LOCAL SPACE-PRESERVING DECOMPOSITIONS FOR THE
BUBBLE TRANSFORM

RICHARD S. FALK AND RAGNAR WINTHER

ABSTRACT. The bubble transform is a procedure to decompose differential
forms, which are piecewise smooth with respect to a given triangulation of
the domain, into a sum of local bubbles. In this paper, an improved version
of a construction in the setting of the de Rham complex previously proposed
by the authors is presented. The major improvement in the decomposition is
that unlike the previous results, in which the individual bubbles were rational
functions with the property that groups of local bubbles summed up to pre-
serve piecewise smoothness, the new decomposition is strictly space-preserving
in the sense that each local bubble preserves piecewise smoothness. An im-
portant property of the transform is that the construction only depends on
the given triangulation of the domain and is independent of any finite element
space. On the other hand, all the standard piecewise polynomial spaces are
invariant under the transform. Other key properties of the transform are that
it commutes with the exterior derivative, is bounded in L2, and satisfies the
stable decomposition property.

1. INTRODUCTION

The present paper is a continuation of the earlier papers [5] and [6] of the authors.
While the first paper was devoted to scalar valued functions, the second paper, [6],
develops a theory for decomposing differential forms into a sum of functions, or
bubbles, which have local support on domains defined by a given simplicial mesh
of the domain. The decomposition, which we refer to as the bubble transform,
commutes with the exterior derivative, and has the additional property that all
the standard piecewise polynomial spaces utilized in the finite element exterior
calculus (FEEC), cf. [1, 2, 3], are in some sense invariant. However, the piecewise
polynomial spaces are not strictly invariant for the decomposition constructed in [6].
In general, each individual bubble is a rational function, but with the property that
groups of the local bubbles sum up to preserve the desired polynomial structure.
The purpose of the theory presented here is to refine the earlier theory, so that
we obtain a transform which is strictly space-preserving in the sense that each
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local bubble preserves piecewise smoothness and the standard piecewise polynomial
spaces of FEEC.

The development of the bubble transform is partly motivated by the hp-finite
element method, i.e., where both piecewise polynomials of arbitrary high degree and
arbitrary small mesh cells are allowed. While the analysis of finite element methods
based on mesh refinements and a fixed polynomial degree, i.e., the h-method, is
by now well understood, the corresponding analysis for the p-method, where the
polynomial degree is unbounded, is so far less canonical. However, the bubble
transform represents a theory where the decomposition itself, and the associated
operator bounds, are obtained independently of any finite element space. The
entire construction only depends on a given triangulation of the domain. In fact,
the decomposition is also stable with respect to mesh refinements, and therefore
the results will apply to general hp-methods. As a consequence, the decomposition
represents a new tool for understanding hp-methods. As an example, consider the
analysis of overlapping Schwarz preconditioners. In [7], it is established how to
construct such preconditioners for second order elliptic problems in the setting of
hp-refinements. But so far, the corresponding verification for more general Hodge-
Laplace problems appears to be open. In fact, the key obstacle for establishing such
a bound is to verify the so-called stable decomposition property, i.e., to establish
the existence of a bounded decomposition, cf. [9, Chapter 2] and references given
therein. Such a bound is simply a special case of the bounds we derive here.
Although the discussion in the present paper will be restricted to the basic theory
of the bubble transform, a more thorough motivation can be found in [6].

In order to describe the main results of this paper, it is first necessary to introduce
some basic notation. Throughout this paper, (2 will be a bounded polyhedral
domain in R™, and for 0 < k£ < n, the space of smooth differential k-forms on €2 will
be denoted A*¥(Q2). The construction of the bubble transform is based on a simplicial
mesh 7 of . The corresponding space, A¥(T), is the space of k—forms on  which
are piecewise smooth with respect to 7. More precisely, the elements of A*(7) are
smooth on the closed simplices T" in the triangulation and have single-valued traces
on each subsimplex of 7. For the piecewise polynomial subspaces of A*(T), we will
adopt the standard notation of FEEC, cf. [1, 2, 3], i.e., P.A¥(T) denotes the space
of piecewise polynomial forms of degree less than or equal to r, while P~ A*(T) is
the corresponding space of trimmed polynomials. The set of all subsimplices of T
is denoted A(T), while A,,(7) is the set of simplices of dimension m. For each
f € A(T), the macroelement Qf consists of the union of all n—simplices in A(T)
containing f as a subsimplex. Furthermore, 7; is the restriction of the mesh 7
to the macroelement Q, and AF(77) is the subspace of A¥(T) consisting of forms
which have support on Qy, i.e., which vanish on Q \ Q.

For given u € A*(T), the bubble transform leads to a decomposition of the form
(1.1) u=Wku + Z Bfu—Wku—FZ Z Bfu
feA(T) m=0 feA,(T)

where the bubbles B’qu belong to A¥ (T7), and where W¥uy is a trimmed piecewise
linear k-form. More precisely, we will show how to construct linear operators W* :
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AM(T) — Py A*(T) and local operators B} : A*(T) — A¥(T7) which commute
with the exterior derivative d, i,e.,

dW* =W**'d, and dBf = Bj*'d, 0<k<n-1.

In fact, if we let B* denote the collection of all the operators {ij} fea(T), such
that we can view

BY AMT) = ] AMTy) = ANT.A),
FEA(T)

we can summarize and state that the diagram

AR(T) 4, ARHL(T)

l(kaBk) l(Wki»l’Bk#»l)
PrAR(T) x AR(T, A) % Py AML(T) x AR+L(T, A)

commutes. We will also show that the operators W* and B’; can be extended to
bounded operators in L?. Furthermore, the polynomial preserving property of the
bubble transform can simply be expressed by the fact that

(1.2) BY(P,AM(T)) € PoAR(T;)  and BE(PZAR(T)) € PrAR(Ty)

for all f € A(T) and r > 1, where PTA’“(7}) = P.AR(T) N Ak(7}) and with
corresponding definition for the P, -spaces.

The individual bubbles, B’Jﬁu, introduced above, will not correspond to the bub-
bles constructed in [6]. However, a key part of the analysis given in [6] is the study of
a family of trace preserving operators, C¥ : A¥(T) — A*¥(T), where 0 < m < n—1.
These operators are explicitly given in formula (2.20) below. A key property of
these operators is that if f € A,,(T), where m > k, then

(1.3) try CFu = tryu,

cf. [6, Lemma 2.2]. Here try is the trace operator. Furthermore, these operators
commute with the exterior derivative and they preserve piecewise smoothness and
the standard spaces of piecewise polynomials, cf. [6, Proposition 7.1]. It was
also shown how the global functions C* u can be decomposed into a sum of local
bubbles, but these bubbles were rational functions leading to the apparent defect
of the theory of [6]. However, in the analysis below, where we will overcome the
problems just mentioned, the operators C¥ will still play an essential part. In fact,
the new decomposition of u € A¥(T) will be initialized by expressing u as
u=(u—CF_u)+CF_u.

n

It follows from (1.3) above that u — C*_,u is a global piecewise smooth func-
tion which has zero trace on elements of A,_1(7). As a consequence, we can
decompose this function as u — Cy_ju = 3 a7y Bfu, where each local bub-
ble, B’J?u = trp(u — Ck_,u), is piecewise smooth, and with support in f = Qy,

for f € A,(T). Furthermore, the operators {B}“} fea, () will commute with the
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exterior derivative and preserve the piecewise polynomial spaces. We can conclude
that we have decomposed u into

(1.4) u= Z B’;u +CF_u, B’;u =trp(u—CF_ u),

fFeAL(T)
where the first part is a sum of local bubbles. The task for the rest of the construc-
tion will be to show that the second part, the function C*_,u, also admits such a
decomposition.

The present paper is organized as follows. In the next section, we list some
assumptions we will make, recall some standard notation and properties of differ-
ential forms and simplicial complexes, and define some of the basic operators that
we will use in the construction of our decomposition. We end Section 2 with an
outline of the construction we will present in the remainder of the paper, and state
the main results, cf. Theorem 2.3. To motivate the general theory, we discuss the
decomposition in the case of scalar-valued functions in Section 3. In Section 4,
we define various local functions depending on the given mesh 7. The delicate
recursive construction of these mesh functions, which represents a completely new
approach as compared to the construction performed in [6], can be seen as the
main new tool utilized to obtain the improved results of this paper. In particular,
the new mesh functions are used to define families of order reduction operators in
Section 5, and these operators are then used to define the local bubbles B%, cf.
Section 6. In Section 7, we focus on the operator CX, — C% | and show that this
operator admits a decomposition into local bubbles with desired properties. By
utilizing a telescoping series argument, we will then obtain a similar decomposition
for the operator C*_,. In the final section, we show that all the operators of the
decomposition (1.1) are bounded in L?.

2. PRELIMINARIES

In this section, we introduce the basic assumptions, notation, and concepts that
will be used in the construction below, and give an outline of the complete theory.

2.1. Assumptions. We assume that @ C R" is a bounded polyhedral Lipschitz
domain which is partitioned into a finite set of n simplices, A, (T). The simplicial
mesh 7 is assumed to be a simplicial decomposition of €2, i.e., the union of the
simplices in A, (7) is the closure of © and the intersection of any two is either
empty or a common subsimplex of each. The set of all such simplices of dimension
m is denoted A, (7), while A(T) = Uy<,n<n Am(T). Furthermore, below we will
frequently write A instead of A(7) and A,, instead of A, (7).

2.2. Notation. The space of smooth differential k-forms on € will be denoted
A*(2). More precisely, for each z € Q, u, € Alt*, where Alt* is the space of
alternating k -linear maps R™ x -+ x R” — R. We recall that a projection, skw,
mapping k-linear forms to Alt*, is given by

1 .
(skwu)(vy,...,v5) = o Z sign()u(Ve(1), - - - Vo (k))s
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where the sum is over all permutations of {1,...,k}. In our discussion below, we
will encounter both the tensor product, ®, and the wedge product, A, of differential
forms. If u; € A7(Q) and uy € A*(Q), then u; A ug € AJT#(Q), and the identity

(2.1) UL A Uy = (k;:j> skw(u; ® ug)

holds. The exterior derivative will be denoted d = dj, : A¥(Q) — A*¥+1(Q). Further-
more, if F': M — M’ is a smooth map between manifolds, then the corresponding
pullback F* is a map from A*(M’) — A¥(M). In particular, when M is a sub-
manifold of M’, then the pullback by the inclusion map, A*(M') — AF(M), is the
trace map tra,. The notation HA¥(Q) refers to the Sobolev space

HA*(Q) = {u € L2A*(Q) : du € L*A*T1(Q)},

where u € L2A* (), if for all vectors vy, ..., v, € R”, the function uy(vy,...,v;) €
L?(Q) as a function of z. The corresponding space of piecewise smooth k-forms with
single valued traces with respect to 7, A*(7), will then be a subspace of HA¥(Q).
Furthermore, the set of piecewise polynomial k-forms of order r, P, A*(T), and the
corresponding space of trimmed piecewise polynomials, P~ A*(T), will satisfy

P AN(T) € PoAR(T) € PAR(T) € AR(T) € HAR(Q).

If f € A, (T), then f corresponds to an ordered subset of the vertices, Ag(7). We
assume that all the vertices are numbered by a set of integers Z = {0,1,..., N(T)}
such that

Ao(T)={z; : i€}
Any f € A, (T) is of the form f = [zj,,2;,,...2j,,], where jo < j1 < ... < jm
and I(f) := {jo,Jj1,---,Jm} C Z. Here we have used the notation [-,---,-] to
denote convex combinations. Furthermore, the statement g € A(f) means that g
is a subsimplex of f, and with increasingly ordered vertices. We define the map
o5 :Ag(f) = {0,...,m} by

of (:I:jl) =1

In other words, of(y) gives the internal numbering of a vertex y relative to the
simplex f. The number of vertices in f is denoted | f], i.e., | f| = m+1if f € A, (T).
Ife, f € A(T), with a disjoint set of vertices, and such that the union of the vertices
defines a simplex, then although e and f are increasingly ordered, the simplex
[e, f] will not necessarily be increasingly ordered. We then denote by (e, f) the
increasingly ordered simplex composed of the vertices of e and f. The set A(f)
contains the emptyset, (§, in addition to the elements of A(f), and @ is the single
element of A_1 (7). Since the ordering of a simplex f = [xj,,%),,... 2}, ] € Ap(T)
is inherited from the global numbering of the vertices, the various simplices are not
necessarily equally oriented. If m = n, we define the orientation of f, o(f), by

o(f) = signdet (.Z‘jl — Tjys- -y T, — xjo),

i.e., it is the sign of the determinant of a nonsingular n x n matrix.

In the analysis that follows, we will make use of some concepts from simplicial
complexes, e.g., see [8]. The k-chains defined by the mesh 7 is a vector space
consisting of linear combinations of the form Feay Cf f- We will let G denote the
corresponding space of vector representations, i.e., if ¢ € €5 then ¢ = {cs}ren,,
cr € R. In fact, in the development of the theory below, we will consider k-chains
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with values in a finite dimensional vector spaces X, by which we mean spaces of
the form € ® X. In particular, X will be a subspace of P; A¥(T). The boundary
operator is a chain map,

fro Do (1)@ f(@),
i€I(f)
where the hat is used to indicate a suppressed argument. Using vector represen-
tations, the corresponding operator J; : Cr ® X — Cx_1 ® X can be expressed
as

(8kc)f = Zc[Iiyf] = Z(_l)"(ri,f)(xi)c@i’f% feA_1(T), 1 <k<n,
i€T i€
where ¢(,, oy = 0if (2;,e) is not an element of Ay (7). We can also identify €_; ® X
as X, corresponding to the single element (§ of A_1(7), and dp : Co ® X — X by
aOc = ZiGI Ca;-

The corresponding coboundary operators are cochain maps dy : €, ® X — Cpp1®
X given by
((Sk;C)f = Z (_1)Uf(xi)cf(i’i)7 f € Ak+1(T)7
i€I(f)
for -1 < k<n-—1. If X and Y are finite dimensional vector spaces, then these
definitions lead to the identity

(2.2) Z (Oke)f ® Ef = Z cr® (0k—16)f, c€C®X,€C1 Y,
fe€AK_1(T) feAR(T)

i.e., 0 is the adjoint of § with respect to the inner product on €. Furthermore, the

operators @ and § will satisfy the complex properties 9% = 62 = 0.

Associated to any vertex z; € Ay(7), we denote by A;(x) the nonnegative
piecewise linear function equal to one at x; and zero at all other vertices. More
generally, if f is a ordered subset of Ag(7), but not necessarily increasingly or-
dered, then ¢ will denote the Whitney form associated to f. More precisely, if
f=lzjo,zj,...,x;,], then ¢ is given by

m
G =m!Y (1) Njdhjg A AdXj, AL Ad,,
i=0
In particular, for f = [z;], ¢y = X;. If m > 0, then fg ¢y is plus or minus one if

g = f, and zero if g € Ap(T), g # f. The forms {¢;}seca,, () span the space
P A™(T) and they are local with support in Q. It can also be easily checked that

(2.3) dpp = (m+ DN, Ao AdXj, =Y .5 = (Oms10)s,
JET
where ¢, ;) = 0 if [z}, f] does not correspond to a subsimplex of 7. Here the

operator Op,4+1 has the interpretation given above, where {¢} for f € A,11(T)
should be seen as an element of C,, 1 @P;A™ T (T). Furthermore, if u € Py A™(T)
is expanded, such that u = ZfeAm(T) croy, then

(24) du = Z Cf (87n+1¢)f = Z (5mc)f¢f-

feAL(T) fE€Am+1(T)



It is also a consequence of the definition of ¢ and (2.3) that

(2.5) Bloos] = (Aid — mdX; A )qsf, FeAm (7).

If 0 < m < n, then associated to the simplex f = [zj,,z;j,,..., 2}, ], we define the
standard simplex Sy by

Sr={A= o, Ajis - Aj) ER™L LY A =1, X 201,
=0

while SF is the set of all convex combinations between Sy and the origin, ie.,
8¢ =[0,Sy]. Alternatively,

Si={XA=Njo: N> 5 A3, ER™ NN <1 A, >0
=0
If f =25, 2),...2;5,] € Ap(T), then Ly : Q — S¢ will be the map

Ly(x) = (Njo (@), Ay (@), - - A, (@)
In the special case f = (), we let Sy = S§ = {0} and L;(£2) = 0. In the construction
below, we will frequently use the pullback L} mapping Ak(S;i) to A*(T), i.e., L3
maps smooth forms on S§ to piecewise smooth forms on €2, and also polynomial
forms to piecewise polynomial forms. More precisely, if g € A(f), then

(2.6) L (PAR(S)) € PAK(T),

where P is either P, or P,”. Another key tool we will utilize below is the piecewise
linear function pys, defined by

prla) =1 Y N(a),
i€l(f)
which can be seen as a distance function between f € A(T) and z € Q. Note
that 0 < pg(z) < 1 and py = 1 if f = 0. Alternatively, we have p; = L}b, where
b=1bs : S — R is the distance to the origin, i.e., b(A) =1 —31" ;.

2.3. The macroelements. We recall that for any f € A(T), we denote by Qy
the union of the simplices in A, (7) containing f as a subsimplex, while 7T is
the restriction of the mesh 7 to £y. We refer to {2y as the macroelement of f,
or alternatively, as the star of f. The domain §); is contractible with respect
toany z € f. If f € Ap1(T) and T € A,(Ty), we let f(T) € Ap_pn(T)
be the subsimplex of T opposite f. The link of f, denoted by f*, is given as
fr= UTeAn(Tf) f*(T) (e.g., see [4]). More precisely,

fr={reQ: \z)=0,ieI(f)}

The link f* can be viewed as an n —m dimensional oriented manifold composed of
the simplices f*(T'), where f*(T) has an orientation, o(f*(T),T), induced by the
n-simplex T'. More precisely, if f = [zj,,...,%;,,_,], then

m—1

o(f*(T),T) = oT) T] (~1)om ),

=0
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where T; = T(&j,...,&j,_,) € A—i(T). Any z € Qy can be written uniquely as a
convex combination of the points x;, ¢ € I(f), and points in f*, ie., Qp = [f, f*].
In the special case when m = n — 1, the manifold f* will be reduced to two
vertices, or only one close to the boundary, while in the special case f = (), we
have 2y = f* = Q. Below we will also encounter the extended macroelement, Q]]ZJ ,

defined by Q;TZ; = Uier(f)Qa; -

FIGURE 2.1. The macroelement 25 C R?, where f = [z, z;] and
f* is the closed curve connecting the vertices xs, 3, T4, and xs.

We define C(f*) as the space of vector representations of k-chains defined on the
manifold f*, i.e., if ¢ € Cx(f*) then ¢ = {¢y}fea, (s+)- The corresponding boundary
and coboundary operators, 9 (f*) and dx(f*), are defined as the operators d; and
& above, but by restricting to the manifold f*. In the construction performed later
in this paper, we will utilize the fact that for any f € A,,—1(7), 1 <m <n —1,
the cochain complex
27 R — () > () o D Cun(f) S R
is exact, where § = §(f*), and where the special operator 6, (f*) : Cp_m(f*) —
R will be defined below. This exactness is a consequence of the corresponding
property for the trimmed linear forms restricted to f*. Since f* is a piecewise flat
submanifold of the boundary of Qy, defined by the mesh 7, we can consider the
trace spaces Py A*(f*), defined as try« Py A*(T). If f is an interior simplex, such
that f* is a manifold without a boundary, the complex
(2.8) R — PrAO(FY) -5 PrANF) -5 o PrAP(F) — R
is exact, where the final arrow represents the integral over f*. If f is a boundary
simplex, the manifold f* may have a boundary, and in this case the last arrow in
(2.8) is redundant. By expanding the elements of P;” A¥(f*) in the basis functions,
and using the identity (2.4), we obtain the equivalent complex (2.7). More specif-
ically, the map Iy : Py A*(f*) — Cr(f*) given by ZeEAk(f*) CePe — Ce gives the
commuting relation dx(f*) ol = lx4+1 o d. As a consequence, the exactness of the
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complex (2.7) follows from the exactness of (2.8). The special operator 8, _, (™)
is defined by

(2.9) buem(fhe= 3 oleTe.. T.=l(e.f).
e€N,_m (f*)

Note that this operator is always well-defined, but that the last arrow in (2.7) may
be redundant if f intersects the boundary of . Since 0 is the adjoint of § with
respect to the inner product of C(f*), the following result is a consequence of the
exactness of the complex (2.7).

Lemma 2.1. Let f € Ap1(T) and 0 < k < n—m. If ¢ € Cx(f*) satisfies
Ok(f*)c =0, then there is a ¢ € Cpy1(f*) such that ¢ = Op41(f*)é. Furthermore, ¢
is uniquely determined if we require 041 (f*)é = 0.

Below we will use Lemma 2.1 in a generalized sense, where we consider C; with
values in a finite dimensional vector space X, cf. Sections 3 and 4.1.

2.4. The average operators and their generalizations. A key tool for our
construction below is a family of average operators, A’Ji, where f € A, which map

piecewise smooth k-forms on €2y to smooth k-forms on S§. The operators A’]’i will
be defined by a function Gy : Qp x 8§ — €1, given by

Grly,\) = Z Aizi + b(A)y,
1€Z(f)
Note that if z € f then, since b(L;x) = 0, we have
(2.10) Gy(y,Lyx) =2z, x€ f.
For each fixed y € Qf, Gf(y,A) is linear with respect to A\. The corresponding

derivative with respect A, DGy (y,-), is therefore an operator mapping tangent
vectors of S§, T'S§, into T2y which is independent of A. It is given by

DGy, ) = Y (x:—y)dX.
i€l(f)
Since for each y, the map Gy(y,-) maps S§ to Qy, the corresponding pullback,

G¢(y, )", maps AF(Qy) to Ak(S;). As a further consequence, an average of these

maps over 2y with respect to y will also map A* () to A*(S§). In order to define
the averages we want, we will introduce a family of piecewise constant n-forms,
zy € Py A™(Ty), with the property that z; has support in Qf and

(2.11) / Zf = / Zf =1.
Qp Q

The operator A’}% is then defined for f € A,, by

A’}u = /QGf(y, VuNA zg5.

Since pullbacks commute with the exterior derivative, so do the operators A’}, ie.,
dA’]? = A’;Hd, and from (2.10), we obtain that for f € A,,,

try L}‘-A]J‘é =try, m>k.
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Of course, the properties of the operators A’Ji will also depend on the choice of the
functions zy. For f € A, these functions are defined to be

i
(2.12) zy = ——vol,
T ]y

where ky is the characteristic function of 2y, while for f € A,,, 0 < m < n, the
functions zy are defined recursively by the relation

1
(2.13) 2= Th Y e
i€1(f*)

We note that it follows by construction that all the functions z; have support in
1y and satisfy relation (2.11). Furthermore, it is a consequence of Lemma 2.1 of [6]
that the operators A% map A*(Tf) to A*(S%) and also map piecewise polynomial
forms to polynomial forms. More precisely, we have for f € A,

(2.14) AR (PAN(Ty)) € PAAR(SS),  AR(PIAMN(TR)) € PrAR(SH).

Remarks. In the argument given in [6], it was assumed that the functions zy were
given by (2.12) for all f. However, the modification we need to cover the more
general average functions zy introduced above is straightforward.

Consider the case of scalar valued functions, i.e., the case k = 0. Since all the
functions zy satisfy the identity (2.11), it follows that for f € A, and e € A¢(f),

0 (i) A0
(0A)e = Y (—1)70AG
i€l(e)
will be zero when wu is a constant. Therefore, this expression only depends on
du. Below we will construct a corresponding operator R', mapping one-forms to
zero-forms, such that

(2.15) Rl'du = (6A%)c s, €€ AL(f).

A natural choice seems to be to label this operator by the simplex pair (e, f). In
fact, this was the choice used in [6]. However, for the theory developed in this
paper, it appears more appropriate to use the equivalent label, (e, f N e*), where
f Ne* belongs to e* and vice versa.

More generally, we introduce the sets A, = A;,,,(T) of pairs of simplices,
given by
Aj,m = {(evf) S Am(T)7 €c Aj(f*)}
for -1 <m <nand 0 <j<n—m. For (e f) € Ajm, j >0, we will define
operators R’; 7 mapping k-forms to (k — j)-forms. We will refer to these operators
as order reduction operators. To define them, we recall that the map Gy maps
Qy x 8F to 2y, and as a consequence, the corresponding pullback, G}, is a map

G AF(Qp) — AP (Qy x SF)

and we can express

B

AR x 85) = 3N (Q)) @ AR (S5).

Jj=0
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Furthermore, for each 0 < j < k, there is a canonical map II; : A*(Q; x S;) —
AT (Qf) @ Ak (8%) such that Z;LO II; is the identity. We refer to [6, Section 5.1]
for more details. As in [6], all the operators R’; 7 will be of the form

(2.16) (RE ju)y = /Q(Hjc;;;u)A Nzes, AESS,

where the functions z. ; are trimmed linear n — j forms for (e, f) € A, ,,, and with
support in Q; N QF. The construction of the functions {z. s}, given in Section 4
below, will deviate from the corresponding construction given in [6]. In fact, the
careful construction of these functions below represents the main tool for obtaining
the improved results we derive in this paper, as compared to the results presented
in [6].

For pairs (e, f) € Aog,m, i.e., when e is a vertex, we define z. ; = —z(, ¢y, where
the n-forms z.. s, are defined by (2.12) and (2.13). As a consequence, for any
e € Ag(f*), we have R’;f = _Alfe,ﬁ' The functions {z. ¢} will be constructed to
satisfy the relation

(2.17) dzep = (=1)7TH(82)er, (e, f) € A,
for j > 1, where the generalized coboundary operator defined for pairs of simplices
in {A;,,} is given by
02)es = > (=725 1
i€l(e)

Remarks. The identity, R’g,f = —A’ge P and the definition of the § operator appear

to deviate from the corresponding relations in [6]. However, as stated above, in the
present paper it is more convenient to use a different, but equivalent, labeling of the
z functions and R operators as compared to the previous paper. More precisely, the
operators Rf’f introduced above were labeled by the pair (e, (e, f)) in [6], and this
causes minor differences in the relations above, and also at a few occurrences below.

As a consequence of the definition of the operators R’; s> given by (2.16) and
(2.17), the operators R’; ;s will satisfy the relation

(218)  REVdu=(—1JdRE ju— (6B u)es.  (e0f) € Ajmy 0< j <k +1,

where A, is defined to be the emptyset if j > n —m. Furthermore, (§R*u),. ; is
taken to be zero for e € Ag. When e € Ag1(f*), R’;fu =0 and (2.18) reduces to

(2.19) REV du = —(0R*u)er, (e, f) € Dkiam,

which is consistent with (2.15). We refer to Section 5.3 of [6] and Section 5 below
for more details.

The following lemma generalizes the mapping properties (2.14) of the average
operators A’Ji to similar results for the order reduction operators. In fact, this result
corresponds to Proposition 5.2 of [6].

Lemma 2.2. Assume that (e, f) € Aj . (T).

i) Ifue A*(Ty), then ™I RE ju € AF79(S5).
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ii) If u € P.AR(T}), then bin’;fu € PrAkfj(S]‘i).
iii) If u € P A*(Ty), then b7 RE ju € P AM7(S%).

Remarks. The proof of Proposition 5.2 of [6] carries over directly to the present
setting, even if the definition of the weight functions z. ¢ will be modified below.
Therefore, we omit the proof here.

2.5. An outline of the construction. In the present notation, the trace preserv-
ing operators CF,, introduced in [6, Section 6], admit the representation

(220) Chu= > Y (—pllirsAby

fe€Am geA(f)

- 1ol Pe oy
+ § : (—1)71 2: (_1)|f\ lgl;ALgb ]R’;fu
(€/)EA m 9eA() I
0<j<n—m

where 0 < m < n — 1, and where we recall that R’g’f =0ifee Aj, 5>k
The definition of the operator C* contains the rational terms ¢,/ pg- However,
it is established in [6], cf. Lemma 2.2 and Proposition 7.1 of that paper, that the
operator C¥ commutes with the exterior derivative, preserves piecewise smoothness
and the piecewise polynomial spaces P,A*(T) and P A*(T), and preserves the
trace of w on all f € A, if m > k.

Remarks. The fact that the operator CF preserves the trace of u on all f € A,,
if m > k, can be derived easily from the definition above. In fact, by combining the
first term in (2.20) and the second term with j = 0, we obtain the primal operator
studied in Section 4 of [6]. This operator can be rewritten as

(2.21) C* (primal) = Z Z |f| Iglpr Ak
fEAm geA(f) Pg

By arguing as in the proof of [6, Lemma 4.1], using the cancellation property with
respect to g, we can conclude that this operator preserves the trace on all elements
of Ay, if m > k. Furthermore, for the second term in (2.20) with a fixed f € Ay, —q
and e € Aj(f*), we can argue in the same way that the resulting function has
support in Qe N Qy = Qe py. As a consequence, if j > 0, such that the simplex
(e, f) € Ag for s > m, these functions have vanishing trace on all m-simplices.
Hence, the trace property of C* follows. The commuting property of the operator
Ck can also be shown directly from the properties of the operators A and R* FIRGE
Section 2.4 above, while the space preserving properties require a deeper analysis,
performed in [6, Section 7]. In fact, an alternative proof of the space preserving
properties follows as a corollary of the analysis given in this paper.

We will derive the desired decomposition (1.1) of functions u € A*(T) from the
telescoping identity

(2.22) u=Clu+ Y (Ch —Ck_))u,

m=1
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where C¥ is the identity operator. We have already observed, cf. (1.4), that

(CS - Crli—l)u =u-— C]rf—lu = Z B’;Ua

fEAR

where B’;u = try(u— CF_,u) is a sum of piecewise smooth local bubbles. For the
special case m = 0, there are no rational functions present in the definition of the
operator C(’f. In fact, by utilizing that the range of the operator Ly is a single point,
i.e., the origin, it follows that Lj maps forms of order greater than zero, to zero.
As a consequence, we can represent the operator C} as
(2.23) Chu=">" (LpAbu - Liabu) + (-1 3 60 A LiRE gu.

fEAO €€Ak
In particular, from the definition of the operator R’; g» it follows that the second
term in (2.23) can be expressed as

Wk = (_1>k—1 Z ¢e(/ u/\Z&@),

eEAg Q

which is an element of P, A¥(T). In other words, W is an operator which maps
piecewise smooth k-forms into the simplest class of piecewise polynomial k forms,
i.e., into trimmed linear forms. In particular, we recall that for e € Ay, the functions
Ze.¢ are elements of P; A"~*(T), with support in QF. We define the local operators
k
Ky f by
k « 4k k
The functions K(’i FU will have support on ¢, and by using these operators, the
identity (2.23) can be written as
Chu = Z Kgyfu + Wk,
feAo

As a consequence of the fact that the operators A’JE commute with the exterior de-
rivative, it follows that the operators K(’i 7 will also commute with d. Furthermore,
the operator W* also commutes with the exterior derivative. In fact, from (2.3),

we have
AWk = (_1)1@71 Z (3(;5)6(/ u A ze,@),

e€EAg Q
and from (2.2), (2.4), (2.17), and the Leibniz rule, we obtain

> @0)( [ unz)= X oo [ un2)eo)

e€Ay 2 e€EAL 1 Q
= (_1)k Z (be(/ U/\dze,@) = - Z ¢e(/ dU/\ze,(B)a
e€Ar41 Q e€Ary1 a

which implies that dW* = W*+14.

We will also show below in Section 8 that W* can be extended to a bounded
linear operator on L2.
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Since we have obtained desired decompositions of the operators C¥ — C*_, and
Ck. it remains to decompose the functions (C¥ — C* )ufor 1 <m <n—1, cf.
(2.22). In fact, the main contribution of this paper is to show that these operators
admit the representation

(2.24) (CF —Ck = Z K,]f%fu, 1<m<n-1,
fen;
j=m,m—1
cf. Proposition 7.3 below, where the functions K,’f% su have support in Q. Fur-
thermore, each operator K ﬁl ; commutes with the exterior derivative and preserves
piecewise smoothness and the piecewise polynomial spaces P, A*(T) and P~ A*(T).
Our derivation below of the identity (2.24) depends on a careful construction of the
family of operators {R’e€ #}, or more precisely of the functions {2 s} defining these
operators, cf. (2.16). As a consequence of the identity (2.24), we obtain the de-
sired decomposition (1.1), since the function u — W¥u can be decomposed into local
bubbles of the form
k, _ k
u— W%y = Z Biu,
feA
where each function B’;u has support on Q;. More precisely, if we let K S 7 =0for
each f € A, _q, then

(2.25) Bf =K} ;+K}.1; fE€An0<m<n—1,
while for f € A,
(2.26) ij-u = try(u—CF_ju) = try (u — (Whu + Z B;fu))
gEA,
0<m<n—1

We can summarize the main results we will obtain for the construction outlined
above in the following theorem.

Theorem 2.3. For 0 < k < n, there ewist operators W* : A*(T) — P A*(T)
and for each f € A (T), 0 < m < n, local operators B’; : AR(T) = AF(T}) such
that the decomposition (1.1) holds. The operators B’Jf can be extended to bounded
operators from L2A*(Qy) to itself if 0 < m < n, and from LzAk(Q]‘?) to L>A* ()
when m = n. Furthermore, all these operators commute with the exterior derivative,
and satisfy the invariant property (1.2). Finally, the decomposition given by (1.1)
satisfies the stable decomposition property, detailed in Proposition 8.1.

3. THE CASE OF SCALAR-VALUED FUNCTIONS

To motivate the general theory developed later in this paper, we will discuss the
decomposition (1.1) in the case k = 0. In fact, to derive the decomposition (1.1),
we only need to establish the identity (2.24) for 1 < m < n — 1. A key ingredient
in the derivation of (2.24) is to rely on two slightly different representations of the
operator C0,. For k = 0, the expression (2.20) can be written as

(3.1) Cou= > > (—1)‘f‘—‘9‘[L;A§1u— > ﬁL;Agu,

fEAm geA(f) i€I(fNg*) P
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where we recall that the operator RY ;u = —A’fe pu when (e, f) € Ag 1. Alter-
natively, we also have

(3.2) 0y = Z Z 1)l/1-lg] pr*AO
fehAn gGA(f) p
cf. (2.21). Motivated by the first term in (3.1), we will define the operators ng’f
by
(3.3) KS ju= Y (=)VITILr ASu,  f e A (T).
9eA(S)

From the properties of the average operators, cf. (2.14), it follows that the operators

K?n _su have domain of dependence 2y, preserve piecewise smoothness and the

piecewise polynomial spaces, and have support on 2. The latter property follows
from a standard cancellation argument. To see this, consider an index ¢ € I(f).
For each g € A(f) such that ¢ ¢ I(g), we have that the two terms

* 10 * 0
LgAfu7 and L<w”g>Afu
cancel, when \;(z) = 0. By repeating this argument, we see that K, gu=0 for

all z such that A\;(z) = 0 for all i € I(f). However, this means that the function
K? _su has support on 2. From (3.1), it follows that

Ai o w
0 u— Z fuf Z Z 1)lf1-lgl Z ngA(}u

feAn gEA fEA, i€I(fng*)
fog

However, for each fixed g € A, we have

2 0> =2 > =) ) ZZ

feAmzeI(fﬂg) i€l(g*) fE€EAm  i€l(g*) f'€Am_1(x})  f/E€A,_1i€l((f)*
o Dxi,g f'Dg f'Dg

where we have introduced f’' = f(&;). As a consequence, we obtain
s
_ — 1)1f1-lsl 2 A0
mu= Y, Kngu= 3, D (DY Y LAY, pu
feEAm fEAm_1 geA(F) ier(f<) "9
Furthermore, from (2.13) and (3.2), we also have
1)1l * A
= 33 (MR S LA
fEAm_1 geA(F) 9 ie1(f*)

By combining these representations of C2, and C?,_;, we obtain the identity

(3.4) (C° —C% u— Z K° Su
fE€EAM
feAZl 2 0t 3 (- i) ]
m—1 gEA(f) i€l (f*)

Therefore, if we define the operators K?n, s by

(85)  Khpu= Y (-1l S (- |f*|)L A g,

9eA(S) i€l(f*)
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for f € A,,—1, we obtain that (3.4) simply reads

(3.6) € —Chu=Y K u
fea,

j=m,m—1

which is the desired identity (2.24) for k& = 0.

It remains to see that the operators ng,f» f € A, _1, have the desired properties.
Again, by the properties of the map A%, the operators LZA?M, sy and hence KD,
will have domain of dependence §2;. In addition, we need to show that the operators
K #+ given by (3.5), preserve piecewise smoothness and piecewise polynomials, and
that the target function has local support. In fact, the property that the functions
K, 0 _su are supported on the macroelements Qf follows by a cancellation argument
similar to the one given above. However, formula (3.5) contains rational functions,
and therefore, at first glance, it seems unlikely that the corresponding operators
K? s will preserve piecewise smoothness. On the other hand, since supp K, v JucC
Qy, we can restrict the analysis of the functions K, _su to the domain Qy, and on
this domain we will rely on an alternative representation of the operators.

To derive the alternative representation of K9, _» we recall that when f € A1,
the manifold f* is of dimension n — m, and since we assume that m < n — 1,
the manifold f* is of dimension greater or equal to one. For x; € f*, we define a
corresponding piecewise linear function, 5., = B, (f) by

P
ST
The collection {fB.,(f)}icr(s+) can be seen as an element in Co(f*) ® Pi(T). Fur-
thermore, on the domain Q¢, we have that

df= 3 Bu=( > N)-pr=0,
i€I(f*) iel(f*)
where g = 9p(f*). From Lemma 2.1, we therefore conclude that there is a unique

element p = u(f) = {pe(f )}eEA (r+) € C1(f*) ® P1(T), such that the identities
(3.7) (O)e; = N =By, 1€I(f"), and du=0,

- W
hold on Qf, where 0 = 01 (f*) and 6 = 61(f*). Note that when n —m = 1, there is
no space Cao(f*) (see Figure 2.1) and hence we define d;(f*) by (2.9).

We can use the piecewise linear functions, {u(f)}eea, s+, to obtain an alterna-
tive representation of the operators Kgl’f. In fact, we have, using (2.2) and (2.19),
that

Z (Ou)z; N L;A?%ﬁu =— Z I Rw y
i€I(f*) icl(f*)
> e AL;ORw)ey = > pe AL;R! ;du.
e€Aq(f*) e€AL(f*)

As a consequence, we obtain that the alternative representation,

K pu= 30 (=D ST [ (F) A Lib R pdul,

9€A(S) e€Ai(f*)
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holds on €2¢. However, from this alternative representation, the mapping properties
of the operators KS% ¥ follow directly from the corresponding properties of the
operators R;f, given in Lemma 2.2.

We close the discussion given in this section by summarizing the results we have
obtained for the operators Kg% f-

Lemma 3.1. Let 1 <m <n—1 and f € A;j(T), where j = m,m—1. Assume that
the corresponding operators K,On’f are defined by (3.3) and (3.5). Then the identity
(3.6) holds, supp K?mfu C Qy, and the operators K?nyf have the mapping properties

Ky, ((A(Tp) C A%(Tp), K, ;(Pe(Ty)) € Pr(Ty).
4. THE LOCAL STRUCTURE OF THE MESH

Key tools for decomposing the operators C¥ —C _| into a sum of local operators
with local target space will be various local functions derived from the given mesh,
T. To describe these functions, we introduce the space P; A¥(T, f*) as the subset
of P; A¥(T) corresponding to degrees of freedom on f*. More precisely,

PfAk(T, f*) = SpaneeAk(f*) gbe.

4.1. The functions p.(f). Let m be an index, 1 < m < n, and f € A,,_1, such
that the associated manifold, f*, will be of dimension n — m. In the special case
when m = n, the manifold f* will be of dimension zero, and consist of one or two
points depending on the location of f relative to the boundary of ). Since this case
is special, we will first assume that m < n — 1 such that the manifold f* is a least
one dimensional.

In the previous section, we constructed functions {s(f)}eea, (s+) such that the
identity (3.7) holds, where we can consider the collection {u.(f)} as an element of
C1(f*) @ Pr AY(T, f*). In fact, we will construct the collection {se(f)}eca,(f+) €
C;(f*) @ Py AT, f*) for 1 < j < n. This will be done by an inductive process
with respect to j. For e € Ag(f*), we define p.(f) to be the constant —1/|f*|,
such that {ge(f)}eeny(r+) can be viewed as an element of Co(f*) @ Py A~ (T, f*),
where Py A=Y(T, f*) is identified as R. Below we will apply the difference op-
erators, O(f*) and §(f*), to elements of C;(f*) ® Py A*(T, f*). This is done
with respect to C;(f*), while the polynomial space P; A*(T, f*) is considered
fixed. For example, the operator 9(f*) maps elements of C;(f*) @ Py A*(T, f*)
to C;_1(f*)@P; A¥(T, f*). On the other hand, the exterior derivative, d, will map
elements of C;(f*) @ Py A*(T, f*) to C;(f*) @ Py AML(T, f*).

In addition to the collection of functions {p.(f)}, we will introduce the associated
collection of functions {Bc} = {Be(f)}eca,(s+) as elements of €;(f*) ® Py AJ(T)
for 0 < j < n —m. The function S.(f) is defined from the corresponding function

pe(f) by

(1) o=y a(T2) + (170 e as),



18 RICHARD S. FALK AND RAGNAR WINTHER

if 1 <j <n—m. In fact, if we let the exterior derivative d_; be the inclusion map
from constants to P;A°(T, *), then the definition (4.1) also holds when j = 0, cf.
(3.7). We observe that if we restrict to the domain Qy, such that py = 3=,y Ai,

then G.(f) also admits the representation
(4.2) Be= > (Nid—jd\iNpe + (=1Y ¢, e € Aj(f7).
i€l(f*)
It then follows that
pe € PLNTHT, f*) = trq, Be € PLA(Ty, ),

where Py A (Ty, f*) = trg, Py A(T, f*). Furthermore, the relation (3.7) can be
rephrased as B, = (O(f*)p)e on Q for e € Ag(f*).

Lemma 4.1. Let f € A,,,—1(T), where 1 <m <n—1, and j an index such that
1<j<n—m. Assume that {uc} = {pe(f)} € Cs(f*) @ Py A*~H(T, f*) has been
defined for s = j — 1,5 such that the identity

(4.3) Be(f) = (O(f*)1)e;

holds on Qf for e € A;_1(f*). Then (O(f*)B)e = 0 for all e € A;_1(f*), and if
Jj <mn—m, there exist {pe} = {pe(f)} € Cir1(f*) @ Py AI(T, f*) such that (4.3)
holds on Q5 for all e € Aj(f*). Furthermore, {u.} € Cj11(f*) @ P{ AI(T, f*) is
uniquely determined by the condition §(f*)u = 0.

Proof. Throughout the proof, all the identities should be considered to hold on
the domain Qy, and the operators 0 and 0 are defined with respect to f*. By
assumption, we have

b= pa( 1) £ (1PN = O e € A,

Pt

where p = py. Since d*> = 0 and d commutes with 9;, this gives
f i1, ( Pe

@( 25 ))e = (177

Hence, it follows from (4.1) that for e € Aj;_1(f*)

). eedia(r).

i+ g M I(9:0). — (—1)i—1[+1q( 2 _
@8) = 91 (@3( 25 ))e + (<17 (@30)e = (<1 [ T5) ~ (@50)c]

However, a direct computation, using (2.5) and py = Ziel(f*) Ai on Qf, shows

a(Z) = S A jaamd = Y B = (@50)

p]
i€I(f*Ne*) i€I(f*Ne*)

As a consequence, (9;8). = 0 for e € A;_1(f*). If j < n—m, it follows from
Lemma 2.1 that there exist a uniquely determined {u.} € C;11(f*)@ Py A (Ty, f*)
such that 8. = (9j410)e on Qy, for all e € A;(f*) and §;114 = 0. Further-
more, each function u. € Py AJ(Tz, f*) can be uniquely extended to a function in

Pr AT, £). U
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It remains to discuss the case m = n. In this case, f € A,_1, so f* will only
consist of one or two points, and there is no element in A;(f*). In fact, we will
have |f*| = 1 if f is a boundary simplex, and otherwise |f*| = 2. On the other
hand, by adopting the interpretation above of d_; as the inclusion operator and
we(f) = =1/|f*| for e € Ao(f*), we obtain

Be(f) ::_G{' +¢e, €€ Ao(f7),

and 9y(f*)B = 0.

From Lemma 4.1 and an induction argument with respect to j, we obtain the
following result.

Corollary 4.2. Let f € Ap_1(T), where 1 < m < n. For alle € A;(f*), 0 <
j < n—m, there exists functions p.(f) € Py A=YT, f*) and Be(f) € Py A (T),
uniquely defined by the inductive procedure above, satisfying 0;(f*)5 = 0 on Q.
Furthermore, if j < n —m, then the identity (4.3) holds on Qy for all e € A;(f*).

Remarks. An alternative view of the construction of the functions {u.(f)} given
above can be given by expanding the function pe € Py AT, f*) in the form

(44) He = Z ae,e’¢e’a
e’e€n;_1(f*)

where the real coefficients {ac.} can be identified with an element a. € Cj_1. It
follows from (2.3), (2.5), and (4.2), that if we restrict to Qy, then the function
Be = Be(f) admits the representation

(45) Be - (_1)j¢e = E (_1)ael(m)ae,e’(i,~,)¢e’ = E (6ae,-)e/¢e’v
e/EAj(f*) e'€N;(f*)
i€l(e)

for e € Aj(f*). As a consequence, the equation (4.3) for e € A;(f*) can be
represented by the algebraic system

(4.6) (8j+1a-,6’)e = (5j71ae,-)e’ + (_1)jle,e’a ¢ e Aj(f*)a

where & = O(f*), and 1. = 1 if ¢/ = e and equals zero otherwise. Furthermore,
the condition 6;41(f*)p = 0 is equivalent to

(4.7) djy10.0 =0, € € A;(f").

If (e, f) € Ajm—1 and g € A(f), then p, — ps = Zie[(fﬁg*) Ai, which leads to

(D) =) ¢ S - idn )

f i€I(fng*)
In the analysis below, the functions v, 4(f) € Py AY(T,g*), defined by
(4.8) Geg(f) = (=171 > (Nid = jdXi A pe(f),
i€I(fNg*)
will be useful. We observe that 1. (f) =0, and it follows from (4.1), that
(19) oMY 4 (L1964 (D) = 0P

Py



20 RICHARD S. FALK AND RAGNAR WINTHER

Also observe that in the special case when e € Ao( f*), then

1
(410) ¢e,g(f) = ‘f*| Z )\ |f* pf)
i€I(fNg*)

4.2. Construction of the weight functions z. ;. We recall from Section 2.4
that the weight functions z, f are an essential ingredient for the construction of the
order reduction operators RF c.7- This section is devoted to an inductive process for
constructing the functions z. . In fact, as a preliminary step, we will first construct
a family of local functions we, ¢, and then the functions z. ; will be constructed as

(411) Ze,f = (5+w)e,f.

Here the operator T is a variant of the coboundary operator defined for pairs of
simplices, given by

(6 wer = Y (=17 weiay wgys (6f) € Ajm

i€l(e)

This operator will satisfy the complex property, (§%)? = 0, and from [6, Lemma
5.2], we recall that § o % = —§T o §. For the construction below, we will utilize
exactness of the complex of trimmed linear forms with support on ;. Recall
that in Section 1, we introduced the space P; A¥(T}) as the subspace of Py A¥(T)
consisting of functions which vanish on Q\Q;. However, if f is a boundary simplex,
then functions in this space will in general not have vanishing trace on the boundary
of Qf. Therefore, we introduce the notation 7051_ A¥(T}) to denote the subspace of
75f A*(T;) with vanishing trace on 9. The two spaces are equal if f is an interior
simplex, but in general P A¥(T;) € Py A¥(T;). We also recall from (2.4) that if
w = deAj cgtg € Py AI(T), then dw = deAj+1(5jC)g¢g~ In particular, if w has
support on Q¢ for f € A, then the sum can be restricted to all simplices g such
that g O f. Motivated by this, we define d} : 705fAj (Ty) — %fAj’l(ﬁ), by

(4.12) djw =Y (9jc)gdy-
geEA; 1
9o f
Below we will utilize exactness of the complex (P; A(Ty),d) to conclude that a
function w € ’ﬁf AI(Ty) is uniquely determined by dw and djw.

The functions w, y will be defined inductively with respect to m for all pairs
(e,f) € Aj,y, for 0 <m <nand —1 < j <n—m as functions in 70517A”_j_1(7}).
We start the induction process with m = n, and hence only j = —1 is allowed. The
set A_q, consists of pairs of the form (0, f), where f € A,. In this case, we define
wy y = —z5 = —(ky/|Qf|)vol. For the general case, when 0 < m < n, we will use
a variational approach utilizing tensor product spaces of the form Py A (T, f*) ®
Py A" I71(T), i.e., we consider products of elements in the two functions spaces
and with independent spatial variables. We assume, as an induction hypothesis,
that w, ; € Py A" 9=1(T;) for all (e, f) € Ajm and —1 < j < n —m, have already
been constructed. Furthermore, we assume that these functions satisfy

(4.13) (6T dw)e s € range(d), (e, f) € Ap—mm—1(fF).



21

In the case m = n, the functions of the form wy (, ¢y, involved in (4.13), have
support in Q,, ry C Q. Since we will utilize exactness of the complex consisting
of trimmed differential forms with boundary conditions, the exterior derivative in
(4.13), in the case m = n, should be interpreted as the integral, and for (x;, f) €
Apn—1, we have

(6+dw>l’i7f = d((s-‘rw)mi’f = /Qw®7<mi7f> =-1= /Qw@f = ((de)wi’f'

Therefore, property (4.13) holds initially.
For a fixed f € A1 and —1 < j <n—m, we s € Py A"771(T) is defined by
(4.14) S beower =1 S ulf) @ @Fw).,

e€A;(f*) e€N;11(f*)

where we observe that all functions on the right hand side are already constructed.
Since pe(f) € Py N (T, f*) for e € Aj11(f*), we can view the right hand side of
(4.14) as an element of Py AI(T, f*) @ Py A 371(T), i.e, it is a trimmed linear
j-form with values in P;A"~7=1(T). Therefore, the coefficients w, s of the left
hand side are uniquely determined as functions in P; A"7=1(7). Furthermore,
since all the domains of the form {Qg, s}, ¢ € I(f*) are contained in Qy, we
can conclude from the induction hypothesis that (6tw). ; € Py A" 7~1(T;) and
hence the function w, ; € PrAn—i- Y(Ty) for (e, f) € Ajm—1. In particular, since
we(f) = =1/|f*| for e € Ao(f*), we obtain that the function wy ¢, f € A,
satisfies the recurrence relation

1
wo,r = 177 Z Wo, (s, f) -
i€I(f*)
Let 0 < j < n —m. For the discussion below, it will be useful to observe that the
function just defined satisfies

D te@@wley= > (90)c @ wey

e€A;(f*) e€N;_1(f*)
= > (Nd—jdNA) Y b @we
i€l (f*) e€h;_1(f*)
= (1770 T d—gdnn) D e ® (0t w)e
i€I(f*) e€A;(f*)

where we have used (2.2) and (2.5), in addition to (4.14). Alternatively, from (4.2)
we have

(4.15) > [be @ Gw)es — (¢ + (-1V718) @ (6T w)ey] =0,
eCA; (f*)

where f € A,,_1 and 0 < j < n —m, and where the spatial variable for ¢, and S,
is restricted to £2y.

The set up above defines the functions we s for all (e, f) € Aj ;—1, where —1 <
j < n—m, from the corresponding functions defined for elements in A; ,,,. However,
we will also need the functions we ; for (e, f) € Ap—m,m—1. In this case, the right
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hand side of (4.14) is not well defined since there are no elements in A,_, .
Instead, for f € A,,—1(7) and j = n — m, we will require we, ¢ to satisfy

(4.16) Yo be@dwey= Y Belf) @ w)es,

e€N;(f*) eeA;(f*)
and djwe,y = 0. In (4.16), the spatial variables are restricted to Qf x Q, i.e.,
¢e and B(f) mean the restrictions of these quantities to Q. It follows from the
induction hypothesis and the fact that trq, 8.(f) € P A"~™(Ty, f*), that the right
hand side of (4.16) can be viewed as an element of P; A~ (T, f*) @ P; A™(T).
Furthermore, from the hypothesis (4.13), combined with (2.2), we obtain that

S Bf) @ (0T dw)e s =0,

e€A; (f*)

since 9B(f) = 0. As a consequence, from the exactness of the complex (’Pf A(Ty),d),

we obtain that there exist elements we 5 € P A™=1(T;) such that (4.16) holds.
Finally, since we require d}’iwe’ ¢ = 0, the functions w, ; are uniquely determined.

To complete the induction argument, we need to verify that the assumption
(4.13) is preserved by the induction step, i.e., that the identity (4.13) holds with m
replaced by m — 1. However, by combining (4.15) and (4.16), we obtain that the
identity
(4.17) dwe,p = (=1)7H(6w)e,r — (67w)e,s]
holds for (e, f) € Ajm—1, 7 = n—m. As a further consequence of the complex
property of 67, and the identity 6T o § = —§ o §+, we then obtain

((5+dw)e,f = (—1)n_m+1((5 o 6+w)e,f,
for (e, f) € Ap—m+1,m—2. Hence, property (4.13) at level m — 1 is verified.

We summarize the properties of the construction above.

Lemma 4.3. The inductive procedure above uniquely specifies the functions we 5 €
isz”’jfl(Tf) forall (e, f) € Aj, where 0 <m <nand -1 <j<n-—m.

Next we will establish that the functions we, ¢, introduced above, satisfy the
identity (4.17) more generally, i.e., not only for (e, f) € Ay_pym—1-

Lemma 4.4. The functions we s satisfy the identity (4.17) for all (e, f) € Ajm,
where 0 <m<n—1and0<j<n-—m.

Proof. The proof will be done by induction with respect to m. For m = n — 1, the
only possible value of j is j = 0. In this case, the desired identity has already been
verified above. Next, we assume that the identity holds for all (e, f) € A, ., where
0 < j < n—m. Note that the case (e, f) € Ay_p m—1 is already established above.
Therefore, we can assume that j < n —m, and from the support property of the
functions we, ¢, it is enough to show this identity on Q. It follows from (4.15) that
the desired identity will follow if we can show that

(418) Z Be ® 6+ ef = Z e @ dw, o feln_i,

e€A;(f*) e€A; (f*)
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when ¢, and . are restricted to Q. If 0 < j < m —n, then from Corollary 4.2 we
have the identity 8. = (Ou)e which gives

Y Bee@tules= Y (Ope® (0 w)ey

e€A;(f*) e€; (f*)
= Z He ® (5+ °© 5w)e,f = (71)j Z He ® (5+dw)e,f
e€fj1(f*) e€fj11(f*)
= Z Pe @ dwe,f:
ecA;(f*)
where we have used the fact that § o 67 = —0T o, (4.14), and the induction

hypothesis (4.17) with f" = {z;, f} € A, and ¢ = e(z;) € A;((f')*). This
establishes the identity (4.18), and therefore the proof is completed. O

The desired weight functions z. ; are defined from the corresponding w functions
by the relation (4.11). More precisely, the functions z. ; are defined by (4.11) for
(e, f) € Aj, for =1 <m < nand 0 < j <n—m. In particular, for (e, f) € Ag 1,
we have z. y = —2z ). Recall also that a key property of these functions is that
they satisfy the identity (2.17), i.e., dz = (=1)7"16z for (e, f) € Aj .

Lemma 4.5. The functions z. ¢, where (e,f) € Njm for =1 < m < n—1 and
0 < j < n—m belong to Py A"~I(T), and with support in QyNQE. In addition, z. s
has vanishing trace on the boundary of 2. Furthermore, for j > 0, the identities
(2.17) and (6 2)c,f = 0 hold.

Proof. That the functions z. s belong to Py A"~7(T) follows from the fact that
we, are elements of P A"7~1(T). Furthermore, since 67 satisfies the complex
property, we obtain that ¥z = 0, and from (4.17) we have

(dz)@f = (5+dw)e,f = (_1)j(5+ © 5w)e,f = (_1)j+1(5 o 5+w)e,f = (_1)j+1(52)e,f7

where, as above, we have used the fact that § o 6+ = -6 0.

From the support property of the w functions given in Lemma 4.3, we have for
(e, f) € Aj,, and i € I(e) that
SUPP We(2),(z1,f) C {as, ) = $ N Doy,
which implies that
Supp ze, 5 C U (QrNQ,) =0 N QF.
1€l(e)

Finally, since all functions {we ;} have vanishing trace on the boundary of 2, this
property will also hold for all the functions {z ¢}. O

Recall that the functions 9. 4(f), defined by (4.8), where (e, f) € Aj,,—1 and
g € A(f), satisfy the relation (4.9). The following relation between the functions
e,q(f) and the weight functions z. y will be crucial in our analysis below.
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Lemma 4.6. Let 0 < m<n—1and 0<j<n—m. For any g € Ag(T), where
—1<s<m—1, the identity

(4'19) Z we7g(f) ® Ze,f = Z (be & Ze,fs

(e;f)EA; m (e,f)EA; m-1
fog fog

holds.

Proof. Since z = 67w, we can reformulate the right hand side of the identity as

Z Z(fl)ae(m(;,e@wem,mﬁ: Z Z Plase] @ We, -

(e,f)EA ,m—11€I(e) (e,f)EA ;—1,m i€I(fNg*)
fog fog

On the other hand, using the definition of . 4(f), (2.5), and (4.14), for e € A;_4,
the left hand side can be rewritten as

YT YT wd—gan) YD e ® (5t w)e
)

fEAm i€I(fNng*) e€A;(f*
fDg
=D D> d—jdhn) Y de@uey
FEAMm i€I(fNg*) e€A;_1(f*)
fDg

= Z Z d)[zi,e] @ We, ¢,

(e;f)EN;—1,m i€I(fNg~)
fog

and hence the desired identity is verified. O

5. THE ORDER REDUCTION OPERATORS

We recall from Section 2.4 above that the order reduction operators, R’g} 5, are
defined for (e, f) € A, ., from corresponding functions z. ¢ by

(R];fu))\ = /Q(HJG?’UJ))\ N Ze, f, A€ S]Cc’

cf. (2.16). The functions z. ; will be taken to be the weight functions constructed in
the previous section. In particular, z. f € Py A" (T;) for (e, f) € Ajm, and with
support in Qf NQF, while the function G ¢, defined above, maps the product ¢ x S}%
to £2y. Since Gy is defined on a product space, the target space for the pullback,
G;Z, can be represented as the sum of tensor products, and II; is the canonical map
of AF(Q x S§) to A(Qf) ® AF=I (8%). By construction, the operators R’g’f map
k-forms to (k — j)-forms for (e, f) € Aj,,, 0 < j < k. Furthermore, R’e“,f =0 for
j>k.

The commuting property dG}u = G;Zdu, where u is k-form on {1, can in the
present setting be expressed by
(5.1)  doll;_1Gju+ (1) dsTL;Gju = ;dGiu = I;Ghdu,  j=1,... .k,

where do and dg denote the exterior derivative with respect to the spaces 2 and
S§, respectively. By combining this with property (2.17), cf. Lemma 4.5, we



25

derive, exactly as in the proof of [6, Proposition 5.4], that the operators R’; s satisfy
the fundamental relation (2.18). Furthermore, from the fact that dtz = 0, cf.
Lemma 4.5, we obtain that (67 RF). ; = 0.

Next we will use Lemma 4.6 to obtain the following property of the operators
RE .
f

Lemma 5.1. Let 0 <m <n—1and 0 < j<n—m. For any g € A;(T), where
—1<s<m—1, the identity

(5.2) Yo Ceg(DALGREju= Y b ALGRE ju,
(eaf)eAj:m (evf)eAj,WL—l
fog fog
holds.

Proof. We consider the simplex g to be fixed. Since . 4(f) € Py AI(T, g*), it fol-
lows that there exist constants {ac,e'(f)} such that Ve g(f) = >_0cn (g+) Ge,e (f)er-
As a consequence, the identity (4.19) can be expressed as '

Z ¢e®ze,f = Z e ® Z ae/,e(f)ze’,fa

(eaf)eAj,7n—1 eeAj(g*) (eltf)eAja"l
I>og oy

which implies that
Z Ze,f = Z (le/,e(f)ze/,f, e € Aj(g*)

fE€EA—1(e") (elvf)eAj.m,
f2og fog

From the definition of the order reduction operators R’; #» we then obtain the cor-
responding identity

SRy Y aEy, cedl)
fEAm_1(e") (e, f)EA m
fog fog

By applying Ly and then reversing the steps above, we obtain the desired identity.
|

In addition to the operators Rf ;, we will also use the operators QF (, defined
from the functions we, y. More precisely,

(@i = [ (Gjuis Awey. (e.) € Ay
Q

where 0 < m <nand —1 < j <n—m. Werecall that for e € A;(f*), the functions
We, ¢ are trimmed linear (n — j —1)-forms with support in Q¢, and as a consequence,
the operator Q’;f maps k-forms to (kK — j — 1)-forms. In particular, if & < j + 1,
then Q’;f = 0. Since ze,f = (0T w)e,f, we also have ,

(5.3) (07Q ),y = R} u.
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Since the operators Q’; ¢ are constructed from a similar procedure as the operators
R’; Iz the new operators will also preserve piecewise smoothness and the piecewise
polynomial spaces. In particular, we have for (e, f) € A; ,,, that

(5.4) b= UHQE ((PAR(Ty)) € PAR(SH),

where P can either be P, or P,~. Here, the extra factor b=!, as compared to the
mapping properties of the corresponding operators R’; 7 given in Lemma 2.2, is due
to the fact that the order of the forms we, ; are reduced by one as compared to the
forms z. ;. We refer to the proof of Proposition 5.2 of [6] for further details.

Lemma 5.2. Let 1 < m < n and j = n —m. Assume that f € A1 (T) and
g € A(f). The identity

S e AL ((—)7QE du—dQE ju) = ST Bu(f) ALRE ju
e€N;(f*) e€D; (f*)
holds on Q.

Proof. For a fixed e € A;(f*), we have
(=1 QM du — dQF ju = / ((—1)j+1nj+1a;du — dSHjHG;Zu) Awe, s
Q

:(—1)j+1/ﬂdQHjG}u/\we}f:/QHjG’}u/\dwe’f,

where we have used the identity (5.1), and the local support of w. . However, from
(4.16) we have that

3 ¢6®L*/QHJG;u/\dwe’f= Z ﬁe ) ® LiRE u

e€A;(f*) e€A;(

on ¢, and hence the desired identity follows from (2.1). O

6. THE LOCAL OPERATORS KF ¥

We recall that the operators {B}J?}feA, appearing in the decomposition (1.1), will
be defined by the operator W¥*, mapping into the space of trimmed linear k-forms,
and from the local operators { K, ;}rea;, j = m,m—1, by formulas (2.25)-(2.26).

The purpose of this section is to define the operators { K ffl f}. For each value of m,
1 <m < n —1, we define the operators Krljl’f, for f € A, by

(6.1) Kb oou= Y (=)VIloILs Ak,
9€A(f)

This is the obvious generalization of the corresponding operators defined for £ = 0
in Section 3 above. From the properties of the operators A’J%, cf. Section 2.4, it
follows that the operator L"kAk7 and hence K , has domain of dependence €2y.
Furthermore, the operator (6 1) commutes with the exterior derivative, preserves
piecewise smoothness and the piecewise polynomial bpaceb and by the cancellation
argument, cf. Section 3, we obtain that the functions K U have support on €.
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For f € A,,_1, the generalization of the operators K Qn’ s introduced in Section 3,
to the case of k-forms is less obvious. In this case, we define K 1’% ¥ by an alternating
sum of the form

k — k
(6.2) Km,f — Z (_l)lfl |g|Km7f,g7
geA(S)
where
* — (_1)]_1 *
(6.3) Kﬁl’f’gu = —LgA’;cu + Z —FT Z <¢e + ¢e,g(f)) A LgR’;,fu
=0 P9 cen;(s)
i Pe .

eeAnfm(f*) 9
j=n—m

These operators reduce to the corresponding operators K?n, ¥ if £ = 0. To see
this, observe that all the operators Qg’ 7 are identically zero. Similarly, ng =0
if (e, f) € Ajm, j > 0, and if j = 0 then Rgf = —A?e’ﬁ. As a consequence, we
obtain from (6.2) and (6.3) that

Ko ju= Y (_1)|f\—|9|[—L;A§u+pg—1 3 (Ai+¢mi,g(f))AL;A?%M}

gEA(f) €17
_ —lg| ,—1 Pf % 40
= Y [ Y ()\i—W)/\LgA@“ﬁu},
gEA(f) €17

where we have used (2.13) and (4.10). Hence, we can conclude that the definition
above agrees with the definition given in Section 3 when k = 0, cf. formula (3.5).
We note that the domain of dependence of all the operators in (6.3) is ©; and hence
the domain of dependence of K¥ s 18 Q. Furthermore, it follows from (4.8) that

m

tr/\i:O '(/Je,g(f) = tr)\i:O we,@ci,g) (f)7 T € f N g*-

By the cancellation argument introduced in Section 3, it is then easy to see that
the functions K,’j%fu have support on Q. In fact, if g € A(f) and i € I(f N g*),
then

02,20 (KB g gyt = Khupgn) =0,
which shows that K,’f%fu has support on €Q,,. Furthermore, since i € I(f) is
arbitrary, the support of K, ru must be limited to

Q=[] .
i€l(f)

A key step to show that the operator K fjl s commutes with the exterior derivative
and preserves piecewise smoothness is the following alternative expression of the
first part of the operator Kﬁl,f,g'

Lemma 6.1. Assume that 1 <m <n — 1. For each f € Ap,_1(T) and g € A(f),
the identity

* Ak — (_1)j_1 * pk
64) —LgAfut D e 30 (0t eg) ALGRE ju
i=0 Pa o een;(s)
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— *1—7 *p—7 56 *
(A ALY RE pu) 4 pe ALy RES du| = > e AL RE pu
j=1 peAJ(f* e€A; f")
j=n—m

holds on Qy. Here, the functions pie, Be, Ve 4 are all associated to the simplex f.

The proof of the lemma above is partly technical. Therefore, we delay the proof,
and we will first use the identity to prove the following key result.

Lemma 6.2. Let 1 < m < n—1 and assume f € Aj(T), j = m,m — 1. The
function Kk U has domain of dependence Q05 and support on 2y. Furthermore, the
operator K’“ ¢ commutes with the exterior derivative and maps the spaces AF (T7),
P A*(T;), and P, A (T}) to themselves.

Proof. Following the discussion above, it remains to show that the operator defined
by (6.2) and (6.3) preserves piecewise smoothness and, in particular, the piecewise
polynomial spaces, and that this operator commutes with the exterior derivative.
In fact, we will show that each of the operators K ,’; .9 has these properties, where
g € A(f). Furthermore, due to the support property of the functions K 7’; su already
verified, it is enough to establish these properties on the domain €2¢.

It is a consequence of the identity of Lemma 6.1 that the operator K ,’; fg admits
the alternative representation

Khpgu=> > (dlue ALy IRE ju) + pe A Lyh ™I REG du)
J=L eedy ()
Pe . Be « Dk
+ > (- (pJH)/\L s o ALRE ).

e€N;(f")

j=n—m

However, by Lemma 5.2, the two last terms can be rewritten in the form

I e L I G D)
eGAj fr
j=n—-m

- )(_1) (a( e n L £ ) + pf’jl AL;QE Y du).

e€A;(f” g
j=n—m

As a consequence, it follows that the operator Kvkm .4 can be expressed as

Kb ;= Z S (dluelh) A Lh I RE ju) + pe(£) A L™ REY du)
Jj=1 eeA;(f*)
30 (a6 A LT IIQE pu) + 6o A Lib QI du ).

e€N; (f7)
j=n—m
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From this representation, commuting with the exterior derivative is obvious, and
the space preserving properties follow from (2.6) and the space preserving properties
of the operators R’g,f and Q’;,f given in Lemma 2.2 and (5.4). In particular, for the

trimmed piecewise polynomial spaces, we use the fact that P; A A P AF=7 C
P-A*, cf. [2, Section 3.3]. O

Next, we will establish Lemma 6.1.

Proof. (of Lemma 6.1) From the identity (4.9), we obtain

% ((;56 + we,g) ALIRE u
J=0 een,(f) P9
n—m
=3 > [l -] it
i=0 een,(f) P97 Pa ‘

_ a(%) - pgjl} ALRE pu

Py T ) - Galenne

J
=0 een;(gry - PP
where we have used the identity 8. = (Op). from Lemma 4.1, and where 9 = 9(f*).
Recall also that for e € Ag(f*), we obtain from (2.13) that
* pk * Ak
> dpe ANLyRE ju =L} Aku,
SGAo(f*)

since du, = —1/|f*| and R’g’fu = —A’ge’ﬁ. Hence, the left hand side of (6.4) is
given by

65 > Ja(%)- fjl}AL;R{;fuf S O pepr

J
cen, () Pal o Pa celo(s) P9
j=n—m
n—m-—1
He (aﬂ)e * pk
ST () - 2 gt
j=1 eGAj(f*) pg /09

On the other hand, it follows from (2.18) and the Leibniz rule for the wedge product,
that

d(pe N LD RE pu) + pe A Lpb™ R du
— (dl’(‘e

F> ALZRE pu+ po ALY ((—1) 7 dRE ju+ R du)
9
/1’6 * *1—7
— (@B ALRE pu— e A Lyh I (GR ).,
9
for e € Aj(f*), 0 < j <n—m. As a consequence, the right hand side of (6.4) is

given by
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n—m-—1
. e % k He ﬁe * pk
- (%) ARl jus T [(a5) = 5] ALGRE u
J=1 ecA;(f*) Py e€EA;(f™) Py Py
Jj=n—m

n—m-—1
- Z Z Opie N L;bi(j+1) (Rku)e,fa
J=0e€h;(f*)
where we have used (2.2) to rewrite the last term. If we combine terms and compare
this with (6.5), we obtain (6.4). O

The definitions of the operators { K fn f}, given above, combined with the opera-

tors {W*} introduced in Section 2.5, complete the construction of all the operators
required for the decomposition (1.1), cf. (2.25) and (2.26).

Proposition 6.3. The operators {B’JE}, defined by (2.25) and (2.26), have domain
of dependence Qy if f € Ap,, m < n, and QJ‘? if m = n. Furthermore, the functions
B}f“u have support in Q.

Proof. All these properties follow directly from the corresponding properties of
the operators {K,, s} given in Lemma 6.2, except for the domain of dependence
property in the case f € A,,. However, it is a consequence (2.26) that in this case
the operator B’J‘? has a domain of dependence included in

(U ehHu( U @) cof.
c€AK(f) NG
d

To complete the proof of the main theorem of the paper, Theorem 2.3, it remains
to verify the identity (2.24) and to establish the desired operator bounds. This will
be done in the two next sections.

7. VERIFYING THE FUNDAMENTAL IDENTITY

The purpose of this section is to establish the fundamental identity (2.24), i.e.,

C*u — Z K7’fl7fu =Ck u, 1<m<n—1.
fen;
j=m,m—1
Therefore, we have to study sums of the operators K f; 7 introduced in the previous
section. As a preliminary step, we study sums of expressions corresponding to a
part of the definition (6.3).

Lemma 7.1. Assume that 1 <m <n—1. Then

(7.1) o=yt Y (—1)\f|*lg|7¢e*9(f)AL;b*jRgfu

(e.f)EA; m—1 geA(S) Pg
0<j<n—m
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- _ Z (—=1)71 Z (_1)|f\—|g|% A L;b_jR’;fu

(e,f)EA; m—2 geA(S) Po
0<j<n—m

Proof. Recall from (4.8) that ¢, 4(f) = 0if g = f. Therefore, by changing the order
of summation and then using (5.2), the left hand side of (7.1) can be rewritten as

n—m o g\ji1
Syl S EV S (A LR

geA, =0 Pu (e )eDm
—1<s<m—2 fDg
n—m ¢
= > (=ymle Yt SALYIR) ju
gen, =0 (erf)ebgm—n P
—1<s<m—2 fog

where the right hand side corresponds exactly to the right hand side of (7.1). O

Next, we consider a corresponding sum of the last term of the definition (6.3).

Lemma 7.2. Assume that 1 <m <n—1. Then

(7.2) 3 3 (-l \g\( p¢>i1> ALIQE yu

(e;f)€Dj.m—1 gEA(F) g
J=n—m

—— Y Y (- |g|¢e AL RE

(e,f)EN;j m—2 geA(S)
j=n—m+1

Proof. Let f € A,—1 and g € A(f) be fixed. Since 2y C €, it follows that
Pg = Dicr(gy i on Q. Since dim f* =n —m and e € Ay (f*), Pz, = 0
unless i € I(f) and so we have

e 1
d(pg¢m+1> - n—m+42 Z ¢[$i,€]7 on Qf

Pg i€I(fNg*)

As a consequence, when we restrict to Q, we can conclude that

Ge .
S () ALk pu
ced;(fr) P9

j=n—m

Te(ms (be *1—7 Nk
= > >, (1 0 NEgb T Qe gt
i€1(fNg*) e€A; (f(2:)") !

j=n—m+1

Next, if we sum over all g € A(f) we obtain

(73) S (~pbitle Y ( f’jl)AL* ko

geA(S) cen, (f) P9

j=n—m
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- Z (_1)|f\—\g\ Z Z (_1)%(%)% A L;b_jQE(ii),fu'
9eA(s) €1(7g") eed, (7(50)") Po
j=n=m+1
This identity obviously holds on Q¢, and by the cancellation argument, it also holds
on Q\ Qy, since both sides of the identity vanish there. Furthermore, if we sum
(7.3) over all f € A,,_1, and use the fact that f = (z;, f(£;)) for i € I(f), we
obtain that the left hand side of (7.2) can be expressed as

)SEEILETED SRND DI SR S PP Y

gea. FE€A 1 ieI(fng) e, (F(a)") Po
—1<s<m—2 fDg edx;
j=n—m-+1
_ _1ym-lsl e i _{yee@) ok
= > (1 20 2 AT S NI
geEA, fEAm_2 e€A;(f™) i€l(e)
—1<s<m-—2 D9 j=n—-m+1

_ Z Z |f| |9|¢€/\Lbj((5+Qk )ef7

(€,/)EA m 2 geA(f)

j=n—m-+1
where we have used the fact that for g fixed, we have

DD DD DD D VD B

FEAm_1i€I(fNg*) €A, (F(8:)*)  FEAm_2 e€;(f*)icl(e)
fog edT; fog

However, by (5.3), the final term above is exactly the right hand side of (7.2). O

The main result of this section now follows from the two lemmas above.

Proposition 7.3. Let 1 < m < n —1. Then the identity (2.24) holds.

Proof. Tt follows from (2.20) and (6.1) that

fu— > KFou= Y (=17 Y (—1)\f|—\g\@AL;b—jR’;fu

fE€EAM (evf)EAj,m—l geﬁ(f) pg
0<j<n—m

On the other hand, it follows from (6.2), (6.3), and the two identities (7.1) and
(7.2) derived above, that

Z K,]f%fU— Z Z D= \g\L Ak

fEAnzfl feAm 1 gEA(f)
j— — ¢€ *x7—7
+ Z (—1)7! Z (_1)\f| ‘glp*/\Lgb JRI;,fU
(e.f)€ED; m—1 geA(S) g
0<j<n—m
— Z (1)t Z (_1)|f\—|g|% A L;b_jR’;fu
(e,)€85m 9eA () &

0<j<n—m+1

Therefore, by comparing the two formulas above, we obtain that
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Chu— > Khu= > > (-)VI-blr:aky

fen; fEAm_1 geA(f)
j=m,m—1
Y Y (_1)|f\f|g|%AL;bij§fu7
(e.f)EBgms GEA () Pa
0<j<n—m+1

and by (2.20), the right hand side is exactly C¥ _;u. This completes the proof. [

8. BOUNDING THE OPERATOR NORMS

To complete the proof of Theorem 2.3, it remains to show that all the operators,
W* and Bj, of the decomposition (1.1) are bounded in L?A*(), and satisfy a
stable decomposition property. This will be achieved by Proposition 8.1 below. In
fact, since these operators commute with the exterior derivative, they will also be
bounded on the Sobolev space HA¥((2).

The various constants that appear in the bounds below only depend on the mesh
T through the shape-regularity constant ¢y, defined by

B diam(T)
T réath diam(B7)’
where B is the largest ball contained in T. The consequence of this is that if we
consider a family of meshes, {7"}, parametrized by a real parameter h € (0,1],
typically obtained by mesh refinements, the bounds will be uniform with respect
to h as long as we restrict to a family with a uniform bound on the constants
{¢7n}. In the bounds we derive below, the various constants that appear will
depend on the space dimension n and the domain €2, in addition to the dependence
explicitly stated. Throughout this section, we will assume that the operators under
investigation are applied to piecewise smooth differential forms. However, since the
space AF(T) is dense in L2A*(Q), it a consequence of the domain of dependence
result in Proposition 6.3 and the bound obtained in Proposition 8.1 below, that
all the operators B%, where f € A,,, can be extended to bounded operators from
L2A*(Qy) to itself if 0 < m < n, and from L2Ak(Qf) to L2A*(Qf) when m = n. To
bound the norms of the operators comprising the new decomposition of the bubble
transform developed in this paper, we will basically follow the approach developed
in [6, Section 8]. We recall that the decomposition (1.1) takes the form

u=Wku+ 2": Z B’;u,
m=0 feA,,

The main result of this section is the following bound.

Proposition 8.1. There exists a constant ¢, depending on the shape-regularity
constant c1, such that for 0 < k < n, we have

1/2
||Wku||L2(S2)>< Z ||Bl;UH%2(Qf)) §C||UHL2(Q)~
FeA(T)
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To establish the bounds in Proposition 8.1, we will need some preliminary results.
We define the overlap of a set of subdomains as the smallest upper bound for the
number of domains which will contain any fixed element T' € A,,. The overlap of the
set of macroelements, {Q2f}fca,,, will only depend on m and the space dimension
n, while the overlap for the set of extended macroelements, {Q? }, will depend on
the mesh 7. Another important property of the extended macroelements is the
variation of the size of the elements. We define hy = maxp, A (TF) diam(7"), where

7}E is the restriction of the mesh 7T to Q}E . The following result, established in
Lemmas 8.2 and 8.3 of [6], shows that these domains allow bounded overlap and
local quasi-uniformity in the following sense.

Lemma 8.2. There is a constant c, depending on T only through the shape-
regularity constant cy, which bounds the overlap of the domains {QJJZJ}fEA(T). Fur-
thermore,

(8.1) hy<c min diam(T), feA(T).
TeA(TF)

From the definitions of the operators K,’ﬁl’f, given by (6.1)-(6.3), we will need
appropriate bounds for the functions ¢, ¥, 4(f), and also for the functions we ; and
Ze,y Which are used to define the order reduction operators QF ; and R} ;. All these
functions are trimmed linear forms with local support. In particular, if (e, f) € A;
and g € A(f), then v, ,(f) belongs to Py AJ(T, g*), we s € 7051_A"_7_1(Tf), and
Ze,f € 705fA"_j(7}) N P7A(TE). In general, if w is any trimmed linear form,
say w € Py AJ(T), then w admits a unique expansion of the form

w= " cepe,

e€EA;

where {c.} are real coefficients. If maxcea, |c.| can be bounded by a quantity which
only depends on the mesh 7 through the mesh regularity constant, we will say that
w admits a uniformly bounded expansion. It is a consequence of the bound (8.1)
that for g € A(f) and e € A;(f*) we have

(8.2) [6e/pgllLo (o) < ch?,

where ¢ depends on the shape-regularity constant. Note, in particular, that g = )
gives a bound on the L*-norm of ¢.. Next, recall that the coefficients {ac .} =
{@e,e (f)} of functions {u.(f)}, given by (4.4), can be computed recursively with re-
spect to increasing values of j by the algebraic systems (4.6), (4.7). There are no ex-
plicit mesh dependent quantities present in the systems (4.6), (4.7). Only the num-
ber of equations depends on the mesh through the number of elements in A;(f*),
and this number can be bounded by the shape-regularity constant. Therefore, since
acg(f) =—1/|f*| for e € Ao(f*), we can conclude that all functions {u.(f)} admit
uniformly bounded expansions. Furthermore, since the functions {trq, B.(f)} and
{te,q(f)} are explicitly defined from {p.(f)}, through (4.2) and (4.8), the same
conclusion holds for these function classes. Hence, it follows from (4.4) (4.8), and
(8.2) that the forms p. € Py AI7H(T, f*) and e 4(f) € Py AI(T, g*) satisfy

(8.3) lie(Fllze(oy < ch?* e, g(f)/pgllL=(o) < che?,
where (e, f) € Aj, and g € A(f) for 0<m<n—1,0<j<n—m.
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The following lemma below is a key ingredient to establish Proposition 8.1.

Lemma 8.3. The trimmed linear differential forms we ¢ and z. 5 admit uniformly
bounded expansions.

We will delay the proof of this result to the end of the section. However, from this
bound, combined with (8.2) and Lemma 8.2, we immediately obtain the estimates

(8.4) Iy we lloe @) 2.l poe () < b5 (e, f) € Ajom,
where the constant ¢ depends on the shape regularity constant.

Lemma 8.4. The operator W* maps L?(Q) to itself, and with an operator norm
bounded by the shape-reqularity constant.

Proof. We recall that the operator W* is given by
W= (113 ([ unz).
e€EAg Q

Since the function z, ¢ is supported on QF we obtain from (8.4) that

/ U zep < hi?||ze ol o @ [ull 2y < ehE ™" 2|lu] p2as),
Q

where here, and below, the constant ¢ depends on the shape-regularity constant,
but is not necessarily the same at each occurrence. Furthermore, since the function
¢. has support on €2, we obtain from (8.2) that | [, ¢?| < ch™~?*. Finally, the fact
that ¢, = ¢eke, Where k. is the characteristic function of 2., implies that

( Z ¢e(/u/\ze,@))2 < Z ¢§(/u/\287@)2 Z Ke.

Q Q

ecAy ecAyg e€EAy
Putting this together, we obtain
2
W ule < [ (3 oo [ unz)
Q e€Ag Q2
<e( Y lullFae) (I D Fellpe() < cllullfz):

e€Ag e€Ay

where the final inequality follows from the overlap properties of the domains {2}
and {QF}, cf. Lemma 8.2. This completes the proof. |

In addition to the L?-bound for the operator W, we will need corresponding
bounds for all the operators K 7’; - We observe from the definitions (6.1), (6.2), and
(6.3) of these operators that we will also need appropriate bounds for operators of
the form A’]?, R’;f, and Q’;f, composed with the pullback L7 for g € A(f). In
fact, the three operators A, Q, R are all of the same form. In general, let f € A,,,
and assume that w is a fixed function in A”’J('Tf) Consider the corresponding
operator, Q¥(w) : A*(Ty) — A¥77(8%), given by

Q;—C(w)UZ/HjG’}u/\w.
Q
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By following the steps of the derivation of the bound (8.11) of [6], but where we
retain the L°°-norm of w instead of replacing it by an upper bound, we obtain the
following result.

Lemma 8.5. Assume that f € A (T), 0 <m <n-—1, and that 0 < j < k. If
w € A"7I(Ty) then the bound
||L;b_jQ§( )”||L2(Slf) < chf ||w||Loo(szf)HU||L2 ()9

holds for any g € A(f), where the constant ¢ only depends on T through the shape-
regularity constant cy.

With the help of the results obtained above, the proof of Proposition 8.1 is
straightforward.

Proof. (of Proposition 8.1) Consider a typical term in the definition (6.3) of the
operator Kﬁz,f for f € A,,—1 given by

<¢e + wE,g(f)
Pg

where 1 <m <n—1,0<j <min(n—m,k), e € A;(f*), and g € A(f). Since the
operator R’gyf can be identified as Q;?(ze’f), it follows from (8.2), (8.3), (8.4) and
Lemma 8.5 that the L?(2f)-norm of this term can be bounded by

||<¢e JF?/)eg(f))

*x1—17 pk
) ALy IRE ju

| oo () - ”L;binlz,fu”LQ(Qf) < cllullz(0;),

when g € A(f). For each f € A, there are a finite number of such terms in the
definition of the operator K* f and it therefore follows that

||Km7fu||L2(Qf) < cllullL2(a,)-

From this bound and the finite overlap property of the domains {Qy}, we then
obtain
n—1

n—1
Z Z 1Ky, gullfz, <e Z Z [ull20,) < cllullfz(o)-

m=0 feA; m=0 feEA,
s=m,m—1 s=m,m—1

However, as a consequence of Lemma 8.4 and (2.25)—(2.26), this bound implies the
desired bound on }_, Bj. O

Finally, the proof below will complete the discussion of this section.

Proof. (of Lemma 8.3) Recall that the functions {we s} and {z ;} are defined
inductively with respect to decreasing values of m through the relations (4.11),
(4.14), and (4.16). We recall that wy j = —(ks/Q)vol for f € A, corresponding
to the case m = n. As an induction hypothesis, we assume that all the functions
{we, s}, for (e, f) € Ajm, —1 < j < n—m, admit a uniformly bounded expansion.
As a consequence of (4.11), we then have that the same property holds for all {z. s}
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for (e, f) € Aj ,—1. Furthermore, by expanding the functions p.(f), we derive from
(4.11) and (4.14) that for (e, f) € Aj o1, —1 < j<n—m,

(8'5) We,f = (_I)J Z Qel eZel f s

e'elj(f*)
where the coefficients a. . are obtained from pe (f), cf. (4.4), i.e., pter =D, Ger e Qe
Hence, we can conclude by the induction hypothesis and the fact that u, has a
uniformly bounded expansion, that the left hand side of (8.5) also has a uniformly
bounded expansion.

It remains to bound we ¢ for (e, f) € Ap_p m—1. It follows from (4.5) that the
expansion of B, = B.(f) is given from the corresponding expansion for u.(f) by

5@ = Z be,e/¢e’7 be,e’ = (5ae,~)e’ + (*l)jle,e’y

e'en;(f*)

where j = n —m, and we obtain from (4.16) that

(8.6) dwe, ;= Z bet ezer fy  J=n—m.

e'el; (f7)
As above, we already know that the right hand side of (8.6) admits a uniformly
bounded expansion. Furthermore, since we ; € 751_ A™=Y(T), it can be expanded
in the form

We,f = Z CgPg = dwe,y = Z (Om—1€)gdg,

gEA 1 gEA,
gD f gD f

where we have used (2.4). As a consequence , the coefficients §,,_;c¢ are uniformly
bounded. Also by definition, djwe,; = 0, which means that dp,—1c =0, cf. (4.12).
Recall that by local exactness, the coefficients {c,} are uniquely determined by dc
and dc. Furthermore, there are no mesh dependent quantities present in the matrix
representation of the operators ¢ and 9, just 1, —1,0. Therefore, since the number
of simplices in 7; is bounded by the shape-regularity constant, we can conclude
that
max |cg| < ¢ max (d¢)g,

gEA 1 geEA,,
9o f 9o f
where also the constant c¢ is bounded by the shape-regularity constant. This com-
pletes the induction step and hence the proof of the Lemma. (I
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