A WEIGHTED ESTIMATE FOR TWO DIMENSIONAL SCHRODINGER,
MATRIX SCHRODINGER AND WAVE EQUATIONS WITH
RESONANCE OF THE FIRST KIND AT ZERO ENERGY

EBRU TOPRAK

ABSTRACT. We study the two dimensional Schrédinger operator, H = —A + V, in the
weighted L'(R?) — L°°(R?) setting when there is a resonance of the first kind at zero

~4= and there is only s-wave resonance

energy. In particular, we show that if |V (z)| < ()
at zero of H, then
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with w(z) = log®(2+|z|). Here F'f = —X1(1), f), where 1) is an s-wave resonance function.
We also extend this result to wave and matrix Schrodinger equations with potentials under

similar conditions.

1. INTRODUCTION

Recall the propagator of the free Schrédinger equation:

, 1 : 2
—itA _ —ilz—y[?/4t
(1) @) = s | Fw)dy
which satisfies the dispersive estimate
(2) le™ Flloo S 211 £

for any n > 1. There are many works concerning the validity of such an estimate for the
perturbed Schrodinger operator H = —A + V', where V(z) is a real-valued and bounded
potential with sufficient decay at infinity. See, for example, [35, 46, 25, 22, 26, 57, 19, 9, 12].

Since H may have eigenvalues on (—oo,0], the inequality (2) cannot hold in general.
Therefore, we consider ¢ P,.(H), where P,.(H) is the orthogonal projection onto the
absolutely continuous subspace of L?(R™). It was observed that the time decay of the
operator e*f P, (H) is affected by resonances or an eigenvalue at zero energy (see, e.g.,
44, 33, 42, 31, 32, 17, 56, 22, 3, 13]).
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Recall that, in two dimensions, a distributional solution of Hiy = 0 is called an s-wave
resonance if 1) € L>(R?), but ¢ ¢ LP(R?) for any p < oo; and it is called a p-wave resonance
if ¢ € LP(R?) for 2 < p < oo, but 1 ¢ L?(R?). We also say there is a resonance of the first
kind at zero if there is only an s-wave resonance at zero but there are no p-wave resonances
or an eigenvalue at zero. It is important to recall that in this case, there is only one s-
wave resonance function up to a multiplicative constant. There are similar definitions for
resonance in dimensions n = 1, 3, 4, and there are no zero energy resonances in dimensions
n>>5s.

We note that by these definitions, the constant function ¢ = 1 is an s-wave resonance
in dimension two for the free Schrodinger operator. In addition, using the formula (1), one

can easily prove that

L 1 1
(3) Jw™ (e Bf+ m¢<¢7f>)HLoo(R2) < m”wf“Ll(W)-

0g

Here we define w(z) := log?(1+|z|) and use w(x) with this definition throughout the paper.
This suggests that the perturbed Schrédinger evolution should satisfy a similar weighted
estimate with an integrable decay rate in the case of an s-wave resonance. Indeed, our main

result in this paper is the following.

Theorem 1.1. Let |V (z)| < (x)728~ for some B > 2,. If there is a resonance of the first
kind at zero for H = —A+ 'V, then we have

oy 1 C
Hw 1(6 tHPaCf - %Ff)HLoo(RZ) < m”waIJ(RQ)’ ‘t‘ > 2.

Here F is a rank 1 projection onto the one-dimensional space of resonances:

Ff =~ (1),

where 1 is the canonical s-wave resonance function satisfying v — 1 € LP for all p > 2.

We then, extend this result to the matrix Schrédinger operator and to the low-energy
evolution of the solution of the two-dimensional wave equation, [see Theorem 1.3 and 1.4].

The dispersive estimate

(4) 6™ Pac f | ooy < ClEI 21| £l oy

in dimensions one and two were studied in [25, 48, 23, 36, 41, 13, 14]. In fact, (4) is
established by Goldberg-Schlag for n = 1 in [25] and Schlag for n = 2 in [48], assuming zero

is regular, that is, when there is neither a resonance nor an eigenvalue at zero. The result
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in dimension two is then improved by Erdogan-Green to a more general case. They showed
the same estimate when there is a resonance of the first kind at zero.

The main concern for these estimates is that they are not integrable in time at infinity. An
estimate which is integrable at infinity is very useful in the study of nonlinear asymptotic
stability of (multi-)solitons in lower dimensions. See [49, 36, 42, 7, 52, 43, 54] for other
applications of weighted dispersive estimates to nonlinear PDEs.

The earliest integrable decay rate in dimensions one and two was established by Murata
in weighted L? spaces. In [42, Theorem 7.6], Murata proved the following statement in
polynomially weighted spaces by assuming sufficient decay on V: If zero is a regular point

of the spectrum, then for [¢t| > 2,

1 4 _3
(5) Jwi '™ Poe(H) f r2my < Ct™2|lwi f|l 12r) and

ny C
(6) lwy e tHPac(H)fHLQ(W) < WHUJQJCHL?(RQy

In [50], Schlag improved Murata’s 1 dimensional result (5) to weighted L' — L setting

and he showed that if zero is regular, then

1 4 _3
[{z) ="' e Pac(H) fll ooy < Ct2 [[{@) fll 1 (m2),

provided that |V| < (x)~%.
The fact that constant functions are resonance in dimension one, together with (3), led
Goldberg to ask whether a similar estimate as in Theorem 1.1 can be obtained when zero

is not regular. In [23], Goldberg showed that if (1 + |z|)*V € L*(R), then
(7) 11+ |2]) 2™ PocH — (—4mit) " 2)F) f|| e S t72|[(1+ |22) £,

where F' is a projection on a bounded function fy satisfying H fo = 0 and lim, o0 (| fo(x)| +
[fo(=z)]) = 2.

Murata’s two dimensional result (6) was also improved by Erdogan-Green. In [14], they
showed that if zero is regular, then
0 o= Pac () fll gty < e o o e

[t|(log [¢])

provided |V| < (2)7#, for f > 3. Theorem 1.1 was motivated by (7) and (8) of Goldberg,
and Erdogan-Green, respectively.

The Schrédinger operator in dimensions n = 3,4 and n > 4 has also been studied. For

more details about these dimensions one can see [50, 17, 18, 16, 27, 28].
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Letting L2 = {f : (z)°f € L*(R™)} and Ha, = {f : Df € L?>?(R")}, we define
the resolvent operator R‘i,()\Q) D L27 — Hap as RE(N?) = lime_o+ (H — (A2 £ €)', By
Agmon’s limiting absorption principle [2], R‘jﬁ()\z) is well-defined. The proof of Theorem 1.1
relies on expansions of R‘i; around zero energy and Stone’s formula for self-adjoint operators:
Let x be an even smooth cut-off function supported in [—A1, \1] for a fixed, sufficiently small
A1 > 0 such that x(A\) =1if [\ < )‘—21 Then, one has
©) RN @) = = [ SR MNIRG ) - RSN S € SER?)

™ Jo

Note that in our analysis, we assume V has enough decay to ensure that H has finitely
many eigenvalues of finite multiplicity on (—oo, 0], with o4.(H) = [0,00). See [45].
We also extend our result to the non-self-adjoint matrix Schrodinger operator. The non-

self-adjoint matrix Schrodinger operator is defined as

—A+p 0

(10) H=Ho+V =
0 A—p

on L?(R?) x L%(R?), where ;1 > 0 and Vi, V; are real valued potentials. Conjugation of H
0 L

iLy 0

decay assumptions on V; and Vs, 0ess(H) = (—o00, —p] U [, 00).

. Hence, by Weyl’s criterion and some

1
by the matrix
1 —i

gives H ~ [

We need the following assumptions for the matrix case,

A1) —o3V is a positive matrix, where o3 is the Pauli spin matrix

o 3]

03 = )

0 -1

A2) L. =—-A4+p—-Vi+Vy >0;

A3) (V1| + |Va| < (x)2~ for some 3 > 2;

A4) There are no embedded eigenvalues in (—oo, —u) U (1, 00).

It is known that the first three assumptions are to hold in the case when the Schrodinger
equation is linearized about a positive ground state standing wave v (t, z) = e®“¢(z). We
need the fourth assumption to be able to define the spectral measure from X, to X_,,
where X, = L*? x L?°. For more details one can see [18] and [15].

Dispersive estimates for the operator (10) are studied in [10, 47, 51, 17, 11, 39, 29]. In

the case when thresholds +u are regular, the following result is obtained in dimension two.
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Theorem 1.2. [15, Theorem 1.1] Under the assumptions Al) — A4), if +u are regular
points of H =Ho+V, we have
1

(11) 64 Pucf i S gl and
(12) o e P fllooxroe S o ofll s, [ > 2.
S Til(log 12

Our main result for the matrix Schrodinger operator is Theorem 1.3 below. Recall that
there is an s-wave resonance at p for H = Ho + V if Hip = pip for some ¢ = (¢1,19) €
L> x L%, but ¢ ¢ LP x LP for any p < oo (see e.g. [15]) . A distributional solution of
H1 = ) is called a p-wave resonance if 1) € LP x LP for 2 < p < oo, but 1 ¢ L? x L?. We
also say there is a resonance of the first kind at p if there is only an s-wave resonance at

but there are no p-wave resonances or an eigenvalue.

Theorem 1.3. Under the conditions A1)-A4), if there is a resonance of the first kind at
the threshold ., then we have

. 1
€™ Pac fllLeoxre S meHleLl,
and

eitr C
F/)zeoxre S m”waleLla t| > 2.

Here § is a rank one operator whose range is the one-dimensional space of resonances:

wal(eitHPacf . —
§/(2) = ~ o) os, f),

where 1 is the canonical s-wave resonance function satisfying ¢ — (1,0)T € LP x LP for all
p > 2.

A similar statement holds if there is a resonance of the first kind at —u.

The resolvent expansions we obtain to prove Theorem 1.1 for the Schrédinger evolution
are also applicable to the two-dimensional wave equation with a potential. Recall that the

perturbed wave equation is given as
(13) uy — Au + V(I’)U =0, u(a:,O) = f(x)a ut($7 0) = g(ZL‘),
with the solution formula

u(z,t) = cos(tVH) f(z) + ———=
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for any f € W21 and g € W!. By Stone’s formula, we have the representations

(14) cos(tVH)Pyof () = 731 /Ooocos(t)\))\[RJ‘;()\Q)_RV()\Q)]f(x)d)\ and

O Rugto) = 2 [ VRO — ROt

For low energy, that is, when 0 < A < 1, this representation leads us to a similar result as

(15)

in Theorem 1.1. On the other hand, for large energy, i.e., when A 2 1, one needs regularizing
powers of (H)™® for some a > 0 which reflects the loss of derivatives of initial data. See,
e.g., [29].

In dimension two, dispersive estimates for the wave equation are studied in [8, 41, 37, 30].
The decay rate |t|7% for high energy is first established in [8] between 'regularized’ LP spaces
(V'H)™2 for a > 0. Moulin in [41], improved this result to the regularized’ L' — L™ setting
with H~17¢ for 0 < € < 1. Then Kopylova [37] obtained the decay rate (tlog?t)~! in the
weighted Hilbert space setting for large ¢ when zero is regular. Finally, in [30], Green proved

that if there is a resonance of the first kind at zero, then for ¢ > 0,

Hcos(tﬁ)( VA Py f (2

16 .
( ) HSln(t\/ﬁ) <H>_1/4
VH
Also, if zero is regular, then for ¢t > 2,

()™= cos(tVH) (H) /4~ Pac f (2)]|| oo < (tlog? )7 |[(2) 2 £l 1, and

(17) sosnVA) e
H<33> 2 W&I) !

For more results in other dimensions, one can see [21, 5, 6, 38, 4].

W oo S 172 f 1, and

acf HLoo ~ |t| 2||f||L1

Pocf (@) oo S (tlog? )M |(2) 2 f 1.

These two results of Green suggest that the techniques we present below to obtain The-
orem 1.1 for the Schrodinger evolution can be adapted to the wave evolution. In fact, one

can obtain

Theorem 1.4. Let |V (x)| < (2) 2%~ for some 3 > 2. If there is a resonance of first kind

at zero, then we have

H(x)féfcos(t\/ﬁ)x(ﬂ P, ¢ %‘LfHD, and

) aCfHLoo S m”(x>

1 sin(t\/ﬁ) 1 C 1
[ ()72 (TX(H)PGCQ Fg)| < W||<x>2+f”ﬂa

for |t| > 2. Here F(x,y) = —% (11, f) where v is the canonical s-wave resonance function

satisfying ¥ — 1 € LP for all p > 2.
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Theorem 1.4 is valid only for the low energy part, but by including regularizing powers

and combining it with the high energy result (16) of Green, we can extend it to all energies.

2. SCALAR CASE

In this section we prove that

Theorem 2.1. Let |V (z)| < (z)7372%. Then, we have for t > 2

(18) ’/OOO A OREO) — R (A2)] (2, y)dA — %F(%y) - Vuw(@)w(y) RGO

14 ~ tlogQ(t) tl+a

where 0 < o < min(3,8 — 3) and F(z,y) = —% where 1 is the canonical s-wave

resonance function satisfying v — 1 € LP for all p > 2.
We combine (18) with the high energy result obtained in [14]:

Theorem 2.2. [14, Theorem 5.1] Let |V (x)| < (x)72# for some 8 > 3/2 and ¥ := 1 — x.
We have

/0 h N AT/ LR (M) — Ry (A)](z, y)dA| < <x>t3/<2y>

sup
L>1

for [t| > 2.

This combination together with Stone’s formula (9) gives us

‘eitHPaC(H)(x, y) — LF(x, y)| <V w(z)w(y) <$>%<y>% _

it ~  tlog?(t) tlta

Interpolating this with

‘eitHPaC(H)(xa 3/)‘ S

~ | =

from [13] which is satisfied when there is a resonance of the first kind at zero and using the

inequality, see, e.g., [14]:

1 2
min (1,%) < ng(“), a,b> 2,
b log=(b)
we obtain
(2,9)| < w@wly)

itH
Pac H ) - )

it

This implies Theorem 1.1.
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2.1. The Free Resolvent and Resolvent expansion around zero when there is a
resonance of the first kind at zero. This subsection is devoted to obtain an expansion
for the spectral density [R;;(A\?) — R;,(A?)](z,y). Recall that in R™ the integral kernel of
the free resolvent is given by Hankel functions, see [34].

For n = 2 we have
(19) R () (w,y) = £ Hy (Mo —yl) = £ [Jo(\z — y) £ Yo(Alw — )]
Here Jyp(z) and Yy(z) are Bessel functions of the first and second kind of order zero. We use
the notation f = O(g) to indicate
(20) %f:O(%g), P=0,1,2, .
If (20) is satisfied only for j = 1,2,3, ..,k we use the notation f = O(g).

For |z| < 1, we have the series expansions for Bessel functions, see, e.g., [1, 13],

(21) Jo(z) =1— 222 + 6i424 + 56(26%
(22) Yo(z) = %log(z/Q) + 2% + O(221og(2)).

For any C € {Jo, Yo} we also have the following representation if |z| 2 1.
(23) C(z) = e"wy(2) + e Pw_(2),  wl(z)=O0((1+z])"2).
We prove two lemmas on the behavior of Ry (A\?)(x,y) for sufficiently small \.

Lemma 2.3. Let x be a smooth cutoff for [—1,1], and X = 1—x. Define jo(z) = X(2)Jo(2).
Then

[T S A212M2, [oaTo(A=DE S ATY2=M2, 03 To(Al=)] £ A2 172,

Similarly, the same bound is satisfied when Jy(z) is replaced with Yo(2) := X(2)Yo(z) or
Hy(2) = (=) Ho(2).

Proof. Using (23) we have

j Az) — 6 PRRNE] < ‘)\ ’O+ < )\1/2‘ ‘1/2
0( Z) - (1+)\‘Z|)1/2 ~ z ~ z 9
7 Jo(32) = O et |z ) S 7D [ + el PN
WO PN a a2 T 1+ a)32) = Az ’
2 iz 2 iz 2 iz
2"’ _ ~ z-e z7e z-e < _1/2 3/2
03 Jo(A2)] O((1 NI T WETC I TR )\z)5/2) SATTRTE
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Define
(24) Gaf(a) = (=8)" (@) = =3 | togla =yl (w)dy,
(25) GO = VI (£ - - tos(h/2) — L),

The following lemma and its corollary are Lemma 3.1 and Corollary 3.2 in [14].

Lemma 2.4. The following expansion is valid for the kernel of the free resolvent

Ry (\)(z,y) = F(A) + Golz,y) + By (\)(@,y).

mg
Go(z,y) is the kernel of the operator Gy in (24), and E(j)[ satisfies the bounds
Ee| SNl —yls,  OAEGI SN 2le—ylz, |REGI S A2 —yl2.
Corollary 2.5. For0 < a <1 and b > a > 0 we have
[OAEG (b) — 0z E7(a)] S a”2[b— al*|z — y|2*e.
Define U(z) as U(x) = 1 when V(z) > 0 and U(x) = —1 when V(z) < 0, and v(z) =

|V (z)['/2. Then using the symmetric resolvent identity for I\ > 0, we have

(26) Ry (V) = Ry (V) — Ry (\)uM*(N) "Ry (A?),
where
(27) M*E(\) = U + vRE(\?)w.

Here we derive an expansion for M*(\)~! in a small neighborhood of zero when there is a
resonance of the first kind at zero. This derivation is similar to that in [14]. However, we
need finer control on the error term.

Let K : L?(R") — L?(R") with kernel K (x,y). We define the Hilbert-Schmidt norm of
K as

1Kl = \/ / / K (2, ) dyde.
R™ JR™

Lemma 2.6. Let 0 < a < 1. For A > 0 define M=()\) := U +vRZ(\*)v. Then
M*E(\) = g* (VP +T + EX(\).

Here T = U 4 vGov where Gy is an integral operator defined in (24) and P is the orthogonal

projection onto v. In addition, the error term satisfies the bound
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S S 1 +
I S ATEIE M7 + H0<S}\13\1)\2|8/\E1 s

+[|sup  AZ(b—N) OB (b) — WEEN|| g S 1
0<A<h<

provided that v(x) < (x)"279".
Proof. Note that
EF(\) = ME\) — [¢F (VWP + T) = vRF (A\?)v — ¥ (\)P — vGov = vE5 (M.

Lemma 2.4 and Corollary 2.5 yield the lemma since v(z)|z — y|*v(y) is Hilbert-Schmidt
on L*(R?) provided that k > —1 and v(z) < (z)™*"17. In our case 0 < k < % + o and
v(z) < (x)73/2a, O

The following definitions are from [48] and [34] respectively,

Definition 2.7. We say that an operator T : L*(R?) — L2(R?) with kernel T(-,-) is
absolutely bounded if |T(-,-)| is bounded from L*(R?) to L?(R?).

Hilbert-Schmidt operators and finite rank operators are absolutely bounded.

Definition 2.8. (1) Let Q := 1 — P, then zero is defined to be a regular point of the
spectrum of H = —A+V if QTQ = Q(U + vGov)Q is invertible on QL?*(R?).

(2) If zero is not a regular point of spectrum then QTQ + Sy is invertible on QL*(R?) and
we define Do = (QT'Q + S1)™! as an operator on QL*(R?). Here Sy is defined as the Riesz
projection onto the Kernel of QTQ as an operator on QL?*(R?).

(3) We say there is a resonance of the first kind at zero if the operator Ty := S1TPTS) is

invertible on SlLQ(RQ) and we define Dy as the inverse of Ty as an operator on S;L>.

Remark 2.9. (1) Throughout this paper we assume that there is a resonance of the first
kind at zero. Thus, QTQ is not invertible on QL? but QT'Q+S1 and Ty := SiTPTS;
are invertible on QL? and Sy L? respectively.

(2) If lv(x)| < (x) 72~ then the range of Sy — S (Sa being the orthogonal projection onto
Ker T1) has dimension at most one, see [34, Theorem 6.2] and [13, Lemma 5.1,
Lemma 5.2]. Since in our case Sy =0, and since zero is not reqular, Range Si has
dimension exactly one. This fact together with the next remark suggests that if there
s a resonance of the first kind at zero, then the s-wave resonance is one-dimensional.
Also, since Range S1 has dimension exactly one we write S1f = ¢(¢p, f) for some

6 € S1L? with ||¢|| 2 = 1.
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(3) Theorem 6.2 in [34] also states that for v < (x)7'7, if ¢ € S1L?, then ¢ = wip

for an s-wave resonance ¥ € L*>* such that Hy = 0 in the sense of distributions.

Moreover,
(28) Y =co — Govo,
where
1 1
=—(,T¢) = —— T dx.
(29) 0 = T T0) = o [ v(e) Tola)da

(4) Denoting P(x,y) the kernel of P we have P(x,y) = |V v(z)v(y). Hence, in light

of second and third remarks above we obtain

Ty = $iTPTS, = |V v, T$)*S1 = |V [1¢5S1,
1

Di=T 1=~ _¢&.
L T et

The following lemmas are given without proofs.

Lemma 2.10. [34, Lemma 2.1] Let A be closed operator on a Hilbert space H and S a
projection. Assume A+ S has a bounded inverse. Then A has bounded inverse if and only

if B:=S — S(A+S)71S has a bounded inverse in SH and in this case

A=A+ +(A+9)71sBIS(A+85)

Lemma 2.11. [13, Lemma 2.5] Fiz 0 < o < 1, and assume that v(z) < (z)~3/27,
Suppose that zero is not a regular point of the spectrum of —A + V', and let S1 be the
corresponding Riesz projection. Then for sufficiently small \; > 0, the operators M*(\)+S;
are invertible for all 0 < A < A1 as bounded operators on L*(R?). And one has

(30) (ME() +51) 7" = he(N)71S + QDoQ + Wit (M),
Here h+(\) = g*()\) + ¢ where c € R and

P —~PTQDyQ
—QDoQTP QDoQTPTQDyQ

1 a finite-rank operator with real-valued kernel. Furthermore, the error term satisfies the

(31) S =

bound

1 1
A2 | WiE () + A2 | O\ WWi(
Hofil& 2 (Wi (W)||| g Hoglgl 2[AW1EW)]]| g
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| sup AT = N)TUWIE(D) — W1 £ (a)]|| g S 1.
0<A<DSA<A

Proposition 2.12. Fiz 0 < o < 1, and assume that v(z) < (x)~3/272~. If there is a

~

resonance of the first kind at zero, then By (\) = S — S1(M™* (X + S1)™1'Sy is invertible on

S1L2(R?). Moreover,

~ he(N)
lIVih

Bi'(\) = S1+a*(\)Sh,

where cg is as in Remark 2.9, and
1y 1,
sup A 27 at(N)|+ sup Az |a ()]
0<A<A 0<A<AL

+ o osup AZTOT(0— N L(0) — d/£(w))] < 1.
0<A<OSA<AL

Proof. We apply Lemma 2.10 to obtain (suppressing '+’ notation)

B(\) = 81 — S1 (A1 (NS + QDo@ + Wi(N))S1 = —h~H(N)S1581 — SiW1(\) S
=h Y NS TPTS; — S1Wi(\)S1 = —h Y (N)2||V[|1S1 — S1W1i(\)S:.

The second equality follows from the identity Q.S1 = 51Q = S1Dg = D¢S1 = S1. The third
also uses the identity PS; = S1P = 0 and the definition of S. The last equality follows
from Remark 2.9 above.

Writing S1W1(A)S1 = w(A)St (where the function w satisfies the error bound of W), and
noting that by definition of s-wave resonance cq # 0, we obtain —h~ (X\)3||V || — w()\) # 0

for sufficiently small A\. Therefore

_ 1 h(\)
(32) B()\) L= S| = ——-—2-51+ G(A)Sl.
—h NIV I = w() IV
The bounds on a(\) follows from the definition of A and the bounds on w. 0

Using (30) and (32) in Lemma 2.10, we obtain the following expansion for M= (\)~!:

Corollary 2.13. Fiz 0 < o < 1, and assume that v(z) < (2) =327, For all 0 < X < Ay,

we have the following expansion for M*(\)~! in case of a resonance of the first kind

TR hi(N)S SS $15
+ 1 1 1
MEN) = —— - = - =
VI Ve glVik

S5 g
T BVihhaoy PRt oy FEM @)

where E(X)(z,y) is such that



A WEIGHTED ESTIMATE WHEN ZERO IS THE RESONANCE OF THE FIRST KIND 13
_1 1
(33) || sup ATEHEL(N)||| g+ sup A2T|OAEL(N)
0<A<M 0<A<M

+[|sup AT (b= 0) " |ONEL(B) = DnEe(a)] 5 S 1
0<A<b< A

s

Substituting the expansion above for M*(\)~! in (26), we obtain the identity

hi(M\)S; S8 518 5SS
(34) RE(N) = RE(\Y) + RE(\ v +
v ° ’ : Vi VI - GV - lVIihe(N)
S
- QDoQ — ] + E(V)]uRy (3.

2.2. Proof of the Theorem 2.1.

The following proposition takes care of the contribution of the free resolvent in (34) to (9).

Proposition 2.14. [14, Proposition 4.3] We have

<ﬁ§>)

/Ooo eitV)\X()\)[Rar()\?) _ Ra()\z)](ﬂs,y)d/\ — 1 + O( ;

4t

Below, we obtain similar estimates for each operator included in (34). Simplifying the
boundary terms which appear as operators having % decay gives us Theorem 2.1.
The following two stationary phase lemmas from [14] will be useful for further calcula-

tions.

Lemma 2.15. Fort > 2, we have

00 ; —1/2 +—1/2 oo
" O 1 Ny
‘/0 e near-2 s e |d>\+‘ 7 |+ -

Lemma 2.16. Assume £(0) = 0. Fort > 2, we have

o / (0.)
‘/ NN E(A d/\’ / ENL 1/ €' AV + @t=1A=2) — €'(A)|dA.
0 t71/2

(14 X2t) t

dA.

()

We start with the contribution of h4(\)S; from (34) to (9). Recall that

hai(\) =gF(\) +c=aylog\+ay + I 4||1Z’

where ¢, a; € R. Using the definition (19) of free resolvent, we write

(35) Ry :=hi(AR{(N)(2,21)RE (A (y1,y) — ho (M Ry (X)) (2, 21) Ry (\) (41, )
= 2ialog(\)[Yo(Ap) Jo(Aq) + Jo(Ap)Yo(Aq)]

n H;)gli[Jo(/\p)Jo()\q) +Yo(Ap)Yo(Aq)],
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where p = |x — 21| and ¢ = |y — y1|. The following proposition takes care of the contribution
of ha(X)S7 in (34) to (9).

Proposition 2.17. Fort>2 and 0 < a < %, if v(z) < (x)‘g_o‘_, then we have

1 1
oo 1 T 5—&—04 §+a
[ e RO aoSieltan,m)indandy - RG] 5 S0
R4 JO

where

Vv
Fi(z,y) = —Hmjr‘zl /R log |z — @1[v(x1)S1 (21, 31)v(y1) log |y — y|dw1dy,
y
— —W[GOUSWGO](% y)-

We prove this proposition in a series of lemmas.

Lemma 2.18. Let 0 < a < 1/4, v(z) < (x)~3/2~*. Fort > 2 we have

liot) \lia
ey (o)t g itet
(36) \ e Ax(A) log(AN) Yo (Ap) [vS1v] (21, Y1) Jo(Aq)dAdz1dyr | S Tia ’
R4 Jo
* lta+ lia+
) | [ [ e a0 o8 OnluSiel s Yo dadeady| £ 5T
Rt Jo
o0 t+at,\st+at
, 1 .
(38) /4/ elt)‘z)\X()\)Jo(Ap)[7)511)](961,yl)Jo()\q)d/\dxldyl < () t1§g>
r+ Jo

To prove Lemma 2.18 we need the following lemma from [48] and [14]. The bounds on G,
F, and their first derivatives are in [14, Lemma 3.3]. The claim on the second derivatives

follows similarly.

Lemma 2.19. Let p = |x — 1|, r = |z| + 1, and
F(A @, 1) = x(Ap)Yo(Ap) — x(Ar)Yo(Ar),
G(A z,21) == x(Ap)Jo(Ap) — x(Ar) Jo(Ar).
Then for A < A\ and 0 < 7 <1, we have
(39) |Gz 21)| S A {1)7, (OGN 2, 21)| S AT Ha1)T, [RGA, @, 21)| S AT a).
and

2\
o F\z,m1)] < / (04,2, 21)| + [OnF (2, 21)|dA < k(z, 1),
0

ONF(\, 2, 21)| S AL JO3F(O\ 2, 20)| S A2
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Here k(z,x1) := 14 log™ (Jz — 21]) +log™ 21|, log™ (2) = —log(x)x(0.1)(x), and log™ (x) =
log(m)X(l,oo) (‘T)

Proof of Lemma 2.18. We only prove the assertion (36), the second and third assertions are
analogous.

Recall that we introduced two expansions to Jo(Ap) (or Yo(Ap)); they are when Ap < 1 and
when Ap 2 1. In order to use these expansions in the proper context we need to introduce
X(Ap) and x(Ag) where x is the same cutoff function defined in the introduction. The
phrasing low and high energy has referred only to spectral variable A until now. However,
in the following analysis it refers to Ap and Aq.

We divide the proof into three cases.

Case 1: Ap <1 and A\¢ < 1. For low-low energy, we consider
@y [ [ e M) oY Oex (w)lSiel 1, 5 XOa) o (Aa)ddi .
R+ Jo
Note that by definition S; < @Q and Qu = 0. Hence, for any f € L?(R?)

@) [ feosemmdnd = [ oS m)fn)donds =0
is satisfied. Using this fact, we can replace Yy(Ap)x(Ap) with F(A, z,x1); and Jo(Ag)x(Aq)
with G(A,y,y1) in (41). Thus, we need a bound for

(43) /0 T e 0 () Tog (W F (A, 2, 21) GOV 4 1 )

Letting £(A) = x(A) log(\)F (X, 2, 21)G(\, y,y1), we see that £(0) = 0. Then taking 7 = 3

in Lemma 2.19, we obtain

N

(44) OAEN)] S XA k(a,21) ),

(45) |3E(N)] S A7 k(, 21) (1)

Using (45) and the Mean Value Theorem, we have for a > A
|02 (@) — AEW)] < la— A2 k(z,21) (n1),

whose interpolation with (44) gives us

(46) 0rE(@) = REMN| S la— A"A3 " k(a, a1) ) 5
Recalling that £(0) = 0, we use Lemma 2.16 and obtain

1(43)] < 1/000 gw’dﬁi/f EOWT T a-1A2) — E'(\)|dA.

t 14+ A2t —1/2




16 EBRU TOPRAK

Using (44), we can estimate the first integral as

N

(1) 2k(z, 1) /°° A )k )
¢ o 1+t pi

To estimate the second integral we have,

AV1I4+at=IA2-1) ~ €1

tA

And that gives

lta lia lia
w A )\—%—20[—(1)\ < k($,$1)<y1>2+ <y>2+
tlta —1/2 ~ ti+o

since 0 < a < i.

Case 2: A\p < 1and A\g = 1. The case Ap 2 1 and Ag < 1 is similar. Note that Lemma 2.19
is valid for the low energy. Therefore, we can not use (42) to exchange Jo(Aq)x(Ag) with
G(M\,y,y1). Instead, we use the large energy expansion (23) of Jy(Ag) and consider the

following integral

(47) /0 h e Ax(N) log(\) F (A, 2, 1) Jo(Aq)dA.

Let £(A) = x(A) log(\)F(\, z, 1) Jo(Aq). Using the bounds in Lemma 2.19 and Lemma 2.3,

we have the estimates

(48) XEN] S X(NA2 ()2 (1) 2k(x, 21),
(49) 26N S A2 k(@ 1) (y1) 2 (1) 2.

Using the same interpolation argument in Case 1, for a > A we obtain
0 [OAE(@) — DAEN)| S o= NPA ™ k) () () .

Noting £(0) = 0, one can use (48) and (50) in Lemma 2.16 and obtain

B, o) (1) 2" (y) 7

@) < e

Case 3: \p 2 1 and Ag 2 1. In this case we need to use the large energy expansion for both
Yo(Ap) and Jy(Ag), see Lemma 2.3. Therefore, we consider the following integral

(51) /0 e A (A) log () o (Ap) Jo(Aa)dA.
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Note that (51) has slightly faster decay than (47) in terms of A. Also the largest contribution
to the weight function comes when both derivatives act on either Jo or Yy as <>% One can
1ig
2

reduce this weight to (-) using the argument that leads to (46) above and obtain

(52) 0AE(@) = MEN)| S la— A[PATog Awy) 2+ (y) 2+ () 7+

for EA) = x(A)log(\)Yo(Ap)Jo(Ag). Using (52) in Lemma 2.16, we obtain |(51)] <
1 1
t—l—a<y>§+a<x>§+a‘

Hence, combining all four cases we see that

F(, @) () 30 (@) 340 (y) 30 (g ) 50

/ A () Tog () Yo (Ap) Jo (M)A | < 2
for a € (0,1/4). That yields
60 £ ST ] a5 ) e
< T ) e, ISl ) 5o

<x>%+a+ <y>%+a+

<
~ t1+a

~%7, which implies

The last inequality follows from the the assumption v(z) < <x>_%
||l<;(a:,x1)<m1>%+av($1)||L%1 < 1. We also used the fact that S is absolutely bounded since

it is of finite rank. O

Lemma 2.20. Let K(X\,y,y1) = x(Aly —v1|) = x(A(ly| +1)). Then for any 0 <7 <1, we

have
KAy, y0)| S A (W)™ 5 1Ky y)l S AT )™, 103K (A y,51)| S A ).

Proof. Noting that x € C°°, for the first inequality we use the mean value theorem to

conclude

KOy )] = [x(Ag) = x(Mlyl + 1)) | < My) max [x/ ()] < min(L, My1)) S A7 ()"

For the second inequality note that dyx(Aq) = ¢x’(Aq). For the third equality, we also used
that KO\, y,00)] S 1.
Using the fact that x € C*°, we obtain

)| = ‘Aqx’(Aq) — Ayl + DX (Alyl +1

’a)\K(Avyvyl \

)) ’ g %min(L)\(yﬁ) S /\1_T<y1)T.
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Finally for the third inequality, note that x”(A\q) is supported when \ ~ %. Using this and

the second derivative of the cut-off functions in terms of A\, we have

13K (N v y1)] < X" (Ag) — (lyl + DX (A(lyl + D) | S A7 g — (Jyl + 1)|.

Lemma 2.21. Under the same conditions of Proposition 2.17, we have

(53) / ) / e Ay (M) Yo (Ap)vS1vYy (Ag)dAdz dy:
R4 JO

= 32i \ Go(z,z1)[vS1v](x1,y1)Go(y1, y)dz1dy: + 6(t—1—a<x>%+a<y>%+a).
R

Proof. The proof is very similar to the proof of Lemma 2.18 except in the case when Ap, A\qg <
1. This is because the identity (42) leads to an integral with operators F'(\, x, z1)F (A, y, y1),
which doesn’t give better decay rate than 1/t. We have to be more careful obtaining the
term behaving like 1/t explicitly.

Using the expansion (22) of Yy(z) for small energy, we obtain
Yo(Ap)Yo(Aq) = % log |z — z1logly — w1 + AN, p, @) + E1(A, p, @) + E2 (X, p, q),
where
A(N, p, q) := c1log(X)[log(Ap) + log(Aq)] + c2[log(Ap) + log(Aq)] + c3 , where ¢; € R — {0}
and
Er(\,p,q) := O(log(Ap)(Ag)® log(Aq)),  Ea(A,p,q) = (log(Ap)(Ap)* log(Aq)).

To handle the terms in the operator A(\,p,q), we need Lemma 2.20. Consider only the
first term in A(A, p, q) then, we have

(54) /R4 /0°° "™ Ax(N) log Alog(Ap) x (Ap) [vS10] (21, y1) x (Aq)dAdz 1 dys

Using (42), we can subtract log(A(|z| + 1))x(A(Jz| + 1)) from the left side of v(x1) and
x(A(ly| + 1)) from the right side of v(y1). Then, it becomes enough to bound

69 [ ] e N log M ) oSl ) K O g 1) dAdnd
R*JO

where h(\, z, 1) := log(Ap)x(Ap) — log(A(Jz] + 1))x(A(|z| + 1)). However, estimating this
integral is equal to estimating the integral (41) from Lemma 2.18. This is because the term
h(A, x, z1) satisfies the bounds in (40) from Lemma 2.19 and the bounds in Lemma 2.20 are
similar to the bounds in (39). Hence, |(54)| < t_l_o‘k(aj,xl)(y1>%+°‘<y)%+o‘.
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For the error term Ej(\,p,q), note that using the projection property of S; we can
subtract x(A(|z| + 1)log(A(Jz| + 1)) from the left side of the operator vSjv and replace
log(Ap) with h(\, z,21). Then, using A\q < 1, we have

I [(Ag)? log(Ag)]
)

ot

N|=
N[

“(y)2 ()2

1 1 1 2
A[(A0)? og(A)]| S aA)' ™ S A3 ) B n)E, o )| s LA

The bound f%k(x, x1)<y>%<y1>% follows by Lemma 2.15. Similarly, the error Ea (A, p, ¢) can

be bounded by t_%k(y,y1)<x>%<xl>% .

Finally, we consider the integral

4 Al
66) 5 [ [ PO ogle — () oSiel ) x(\a) o |y — afdNdardin
R*JO

Applying integration by parts once, the A integral of (56) is equal to
2 1 o0 it)\2 d
im2t w22, d\

For the second inequality note that all the cut-off functions are infinitely differentiable.

1

(57) - (XXOPIX (AN = =+ O () () o)) ).

However two integration by parts would yield too large of a spatial weight. An easy calcu-

lation gives ‘%(X()\)X(A}?)X()\q))‘ < )‘_%(<$><$1><y><y1>)% And for (9,\(& (X(A)xg\Ap)X(Aq)))

the most delicate term comes when all the derivatives fall on either x(Ap) or x(Ag). But

since x*(\p) for k > 1 is supported when p ~ % we have

‘ XN x(Ap)p*x(Aq)

S A3 ()2 (@)

A

and that applying Lemma 2.16 yields (57).

The final result is therefore obtained as

2
(53) = ——== | loglz — z1[[vS10](21,y1) log |y — y1|dy1dz,
Tt R4
1ta lia
2 T)2 lig lin
+O<<y>1+<a>/ k(z, 1) (1) 2T wS1v) (@1, y1)k(y, y1)(y1)2 ™ d$ldy1)a
t R4
which finishes the proof of Lemma 2.1. O
[V

Multiplying the boundary term with
We next consider the contribution of QDy@, SSi, and 515, from (34) to (9). Let

gives I in Proposition 2.17.

(58) Ra(\p,q) := Ry (W)(w, 21) Ry (W) (y1,y) = g (\*) (@, 1) Ry (A*) (v, 9)
=~ [H0W) o) + Yo (Ap)o(A)].

Note that using this expansion and the projection property of ) the contribution of QD@

can be handled as in Proposition 2.17. In fact, since (58) does not contain the term
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Yo(Ap)Yp(Aq), and since G(0,z,21) = 0, in the application of integration by parts the

boundary term at A = 0 is obtained as zero.

Proposition 2.22. Fort>2 and 0 < a < § if v(z) S (x)"27*", then we have

1 1

0o 1 T §+a §+a
L [ e R . leSSiolGar,mpiddordn — 4 Pato)| £ ST
R*JO

1 1

oo 1 x)2 T (y)2te
/4/ "N AN R2 (N, p, @) [vS150] (1, y1 )dAdw1dyy — tF3(IL“,Z~/)' S (2 )2 tlﬂf? ;
R+ Jo

where

1
FQ(x7 y) = Z<v7 SSIUGO('v y)>7
1
F3(x7 y) = Z<v7 SSlUGO(', .’L’)>
Proof. We consider the first assertion. By (58) we have the following two integrals:

(59) /11&4 /ooO N AN Yo(Ap)o(1)[SS1] (@1, y1)v(y1) Jo(Ag)dAdz 1 dys,

o0 [ e 0SS v Vo) drddin.

Here the only caveat is that we have S; only on the right. This allows us to perform
addition and subtraction of Jo(A(|y| + 1)) and Yo(A(Jy| 4+ 1)) only on the right side of SS.
Hence, the proofs for high-low and high-high energy are not affected by this caveat. When
Ap S 1,Aq 2 1 we have the following two integrals for (59) and (60) respectively

(61) /R4 /OOO eit)‘QAx()\) 1+ 5(log()\p))]X()\p)vSSwjo()\q)d)\dxldyl,

(62) / / SN (N [1+ O((0p)?) X (Ap)vSS10¥a(Ag)dAdarrdys.
R4 Jo

Letting E(\,p,q) = [1+ 6(log(>\p))]x(/\p)jg()\q) we have £(0) = 0. Using Lemma 2.3 and
the fact that (Ap) < 1, we obtain

EN P, )| S A7 k(z, 21)(y)? (1) ?

[OREOp, @) | £ A2 k(1) (1) 2 (9) 7 (3) .
Hence, by interpolation for b > A we have

[ONEB) = AEMN)] S b= A" N2kl aa) a0 (ya) 7 () 2,

which gives

(61) = 0(—<$> é:iyféw)
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using Lemma 2.16 for o < 1/4. With a similar argument one can show that (62) satisfies
the same decay assumption with the same weight function.

For the low-low case first note that S7 being only on the right side of the operator allows
us to exchange Jo(Aq) with G(\,y,y1) in (59), and Yp(Ag) with F(A,y,y1) in (60). The
decay rate of G(\,y,y1) cancels out the singularity of log A, which is the dominated term
in the expansion (22) of Yy. Therefore, we don’t obtain any boundary term from (59) and
can bound it by i with the weight k(z,z1)(y)(z). However, this is not the case for (60).

The following lemma evaluates the contribution of this term. O

Lemma 2.23. Under the same conditions of Proposition 2.22, for Ap, A\q < 1 we have

<$> %+oz+< %-‘roa-‘r

6 60~ 2 [ ola)issier ol Goly)dndn] £

1t

Proof. Note that multiplying the boundary term with —% gives the the statement of Propo-
sition 2.22.
Using the expansions (21) and (22) for Jo(Ap) and Yp(Aq) respectively, we have

Jop)Yo(ra) =[1+0(0w)?)| [ =4 Golyr, ) + e(1 +1og 3) + O((Aa)*))]
= —4 Go(y1,y) + c(1 +log A) + O((Ag)*log(Ag)) + O2((Ap)*) Yo(Ag).

Using this expansion in (60), we obtain

‘(60) + 4/ /OO e”AQAx(A)X(Ap))[vSSw])(m,yl)x(AQ)Go(yl,y)dAdxldm’
R4 JO
5‘// eit’\QAx()\)X()\p)[vSSlv](xl,yl)x()\q)[1—|—log)\]d)\d:1:1dy1‘
R4 JO
| [ e MO S Sinl e, 5)x(a) () logOha)dda |
R4 JO

+ ’/ /OO eit)‘z)\x(/\)x()\p)(/\p)z[vSSlv](xl,yl)F(/\,y,yl)d/\dxldyl’.
R* J0

Note that using the property (42), we could exchange Yy(Ap) with F(X\,y,y1) in the last
integral.
The first integral is similar to (57). We therefore have
2 2 _5 1
/ e A A)Goly, y1)dA = == Goyr, y) + O (¢35 () (1) ) (1)) 2k (y, 1)) -
0
The contribution of the first integral follows as A(A,p,q) in Lemma 2.21 and it can be
bounded by t_l_o‘<:vl>%+a(y> <y1>%+a. Using Lemma 2.15, the other two integrals give the

same bound that Fj(A,p,q) in Lemma 2.21 gives. The weights coming from the second
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derivative of the cut-off functions can be reduced as required using the support of x'(Ap)

and x’(Aq). Hence, we obtain the inequality (63). O

For the terms arising from h4(\)~1551S and h+(A)~1S, which are the integrals

(64) /4/ eit/\QAx()\)Rg()\,p,q)vSSlsv(xl,yl)d)\dxldyl
R4 Jo
and
(65) /4/ N AN R\, p, )]vSv(1, y1)dAda1 dys,
R4 Jo
4732 412 +(12 + (12

hi(A) - h—(A)
ing Proposition, which is the generalized version of Proposition 4.4 in [14].

Proposition 2.24. Let 0 < o < 1/4, v(z) < (2)73/27=. For any absolutely bounded

operator I', we have

L[ ™ MR pa)otan)Dlar, ) ol dddsdys
R*JO

- Vo@wly)y | o) Hy)ser
C 4|Vt /R4 ) @1,y o(en)daidys + O tlog?(t) =) +o( {I+a )

Corollary 2.25. Under the same conditions, we have

\(64) _ %F4(x,y)‘ < O<7M> I O(<x>%+°‘+(y>%+o‘+>7

tlog?(t) tlta
I(65) - %FS(%?J)’ §O<th()gg())) +O(<x>é+c:+<g>é+a+)’
where
Fi(o,y) = _4H1V”1/R (1) [S518] (ol sy = — ”;le $8150),
Po(e.9) =~ L, v Sl ot dandn = — (v, 50,

Finally, the contribution of the error term E()\)(x,y) can be handled as in Proposition
4.9 in [14]:
Proposition 2.26. Let 0 < o < 1/4, v(z) < (x)~%/2%. We have the bound

oo stat N\ st+at

3 — )2 2

L[ e MmRE - RsJota) BN m)o(n)irdardy, SR
R*JO

(66)
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Using Proposition 2.14, Proposition 2.17, Proposition 2.22, Corollary 2.25, and Proposi-
tion 2.26 in the expansion (26) for R}, — Ry, leads us to (18) with

1 1
67 Fla,y) = = + 50— > Fi = .
(67) ©9) =3 2V 2 Z

The next proposition calculates F'(z,y) explicitly.
Proposition 2.27. Under the conditions of Theorem 1.1,

(68) Fla,y) = —pb(a)i)

where v — 1 € LP for all p > 2.

Proof. Recall that S; is a projection operator with the kernel Sy (z,y) = ¢(z)p(y) for some
l¢llrz = 1. Also, by Remark 2.9 if 1 is an s-wave resonance it has the representation
P = ¢g + Govep. Since the operators here are linear we can divide this equality by ¢y to
obtain ¢ — 1 = 1 Gm}gf) € Np>oLP.

Using these and the definition (25) of Gy f(x), F1 can be written as

HVH1

_IVi
4

Fi(z,y) = [GovS1vGo)(z,y) =

[Gove](2)[Gove)(y)

= W () 1) (D) - ).

For F5 and Fj recall that

S — P —PTQDoQ ] _ [ ail a2 ]
—QDoQTP QDoQTPTQDoQ
Note that multiplying S by v from the left side cancels ao; and ago; and by S7 from the

a1 a2

right side cancels aq1. Hence, we have

Fala,y) = 70,8810 Go(-,1)) = —5 (v, PTQDo@S10Go(-, 1)
~ [ (PU.TS1wGo(9) = ~ 1 {0, T) [Govdl(y)

For the third equality we used the identities S1Dg = DgS1 = S1 and QS1 = S1. For the
last equality we used Pv = v and the definition of S;. Hence, recalling the definition of

co = |VII{ (v, T¢) from Remark 2.9 we can write Fy(z,y) as

HVHl &
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The same calculation shows that

By(e,y) = - L (5(0) - 1).

Similarly, using Qv = 0, Pv = v, and S1QDyQ = QDyQS1 = S1, we calculate

IV s
g

1
AV

Fy(z,y) = Sv, S1Sv) = (¢Tw, S1Tv) = (v, T¢)? =

1 1
4V 4V

For F5(x,y), note that we have v(z) both on left and right side of S. Hence, except P

everything vanishes and we obtain

1 1

i 1 FARE s

F5(x,y) = <U,SU

1
AV
It is easy to see that F5 cancels out the operator coming from the free resolvent in (67).

The other four sum up to —ngf‘/”ld}(x)ﬁ(‘y) and that establishes the proof. O

Proposition 2.27 finishes the proof of Theorem 2.1.

We conclude this section by remarking that the bounds that we obtain in this section
allows us to reach a similar estimate for the solution of the wave equation with some small
modifications. Replacing Proposition 2.14, Proposition 2.22, and Proposition 2.26 with

Proposition 5.10, Proposition 5.11, and Proposition 5.15 in [30] respectively one can obtain:

[ (sine) + Xcosin ) [R5 (0%) = Ry (02)] )i~ o)

1 1
< (Lt log™ |a))(1 +1log™yl)  (w)2"(y)>""
~ tlog?t thte '

This estimate gives us Theorem 1.4 with no interpolation. Note that the interpolation
with unweighted result (14) does not help us to decrease the weight function to log?(2 + |z|)
and have the decay (tlog?t)~!. This is because we need to improve the time decay from
|t|=1/? as opposed to Schrodinger time decay [t|~' .

Also note that we only need to subtract a finite rank operator from (15). The reason is

the following identities (A smooth and compactly supported)

/ h cos(EN)AA(N)dA = ! / h sin(tA) (AA(N)) d,
0 t Jo

/0 " sin(tA)A(\)dA = —%A(O) + % /0 " cos(tA) A (A)dA.

The boundary term in the second identity will result in the finite rank operator, as in the

proof of Theorem 1.1.
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3. MATRIX CASE

Let R () := limeo(H — (A2 £i€)) ™t for A € (—o0, 1] U [, 00). Recall that the following
representation is valid for (f,g) € W22 x W22 N X1, under the assumptions of A1) - A4),

see Section 2 in [17]:

(69) (€™M Prof.g) = —— / N ([9E5(N) — Ry (V)] £, g)d.
[A|>p

o

Using this representation we will prove

Theorem 3.1. Under the assumptions of A1) - A4), if there is a resonance of the first
kind at p, then we have for any t > 0

sup

oo 3 1
> | O IV~ 9] (02 + e p)A| 5
x,ye

0 |
Theorem 3.2. Under the assumptions A1)-A4), if there is a resonance of the first kind at
1, then we have for any t > 2

sup
z,y€R2

| e D = 9108 + (a)dn ~ 53(a)

< Vw@uwly) | (@)% (y)*?
tlog?(t) tlto

where 0 < o < min(3, ?)

The statement of Theorem 3.1 and Theorem 3.2 is established in [15] for §(x,y) = 0 when
1 is regular, see Theorem 1.2. In Section 3.1, we prove the statement of Theorem 3.2 for
A < 1 and combine it with the high energy result of (12) from Theorem 1.2. In Section 3.2,
we extend the low energy; when A\ < 1, results of (11) from Theorem 1.2 to the case when
there is a resonance of the first kind at u. Then we conclude Theorem 1.3 by interpolation
as in the analysis of the scalar case.

Below in Section 3.1, we show that the spectral density [R},(\) — Ry, (A)](z,y) has a
similar expansion to (34) from the scalar case. Because the same analysis appear in [14] we
skip the proofs and refer Section 2 in [14] to the reader.

Note that Theorem 3.1 and Theorem 3.2 are stated only for x4 > 0. That is because our
analysis below is performed only on the positive branch of the spectrum [u, c0). However,
one can perform the same analysis for negative branch taking \> = —\ — x and establish

Theorem 1.3 when there is resonance of the first kind at —pu.
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3.1. The free resolvent and resolvent expansion around zero in case of s-wave
resonance.

The free resolvent Ry (z) of matrix Schrédinger equation is given by

Ro(z — ) 0 ]

Z) = —2) =
(70) Ro(2) = (Ho — 2) 0 R

for z ¢ (—oo0, —u] U [u,00). Here Ro(z) is the scalar free resolvent. Writing 2z = u + A2,

where A > 0 we have

Ry (1 + N (2, y) =

RE(N?)(z,y) 0 ]
0 RQ()‘Q)(x7y)

where Ro(A?)(z,y) 1= —LH{ (in/2p + N2|z — y]).

Note that the bounds
(7)) [ReW) (@)l S1+1og™ |z —y| S k(z,y) , [VR(N)(z,9)| S1 k=1,2,...

can be seen directly from the large and small energy expansion of Hankel functions and the
fact that p is strictly greater than zero.

We define the following two matrices

1 0 0 0
My = ; My =
0 0 0 1

(72) Ry (1 +A?) (2, y) = Ry (N*) (2, y) Mi1 + Ro(A\?)(z, y) Mo

and write

for convenience.

Lemma 3.3. The following expansion is valid for the kernel of the free resolvent
mi )\2 _ * + A
o A+ p)(z,y) = g (A) M+ Go(z,y) + & (M) (=, ),

where
+ i1 gl
AN ==4-— —log(\/2) — —
gt () =+ — 5 loa(\/2) - oL,
GO(x’y) 0
0 —iHS(iVZpla—y)) |

and EF(\)(x,y) satisfies the bounds,

Go(r,y) =

N
Njw

EEIS (NEAZ(@ — )7, |OWEEI S NEA 2 (m—y)2,  [REF| S (NIA 2 (m — )2,
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Corollary 3.4. For 0 < a <1 and d > ¢ > 0 we have,

|06EE(d) — EE ()] < c_%|d — |z — y>%+a‘

:‘[ZZ]'

Ry (1 + A?) = Ro(u + A?) — Ro(p+ A)or M*(A) " oaRo (i + %),

We write V = —o3vv := viv9 where v1 = —o3v , v9 = v, and

L VARV -T VATV -V - TR
2| VWV Va—VVi — Vo VVi+Va+ Vi — Vi

Using symmetric resolvent identity, we have

where
ME) = T+ vaRo(p+ Aoy
Employing Lemma 3.3,
ME(N) = g=(NveMiyor + T + v vy
where T has kernel T'(x,y) = I + va(z)Go(z, y)v1(y).

Lemma 3.5. Let 0 < a < 1. The following expansion is valid for A > 0
M=) = —la® + 0|, m2) g (NP + T + EF (),

where P is the orthogonal projection onto the span of the vector (a, b)T in L? x L?. Further,
we have
1 -4 1 +
sup A" 2|ET (V)] + || sup Az|O\EF (M)
I sup X HEF O+ sm, AHONE

<1,

~

+[sup  ATB—A)TUREE (1) — AET N g
0<A<b< Ay

provided that a(z),b(z) < <x>—3/2—0‘—,

Recall P in the scalar case is defined as projection onto v whereas in matrix case it is
defined as projection onto the span of the vector (a,b)”. In light of this difference we give

the following modified version of Definition 2.8. Let @ := 1 — P.

Definition 3.6. (1) p is defined to be a regular point of the spectrum of H = —A+V if
QTQ is invertible on Q(L? x L?).

(2) If 1 is not a regular point of spectrum then QTQ + Sy is invertible on Q(L? x L?) and
we define Dy = (QT'Q + S1)~" as an operator on Q(L? x L?). Here Sy is defined as Riesz
projection onto the Kernel of QTQ as an operator on Q(L? x L?).
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(8) We say there is a resonance of the first kind at zero if the operator Ty := S1TPTS; is
invertible on S1Q(L? x L?) and we define Dy as the inverse of T.

With the following lemma we can have a representation for the space S7 as in the scalar

case.

Lemma 3.7. [15, Lemma 4.4] If |a(z)| + |b(z)| < (z)7'~ and if ¢ € S1(£* x £?) , then
d(x) = vo(x)h1(x) where Yy € L>® x L and (Ho — pl)p1 = 0 in the sense of distribution.
Also we have

P1(z) = —Gov1o(y) + (0, 0)",

_ (T¢,(ab))
B e [P

with cg
Remark 3.8. (1) ¢(x) = va(z)b1(z) implies that ¢(x) = v,L (x)h2(x) where
ba(x) = Go(, y)vad — (c,0)",

since vahy = vlT(—a3)w1 = vsz/Jg.

(2) Let Sy be the orthogonal projection onto Ker Ty. Then the range of S1 — Sy has di-
mension at most one. To see this, recall the representation of ¥ from Lemma 3.7.
Note that first, if ¢ € Sa(L? x L?) then cog = 0, [13, Lemma 5.3]. Second, if
la(x)], [b(z)] < (x)727 then Govig(x) € LP x LP for any p € (2,00]. Indeed,
Lemma 5.1 of [13] suggests that the first entry of Govig is in LP for any p € (2, 00].
For the second entry, recall that we analyze the free resolvent of matriz equation on
the positive branch. Hence, H (iv/2ulx — y|) is well-defined as an operator from
L? to L?. Since ¢ is in L* and the entries of vy are in L> L™ we can conclude that
the second entry of Govi¢(x) is in L. Lemma 3.7 suggests that the second entry is
also in L. So by interpolation Govip(x) € LP x LP for any p € (2, ).

Hence, one has that RankS, < RankSs + 1.

(3) Since in our case Sy = 0, and since zero is not reqular, Range S1 has dimension
evactly one. Hence, we take ||¢||r2xz2 = 1 with ¢ € S1(£* x £?) and S1f =
(¢1, ¢2)<¢, f) where ¢ is as in the Lemma .3.7.

(4) By Lemma 3.7, we have

1

— 5.
a2 + 62137

Dy =

-1

Definition 3.6 and Lemma 3.7 give us a similar expansion for M*(A\)~! as in the Sec-

tion 2.1. In the expansion |a? + b?||; exchanges with ||V||; due to the definition of
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hie(X) = —||a® 4+ %19 (A\) + ¢ where ¢ € R. Hence, for 0 < A < A1, we have
hy SSh
73) REN) = RT(OA) + RF A1 [+ NS + 55—
(78 A0 =25 00+ 75 O [ oy VS g
515 1 -1 -1 + +0y2
hi"85158 —h"(AN)S —QDoQ — E=(A)|vaRy (A
e e s e 958 he (05 = QDR = EX)]uRg (V)

with E(A)(z,y) is such that

1 1
ATTHEE)|| s + \B 19 EE (A
I sop ATAEE N s 41| sup AZONEEN s

| sup AT = N)TUEE (D) — EF(a)]|| o S 1.
0<A<b< A1

Here the matrix S has the same definition (31) as in the scalar case.

3.2. Proof of the Theorem 3.2.

The proof of Theorem 3.2 is similar to the proof of Theorem 2.1. The cancellation

property Qv = 0 that we used repeatedly is replaced with
(74) Myv1S1 = S1veMiy =0,

which allows us to use Lemma 2.19 to gain extra time decay. Furthermore, as in the scalar
case, the boundary terms arise only in the low-low energy evolution. For this reason, we
present the proof of Theorem 3.2 for the case A\p, A\¢ < 1, and omit the cases in which
high energy is involved. For high energies one can apply the same methods that we applied
in the scalar case using the bound (71) in addition to the bound (23), see [15] for similar
arguments.

For convenience we write
(75) Ro(p+ A?)(z,y) = Ro(\)(2,y) M1 + Ro(X*)(w, y) Moao.
The following Proposition takes care of the contribution of
(76) L] e s alos Stosl e, m)yddadys
to (69) where

(77) Ri(\,p,q) = KT (VRS (1 + X) (2, 20)RF (1 + ) (v, 1)

— BB (X2 (2R (o N2 (g, 91)-
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Proposition 3.9. Let 0 < a < 1/4. If |a(x)| + |b(z)] < <£L‘>_%_a_, then we have

1 1
1 <x>§+a+ <y>§+a+
’(76} - ;3’1 (IL’, y) 5 tlta )

where

|a? + b?[|1
Si(x,y) = . Go(x, z1)vi(z1)S1 (21, y1)v2(y1)Go (Y1, y)dxrdy

_la® + 6%y
- 4

Gov1 S1v2G0.
Proof. Using (75) in (77), R1(A, p, q) can be calculated as
R (V)RS (M) (x, 21) M Min Ry (A*) (y1,y) — h™ (A Ry (A) (=, 1) Min M Ry (%) (1, )
+ [PV RG (M) (2, 21) — h™ (N Ry (A) (@, 21)] Mii M2z Ra (V) (y1,y)
+ Ro(N?) (@, 1) Maa Mur [ (A RS (W) (y1,9)) — h™ (M Ry (A%) (31, 9))]
+ [T (N) = ™ (N)] Moz Maa Ry (A?) (, 1) R2 (%) (1, )
= A1(\p, @) + A2(A p, @) + As(A p, @) + As(A, p, q).-

Note that Aj(\,p,q) is similar to (35). Hence, using the projection property (74), its

contribution to the integral (76) can be obtained as

la? + b2|lx
4t R4

T 5ta 5ta+
Go(x,x1)Mi1v1S1v2M11Go(y, y1)dx1dyr + O(< )2 y) )

(78) titat

Next we consider A4(\, p, q). First note that

[AF(X) = h™ (W] R2(A?) (z, 1) Ra (V) (31, y) =

Ha + b2||12 (
32

Taking E(\, p, q) = x(A\)H (i/21 + A2 p)Hy (i\/2p + A2 q), we see that £(0)
= Hy (iv2ulz — x1|)Hy (iv/2ply — y1]). Also, the bounds (71) leads us to

20+ N2 p)H (iv/ 21 + A2 q).

0
(79) \m NH (iv/20+ N[ — 1| H (i3/20+ 2]y = )] S ki, 21)k(y, ),
Q NHT (i /2 2|y — HY (i /2 22|y —
80 ‘8 8)\ ) 0 (Z /’L+ "T .Z'l’) 0 (Z M+ ’y yl’)])‘ 5)\_2k3(l‘,$1)k(y,y1)-

A
Hence, using Lemma 2.15 with the bounds (79) and (80) we obtain the contribution of

A4(N, p, q) to the M-integral of (76) as

a? + b? . ) k(z, 21)k(y,
(81) —IfSLHHlHJ(Z\/ﬂ p)Mas Moo Hif (in/2p1 q) + O( ( ;g/g(y y1)>.
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For Ay (A, p, q), we have

(W (N Ry (W) (,21) = h~ (A Ry (\) (@, 21)] Ra (W) (31, 9)

_ 2 Nla® + 0?11 2
= CJo(Ap)(log(A) + 1) Ra (A7) (y1,y) — g Yo(Ap) R2(A*)(y1,9)

(82)

for some C' € C.

Note that we can apply (74) to the left side of this sum and replace Jy(Ap) with G(\, z, x1).
Hence, Lemma 2.16 together with the bounds in (71) and in Lemma 2.19 gives us the
contribution of the left side to A-integral of (76) as t_l_a<x>%+a<a}1>%+ak(y, Y1)

To find the contribution of the right side of the sum in (82) recall that Yy(A|x — z1|) =
x(Ap)[2 log(%) + ¢+ O((Ap)2 log(Ap))]. Multiplying this with Ry(A2)(y1,y), we have

— 4Go(z, 21)x(AP)R2(A\*) (y1,y) + [log A + c]x (Ap) R2(A*) (1, )
+ O(Ap)? log(Ap)x(Ap) R2 (M) (1, y).

Using Lemma 2.20 and (74), the contribution of the second term to A integral in (76) can
be obtained as (:L‘1>%+O‘k(y,y1)t_1_o‘ in a similar way as in A(\,p,q) in Lemma 2.21. And
the contribution of the third term follows as f%k(y, Y1) (a:>% <x1>%k(y, y1) with Lemma 2.15.

Finally, for the first term we take £()\,p,q) = —4Go(x,1)x(Ap)Ra(N\?)(y1,y) and see
E(0,p,q) = iGo(x,z1)Hy (i/21 q). Using Lemma 2.15 with the bounds of Rs()) and the
support of x(Ap), the contribution of As(\, p,q) is obtained as

_illa® + b

83
(83) 16¢ R4

Go(z, z1) M1 [v1S1v2](w1, y1) Moo HY (in/2p0 q)dzrdys

vo(@hin)

[NIES
[NIE

k(ﬂf,l‘l)k(y, yl))
t1 '

With a similar argument the contribution of As(\,p,q) is

N
NI

il|a® + b? ,
(84) — H16t||1 /4 Hy (in/2p p)Maa[v1S1v2] (21, y1) M11Go(y, y1 ) dzrdyn
R
<$> <.f61> k(xaxl)k(yayl)
+0( i ).
ta
Adding up (78), (81), (83), (84) gives the statement. O
To find the contribution of the terms SS; and 51.5 to (69) we define

Ro(A, p, @) == RJ (\)(z, 21)RT (M) (y1,y) — Ry (V) (@, 21)RG5 (\) (1, v).-



32 EBRU TOPRAK

Proposition 3.10. If |a(z)| + |b(x)| < (x>_%_a_ where 0 < a < %, then we have

0o 1
89 | [ ] e s poln $iSul e, didsidy - 1 5a(o.0)
R*JO

(z) Lta+t (z1) Lo+

) | [ [ e MO0 pra)orSSiealor, ) dAdoadys — (S
R*JO

<x>%+a+<$1>%+a+
~ t1+a ?

where
1 1
S2(x,y) = —1900151502]\411(%?/)7 S3(x,y) = —1M1101SS1U290($,?J)-

Proof. We consider only (85). Note that

Ry (A, p,q) = [R§ (V) (z, 21) M M1 R (V) (y1,y) — Ry (A?) (2, 1) M My Ry (A) (y1, )]
+ [R§ (X?) (2, 21) — Ry (X?) (2, 21)] M11 Mo Ra(A?) (y1, y)
+ Ry(N?) (2, 21) Maa M1 [Ry () (y1,9)) — Ry (A)(y1,9))]

= Bl()‘apa Q) + BQ()‘vpa (:7) + B3(>‘7p7 Q)
Again a similar kernel to Bi(\,p, q) is examined in the scalar case. It has the contribution

1
(1) g | Cole.a)Mufoi$iSe (s ) Mudady +O(
R

<$>%+a+<xl>%+a+
tl+o )

to the integral in (85). For Ba(A,p,q) = % Jo(Ap)Mi1MasRo(A?)(y1,y) we can use the

orthogonality property (74) on the left side of S1.S and exchange Jy(Ap) with G(\, z, z1).

Then, Lemma 2.15 together with the bounds in Lemma 2.19 and (71) gives us

1
T x1)2k(y,
(88) ’/ VAN B\, p, )1 S1Sva (w1, y1)dA| S <1>t5(yy1)
0 4
Lastly, we consider B3(\,p,q) = %RQ()\2>(,{L',$1>J0(>\q)x()\q). Applying Lemma 2.15, we

have

[NIES
N|=

)2 (Y1)

(89) / ™ AN Bs(A, p, q)dA = —

. k(z,x
Har(z\/Zu p) Moo My + O< ( 1)%
0 16t b

t )

Hence, (87), (88), and (89) establishes the proof. O
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The following Proposition will take care of the contributions of the following two integrals:

(90) /4/ "™ A (N)Rs(\, p, q)v1551 Sva (21, y1 )dAda dy
r4 Jo

(91) /4/ "™ A (N)R3(\, p, q)v1Sva(z1, y1 )dAday dy,
r4 Jo

where

+ 2\sp2+ 2 _ Nep— 9
R p. ) = R (u+2+)?§g (H+2) Ry (u+2_)?i(; (n+ )

Proposition 3.11 (Proposition 5.5 in [15]). Let 0 < o < 1/4. If|a(z)|+|b(z)| < (z)~3/272~
then for any absolutely bounded operator I' we have
0,
/ / " Rs (A, p, )uilvz (21, y1)dAdz1dys
R4 Jo

1
 Afla + 021 Jps

w(x)w(y)> Lo ( ()3 ot (y)atot )

MiviToadardy; + O
11V11 v26x10Y1 tlogQ(t) Ata

Corollary 3.12. Under the same conditions of Proposition 3.11 we have

Volalwl)y O<<x>%+a+<y>%+a+),

tlog?(t) tite

90) ~ 35| £ O

(01) — Lt < O LY | (0T,

tlog?(t) tl+e

where

1 1
Sa(z,y) = MMHMS&SWMH, Ss(x,y) = lilvlsszn-

The contribution of E(\)(x,y) can be handled as in Proposition 4.9 in [14] and we can

obtain the following proposition.
Proposition 3.13. Let 0 < o < 1/4. If |a(z)| + |b(z)| < (x)~3/27%, then we have

/ VAN [RE (1 + A 01 Eva Ryt (1 + A2) = Ry (11 + A2)v1 BvaRy (1 + A%)] (2, y)dA
0

()2 ()2t

= O( Hta )

We found the boundary terms §i(z,y), ¢ = 1,..,5 that has % decay for every term
appearing in the expansion (73). Also we note that the contribution of free resolvent is
calculated in [15] as

(92) /0 AR (1 4+ A2) = Ry (1 + A)] (. ) = —4itM11 + O(L .
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Considering this and the expansion (73) we see that the assertion of Theorem 3.2 is

satisfied for
1

S(x,y) = So(z,y) + T2+ 02

4
Z 3:1(5177 y) - %’5(‘%7 y)
i=1
The following proposition concludes the explicit representation of §(x,y) in Theorem 3.2.

Proposition 3.14. Under the conditions of Theorem 1.3 we have

1
§le.) = — 1 0@ (w)]”
where (Ho — pl)y = 0 in the sense of distribution and ¥ — (1,0)T € NysoLP X NpsoLP.
Proof. First note that Gy' (x,y) = Go(z,y) and v = vy. Then, recalling the integral kernel
of Sy, which is Sy (z,y) = ¢(x)¢” (y), we can write the operator obtained as §; as

la® + 6]l
4

la® + 6%

i (Govid] (2)[Govae]” ()

(93) Si(w,y) = Gov1S1v2G0 (2, y) =

_“ﬁzwm«%nﬁ—wmmﬂ—&%®—¢&”)

For the last equality we used the representation of ¢ from Lemma 3.7 and Remark 3.8-(1).
Note that here ((co,0)” —11(z)) is a column vector and (— (co,0) — 93 (y)) is a row vector.
Hence, their vector product gives an operator which is represented by a 4 x 4 matrix.

For §2(x,y), the definition of S gives us

1
Sa(z,y) = —190111515@2]\/[11(%24) = Gov1.S1T Pva M1 (z, y)
1

= — G019l () {6, TPv2Mui (-, y)) = —i[govwﬁ](ﬂ?)@jp(a» b)")(1,0)

~ 1 Govnd)()a + 51 (c0,0).

For the second equality, we used the definition of S from Lemma 2.11 together with identities

QuaMiy, =0, S1 Dy = DpS1 = 51, and Q57 = S1. For the fourth equality, we used the fact

that T is symmetric and voM71 = (a,b)”(1,0). Hence, we have

a2+ 2%,
4

Consequently, since Mj1v; = (—1,0)7(a,b) one obtains

(94) 52 ((Co,O)T - wl(l‘))(C0,0).

CL2 2
_ sznl(—co,O)( — (c0,0) — 3 (v)).

Using the orthogonality property (74) and the definition of S, one has

(95) F3(2,y)



A WEIGHTED ESTIMATE WHEN ZERO IS THE RESONANCE OF THE FIRST KIND 35

1 1
96 = ————5—My1v15va M1 = ——5——5—Mi1v1 PvoM
(96) Fs(z,y) e + 02, 11V10V2.M11 e + 02y 11V1£7v2 M1
—lla* + 8?1 1
= —————5— M1 = —— M.
dfla+02 T a4

With a same argument as in the Proposition 2.27 using the orthogonality property (74)

in the definition of S, we have

1 1
z,Y) = ————-—M11v15515vo M1 = ———5—M11v1 PT'S1T Pva M
Sa(z,y) ala? 1 5] oSS = e e M 1T Pva My
0 &0 la® + 6%l »
Miyjvi PvoMiy1 = ———«¢§,.
Ao + b2 oA PR

For the third equality we used the definition of PT¢ from Lemma 3.7 and the fact that
T is symmetric.
Multiplying (93), (94), (95), (97), (96) with required constants and summing up together

with the boundary term (92) from the free resolvent for matrix Schrédinger operator, we

obtain
> 1 1
S 8ie.) = 1 r @ (9) = — Lt (@) osta ()]
i=0 CO CU
As in Proposition 2.27, dividing 1 by ¢ establishes the proof. O

3.3. Proof of the Theorem 3.1.
The % bound for the free resolvent, for a similar error term to E, and for the term h(\)~1S
were examined in [15] in Proposition 5.4, Proposition 7.5, and Proposition 7.2 respectively.
Since the proof of Proposition 7.2 requires the operator S only to be absolutely bounded it
can be extended to the term hy(\)7155;S.

For the operators QDyQ, SS1, and S1S recall the expansion from Proposition 3.10 :

Ry (A (@, 21)Rg () (y1,9) — Rg (W) (@, 21)Rg () (41, )

= Bl()‘7p> Q) + BQ()‘vp7q) + B3()\apa Q)

The % bound for a similar kernel to Bi(\,p,q) is established in Proposition 3.11 in [13]
for the operator QDyQ, SS1, and S1.S. Furthermore, Proposition 7.2 in [14] shows that
Ba(A\,p,q) and Bs(A,p,q) can also be estimated by % for the operator QDy@. Since the
proof of Proposition 7.2 requires the operator @ Do@ only to be absolutely bounded it can
be adopted to S5 and 515.

Hence, it is enough to establish the % bound for the operator hy(\)S;. The following

Proposition will conclude Theorem 3.1
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Proposition 3.15. If |a(z)| + |b(x)| < (x>_%_, then we have
. 1
/ / elt)‘z)\x(A)%T(/\,p, q)[v1S1v2](x1, y1)dAdx1dy; = O<7>.
R4 JO t

Recall the calculation from Proposition 3.9

%I(Aapv Q) = Al()\ﬂp7 q) + AQ(A7p7 q) + A3()\?p7 q) + A4()‘7p7 q)

Not that Theorem 3.1 in [13] establishes the 1/¢ bound for a similar operator to A1 (A, p, q).
Using (74) one can adopt the same proof to A;(A, p,q).

Using the bounds (71), the contribution of A4(\,p,q) = %RQ(.’L‘, x1) Moo Moo Ro(y1,y) can
be handled as

/0 T AN £ Ra(N2) 1) Ra(N2) 31, )

1 1

21
S t/o |OA[Ra(A2) (, 21) Ro(A2) (1, )] |[dA S K, 1)k (y, yl)O(E)'

The assertion for A4(A, p, q) follows with ||vy(z1)k(z, xl)HL%l < 1.
To prove the contribution of the operators As(\, p, ) and As(\, p, ¢) we need the following

lemma.
Lemma 3.16. If |a(x)| + |b(x)| < <m)_%_, then we have

- 1
L[ e a0, o) S1) @ m)ea(m)dddendy =0 (7).
R4 Jo
The same bound is valid if As(\,p,q) is exchanged with As(\,p,q).

Proof. We have to consider the large and the small energy contribution separately.

Case 1: Az — 21| < 1. Recall that As(\,p,q) = CJo(Ap)(log(N) + 1)Ra(A?)(y1,y) +
2Yo(Ap)R2(A\?)(y1,y) for some C € R and z € C. Taking this expansion and the pro-
jection property (74) of Sj into account it is enough to consider the contribution of the

following two integrals

(98) /OOO e AY (N F (N, z, 1) Ra(A2) (1, y)dA,
(99) /0 - ™ Ay (M) log( NG, 2, 21) Ra (M%) (y1, y)dA.

By integration by part once, we have

1 [ .
98155 [ NP2 Ra(¥) 01, )i
0
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1 2\
-/
k k k 2 1 [
< (y7y1) (x7x1)+ (97?/1)/ ’F()\7x;xl)|d)\+t/ |8)\F(A,ﬂ:',1'1)‘dA
0 0

~ t t

< k;(ya yl)k($7$1) )
~ t

1 21
ONF (A, @, 21) Ra (V) (31, 9)|[dA + t/
0

F(\2,21)0R2 () (31, ) [ dA

For the last inequality observe that by Lemma 2.19 we have |F(\, z,x1)| S k(z, 1) and
2)\1 2>\1
| o Foumanlans [ b () log0n)| + () log A |dA S k)]
0 0

21 1
+ [ 08~ x(ldr S k).
0

To see the last equality note that first integral is bounded by a constant because of the

T—T1
Jz|+1

support of x’. The second integral is bounded by log (

x(Aq) is [, 2],

) since the support of x(Ap) —

/2
With a similar argument one can conclude that !99‘ < M

Case 2: M|z — x1| 2 1. Note that using (74) the A-integral of

L[ ™ a0 1og(0) o) i o Sl M1, ) RaO%) (1) A
R*JO

can be written as
i 7 7 2
(100) | N o) (o) — (AL + [al)}Ra(3%) (. )
0
Let s = max(|Jz — z1|,1 + |z|) and » = min(|]z — x1|,1 + |z|). Using the large energy
representation (23) of Bessel functions and pulling the slower oscillation et out, (100)

can be rewritten as the sum of

(101) / TNFNED Ny (A 1og(A) G (A, 5,7) Ra(A2) (31, y)dA,
0

where
GE(\, 5,7) = X(As)ws (As) — eI T ws (Ar).

By Lemma 3.7 in [13], for 0 < 7 < 1 and A < 2\;, GE()\, s,7) satisfies

; (RO, 509

GO s,m) S (e = s)7(257 + 257,
[Arz [As|

=~ X(Ar)  xX(As)
INGEN, s,7)| < |s — 7l + .
<w«y% As|2 )

(102)
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In Lemma 3.8 of [13], it is proven that

o0 i 2 7.—1 ].
/ it )a()\)d)\:O(t—2>

0
provided
S < Ba a0y (KO | XO9)
(108) o] S kaan n) ) (2 + 7).
(104) )5 k) i (S 55,

Hence, it is enough to show that a(\) = Ax(A)log(A)G=(A, s, r)Ra(A2)(y1,y) satis-
fies (103) and (104), which follows immediately from the inequalities (71), (102), and
Lemma 2.19.

]
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