2, we first prove a lemma.
Lemma 6.2. Assume that (H6.1) is satisfied with m > 2 and define My by
(6.14) My = sup{|D?*0s(z)| : B € B,x € H}.

If w € By, then

k
(615) |D29w(l')| S M() E?Gk—j—l-

|
—

<.
I
=)

Proof. Recall, for a fixed w = (81,82, , Bk) € Bk, we have defined &y(x) = z and
&p(e), 1 <p<kby
(@) = (0, 003, , 0~ 00s,)(x).

Hence,
k
(6.16) &) = 1] 05, (&-1()
j=1
By differentiating (6.16), we find that
k—1 k
(6.17) C@) =30, g @) TT 0, @)
= pi+1
If there exist two distinct integers p and ¢ with 1 < p < k and 1 < ¢ < k such
that 0 (£,-1(2)) =0 and 05 (§g—1(x)) =0, (6.17) implies that & (z) = If there
exists exactly one integer ¢ with 1 < ¢ < k such that 05 (;-1(z)) = 0, (6.17)

implies that

(6.18) €l(@) = [05, (€1 (@)E 1 (o }[Heﬁp &1( HH 0, (Ep1(a ]

p=q+1

where we interpret []*
that

(6.19) |6k (2)] < Moex—q€q

peqi1 95, (E-1(2)) =1 =€ if ¢ = k. It follows from (6.18)

If there does not exist p, 1 < p < k, with 0} (&p—1(2)) = 0, (6.16) implies that
&.(x) # 0, and we obtain from (6.17) that

(6.20)
k
= (05, (&g-1(x [H%pfpl HH%&N ]
q=1 p=q+1
Then (6.20) implies that
k
(6.21) 60 (2)] <> Moex—geny,
q=1

which completes the proof. ([l
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If M and ¢, 0 < ¢ < 1, are chosen as in (6.4), Lemma 6.2 implies that for all
w € B and k> 2

k—1
(6.22) | D0, (x)] < MoMcF ™'+ " MoM3cF2¢t + MyM?c* 2
q=2

. 1— k—2
= MoMc* 11+ M1 + MoMsckic.

1-c
Lemma 6.3. Assume that (H6.1) is satisfied with m > 2 and define a constant Cy
by
D%
(6.23) ngsup{M:ﬁEB,er}.
bs(x)

Let Cy,C4, and My be as in (6.6), (6.23), and (6.14). Then for s > 0, and for
w € B,, with v > 1, we have the estimates

(6.24) lw < 8203<§:6k>2+3(i6i) |:02—|—01M0<§:€k)}

k=0 k=0 k=0
and
(6.25) % (ie )[Cf+02+01M0(§:ek)}.

« =0 k=0

Proof. For a fixed w = (j1,J2,--.,7v) € By, let & (x) be as defined in the proof of
Theorem 6.1. A calculation gives

D*(bo(2)*) D(bo(2))\* | D*(bu(z))
(6.26) 7(%@)5 =s(s—1) (bw(m) > + sjbw(a:) .
Using (6.10) we see that

z)) 2 vy /
e k=0 Jk41

which gives

D2(by(2)*) 5 (D(b(x)\> <V E@)E())
w29 = (B7) o <,§_: G )" it

A calculation gives
& (E(@)E (@)
(6:29) 5D (kZ by (€6(0)) )

O (G (@)) (€ () + by, (G (@) (@) [, (Er(@))€R (@)
kz(] jk+1(€k( )) 5};0 [Jk+1 gk(.%‘))] '
It follows that

v—1 v—1
(6.30) T, <s (Z Cact + > Cﬂéz@'(%)l)
k=0 k=0
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and

v—1 v—1
(6.31) Ty > —s (Z Caer + > C1lE(x |+chek>.
k=0 k=0

Lemma 6.2 implies that

(6.32) Z|§ |<MOZ(Z€k a€q- 1):M0<§:€g>(§:€k),

=0 k=0

so we obtain from (6.30) and (6.31) that

(6.33) T,<s (C’Q iei + clMo(ieg) (iek)>

k=0 q=0
and
(6.34) Ty > —s ((02+C12)( 3 fi) +01M0(§:€3>(§:6k)> .
k=0 q=0 k=0

Combining equations (6.28), (6.33), and (6.34) and using (6.11), we obtain for s > 0
and w =B,

(6.35) Dzb(f(x())s 202(§:ek) +s(§:e)

Co + ClMo(iek)]

k=0 k=0 k=0
and
D2 b s e e
(6.36) # (Zek) (Cy +CF) +01M0(Z€lc>
b () =0 k=0
which completes the proof. (I

Theorem 6.4. Assume that (H6.1) is satisfied with m > 2, and for s > 0, let v
denote the strictly positive, normalized C™ eigenvector of Ls in (6.1). For integers
v >0, define €, by g =1 and by (6.5) for v > 1. In addition, let Cy, Ca, and My
be constants given by (6.6), (6.23), and (6.14), respectively. Then for all x € H,
we have the following estimates.

Pl < ecp(Yoa) +5(34)

C’2+C’1M0(iek>1

k=0 k=0 k=0
and
D?v,(z) o o 2 c-
—_— > - Cy+C C1 M, .
) 2 S;;)ek (C2+CY) +Ch O(kzzoflc>
Proof. Theorem 6.4 follows immediately from (5.14) and (6.35) and (6.36). O

The estimates given in Theorems 6.1 and 6.4 are somewhat crude. If one has
more information about the coefficients bg(-) and the maps 63(-), 5 € B, one can
obtain much sharper results. An example is provided by the following theorem.
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Theorem 6.5. Assume that (H6.1) is satisfied with m > 2. Assume, also, that
H = (a1,a2) is a bounded open interval in R and that 05(u) > 0, 0F(u) > 0,
biz(u) >0, b(u) >0, and

(6.37) b5 (w)bs(u) — (1 s)[b(w)]* = 0

for all B € B, for allu € H, and for a given real number s. If s > 0 and vs is the
strictly positive C™ eigenvector of Ag, it follows that for all w € H

(6.38) Dug(u) > 0 and D*v,(u) > 0.

If, in addition, there exists a set F C H (possibly empty) such that for all u € ﬁ\F
and all B € B, biz(u) > 0 and strict inequality holds in (6.37), then for allu € H\F,

(6.39) Dug(u) > 0 and D*v,(u) > 0.

Proof. For v > 1, let w = (j1,42, " ,,Jv) denote a fixed element of B, and for
0 < k < v, let &(x) be as defined in the proof of Theorem 6.1. We leave to the
reader the simple proof that £, (z) > 0 and &;/(z) > 0 for all z € Hand 0< k <.
Using (6.7) and (6.10), it follows that

D(b.(2)") _ Dbu(a) _ <V (G (@))€ (2) )
bo(z)* " bu(e) T b (&(@) T Tbia(x)

Using (5.14) and taking the limit as v — oo, we conclude that Dvs(z)/vs(z) > 0 for
all x € H. If, in addition, there exists a set F' as in the statement of Theorem 6.5
and if = ¢ F, it follows that

(6.40) >0.

inf { s Z;Eg B e B i=s6i(x) >0,

0 (6.40) then implies that

Again using (5.14) and letting v — oo, we conclude that Dvs(x) > sd1(z) > 0 for
all x € H\ F. Because all terms in the summation in (6.40) are nonnegative, we
conclude that

Db 2” | b;m ))&, (2)]?
(6.41) s (bw ) Z B0 gk(x))P '

If one replaces s?[Db,,(x)/b,(x)]? in (6.28) by the lower bound in (6.41) and if one
then uses (6.29) and simplifies, one obtains

(6.42)
D2(b,()") _ 3 b (6 (@))b (66(2)) — (s — sV, (€u(@)))[Eh ()2
bu(z)® 22 Brer (@)

VZl b (E(2)EL )
]k+1( ( ))
If (6.37) is satisfied, one deduces from (6.42) that D?(b,(x)%)/b,(x)* > 0; and

again using (5.14) and letting v — 0o, one obtains that D?v,(x) > 0 for all x € H.
If a set F' exists and if z ¢ F' and one only takes the term k& = 0 in the summation
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in (6.42), then because we assume that strict inequality holds in (6.37) for all 5 € B
and all x ¢ F', we find that there is a number d2(x; s) > 0 such that

D? (b (2)*)
————2 > §a(x;8).
ey =

Again, using (5.14) and letting v — oo, this implies that for « ¢ F,

D2

Delo) 5 by(ais) > 0,

vs()

which completes the proof. O

Example 3.6: To illustrate the methods of this section, we consider a simple
example which nevertheless has some interest because of a failure of smoothness
which makes techniques in [26] inapplicable. For 0 < A < 1, define

24 A
HEFSTY
so 6; : [0,1] — [0,1], #:1(0) = 0, and 62(1) = 1. For simplicity we suppress the
dependence of 6;(x) on A in our notation. If A = 0, one obtains the iterated
function system which gives the middle thirds Cantor set. If B = {1,2} and A > 0
and w = (j1,j2,---,j,) € By, notice that D30,,(x) is defined and Hélder continuous
for all z € [0,1]; but if j; = 1, D*,,(x) is not defined. If 0 < X\ < 1, one can check
that 0 < () < 1for 0 <z < 1; and it follows that there exists a unique compact,
nonempty set Jy C [0, 1] such that

Jy = 91(J)\) U 92(J>\).
Note that Jy is the middle thirds Cantor set.

O1(z) = (@+"?),  6y(x) = 61(x)

For A € [0,1] fixed, and 0 < s < 1, let X = C?[0,1] and Y = C|[0, 1], and define

bi(@) = balr) = b(x) = DOy (x) = 5 +12A(1 I,
As in Section 1, define A; : X — X and L, : Y — Y by the same formula:
(6.43) (As()) (@) = b(x)°[f(01(x)) + f(O2(2))]-

Theorem 5.1 implies that 7(Ls) = r(As); and it follows, for example, from theorems
in [47] that the Hausdorff dimension of J is the unique value of s, 0 < s < 1, for
which r(A;) = 1.

If f € Y is a nonnegative function, we have for 0 < A <1 that

(L@ 2 (5755) V@) + 1000 2 (3) T 0:() + FOa(2))]

If u(z) =1 for 0 < <1, it follows that
1\s
L) > (5) (2u),

which implies that r(Ls) > 2(1/5)°. If log denotes the natural logarithm and
0 < s < log(2)/log(5), it follows that r(Ls) > 1. Thus we restrict attention to
0<A<1and s >log(2)/log(5) ~ .4307. A calculation gives, for 0 < 2 < 1 that

v (@)b(z) = (1= 9)[V'(@)]” = (M ()22 = (HAF) = (31 — 9))2”}
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> (HME) - GAE) - (31— 9)l2”} > 0.
It follows from Theorem 6.5 that Dvs(u) > 0 and D?vs(u) > 0 for 0 < u < 1. If

A =0, v, is a constant and r(L,) = (2/3°), and one obtains the well-known result
that the Hausdorff dimension of the Cantor set is log(2)/log(3).

It remains to apply Theorems 6.1 and 6.4 in our example. Because D6, (x) = b(x)
and 0 < b(z) < K(A) = (2+7A)/(6+ A), we can define €,(\) :=¢€, = n(/\)" where
€, is defined as in (6.5). Because by (z) = ba(z) = b(z) = (3+2X) "1 (1 + () A2®/2),

to compute Cy(A\) = C as in (6.6), we need to compute
C1(A) : = Oy = sup{[(H)A(3)2* )1 + (HAz*)] 0 <w < 1}
= (3)sup{[(HMP)[1 + (H)M’]H:0<u <1},

An elementary but tedious calculus argument, which we leave to the reader, yields

[N+ A 0<A<?
(6.44) Ci(\) = 12002 2 7
(%)(%)3/57 % <A< 1.
It also follows from Theorems 6.1 and 6.5 that for 0 < z < 1,
Du,(z) >
. < ,
(645) 0< =75 _sCl()\)(;e )

=5C1(N)[1 = Kx(N)]7F = sCL(N)(6+4N) /(4 — 3N).

If Cy = C5()) is as in (6.23), we have to compute
Co := Co(N) = sup{[(H)AG) (D)L + (DA™ 0 <z < 13
= ()G sup{ ()Ml + ()M’ 7H 0 < w < 1)

A simple calculus exercise yields

(NI + (DA™ 0<A< 5
(6.46) Co(N) = 4742 14
PIHNS, hEasl
If we recall the definition of My, we also obtain from Example 3.6 that
1 5 (351 1
A7) My = My(\) = 2?2 0<z<1 _—
(6:47) Mo = Mo(%) Sup{(3+2A)2A2 0 } 1 (3+2))

If we now refer to Theorem 6.4, we find for 0 < x <1, 4307 < s,and 0 < A < 1,
that

6+ 4\
< &2 2
<L (753)
(6 +4))2 (6 +4X)
(4—3X)(8+11)) (4 —3)\)
As was shown in Section 3 (see Theorem 3.3 and Table 3.4), with the aid of (6.48),

we can obtain rigorous, high accuracy estimates (upper and lower bounds) for the
Hausdorfl dimension of Jy for 0 < A < 1.

(6.48) 0< DQ”S(;” )

s [@( )+ G Mo(N)
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7. THE CASE OF MOBIUS TRANSFORMATIONS

By working with partial derivatives and using methods like those in Section 6, it
is possible to obtain explicit estimates on partial derivatives of v(x) in the gener-
ality of Theorem 5.1. However, for reasons of length and in view of the immediate
applications in this paper, we shall not treat the general case here and shall now
specialize to the case that the mappings 65(-) are given by Mobius transforma-
tions which map a given bounded open subset H of C := R? into H. Specifically,
throughout this section we shall usually assume:

(H7.1): v > 1 is a given real number and B is a finite collection of complex numbers
B such that Re(8) > « for all 5 € B. For each g € B, 63(z) := 1/(z + ) for

ze C\{-p}.

As we note in Remark 7.6, the assumption in (H7.1) that v > 1 is only a conve-
nience; and the results of this section can be proved under the weaker assumption
that v > 0.

For v > 0 we define G, € C by

(7.1) Gy={z€C:|z—-1/(27)] < 1/(2v)}.

It is easy to check that if w € C and Re(w) > +, then (1/w) € G. It follows that
if Re(z) > 0, B € C and Re(B) > v > 0, then 03(z) € G,. Let H be a bounded,
open, mildly regular subset of C = R? such that H D G, and H C {z| Re(z) > 0},
and let B denote a finite set of complex numbers such that Re(8) > v > 0 for all
B € B. We define a bounded linear map As : C™(H) — C™(H), where m is a
positive integer and s > 0, by

d
(7.2) (As(f))(=) = —0 (Z) 52/ (05(2))-
[;3 ’ dz P B;S |z + 5|

As in Section 1, Ly : C(H) — C(H) is defined by (7.2). We use different letters to
emphasize that o(As) # o(Ls), although r(As) = r(Ls).

If all elements of B are real, we can restrict attention to the real line and, as
we shall see, the analysis is much simpler. In this case we abuse notation and take
G, = (0,1/) C R? and H = (0,a), a > 1/v. For f € C™(H) and = € H, (7.2)
takes the form
1

(7.3) As()(@) = D 73 f(0s(2)).
ﬁ;e (x4 8y
If, for 1 < j <n, Mj = (’Zj Zj) is a 2 X 2 matrix with complex entries and

det(M;) = a;d; —bjc;, define a Mdbius transformation v,(z) = (ajz+b;)/(c;z+d;).
It is well-known that

(7.4) (1 0thy 0 - 0P )(2) = (Anz + By)/(Cnz + Dy),

where

A, B,
(7.5) <Cn Dn> = MMy M,.
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If B is a finite set of complex numbers S such that Re(8) > v > 0 for all 5 € B,
we define B, as before by

Byz{w:(ﬂla/827"'7ﬁy)|/8j erOr ISJSI/}
and 0“‘) = eﬁn Oeﬁn71 .'.961' Givenw = (/817ﬁ27'--;ﬁu) € BI/7 we deﬁne

(7.6) O =By, Bv-1,---,51)
so
(7.7) 65 = 05, 005, 0. .
For A as in (7.2) v > 1, and f € C™(H), recall that
do,(z) s doz(2) s

8 W= Y |2
w€eB,

FOL) = 3 | =2 £(0a(2).
weB,

The following lemma allows us to apply Theorem 5.1 to A, in (7.2).

Lemma 7.1. (Compare Remark 7.13.) Let 81 and B be complex numbers with

Re(B;) > 7 > 1 for j = 1,2, If t;(z) = 1/(z + ;) for Re(2) > 0 and 6 = ¢y o 4,
then for all z,w with Re(z) > 0 and Re(w) > 0,

(7.9) 10(2) = O(w)] < (v* +1)7%|z — wl.

Proof. Tt suffices to prove that |(df/dz)(z)| < (v +1)~2 for all z € C with Re(z) >
0. Using (7.4) and (7.5) we see that

|(d8/d2)(2)| = |B1| 7|2+ (1/B1) + B2| 72,
so it suffices to prove that |B1]? |z + (1/81) + B2|* > (v* + 1)? for Re(z) > 0. If we
write 51 = u + v with u > v,
Re(z + (1/B1) + B2) > u/(u* + v*) + 7,
$0
2+ (1/B1) + Bol* = [u/(u® + v?) + 4]
and

u? 2uy

(u2 + 12)2 + (u2 + 2
u? 2,2 2
= g on) TRy ) =g v).
Because u > v, g(u,0) = 1 +2v% +~4* = (v2 + 1)2. Using the fact that u > > 1,
we also see that for v >0

0g(u,v) —u?(20)

Bif2 |2+ (1/81) + Baf* = (u? + v?) 7+ 7]

= 2v%v >0

v (u2+v2)2+ U=
which implies that g(u,v) > g(u,0) = (4% + 1)? for v > v and v > 0. Since
g(u, —v) = g(u,v), g(u,v) > (v + 1) for v < 0 and u > ~. O

With the aid of Lemma 7.1, the following theorem is an immediate corollary of
Theorem 5.1.
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Theorem 7.2. Assume (H7.1) and let H be a bounded, open mildly reqular subset
of {z € C| Re(z) > 0} such that H D G, where G is defined by (7.1). For a
given positive integer m and for s > 0, let X = C™(H) and Y = C(H) and let
As: X > X and Ly : Y =Y be given by (7.2). Ifr(As) (respectively, r(Ls)) denote
the spectral radius of As (respectively, Ls), we have r(As) > 0 and r(As) = r(Ls).
If p(As) denotes the essential spectral radius of Ag,

(7.10) p(As) < (72 +1)7"r(As).

For each s > 0, there ewists vy € X such that vy(z) > 0 for all z € H and
As(vg) = r(As)vs.  All the statements of Theorem 5.1 are true in this context
whenever A and L in Theorem 5.1 are replaced by As and Lg respectively.

In the notation of Theorem 7.2, it follows from (5.14) that for any multi-index
a = (a1,a9) and for z =z + iy = (z,y)

(7.11) lim pe (Zwe&, %F)w(z) ) _ D%vg(z,y)

e ZUJGBV dizaw(z)‘ ’US(:an)

where the convergence is uniform in (z,y) := z € H and D* = (9/0z)*(0/0y)*2.

)

Lemma 7.3. Let 3, j > 1 be a sequence of complex numbers with Re(8;) >~ >0
for all j. For complex numbers z, define 0p,(2) = (2 + B;)~! and define matrices

M; = ((1)/311) Then forn > 1,

(7.12) MMy -+ M, = @21 g:),

where Ag =0, Ay =1, By=1, By = 3 and forn > 1,

(7.13) Aps1 = An_1 + Bnr14n and By = By—1 + Bnt1Bn-
Also,

(061 00, oﬁn)(z) = (An_12+ An)/(Brno1z + By),
and we have

(714) Re(Bn/anl) >
and

drA,_ Z+A $ —92s —2s
(715) |G B = 1Bl ™1+ Ba/Baca

Proof. Equation (7.12) follows by induction on n. It is obviously true for n = 1. If
we assume that (7.12) is satisfied for some n > 1, then

- An,1 An 0 1 o An Anfl + BnJrlAn
M1M2 .. .MnMnJ,-l - (Bnl Bn) (1 ﬁnJrl) - (Bn anl + /BnJran )

which proves (7.12) with A,4; and B, defined by (7.13). Similarly, we prove
(7.14) by induction on n. The case n = 1 is obvious, Assuming that (7.13) is
satisfied for some n > 1, we obtain from (7.13) that

Bn+1/Bn = Bn—l/Bn + 5n+1-
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Because Re(w) > «, where w := B,,/B,_1, we see that |1/w — 1/(2v)| < 1/(27)
and Re(1/w) = Re(B,_1/B,) > 0, so

Re(Bn+1/Bn) Z Re(anl/Bn) + Re(ﬁn+1) 2 -

Hence (7.13) is satisfied for all n > 1. Because det(M;) = —1 for all j > 1, we get
that det( "' 5" ) = (—=1)", and (7.15) follows. 0

Before proceeding further, it will be convenient to establish some elementary
calculus propositions. For (u,v) € R?\ {(0,0)} and s > 0, define

G(u,v;8) = (u? +v?)7°.
Define D; = (9/du), so D* = (9/0u)™ for positive integers m; similarly, let
Dy = (9/0v) and DF* = (9/0v)™.
Lemma 7.4. For positive integers m, there exist polynomials in u and v with
coefficients depending on s, Pp,(u,v;s) and Qm(u,v;s), such that
DTG (u,v; ) = Py (u,v;5)G(u,v; s+m), DF'G(u,v;s) = Qm(u,v; s)G(u,v; s+m).
Furthermore, we have Pi(u,v;s) = —2su, Q1(u,v;s) = —2sv, and for positive
integers m,

Pri1(u,v;8) = (u? + v2) (D1 P (u, v 8)) — 2(s + m)uPy, (u, v; s)

and
Q1 (u,v58) = (u? + v (DaQm (u, v;8)) — 2(s + mM)vQy (u, v; 8).
Proof. It m =1,
D,G(u,v;s) = (—2su) G(u,v;s + 1), DyG(u,v; 8) = (—2sv)(u? + 0% 5+ 1),
s0 Pi(u,v;8) = —2su and Q1 (u,v;s) = —2sv.

We now argue by induction and assume we have proved the existence of P;(u,v;s)
and Q;(u, v;s) for 1 < j < m. It follows that
DTG (u,v; ) = D1 [P (u,v; )G (u, v; s +m))
= [D1 P, (u,v; 8)|G(u,v; s + m)] + Pp(u, v; $)[—2(s + m)u]G(u,v; s + m + 1)
= [(u? 4 v?)(D1 Py (1, v; 8)) — 2(s + m)uPp, (u, v; 8)|G(u,v; s +m + 1).
This proves the lemma with
Prgi1(u,v;8) := (u® + v*) (D1 P (u,v;8)) — 2(s + m)uP,, (u, v; s).
An exactly analogous argument, which we leave to the reader, shows that
Quy1(u,v;8) == (u? 4+ 02)(D2Qm (u, v; 8)) — 2(5 + M) vQ (u,v; 5).
O

An advantage of working with Mobius transformations is that one can easily
obtain tractable formulas for expressions like (03, 0 0, - -- 03, )(2). Such formulas
allow more precise estimates for the left hand side of (5.14) than we obtained in
Section 6.
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Lemma 7.5. In the notation of Lemma 7.4, for all (u,v) € R?\ {(0,0)}, for all
s> 0, and all positive integers m, Pp,(u,v;s) = Qm(v,u;s).

Proof. Fix s > 0. We have P;(u,v;s) = Q1(v,u;s) for all (u,v) # (0,0). Arguing
by mathematical induction, assume that for some positive integer m we have proved
that P, (u,v;8) = Qm(v,u;s) for all (u,v) # (0,0). For a fixed (u,v) # (0,0), we
obtain, by virtue of the recursion formula in Lemma 7.4,
. Pn(v+ Av,u;8) — Pp(v,u;8)
Pm . _ 2 2 1 m s Wy m s Wy
nvus) = (W +v )AQIJILIO Av
—2(s + m)vPy,(v,u; 8)
_ (u?+v?) lim Qum(u, v+ Av;s) — Qum(u,v; s)
Av—0 Av
— 25+ m)oQun (u, 05 5)
= Qm+1(u,v; 8).
By mathematical induction, we conclude that P, (u,v;s) = @, (v,u;s) for all posi-
tive integers n. (I

Remark 7.1. By using the recursion formula in Lemma 7.4, one can easily com-
pute Pj(u,v;s) for1 < j<A4.

Py (u,v; 8) = —2su,

Py (u,v;8) = 25(25 + 1)u? — 2s0%

Ps(u,v;8) = —25(25 4 1)(2s + 2)u® + (25)(2s + 2)(3)uv?,

Py(u,v;8) = (25)(25 + 2)[(25 + 1)(2s + 3)u* — 6(2s + 3)uv? + 3v?].

By virtue of Lemma 7.5, we also obtain formulas for Q;(v,u;s) = Pj(u,v;s).
Also, Lemmas 7.4 and 7.5 imply that
D{G(u,v;s) _ Pj(u,v;s) D%G(u,v;s) _ Pj(v,u;s)
G(u,v; s) (u? +0v2)7’ G(u,v; s) (u? 4+ v?)7
and the latter formulas will play a useful role in this section. In particular, for a
given constant v > 0, we shall need good estimates for
{DiG(u,v;s) DiG(u,v;s)
sup{ ————~ —
P G(u,v; ) G(u,v; )
where K = 1,2 and 1 < j < 4. Although the arguments used to prove these
estimates are elementary, these results will play a crucial role in our later work.

:uZ%UER}amdinf{ :’U,Z’}/,UER}

Lemma 7.6. Let vy > 0 be a given constant and assume that u > v and v € R. Let
Dy = (8/0u) and G(u,v;s) = (u? +v?)~%, where s > 0. For j > 1 we have
DIG(u,v;s) _ Pj(u,v;s)
G(u,v;s)  (u?+w02)i’
where Pj(u,v;s) is as defined in Remark 7.1; and the following estimates are sat-
isfied.

_2s < D1G(u,v;s)

<0,
v T G(u,v;s)
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s D3G(u,v;s) _ 2s(2s+1)
42(s+1) = Guvys) = 2
25(2s+1)(2s+2) _ D3G(u,v; s) < 25(25+2)
~3 — Gu,vys) T (s +2)2]
2s(s+1)(2s +2)(3) < D31G(u,v; s) < 25(2s 4+ 1)(2s + 2)(2s + 3)
¥ - G(u,v;s) — 7y

Proof. By Remark 7.1,
DIG(u,v; ) _ P;j(u,v;s)
G(u,v;s) (u? 4 02)7’
and Remark 7.1 provides formulas for P;(u,v;s). It follows that

DIG(u,v;s) _ _—2su <0
G(u,v; s) u? 4 02 '
Since
2su 2su < 2s
@2 = w2

we also see that
D1G(u,v;s) 2s

G(u,vis) = v
Using Remark 7.1, we see that
D3G(u,v;s)  2s(2s+ 1)u? — 2s0?

G(u,v;s) (u? + v?)? ’
SO
D3G(u,v; s) < 25(25 + 1)u?
G(u,v;s) — (u2+0v2)2 °
Since
u? < u? < i
(U2 +02)2 = yd = 42’
we find that

D3G(u,v;s) < 2s(2s + 1)

2 9

G(u,v;8) = v
If we write v2 = pu?, we see that
D3G(u,v;s) _ 2s(2s+1—p)
G(u,v;s) u2(1+p)2
and if 0 < p < 2s + 1, we obtain the upper bound given above and a lower bound
of zero. If p > 25+ 1, we see that

D? ; 2 25+ 1 —
DiGuvis) 25, 25 0=p ociql
G(u,v3s)  — 7 (1+p)?
It is a simple calculus exercise to show that
. 2s+1—p
(i S Ly S PUVES | QR —
{ i+p 7 } 8(s+1)

achieved at p = 4s + 3; and this gives the lower estimate —s/[472(s + 1)] of the
lemma.

1
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Using Remark 7.1 again, we see that

D3G(u,v;s)  2s(2s + 2)u[—(2s + 1)u? + 30v7]

G(u,v;s) (u? +v?)3

It follows that

D3G(u,v;8)

Gty 2 (s +2) [“)r

(u? + v?
17° 1
> —25(254+1)(2s+ 2) [u} > —2s5(2s+1)(2s + 2)$

On the other hand, if we write v? = pu?, then

D3G(u,v;8)  2s(25+2) [3p — (25 + 1)]

Gluus) W 1+ 0)°
2s5(2s +2) 3p—(2s+1) }
< 3 :p>0p.
- bup{ +pp 77
Once again, a straightforward calculus argument shows that
3p—(2s+1) } 1
supy ——————:p>0p = ————
p{ C+pp P50 Gy

and the supremum is achieved at p = s + 1. Using this fact, we obtain the upper
estimate of the lemma.

Finally, we obtain from Remark 7.1 that

DiG(u,v;s)  2s(2s +2)[(2s + 1)(2s + 3)u* — 6(2s + 3)u?v? + 3v*]
G(u,v;s) (u? + v2)4 '

Dropping the negative term in the numerator and observing that 3 < (2s+1)(2s+3)
and u? + v < (u? + 0?)?, we see that

D1G(u,v; s) < (25)(2s + 1)(25 + 2)(25 + 3)(u? + v?)

G(u,v;s) — (u? 4 v2)4
< (25)(2s +1)(2s + 2)(25 + 3) < (25)(2s + 1)(2s + 2)(2s + 3)
= (u? + 02)2 = A4 :

On the other hand, because —u* — v* < —2u?v?, we obtain that
_D‘fG(u,v; s) < (25)(2s + 2)[—3u* + 6(2s + 3)u?v? — 3v)

G(u,v;s) — (u? +v2)4

3(25)(2s + 2)[—2u?v? + (45 + 6)u?v?]
(02 + v2)4

< 3(25)(2s + 2)[4(s + 1)(u? + v?)? /4]

< (2 + %)t

< 346+ 1) _ 38)(2s + Do + 1

(
)? - v ’

which gives the lower estimate of Lemma 7.6. (]

(u? +v
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The following lemma gives analogous estimates for
D}G(u,v;s)  Pj(v,u;s)

G(u,v;s) - (u? 4 02)J°
Lemma 7.7. Let v > 0 be a given real number, Dy = (0/dv) and for s > 0 and
(u,v) € R%2\ {(0,0)}, define G(u,v;s) = (u? +v*)~*, If u > v and v € R, we have
the following estimates.

|D2G (u, v; 8)| <8
Gluvis) =7
_2s < D3G(u,v; s) < 2s(2s + 1)
2T Glu,vys) = 492
3 :
|D3G (u,v; s)| < 25(2s + 2) . 25\/57 25+ 1
G(u,v;s) ~3 72 8
_2s(s+1)(2s +2)(3) < D3G(u,v;s) < 25(2s +1)(2s 4+ 2)(2s + 3)
v - Gluvys) v '
Proof. By Remark 7.1, P;(v,u;s) = —2sv, so
|D2G (u,v;8)]  2s]v]
G(u,v;s) w402

The map w +— w/(u? + w?) has its maximum on [0,00) at w = u, so (2s|v|/(u? +
v?) < s/u < s/v; and we obtain the first inequality in Lemma 7.7. Using Re-
mark 7.1 again, we see that

D3G(u,v;8)  2s[(2s + 1)v? — u?

G(u,v;s) (u? +02)2
It follows that 2 ) o
D5G(u,v; s v
—— = 25(2 1)——=.
G(u,v;s) 5(2s+ )(u2+v2)2
The map v +— |v|/(u? + v?) has its maximum at |v| = u, so [[v|/(u?® + v?)]? <

1/(4u?) < 1/(474?), and
D3G(u,v;s)  2s(2s+1)

G(u,v;s) 4~2
Similarly, one obtains
D3G (u,v; s) o 2su? 25 2s
G(u,v;s) — (u2+0v2)2 = w2 = 42

With the aid of Remark 7.1 again, we see that
D3G(u,v; s) [—(2s + 1)v? + 3u?
G(u,v; s) (u? +0v2)3

For a fixed u > v, v — A(u,v) is an odd function of v, so if a(u) = sup{A(u,v) :
v € R}, —a(u) = inf{A(u,v) :v € R}. If v <0,

=25(2s+2)v = A(u,v).

3
A, v) < (25) (25 +1)(2s +2) Lﬂﬁv?} < (2s)(25+ 125 +2) [5.5] ’
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< (2s)(2s +1)(2s +2)
< 87

If v >0,
v

(2 + 02)3
A calculation shows that v +— v/(u? + v?)3 achieves its maximum for v > 0 at
v =u/\/5, so for v > 0,

A(u,v) < (25)(2s +2)(3u~3)[V5(6/5)%] 71 < (25)(2s + 2)73(25V5/72).
Note that 25v/5/72 ~ .7764 < 1. Using Remark 7.1 again, we see that

A(u,v) < (25)(2s + 2)(3u?)

D3G(u,v; s) —925(25 1 2) [(25 + 1)(25 + 3)v* — 6(2s + 3)u?v? + 3u?] .
G(u,v; s) (u? 4 v2)*
Since u* + v* < (u? + v?)?, it follows easily that
D3G(u,v;s) ut + ot

< 25(25+2)(25+1)(25+3) - < 25(25+2)(25+1)(25+3)y "

G(u,v;s) (u? +v?)

Similarly, we see that
(25 4+ 1)(2s + 3)v* — 6(2s + 3)u?v® + 3u* > 3(u* + v*) — 6(2s + 3)[(u? + v?)/2)?
> 3(u? +v?)? — 6[(u® +v?)/2]* — 6(2s + 3)[(u® + v?)/2]%.
This implies that

G(u,v; )

3—-3/2—-3/2(25+3)
(U2 +1}2)2
> —(25)(25 +2)3(s + 1) (u? +v?) 7% > —(25)(25 +2)(3s + 3)y 4,

> 25(2s + 2)

which completes the proof of Lemma 7.7. Note that (2s)(2s+1)(2s +2)(2s + 3) >
25(25 +2)(3s + 3).

O

Remark 7.2. Lemmas 7.6 and 7.7 show that whenever u >~y >0, s >0, k=1
ork=2,and1<j <4,

| DG (u, v;5)]
G(u,v; )

We have not determined whether the above inequality holds for all 7 > 1.

< (28)(2s+ 1)+ (25 4+ — 1)y 7.

Using Lemmas 7.6 and 7.7, we can give uniform estimates for the quantities
(0/0z) vs(x,y) /vs(x,y) and (9/0y) vs(x,y)/vs(x,y), where s > 0, 1 < j < 4, and
vs(x,y) is the unique (to within normalization) strictly positive eigenvector of the
linear operator A : C™(H) — C™(H) in (7.2) for m > 1.

Theorem 7.8. Let B be a finite set of complex numbers B such that Re(8) > v > 1
for all B € B. For 3 € B and s > 0, define 05(2) = (2 + 3)~'. Let H be a bounded,
mildly regular open subset of C :=R? such that H D G, ={2€C: |z —1/(2y)| <
1/(2v)}, and Re(z) > 0 for all z € H, so 05(H) C G, for all B € B. For a positive
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integer m, define a real Banach space C™(H) = X and defined a bounded linear
operator Ag : X — X by

(M) = X [ 05()] £(05 ().
BeB

Then Ag has a unique (to within normalization) positive eigenvector v, € X and
vy € C®°. Furthermore, we have the following estimates for (x,y) € H.

_é < 8Us(may)

(7.16) < o [vs(z,y)] 7" <0,
s 0?vg(,y) 1 _ 2s(2s+1)
(717) _4’72(S+ 1) < Ox2 [Us(xvy)] < T?
2s(2s+1)(2s+2 vy (, 1 2s)(25 +2
(7.18) _ 2 +V‘2’( +2) < 83(53 y) [vs(z,y)] 7 < (73)((,5+—i2_)2)7
(7.19)
s(2s s s (, 1 s)(2s s s
R A P it LTS GRS |
c’)vs(x,y) -1 S
(7.20) ’Ty‘[vs(x,y)] < ot
25 0%v4(r,y) 1 2s(2s+1)
(7.21) g < TyQ[vs(%y)] < i
(7.22) ’a ”5?(;’” [[os ()] < (28)(3;—'—2)max{25\/5/72, (25 +1)/8},
(7.23)
_ 25(254+2)(3s+3) < *vg(z,y) (s (,9)] ! < (25)(2s+ 1)(2s + 2)(2s + 3)

Y 3y4 74 .
Hence, if D1 = 0/0x and Dy = /0y, we have for k =1,2 and 1 < j <4 that
|Divs(w,y)| < (25)(2s+1)---(2s+7—1)
'US(ZE,y) a f'yj :

(7.24)

Proof. For any integer m > 1, we can view Ay as a bounded linear operator of
C™(H) to C™(H). We know that A, has a strictly positive eigenvector v,(x,y) €
C™(H) such that sup{vs(z,y)|(x,y) € H} = 1. By the uniqueness of this eigen-
vector, vs(x,y) must actually be C™.

Using the notation of (7.6) and (7.7) and also using (7.15) in Lemma 7.3, we see
that J
| 06(2)| = 1Bt |22+ Bu/Bua |72

By Lemma 7.3, Re(B,,/B,—1) > 7, > 7, so writing Im(B,,/B,,_1) = d,,, we obtain
that for k = 1,2 and 1 < j,

d 8) ‘d%ew(z)

(7.25) Di ((dZGU:(Z)
= D[+ )+ +00?] [@ )+ a2

S
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However, if we write (x + 7,) =u > v and (y + d,,) = v, we see that

—S

(7.26) <(a‘1)j (@)% + (v + 8% ) (@)% + (v + 8%

- {(aau)jG(u,v;S)] [G(u,v;8] ",

where the right hand side of the above equation is evaluated at u = = + 7, and
v =1y + 6,. If we combine (7.25) and (7.26) with the estimates in Lemma 7.6 and
if we then use (7.11), we obtain the estimates on (9/0x)vs(z,y) given in (7.16) -
(7.19).

Similarly, we have

—S

020 () [ r 4+ a2] ) [lw 4o + 0+ o]
= {(aav)jG(u,v;s)] [G(u,v;s] .

If we combine (7.25) and (7.27) with the estimates in Lemma 7.7 and if we then
use (7.11), we obtain the estimates on (9/9y)/vs(z,y) given in (7.20) - (7.23). O

Remark 7.3. It turns out that exactly the same estimates given in Theorem 7.8
hold for a more general class of Perron-Frobenius operators which we shall need
later. Let notation be as in Theorem 7.8, so Re(8) > v > 1 for B € B and
05(z) =1/(2+pB) for B € B. Let A be a finite index set (possibly empty) of integers
disjoint from B and for j € A, let z; € H be a given point, a; a positive real, and
; : H— G the map defined by 0;(z) = z; for all z € H, so Lip(8;) =0. If m is a
positive integer and s > 0, define a bounded linear map Ay : X := C™(H) — X by

(7.28) ANHE =3 ﬁﬂeﬁ(z)) =3 @ (05(2)).

BeB jeA

Notice that A satisfies all the hypotheses of Theorem 5.1, so all the conclusions of
Theorem 5.1 hold. In particular, A has a unique (to within normalization) strictly
positive eigenvector ws € C™(H). Because the eigenvector wy is unique and m > 1
is arbitrary, ws is C* on H.

Define an index set D = AU B and for § € D, define bs(z) = 1/]z + B|*® if
0=p€B andbs(z) =a; if 6 =j € A. As usual, if i is a positive integer, let
D, ={w = (01,02,...,6,) |0k € D for 1 <k < u}.

If D1 = 0/0x and Dy = 0/0y, for k > 1 and p = 1 or 2, we know that (writing
z=a+iy = (2,9))

D’;ws(w,y) i D’;(Zwepu bw(x,y))

————" = lim .

ws(xay) H—00 ZwEDu bw(x,y)

If w = (61,62,...,0,) € D, and 6 ¢ A for 1 < k < p, we have seen in Lem-
mas 7.6 and 7.7 that D’;bw(x,y)/bw(x,y) satisfies the same estimates given for
Dkvg(x,y)/vs(z,y) in equations (7.16)- (7.24). Thus assume that 6; € A for some
t, 1 <t<panddy ¢ A fort' <t. A little thought shows that if t = 1, by(2)
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is a constant. If t = 2, b,(2) = c(w, 2)bs, (), where c(w, z) is a positive constant.
Generally, zf2 <t <, by(z) = c(w, 2)by,,_, (2), where c(w, z) is a positive constant
and wi—1 = (04—1,04—2,...,01) € Dt 1 and 61,02,...,0;—1 € B. It follows that
Dby (z,y) /b (x,y) =0 if t =1 and otherwise

Dlgbw(xa y)/bw(.’ﬂ,y) = Dlpcbwt—l(x7y)/bwt—1(x’y)'
But using Lemmas 7.6 and 7.7 again, it follows that if 6y € A for some t, 1 <
t < pu, D’;bw(x,y)/l)w(x,y) is identically zero or D’;bw(x,y)/bw(x,y) satisfies the
same estimates given for DFvg(z,y)/vs(z,y). It follows that Dyws(z,y)/ws(x,y)
satisfies the same estimates given for D¥vy(x,y)/vs(x,y) in Theorem 17.8.

Corollary 7.9. Let notation and hypotheses be as in Theorem 7.8. If zyg =
(x()vyo) € H and 21 = (xlayl) €EH ’

(7.29) vs(20) < va(z1) exp [(vBs /7)1 — zol)-

Proof. Let Hi D H be a convex, bounded open set such that Re(z) > 0 for all
z € Hy. (As usual, we identify x + iy with (z,y).) For z € H; and A given
by (7.2) and viewed as a bounded linear operator Ag : C™(H;) — C™(Hy), Ag
has a strictly positive eigenvector 95 : H; — (0,00) in C™(H;). By uniqueness,
0s(2) = vs(2) for all z € H. Thus, by replacing H by H;, we can assume that H is
convex.

Define z; = (1 — t)zp + tz; for 0 < ¢ < 1 and note that

‘/ —logvszt dt‘—‘l ( )‘
stO

/ ‘ Dyvg( Dovg(zt)

Io) +

- dt.
oa(er) ou(or) (y1 — o)

Using (7.16) and (7.20), we obtain

V/5s
1 ‘* - - ‘ dt < — — 2 _ 27
’ og Us ) / (x1—20) 7(3/1 Yo) =7 \/(xl 20)%2 + (y1 — %o)

which gives the estimate in Corollary 7.9. (|

Remark 7.4. If B C C is an infinite, countable index set with Ref > v > 1 and
05(z) = 1/(2+B), we can consider, in the notation of Corollary 7.9, Ly : C(Hy) —
C(H,) given by (L.f)(z) = > pen |05(2)1°f(05(2)) for s > o(B), Here we assume
that there exists z. € G~ and s, > 0 such that )5 5[bs(2:)]* < oo, where we
have written bg(z) = |05(x)|. If then follows there exists a number o(B) > 0
such that for all s > o(B), the map L defines a bounded linear map of C(Hy) to
C(Hy), while > penlbs(2)]° = oo for all 2 € Hy and all s with 0 < s < o(B). By
using Lemmas 7.6 and 7.7 and the argument in Corollary 7.9, we see that for all
w € By, and all p > 1, b3 (x,y) € K(V/5s/v; Hy). With the aid of Lemma 5.3
in [47) and Theorem 5.3 on page 86 in [42], we see that Ls has a unique strictly
positive eigenvector vs, and with the aid of Corollary 5.3 in Section 5, we conclude
that vy € K(v/5s/v; Hy). In other words, the conclusion of Corollary 7.9 is also
valid when B is countable but not finite.
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If (H7.1) is satisfied and all elements of B are real, we can, as already noted,
restrict attention to the real line, take G, := (0,7) and H := (0,a) to be open
intervals with @ > ~ and let A, be given by (7.3) with f € C™(H). Then (7.11)
remains valid, but with z replaced by 2 € H C R and D® replaced by DY, and
Dy = d/dx. Furthermore, for a fixed w = (81, 82, ..,8,) € B,, Lemma 7.3 implies
that there exists 7, dependent on w such that v, > =, so that after using (7.15),

we obtain
DY(ID10(2)*) (|1 D10a(2)*) ™ = DY [(z + 7))@ + 7)™
In this case, it is easy to carry out the calculation explicitly and obtain for all
w € B, and z € H that
vy s o 25)(2s+1)---(2s+v—1
(1:30) 0.< (-1 D(Diba(o)*)(Ditafo)e) < ELEEL )
By using (7.11) and (7.30), we thus obtain the following theorem.

Theorem 7.10. Let v > 1 be a fixed real number and let B be a finite set of real
numbers B with B > « for all B € B. Let G, = (0,7) and H = (0,a) D G, be
open intervals of real numbers, and for a positive integer m, let X,, denote the real
Banach space C™(H). For s > 0 define a bounded linear operator Ay : X, — X,
by
(A(N@) = Y+ B) (1 /(a + B))
BeB

Then As has a unique, normalized, strictly positive eigenvector vs(x), vs is C™,
and for allv > 1 and x € H,

L Divs(x) < (28)(2s+1)---(2s+v—1)
vs(z) T v

Remark 7.5. One can prove that the eigenvector vs(x) in Theorem 7.10 extends

to an analytic function vs(z) defined on {z € C| Re(z) > 0}. In fact, much more

general analyticity results of this type can be established. Since we shall not utilize
such analyticity theorems in this paper, we omit the proofs.

0<(-1) .

Remark 7.6. Throughout this section we have assumed for convenience that 1 <
v < Re(B) for all B € B, where B is a finite set of complex numbers. In fact, the
main results of this section can be obtained under the assumption that Re(f) >
v >0 for all B € B. In the notation of this section, the key point is to prove that
there exists an integer v > 1 and a constant k < 1 such that for all z,w € C with
Re(z) > 0 and Re(w) > 0 and for all w € B,,, one has

(7.31) 10u(2) = b (w)] < £"[2 — w].

Inequality (7.31) can be established with the aid of the Carathéodory-Reiffen-Finsler
metric (see [17] for the definition and basic results about the CRF metric) and the
argument given in Section 6 of [47]. Once (7.31) has been established in the case
Re(B) > v > 0, all the theorems of this section follow by the same arguments.

8. COMPUTING THE SPECTRAL RADIUS OF Ag AND By

In previous sections, we have constructed matrices A and By such that r(Ay) <
r(Ls) < r(Bs). The m x m matrices A; and B, have nonnegative entries, so
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the Perron-Frobenius theory for such matrices implies that r(Bs) is an eigenvalue
of By with corresponding nonnegative eigenvector, with a similar statement for
A,. One might also hope that standard theory (see [41]) would imply that r(Bj),
respectively r(Ay), is an eigenvalue of B, with algebraic multiplicity one and that
all other eigenvalues z of B, (respectively, of A,) satisfy |z| < r(B;) (respectively,
|z| < r(As)). Indeed, this would be true if B, were primitive, i.e., if B¥ had all
positive entries for some integer k. However, typically Bs has many zero columns
and B is neither primitive nor irreducible (see [41]); and the same problem occurs
for A;. Nevertheless, the desirable spectral properties mentioned above are satisfied
for both A and B,. Furthermore By has an eigenvector w, with all positive entries
and with eigenvalue r(By); and if z is any m x 1 vector with all positive entries,

lim B;;(x) _ s ;
koo [ Bg(2)]| s
where the convergence rate is geometric. Of course, corresponding results hold for

Ag. Such results justify standard numerical algorithms for approximating r(Bj)
and r(As).

In this section, we shall prove these results in the one dimensional case. Similar
theorems can be proved in the two dimensional case, but for reasons of length,
we shall restrict our attention here to the one dimensional case and delay a more
comprehensive discussion of the underlying issues to a later paper. The basic point,
however, is simple: Although A, and Bs both map the cone K of nonnegative
vectors in R™ into itself, K is not the natural cone in which such matrices should
be studied. We shall define below, for large positive real M, a cone Kj; C K such
that As(Kp) C Ky and Bs(Kpr) € Kpr. The cone Ky is the discrete analogue
of a cone which has been used before in the infinite dimensional case (see [47],
Section 5 of [42], Section 2 of [35] and [6]). Once we have proved that As(K) C
Ky and Bg(Kj) C Ky, we shall see that the desired spectral properties of Ag
and B follow easily. In a later paper, we shall consider higher order piecewise
polynomial approximations to the positive eigenvector vs of Ls. We shall show
that the corresponding matrices A; and B no longer have all nonnegative entries,
but still, under appropriate assumptions, map Ky into K.

Throughout this section, [a,b] will denote a fixed, closed, bounded interval and
s a fixed nonnegative real. For a given positive integer n > 2, and for integers 7,
0 < j < n, we shall write h = (b —a)/n and z; = a + jh. C will denote a fixed
constant and we shall always assume at least that h < 1 and

(8.1) |C|h/4 < 1.

In our applications C' will depend on s, but we shall not indicate the dependence
here. If f: {z;]0 < j < n} — R, one can extend f to a map f! : [a,b] — R by
linear interpolation, so

(82) fi(x) =

Xr—x; Tiy1 — X
T @) + = —f

(IZIJ'), for Z; §$§Ij+1, OSJ <n.

We shall denote by X,, (or X, if n is obvious), the real vector space of maps
f:{x;]0 <j <n}— R;obviously X,, is linearly isomorphic to R"*!. For a given
positive real M, we shall denote by Kj; C X, the closed cone given by
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(83) Ku ={f€ Xu|f(zj41) < f(z;)exp(Mh)
and f(z;) < f(zj41) exp(Mh), 0<j<n}

The reader can verify that if f € Ky, f(z;) > 0 for 0 < j < n, and either
f(z;) >0forall 0 < j<n,or f(r;) =0forall 0 < j <n.

If 2j, 0 < j < n, are as above, define a map Q : [a,b] — [0, h?/4] by
Qu) = (zjp1 —uw)(u—=xj), forz; <u<zip, 0<j<n

Lemma 8.1. Assume that 8 € Ky, \ {0} for some My > 0, that 0 < h <1 and
that h and C satisfy (8.1). Let 0 : [a,b] — [a,b] and define 55 € X, by

(8.4) Bs(wr) = [1+ 3CQ(O(xx))][B(xx)]°-
Then s € Ky, where My = sMo + (1 4+ h)/2 < My + 1.

Proof. Define ¢ € X, by
(k) = 1+ 5CQ(0(x))

and suppose we can prove that ¢ € K(144)/2. For notational convenience define
b(xy) = [B(zx)]®. Then for 0 < k < n, we obtain

P(x)b(xr) < P(zrir) exp([1+ hh/2)b(x)11) exp(sMoh)
= (@rt1)b(zh41) exp(Mih),
and the same calculation gives
Y(@r+1)b(zp41) < exp(Mih)y(zx)b(zy),

which implies that xj — ¢ (z)b(zy) is an element of Kjy, .

Define 6 = (1 + h)/2. Since 9(x) > 0 for 0 < k < n, one can check that
Y(-) € K; if and only if, for 0 < k < n,

[log (4 (i.1)) — los(w(a))| = | log (ﬁ/ﬂf’f“ )| < o
k) and n = O(xgy1). Define
=14uand ¥(zk41) =14 v.
.1) implies that |u—v| < h/2,

Given zj and xp4q with 0 < k < n, write £ = 0(z
u = 50Q(0(xx)) and v = ;CQ(0(zx11)), s0 V(x)
Because u and v both lie in the interval [0, Ch?/8], (
|u| < h/2 and |v] < h/2. Tt follows that

14+u
og(0(21)) ~ log(W (1)) = log(1-+ ) ~log(L + ) = | [~ (1/t)a].

Because 0 <1/t <1/(1—h/2) <1+ hforallte [l+v,1+ u], we obtain
[log(¢(xx)) — log(¢(zrr1))] < (L+ h)fu — o] < (14 h)h/2,

which proves the lemma. (I
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Lemma 8.2. Let assumptions and notation be as in Lemma 8.1. Let § denote
a fized positive real and s a fized nonnegative real. Assume, in addition that 6 :
[a,b] = [a,b] is a Lipschitz map with Lip(f) < ¢ < 1 and that, for h = (b —a)/n
and My as in Lemma 8.1, exp(—[M7 + 6lh) > (1 4+ ¢)/2 and M > 0 is such that
exp(Mh) > 2. Define a linear map Ls : X, = X,, by Ls(f) = g, where

g(xk) = fl(e(xk))as(mk)7 0<k<n.
Then, if Ky C X, is defined by (8.3), Ls(Kp) C Kp—s.

Proof. For a fixed k, 0 < k < n, define £ = O(xy) and n = 0(xx+1). We must prove
that if h and M satisfy the above constraints and f € Kj;, then
FHE)Bs(wr) < exp([M = 3]) 1 () Bs (wr41),
FHm)Bo(@ri1) < exp([M — 6]R) 1 (€)Bs ().

Using Lemma 8.1, we see that zp +— Bs(xk) is an element of Ky, , so the above
inequalities will be satisfied if

(8.5) F1&) < exp([M — My — 8]h) f* (n),
(8.6) F(n) < exp([M — My — 6]n) f1(€).
For notational convenience, we write My = M7 + 6. By interchanging the roles of
¢ and 7, we can assume that n < &, and it suffices to prove that (8.5) and (8.6)
are satisfied for M and h as in the statement of the Lemma. Define j =n — 1 if
¢ > x,—1 and otherwise define j to be the unique integer, 0 < j < n — 1, such that

z; <& < xj41. Because 0 < £ —n < ch < h, there are only two cases to consider:
either (i) ; <np < &or (i) ;o1 <n<z; and z; <& < xj41.

We first assume that we are in case (i), so &,n € [z;,z;41] and 0 < & —n < ch,
Using (8.2), we see that (8.5) is equivalent to proving

B.7) (wj41 = S (x)) + (€ — z;) f(wjt1)
< exp([M — Ma]h)[(zj11 — n) f(x;) + (0 — ;) f(2j41)]-

Subtracting (z;41 —n)f(x;) + (1 — ;) f(z;41) from both sides of (8.7) shows that
(8.7) will be satisfied if

(8.8) (€ =mf(zj41) — f(x))]
< lexp([M = Ma]h) = 1][(2j41 —n)f(x;) + (0 = 25) f(2j41)]-

Equation (8.8) will certainly be satisfied if f(z;4+1) < f(z;), so we can assume
that f(z;41) — f(z;) > 0 and 1 < f(xj41)/f(x;) < exp(Mh). If we divide both
sides of (8.8) by f(x;) and recall that £ — n < ch, we see that the left hand side
of (8.8) is dominated by chlexp(Mh) — 1], while the right hand side of (8.8) is
> [exp([M — Ms]h) — 1]h, Thus, (8.8) will be satisfied if
< exp([M — Ms)h) —1 exp(—Msh) — 1

- exp(Mh) —1 exp(Mh) —1 °
If h > 0 is chosen so that exp(—Msh) > (1 + ¢)/2, a calculation shows that (8.9)
will be satisfied if

(8.10) M >log(2)/h,

(8.9) = exp(—Mzh) +
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where log denotes the natural logarithm. Thus, if A > 0 satisfies (8.1), M >
log(2)/h, and exp(—Mzh) > (1+c¢)/2, (8.5) is satisfied in case (i). Under the same
conditions on h and M, an exactly analogous argument shows that (in case (i)),
(8.6) is also satisfied.

We next consider case (ii), so § € [z;,2j41], n € [xj—1,2;] and 0 < {—n < ch. Tt
follows that {—x; = c1h and x;—1 = coh, wherec; > 0, ¢ > 0, and c1+c2 <c < 1.
As before, we need to show that inequalities (8.5) and (8.6) are satisfied. Inequality
(8.6) takes the form

(811) f'(n) = T2 flay) + 2 flaja)

< exp((M ~ M) ST f(ay0) + ZEE pay)).

which is equivalent to
f(@j-1) f(@j41)
(8:12) (r=j-2) ey =) 5 < oMMl [(€-) 55 (0 -6)

Since f(xj-1)/f(x;) < exp(Mh), f(x;11)/f(z;) > exp(=Mh), x; —n = coh and
& —xj =cih, (8.12) will be satisfied if
(8.13) (1 —c2)+ coexp(Mh) < exp([M — Mslh)[c1 exp(—Mh) + (1 — ¢1)].
Because cs < ¢ — ¢, we have

(1 —c2) + coexp(Mh) < (1 —c+c1) + (¢ — 1) exp(Mh),
and inequality (8.13) will be satisfied if
(8.14) (14 c¢1—c¢)+ (c—c1)exp(Mh) < exp(—Mah)[c1 + (1 — ¢1) exp(Mh)].

A necessary condition that (8.14) be satisfied is that exp(—Mzah) > (c—c1)/(1—c1).
Since (c—e¢1)/(1—c1) < cand ¢ < (14¢)/2, we choose h = (b—a)/n > 0 sufficiently
small that

(8.15) exp(—Mah) > (1 +¢)/2.
For this choice of h, (8.14) will be satisfied if
1+c

(14c1—c¢)+ (c—c1)exp(Mh) < [e1 + (1 — 1) exp(Mh)],

which is equivalent to

(8.16) (14+¢1/2)1—¢) <[(14c1)(1—c)/2]exp(Mh).
Since (2+¢1)/(1 4+ ¢1) <2, (8.16) will be satisfied if
(8.17) 2 < exp(Mh).

Thus (8.11) will be satisfied if h satisfies (8.15) and, for this h, M satisfies (8.17).

Inequality (8.5) will be satisfied in case (ii) if

f(zj1) f(l'j—l)]
f(z;) f(zj)

The same reasoning as above shows that if h > 0 satisfies (8.15) and M then satisfies

(8.17), (8.18) will be satisfied. Details are left to the reader. O

(8.18) (§—=y) +(@j+1—E) < exp([M —Malh) | (n—zj-1)+(z;—n)
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Theorem 8.3. Let N denote a positive integer or N = oo. For1 < j < N, assume
that 0; : [a,b] — [a,b] is a Lipschitz map with Lip(#;) < ¢ < 1, ¢ independent of j.
For 1 < j <N, assume that §; € Ky, \ {0} C X,,, where My is independent of j.
For j > 1, let C; be a real number with |C;| < C, where C is independent of j; and
for a fired s > 0, define Bm € X, by

Bi.s(xr) = [1+ 5C;Q(0; (x))][B; (x0)]*, 0 <k <n.
Let § > 0 be a given real number and for j > 1 define a linear map L; s : X;, = X5,
by
(Ljs ) (k) = B (an) f1 (05 (k).
If N = oo, assume that there exists ko, 0 < kg < n, such that Z?’;l[ﬁj(ajk)]s < o0
and define a linear map Ls : X,, = X,, by Ly = ZN 1Ljs. Assume that h =

(b—a)/n <1 and Ch/4 <1 and define My = [sMy + (i+ h)/2] 4+ 6. Assume also
that exp(—Mazh) > (14 ¢)/2 and that M € R is such that exp(Mh) > 2. Then we

have that Ls(Kpr \ {0}) C Kpr—s \ {0}.

Proof. Lemma 8.1 implies that z; Bj,s(xk) is an element of Ky, , where M; =
sMoy+ (1 + h)/2. Tt follows that if N = oo and Zj\[:l Bj.s(xr,) < 00, it must be

true that Zjvzl Bj,s(xk) <ooforallk, 0 <k < N;and L, : X,, — X, is also a
well-defined bounded linear map when N = co. Under our hypotheses, Lemma 8.2
implies that L; s(Kp \ {0}) C Knpr—s \ {0}, so Ls(Ka \{0}) C Kn—5\ {0}. O

At this point we need to recall some general results relating to wug-positive linear
operators. Recall that a closed subset C' of a Banach space Y is called a closed
cone if (i) ax + by € C whenever a and b are nonnegative reals and z,y € C' and
(ii) €N (=C) = {0}, where —C = {—z|x € C}. A closed cone C' in a real Banach
space (Y, || - ||) is called reproducing if Y = {f — g| f,g € C}, and a closed cone C
induces a partial ordering <c on Y by z <gyifandonly ify —x € C. If x € C
and y € C, we shall say that « and y are comparable (in the partial ordering <¢)
if there exist positive reals & > 0 and 5 > 0 such that ax <¢ y and y <¢ fz. If
x,y are comparable, we shall write

M(y/w;C) = nf{8 > 0|y <c pz},  m(y/z;C) =sup{a >0 azx <c y}.
The following proposition can be found in [30] and [31].

Proposition 8.4. Let C be a closed, reproducing cone in a real Banach space Y,
and let A .Y = Y be a bounded linear operator such that A(C) C C. Assume
that there ezists v € C'\ {0} and r > 0 such that Av = rv. Assume (this is the
ug-positivity of A) that there exists ug € C \ {0} with the following property: For
every © € C'\ {0}, there exists a positive integer m(x) and positive reals a(z) and
b(x) such that either (i) a(x)uo <c A™®)(x) <c b(x)ug or (ii) A™®) (x) =0. If A
denotes the complexification of A, r is an eigenvalue offl of algebraic multiplicity
1; and if Aw = dw for some w € C'\ {0} and A > 0, A = r and w is a positive
scalar multiple of v. If z € C is an eigenvalue offl and z £ r, then |z| <r.

Remark 8.1. Note that Proposition 8.4 only gives information about eigenvalues
of A. If 0(A) denotes the spectrum of A, it is possible, under the assumptions of

Proposition 8.4, that there exists z € o(A) with |z| =r and z # r.
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Remark 8.2. Proposition 8.4 can be derived from the so-called Birkhoff-Hopf the-
orem, though we shall not do so here. We refer the reader to the papers [2], [23],
and [52] for the original work by Birkhoff, Hopf, and Samelson. A general version
of the Birkhoff-Hopf theorem, applications to spectral theory, and references to the
literature can be found in [12] and [11]; see also Appendiz A of [33]. Section 2.2 of
[35] (particularly Lemma 2.12) is closely related to our work here.

Theorem 8.5. Let notation and assumptions be as in Theorem 8.3. Then L
has an eigenvector v € Ky_s \ {0} with eigenvalue v > 0. If L, denotes the
complezification of Ly, r is an eigenvalue of Ly of algebraic multiplicity one; and if
Lsw = Aw for some w € Ky \ {0}, A =r, and w is a positive multiple of v. If z
is an eigenvalue ofﬁ and z £ r, then |z| <r.

Proof. We shall need a very special case of Lemma 2.12 in [35]. Because M —§ < M,
Lemma 2.12 in [35] implies that all elements z,y € Kjs_s\ {0} are comparable with
respect to the partial ordering <g,, given by Kp; D Kpr—s. Furthermore, we have

sup{M (y/x; Kpr)/m(y/x; Kpr) c xyy € Kpyr—s \ {0}} < 0.

Since Theorem 8.3 implies that Ly(Kas \ {0}) € Kp—s \ {0}, it follows that if
u€ Ky—5\{0}, Lsu € Kp;—5\{0} and v and Lsu are comparable, so Lsu >g,, au
for some o > 0. This implies that 7(Ls) > a > 0. In our particular case, the cone
K has nonempty interior in X,,, although in the generality of Lemma 2.12, this
is not usually true. The Krein-Rutman theorem implies that Ls has an eigenvector
vs € Ky with eigenvalue r = r(Ly) > 0; and since rvs = Lg(vs), vs € Kpr—s. If we
define ug := vy, Lemma 2.12 in [35] implies that Ls(z) is comparable to vs (with
respect to the partial ordering <g,,) for all z € K;\{0}. Theorem 8.5 now follows
directly from Proposition 8.4. (Il

Remark 8.3. Since the linear maps As and Bs are both of the form of the map
Lg in Theorem 8.3, Theorem 8.5 implies the desired spectral properties of As and
Bs. With greater care it is possible to use results in [11] to estimate the so-called
spectral clearance q(Ls) of Ls, given by

q(Ls) :=sup{|z|/r: z € o(Ls) and z # r(Ls)} < 1.

Remark 8.4. We claim that there is a constant E, which can be easily estimated,
such that, for h = (b — a)/n sufficiently small,

r(Bs) < r(As)(1 + Eh?).

(Of course we already know that r(As) < r(Bs).) For a fized s > 0, let 8;(-) and
0;(-) be as in Theorem 8.3. We know that As and Bs are of the form of Ls in
Theorem 8.3, so we can write, for 0 < k <n,

N

(Asf)(wg) = Z[l + (C;/2)Q(0;(x)]1B; (wr)]* £ (65 (),
N

(Bsf)(zr) = Z[l + (D;/2)Q(0; (xe)B; (k)] (65 ().

We assume that h < 1 and Ch/4 < 1, where C is a positive constant such that
max(|C;|,|D;]) < C for1 < j < N. We assume also that for1 < j < N, C; < Dj.
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Let K ={f € X, | f(zx) >0 for0 < k < n}, so A;(K) C K and B4(K) C K.
Define p > 1 by

p=sup{[1+ 2 Q@+ L, @) 1< <NO<k< N} 21

Then for all f € K and 0 < k < n, (Bs(f))(xr) < p(As(f))(xr), which implies
that r(Bs) < ur(Ag). Since Q(u) < h?/4, a little thought shows that p < (1 +
Ch%/8)(1 — Ch?/8)~! <1+ Eh?, which gives the desired estimate.

9. LOG CONVEXITY OF THE SPECTRAL RADIUS OF A,

Throughout this section we shall assume that hypotheses (H5.1), (H5.2), and
(H5.3) in Section 5 are satisfied and we shall also assume that H is a bounded,
open, mildly regular subset of R”. As in Section 5, we shall write X = C™(H) and
Y = C(H). For s € R, we define A, : X — X and L, : Y — Y by

(9.1) (As())(@) = (bs(x))" f(Bs())
BeB

and

(9.2) (Ls(N))(x) =D (bp(x))* f(05(x)).
BeB

Theorem 5.1 implies that r(Ag) is an algebraically simple eigenvalue of A for
s € R and that sup{|z| : z € o(As),z # r(As)} < 7(Ag), where o(Ay) denotes
the spectrum of A,.

Let X denote of the complexification of X, so X is the Banach space of C" maps
f+ H — Csuch that x — (D*f)(x) extends continuously to H for all multi-indices
a with |a| < m. For s € C one can define A; : X — X by

(9.3) (A()(@) =D (bs(2))*f(Bs(x)) == exp(slogbsa)) f(0s(x)).

BeB BEB

The reader can verify that s — A, € [,(X X) is an analytic map. Because r(A,
is an algebraically simple eigenvalue of A, for s € R and sup{|z| : z € o(A,), z
r(As)} < r(As), it follows from the kind of argument used on pages 227-228 of [43]
that there is an open neighborhood U of R € C and the map s € U — r(A,) is
analytic on U.

Theorem 9.1. Assume that hypotheses (H5.1), (H5.2), and (H5.3) are satisfied
with m > 1 and that H C R™ is a bounded, open mildly regular set. For s € R,
let As and L be defined by (9.1) and (9.2). Then we have that s — r(Ay) is log
convez, i.e., s — log(r(As)) is convex on [0,00).

Proof. Because Theorem 5.1 implies that r(Ls) = r(As) for all real s, it suffices to
take sop < 51, and 0 < ¢ < 1 and prove that

P(Li—tysotts:) < 7(Lsy) 7'r(La, )"
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We shall use an old trick (see [45] and the references therein). Let vy, (x), j = 0,1
denote the strictly positive eigenvector of L, which is ensured by Theorem 5.1.
Then

Lg,vs; = 1(Lg;)vs,; -

For a fixed ¢, 0 < t < 1, define s; = (1 — t)sp + ts1 and

wi() = (vs ()" (vs, (2))".

Then, using Holder’s inequality, we find that

(94)  (Ls, (w0) (@) = Y (b(2)*0vs (€)' (bp () v, ()
BeB

< (Z s ea (@) (s s (@) = (L) r(Ls, ().

BeB BeB

Because wi(z) > 0 for all x € H, a standard argument (see Lemma 5.9 in [47])
shows that

(9.5) r(Ls,) = lim [[LE V% = lim [[LE (we) ]/,
k—o0 : k—o0 :

Using inequalities (9.4) and (9.5), we see that
(L) <7(Lso)' (L)'
(]

In general, if V is a convex subset of a vector space X, we shall call a map
f:V —=1]0,00) log convex if (i) f(xz) =0forall x € V or (ii) f(x) >0forallz € V
and z — log(f(x)) is convex. Products of log convex functions are log convex, and
Holders inequality implies that sums of log convex functions are log convex.

Results related to Theorem 9.1 can be found in [45], [28], [29], [8], [15], and [14].
Note that the terminology super convezity is used to denote log convexity in [28]
and [29], presumably because any log convex function is convex, but not conversely.
Theorem 9.1, while adequate for our immediate purposes, can be greatly general-
ized by a different argument that does not require existence of strictly positive
eigenvectors. This generalization (which we omit) contains Kingman’s matrix log
convexity result in [29] as a special case.

In our applications, the map s +— (L) will usually be strictly decreasing on an
interval [s1, s2] with r(Lg,) > 1 and r(Ls,) < 1, and we wish to find the unique
S« € (s1,82) such that r(L,,) = 1. The following hypothesis insures that s — (L)
is strictly decreasing for all S.

(H9.1): Assume that bg(-), 8 € B satisfy the conditions of (H5.1). Assume also
that there exists an integer ¢ > 1 such that b, (z) < 1 forallw € B, and all z € H.

Theorem 9.2. Assume hypotheses (H5.1), (H5.2), (H5.3), and (H9.1) and let H
be mildly regular. Then the map s — r(As), s € R, is strictly decreasing and real
analytic and lims_, o 7(As) = 0.
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Proof. If L, : C(H) — C(H) is given by (5.2), it is a standard result that 7(LY) =
(r(Ls))” and r(AY) = (r(As)) for all integers v > 1, and Theorem 5.1 implies that
r(Ls) = r(As). Thus it suffices to prove that for some positive integer v, s +— r(LY)
is strictly decreasing and limg_, o 7(LY) = 0.

Suppose that K denotes the set of nonnegative functions in C(H) and A :
C(H) — C(H) is a bounded linear map such that A(K) C K. If there exists
w € CO(H) such that w(x) > 0 for all z € H and if (A(w))(z) < aw(z) for all
r € H, it is well-known (and easy to verify) that 7(A4) < a, where r(A) denotes
the spectral radius of A. In our situation, we take v = u, where u is as in (H9.1),
and A = (Ls)". If s <t and v, is the strictly positive eigenvector for (L,)*, (H9.1)
implies that there is a constant ¢ < 1, ¢ = ¢(s, ), such that cb,(z)* > b, (x) for all
w € B, and v € H. Thus we find that

er(Ls)vs(z) = Z cby, () vs (0 (2)) > Z by () 05 (0 (x)) = (LY (vs)) (2).
weB,, weB,,
It follows that r(L¢)* < c(s,t)r(Ls)*, so r(Ly) < r(Ls), for s < t. Because 0 <
bo(z) < 1for all z € H and w € B, it is also easy to see that lim;_, ||(L)*|| = 0;
and since ||(L¢)"|| > r(L}'), we see that lim;_,o r(L}) = 0. O

Remark 9.1. It is easy to construct examples for which (H9.1) is satisfied for
some p > 1, but not satisfied for w = 1. The functions 61(z) := 9/(x + 1) and
O2(z) := 1/(x + 2) both map the closed interval H = [1/11,9] into itself. There is
a unique nonempty compact set J C H such that

J=61(J)Ub(J).
For s € R, define L, : C(H) — C(H) by

2

(LaD)@) = 32 DO, @) 05 @) = 3" by ()" F(0; @)

where D :=d/dx. The Hausdorff dimension of J is the unique s = s,, 0 < s, < 1,
such that r(Ls) = 1. Our previous remarks show that

(LEN(@) =D > 1D 0 6)(2)]° (8 © 1) ().

j=1k=1
One can check that (H9.1) is not satisfied for u =1, but is satisfied for p = 2.

Remark 9.2. Assume that the assumptions of Theorem 9.2 are satisfied and define
Y(x) =log(r(Ls)) = log(r(As)) (where log denotes the natural logarithm), so s —
Y(s) is a convex, strictly decreasing function with ¢(0) > 1 (unless |B] =p =1)
and limg_, o ¥ (s) = —oco. We are interested in finding the unique value of s such
that 1(s) = 0. In general suppose that v : [s1,s2] — R is a continuous, strictly
decreasing, convez function such that ¥ (s1) > 0 and ¥ (s2) < 0, so there exists a
unique s = Sy € (s1,82) with ¥(sx) = 0. If t; and to are chosen so that s; < t; <
ty < 5. and tpy1 is obtained from tp_1 and t by the secant method, an elementary
argument show that limy oot = Si. If s < to < t1 < 89 and s1 < t3, a similar
argument shows that limy_soo tr, = S.. If ¥ € C3, elementary numerical analysis
implies that the rate of convergence is faster than linear (= (1 4+ +/5)/2). In our
numerical work, we apply these observations, not directly to ¥(s) = log(r(As)), but
to convex decreasing functions which closely approzimate log(r(As)).
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One can also ask whether the maps s — r(B;) and s — r(A;) are log convex,
where A, and B, are the previously described approximating matrices for Lg. An
easier question is whether the map s — r(Mj) is log convex, where A, and By are
obtained from M, by adding error correction terms. We shall prove that s — (M)
is log convex, at least in the one dimensional case. The proof in the two dimensional
case is similar.

First, we need to recall a useful theorem of Kingman [29]. Let M(s) = (a;;(s))
be an m x m matrix whose entries a;;(s) are either strictly positive for all s in a
fixed interval J or are identically zero for all s € J. Assume that s — a;;(s) is log
convex on J for 1 < i,57 < m. Under these assumptions, Kingman [29] has proved
that s — (M) is log convex.

Let n > 2 be a positive integer, and for a < b given real numbers, define x} =
a+kh, =1 <k <n+1, h = (b—a)/n Let X, denote the vector space of
real valued maps f : {zx |0 < k < n} — R, so X,, is a real vector space linearly
isomorphic to R"*!. As usual, if f € X,,, extend f to a map f! : [a,b] — R by

linear interpolation, so
U — Iy Te+1 — U
fu) = o f($k+1)++Tf(~Tk), T Su < Tp1,0 <k <.

For 1 < j < N, assume that 6; : [a,b] — [a,b] are given maps and assume that
bj : [a,b] — (0,00) are given positive functions. For s € R, define a linear map
M, : X, — X,, by Ms(f) =g, where

N

glxk) = [bi@e) f1(0;(xx), 0<k<mn,

j=1
so if f(xg) > 0for 0 < k <m, g(xg) > 0 for 0 < k < n. We can write g(zx) =
S o @kem (@) f(zm), where for 0 < k, m < n,

apm (z) = [bj (x1)]*[0; (k) — 2m—1]/h

j7l7nfl§9j ("Ek)San

+ > [bj(21))° [Tt — 0 (xk)]/ D
J2m <05 (Tr) <Tm1
If, for a given k and m, there is no j, 1 < j < N, with 2,1 < 0(2k) < g1, We
define ag,, = 0. Since the sum of log convex functions is log convex, s — agm, () is
log convex on R. Tt follows from Kingman’s theorem that s — r(Mj) is log convex,
where r(M;) denotes the spectral radius of M.
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