
GAUGED GROMOV-WITTEN THEORY FOR SMALL SPHERES

EDUARDO GONZALEZ AND CHRIS WOODWARD

Abstract. We relate the genus zero gauged Gromov-Witten invariants of a
smooth projective variety for sufficiently small area with equivariant Gromov-
Witten invariants. As an application we deduce a gauged version of abelianiza-
tion for Gromov-Witten invariants in the small area chamber. In the symplectic
setting, we prove that any sequence of genus zero symplectic vortices with van-
ishing area has a subsequence that converges after gauge transformation to a
holomorphic map with zero average moment map.

1. Introduction

Gauged Gromov-Witten invariants are generalizations of usual Gromov-Witten
invariants to the case of symplectic manifolds with group action. These invariants
are defined as integrals over moduli spaces of gauged versions of holomorphic maps,
known in the symplectic approach as symplectic vortices, and depend on a choice
of area form on the domain curve. In this paper we study the limit of the gauged
Gromov-Witten invariants in the case of genus zero curves with area tending to zero.

Ideally one would like to define gauged Gromov-Witten invariants for arbitrary
Hamiltonian group actions. Let K be a compact Lie group, X a Hamiltonian K-
manifold equipped with a moment map Φ : X → k∨, an invariant compatible almost
complex structure J , and let Σ be a compact smooth complex curve. A gauged
holomorphic map from Σ to X is a pair (A,u) consisting of a connection A on
a principal K-bundle P → Σ together with a section u of the associated fiber
bundle P (X) := P ×K X that is holomorphic with respect to the complex structure
determined by J and A. The space of gauged holomorphic maps with bundle P
has a formal Hamiltonian action of the group of gauge transformations K(P ). The
moment map depends on a choice of area form VolΣ ∈ Ω2(Σ) and an invariant inner
product ( , ) : k× k → R on the Lie algebra k inducing an identification k → k∨. The
symplectic quotient of the space of gauged holomorphic maps by the group of gauge
transformations is the moduli space of symplectic vortices [6], [12], [5], [29]

(1) MK(P,X) := {(A,u) |FA + u∗P (Φ)VolΣ = 0}/K(P ),

where FA ∈ Ω2(Σ, P (k)) is the curvature of A and P (Φ) : P (X) → P (k∨) ∼= P (k) the
map induced by Φ. Let MK(Σ,X) be the union of MK(P,X) over topological types
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of bundles P → Σ, and MK(Σ,X, d) the subspace of homology class d ∈ HK
2 (X,Z).

In the case that X is compact, one obtains a natural compactification M
K

(Σ,X, d)
by allowing bubbling of u in the fibers of P (X), so that u is a stable map to P (X) as
in Mundet [29] and Ott [31]; we call such a nodal vortex (A,u) polystable and stable
if it has finite automorphism group. Gauged Gromov-Witten invariants should be

defined by virtual integration over the moduli space M
K

(Σ,X, d).

The necessary virtual fundamental cycles are more easily defined for algebraic
targets. Let G be the complexification of K and suppose that X is a smooth
projectively-embedded G-variety. If P → Σ is a principal K-bundle then any con-
nection A on P defines a holomorphic structure on the G-bundle P (G) = P ×K G
associated to P . If u is a holomorphic section of the associated X bundle P (X) =
P (G)×GX then the pair (P (G), u) is by definition a morphism from Σ to the quotient
stack X/G. By Mundet’s correspondence, [28], an irreducible pair (A,u) is complex-
gauge-equivalent to a vortex iff the corresponding holomorphic pair (P (G), u) satis-
fies a semistability condition generalizing Mumford-Seshadri semistability for vector
bundles on curves. As before, allowing bubbling in the fibers gives rise to a moduli

stack M
G
n (Σ,X), compact once the homology class is fixed. If semistable gauged

maps have finite stabilizer then M
G
n (Σ,X) is a Deligne-Mumford stack whose un-

derlying coarse moduli space is homeomorphic to M
K
n (Σ,X). The machinery of

Behrend-Fantechi [2] yields virtual fundamental classes and the desired invariants.

The choice of area form gives rise a one-parameter family of Mundet semista-
bility conditions. In order to study the dependence of the gauged Gromov-Witten
invariants on this choice we introduce a real parameter ρ and say that a ρ-vortex is
a pair (A,u) satisfying the vortex equations with area form ρVolΣ, or ρ-semistable
if it is Mundet semistable with this choice. Let Mn(P1) := M0,n(P1, [P1]) be the
Fulton-MacPherson moduli space of stable maps to P1 of homology class [P1]. The
gauged Gromov-Witten invariants

〈 , 〉d,ρ : HG(X,Q)n ⊗H(Mn(P1)) → Q

for n ∈ Z≥0, d ∈ H2(X,Z) are defined by virtual integration. The appearance of the
Fulton-MacPherson, rather than the usual Grothendieck-Knudsen moduli space, is
a manifestation of the dependence of the moduli space on the choice of area form.
As the stability parameter ρ varies the gauged Gromov-Witten invariants are related
by a wall-crossing formula [14]. There are two interesting limits in which the area
of the domain tends to infinity or zero. The former has been studied by Gaio-
Salamon [12]. In certain cases, they show that the limit of any sequence of solutions
is a holomorphic map to the symplectic quotient X//K and so obtain a relationship
between the equivariant cohomology of X and the quantum cohomology of X//K.

The purpose of this paper is to study the opposite limit in which the area of the
domain tends to zero. The space of holomorphic maps Hom(P1,X) from P1 to X has
a natural K-action given by composition with the action, and a formal symplectic
structure given by integrating the pull-back of the symplectic form on X. A formal
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moment map is

φ : Hom(P1,X) → k∨, u 7→

∫

P1

u∗Φ VolP1 .

The map φ extends to the moduli space of parametrized stable maps M0,n(P1 ×
X, (1, d)), that is the moduli of n-marked stable maps of genus 0 with degree (1, d)
into P1 ×X where 1 = [P1] is the unit in H2(P

1). We say that a polystable zero-area
vortex of homology class d ∈ H2(X,Z) is a stable map u : C → P1 ×X from a genus
zero nodal curve C of class (1, d) with φ(u) = 0. The first main result says that
these are exactly the stable maps that appear in the small area limit:

Theorem 1.1. Suppose that X is a compact Hamiltonian K-manifold, ρν → 0 is a
sequence of positive real numbers, and (Aν , uν) is a sequence of polystable ρν-vortices
on P1 with target X of fixed homology class and bundle P . Then P is trivializable
and there exists a sequence kν ∈ K(P ) of gauge transformations such that after
passing to a subsequence, kνAν converges in C0 to the trivial connection on P and
kνuν Gromov converges to a polystable zero-area vortex u0. Conversely, any regular
stable zero-area vortex is a limit of a sequence (Aν , uν) of ρν-vortices with ρν → 0.

The fact that the limit is a holomorphic map should not be surprising: given a
sequence of vortices with vanishing area, the curvature of the connection goes to
zero. Therefore, if the sequence of connections converges then it must converge to
a flat connection, which in genus zero is trivializable. From the symplectic point of
view, the subtle part of the theorem is the statement that the limiting map has zero
average moment map: this follows from a study of a sub-leading term in the vortex
equations. A similar theorem for the case that X is aspherical and K is abelian is
proved in the thesis of Jan Wehrheim [39].

The moduli space of n-marked polystable zero-area vortices is denotedM
K
n (P1,X)0.

If X is a smooth projectively-embedded G-variety then M
K
n (P1,X)0 is the coarse

moduli space of a moduli stack M
G
n (P1,X)0. Integration gives rise to zero-area

gauged Gromov-Witten invariants 〈 , 〉d,0. The zero-area gauged Gromov-Witten
invariants may be viewed as the invariant part of Givental’s equivariant Gromov-
Witten invariants [13], and standard techniques [18], [41] allow, in principle, their
computation from Givental’s invariants, as in Theorem 5.5 below. The second main
result is a description of the gauged Gromov-Witten invariants in the small-area
limit:

Theorem 1.2. Suppose that X is a smooth projectively-embedded variety and d ∈
HG

2 (X,Z), and every 0-semistable gauged map has finite automorphism group. There

exists a ρ0 > 0 such that for all ρ < ρ0, there is an equivalence M
G
n (P1,X, d)0 →

M
G
n (P1,X, d)ρ of Deligne-Mumford stacks with relative perfect obstruction theories

and an equality of invariants 〈α;β〉d,ρ = 〈α;β〉d,0 for all α ∈ HG(X,Q)n and β ∈

H(Mn(P1),Q).
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Using this result we obtain a version of the abelianization conjecture of Bertram,
Ciocan-Fontanine, and Kim [4] in the “small area chamber” relating the Gromov-
Witten invariants for G and a maximal torus T , in the case that G is connected.
Let W be the Weyl group of T ⊂ G.

Theorem 1.3. Let X be a smooth projectively-embedded G-variety such that every
0-stable gauged map has finite automorphism group and dG ∈ HG

2 (X,Z). There
exists a constant ρ0 > 0 such that if ρ < ρ0 and α ∈ HG(X,Q)n is an equivariant
Hodge class (that is, a Chern character of an equivariant algebraic vector bundle)
and β ∈ H(Mn(P1),Q) then

(2) 〈α, β〉G,dG ,ρ = (#W )−1
∑

dT 7→dG

〈α, β〉twist
T,dT ,ρ

where the right hand side is a sum of gauged Gromov-Witten invariants twisted by the
bundle with fiber g/t, where g is the Lie algebra of G and t ⊂ g a Cartan subalgebra.
All of these gauged Gromov-Witten invariants vanish unless dG is in the image of
H2(X) in HG

2 (X).

Combining this with the wall-crossing formula of [14] gives an abelianization for-
mula for all chambers, in particular, the large area chamber which is related to the
Gromov-Witten theory for the symplectic quotient.

A word on notation: we generally use the notation M for a coarse moduli space
(space of isomorphism classes), M for a Deligne-Mumford stack, and M for an Artin
stack, so the “ornateness” of the notation corresponds to “stackiness”.

2. Symplectic vortices and gauged Gromov-Witten invariants

In this section we recall the moduli spaces of symplectic vortices associated to
Hamiltonian K-manifolds, introduced by Mundet [29] and Salamon and collabora-
tors [5], [6], and the associated gauged Gromov-Witten invariants introduced (in the
case of algebraic target) in [14].

2.1. Symplectic vortices. Let Σ be a compact smooth complex curve with com-
plex structure JΣ : TΣ → TΣ, and π : P → Σ a smooth principal K-bundle. Let
X be a compact Hamiltonian K-manifold with symplectic form ω and moment map
Φ : X → k∨. The action of K on X gives rise to a homomorphism of Lie algebras

k → Vect(X), ξ 7→ ξX , ξX(x) =
d

dt
|t=0 exp(−tξ)x.

Our sign convention for the moment map is ι(ξX)ω = −d〈Φ, ξ〉,∀ξ ∈ k. By equi-
variant formality of Hamiltonian K-manifolds (see e.g. [17]) the second equivariant
homology splits HK

2 (X,Q) ∼= H2(X,Q) ⊕ HK
2 (pt,Q). If the action of K extends

to the complexification G then we identify HK(X) and HG(X); generally speak-
ing we use HG(X) when X is a G-manifold, or HK(X) when we are using only
the K-action. Continuous sections u of P (X) := (P × X)/K correspond to lifts
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uK : Σ → XK = EK ×K X of a classifying map Σ → BK for P to XK . De-
note by πP (X) the projection of P (X) onto Σ. The equivariant homology class

µ(u) ∈ HK
2 (X,Z) of u : Σ → P (X) is defined by µ(u) = uK,∗[Σ]. Let J (X) denote

the space of compatible almost complex structures on X. The action of K induces
an action on J (X) by conjugation, and we denote by J (X)K the invariant subspace.
Let A(P ) denote the space of smooth connections on P , and by P (k) := (P × k)/K
the adjoint bundle. The space A(P ) is an affine space modelled on Ω1(Σ, P (k)), with
action given by A 7→ A + π∗a where π∗ : Ω1(Σ, P (k)) → Ω1(P, k)K is the pull-back
map. For any A ∈ A(P ), we denote FA ∈ Ω2(Σ, P (k)) the curvature of A. Any
connection A ∈ A(P ) induces a map of spaces of almost complex structures

J (X)K → J (P (X)), J 7→ JA

using the splitting defined by the connection. Let Γ(Σ, P (X)) denote the space of
smooth sections of P (X). Let

∂A : Γ(Σ, P (X)) → Ω0,1(Σ, (·)∗T vertP (X)), ∂Au =
1

2
(du+ JA(u) ◦ du ◦ JΣ)

be the Cauchy-Riemann operator defined by JA. A gauged map to X is a pair
(A,u) ∈ A(P )×Γ(Σ, P (X)). Suppose VolΣ is the area form determined by a choice
of metric on Σ. The energy of a gauged section (A,u) is given by

E(A,u) =
1

2

∫

Σ

(

|dAu|
2 + |FA|

2 + |u∗P (Φ)|2
)

VolΣ .

The equivariant area D(u) of u is pairing of the class µ(u) with the class [ωK ] ∈
H2

K(X) of the equivariant symplectic form. The energy and equivariant area are
related by [5, 3.1]

(3) E(A,u) = D(u) +

∫

Σ

(

|∂Au|
2 +

1

2
|FA + u∗P (Φ)VolΣ |2

)

VolΣ .

The space of gauged holomorphic maps with underlying bundle P is

H(P,X) = {(A,u) ∈ A(P ) × Γ(Σ, P (X)), ∂Au = 0}.

The space H(P,X) has a formal symplectic form induced from the sum of the formal
symplectic forms on the factors, given as follows. Let

Ω1(P (k))2 → R, (a1, a2) 7→

∫

Σ
(a1 ∧ a2)

denote the symplectic form on the affine space of connections A(P ) determined by
the metric on k. On the other hand, let P (ω) denote the fiber-wise two-form on
P (X) defined by ω. Choose a two-form VolΣ ∈ Ω2(Σ) and define

Ω0(Σ, u∗T vertP (X))2 → R, (v1, v2) 7→

∫

Σ
(u∗P (ω))(v1, v2)VolΣ .

Choose a constant ρ > 0, called the vortex parameter, and consider the formal
two-form

(4) ((a1, v1), (a2, v2)) →

∫

Σ
(a1 ∧ a2) + ρVolΣ(u∗P (ω))(v1, v2)
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Let K(P ) denote the group of gauge transformations. The Lie algebra k(P ) of K(P )
is the space of sections Ω0(Σ, P (k)) of the adjoint bundle. The action of K(P ) on
the space of pairs generates an infinitesimal action (A,u) 7→ (dAξ, u

∗ξX) where
ξX ∈ Ω0(Σ, P ×K Vect(X)) is the vertical vector field induced by ξ. The action
preserves the formal two-form (4) and has moment map given by the curvature plus
pull-back of the moment map for X,

A(P ) × Γ(Σ, P (X)) → Ω2(Σ, P (k)), (A,u) 7→ FA,u := FA + ρVolΣ u
∗P (Φ).

By restriction one obtains a formal Hamiltonian action on H(P,X). These formal
considerations motivate the following definition.

Definition 2.1. A gauged holomorphic map (A,u) is a ρ-vortex iff FA,u = 0.

The moduli space of ρ-vortices of class d ∈ HK
2 (X) with bundle P is

MK(P,X, d)ρ := {FA,u = 0, µ(u) = d}/K(P ).

Let MK(P,X)ρ be the union over classes d, and MK(Σ,X)ρ the union over types P .
Note that the first Chern class of P is determined by the homology class of uK via
the projection XK → BK. The formal tangent space to MK(P,X)ρ is the kernel of
a Fredholm operator given as follows. We first give the spaces of connections and
sections the structure of Banach manifolds by taking completions with respect to
Sobolev norms ‖ · ‖k,p for positive integers k, p. For p > 2, define

dA,u,ρ : Ω1(Σ, P (k))1,p ⊕ Ω0(Σ, u∗T vertP (X))1,p → Ω2(Σ, P (k))0,p

(a, v) 7→ dAa+ ρVolΣ LvP (Φ)

d∗
A,u,ρ : Ω1(Σ, P (k))1,p ⊕ Ω0(Σ, u∗T vertP (X))1,p → Ω0(Σ, P (k))0,p

(a, v) 7→ d∗
Aa+ ρVolΣ u

∗LJvP (Φ).

Here LvP (Φ) ∈ Ω0(Σ, P (k)) denotes the derivative of P (Φ) in the direction of v.
The set

(5) SA,u = {(A+ π∗a, expu(v)), (a, v) ∈ ker d∗
A,u,ρ} ⊂ H(P,X)1,p

contains a slice for the action of K(P )2,p on H(P,X)1,p at (A,u) (see [5, Section 4]).
Define

(6) Fρ
A,u : Ω1(Σ, P (k))1,p ⊕ Ω0(Σ, u∗T vertP (X))1,p

→ (Ω0 ⊕ Ω2)(Σ, P (k))0,p ⊕ Ω0,1(Σ, u∗T vertP (X))0,p

(a, v) 7→
(

FA+π∗a + ρVolΣ expu(v)∗Φ,d∗
A,ρ(a, v),Ψu(v)−1∂A+π∗a expu(v)

)

where Ψu(v)−1 is parallel transport from expu(v) to u using the Hermitian modifica-
tion of the Levi-Civita connection [27, Section 3.1]. Let DA,u denote the linearization
of the Cauchy-Riemann operator for JA,

DA,u(a, v) := (∇Av)
0,1 + a0,1

X +
1

2
Ju(∇A,vJ)u∂Au
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where aX denotes the image of a under the map Ω1(Σ, P (k)) → Ω1(Σ, u∗T vertP (X))
induced by the action, and 0, 1 denotes projection on the 0, 1-component. The last
term vanishes if J is integrable.

Definition 2.2. The linearized operator for (A,u) ∈ H(P,X) and vortex parameter
ρ is the operator

(7) D̃ρ
A,u : Ω1(Σ, P (k)) ⊕ Ω0(Σ, u∗T vert(P (X))

→ (Ω0 ⊕ Ω2)(Σ, P (k)) ⊕ Ω0,1(Σ, u∗T vert(P (X))

(a, v) 7→ (dA,u,ρ(a, v),d
∗
A,u,ρ(a, v),DA,u(a, v)).

(A,u) is regular if the operator D̃ρ
A,u is surjective. If (A,u) is regular then it follows

from the slice condition that aut(A,u) is trivial, and since Aut(A,u) ⊂ Aut(A) is
compact, Aut(A,u) is finite, that is, (A,u) is stable. The space of infinitesimal

deformations of (A,u) is Def(A,u) = ker(D̃ρ
A,u).

The operator D̃ρ
A,u is the linearization of the map Fρ

A,u at (A,u). It is elliptic, and
so has finite dimensional kernel and cokernel in the Sobolev completions above. The
following theorem, due to Mundet, Salamon et al. [29], [5], generalizes the standard
results for pseudoholomorphic maps to the gauged setting:

Theorem 2.3. For any constants c1, c2 > 0, the set of elements [A,u] ∈MK(Σ,X)ρ
with sup |dAu| < c1 and E(A,u) < c2 is compact. The regular locus MK,reg(Σ,X)ρ
is a smooth orbifold with tangent space at [A,u] isomorphic to Def(A,u). The di-
mension of the component of homology class d ∈ HK

2 (X) is given by

dim(MK,reg(Σ,X, d)ρ) = Ind(D̃ρ
A,u) = (1 − g)(dim(X) − 2 dim(K)) + 2(cK1 (TX), d)

where g = genus(Σ).

Spaces with markings and framings are given as follows.

Definition 2.4. An n-marked symplectic vortex is a vortex (A,u) together with
n-tuple z = (z1, . . . , zn) of distinct points on Σ. An isomorphism of n-marked sym-
plectic vortices is an isomorphism of the underlying vortices, such that the markings
are equal. A framed vortex is a collection (A,u, z, φ), where (A,u, z) is a marked
vortex and φ = (φ1, . . . , φn) are trivializations of the fibers of P at z1, . . . , zn, that is,
each φj : Pzj

→ K is a K-equivariant isomorphism. An isomorphism of framed vor-
tices is an isomorphism of the underlying marked vortices, intertwining the framings:
if ψ : P → P ′ denotes the bundle isomorphism, then φj = φ′j ◦ ψ, j = 1, . . . , n.

LetMK
n (Σ,X)ρ denote the moduli space of isomorphism classes n-marked ρ-vortices.

The moduli space MK
n (Σ,X)ρ is homeomorphic to the product MK(Σ,X)ρ×Mn(Σ)

where Mn(Σ) denotes the configuration space of n-tuples of distinct points on Σ. Let

MK,fr
n (Σ,X)ρ denote the moduli space of isomorphism classes of framed n-marked

ρ-vortices. The framed evaluation map is

evfr : MK,fr
n (Σ,X)ρ → Xn, [A,u, z, φ] 7→ (φ1(u(z1)), . . . , φn(u(zn)))
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defined by combining the framings with evaluation at the marked points. Define

ϕ : MK,fr
n (Σ,X)ρ →MK

n (Σ,X)ρ, [A,u, z, φ] 7→ [A,u, z]

by forgetting the framings. Since the action of the gauge group admits slices (5)

over the regular locus the map MK,fr,reg
n (Σ,X)ρ the map ϕ is an orbifold principal

Kn-bundle. Suppose that Kn acts freely, so that MK,fr,reg
n (Σ,X)ρ is an honest

bundle. Let ψ : MK,fr,reg
n (Σ,X)ρ → EKn be a classifying map for ϕ. Combining ψ

with the framed evaluation map evfr gives rise to a Kn-equivariant map evfr ×ψ :

MK,fr,reg
n (Σ,X)ρ → Xn × EKn. Define the evaluation map evZ : MK,reg

n (Σ,X)ρ →
(Xn × EKn)/Kn = Xn

K by descending evfr ×ψ to the quotient. Pull-back by evZ

induces a map in equivariant cohomology with integral coefficients. More generally,

the classifying map exists after passing to the classifying space of MK,fr,reg
n (Σ,X)ρ,

and we obtain a pull-back for cohomology in rational coefficients

(8) ev∗ : HK(X,Q)n → H(MK,reg
n (Σ,X)ρ,Q).

2.2. Compactification. There is a natural compactification of the moduli space of
vortices obtained by allowing bubbling:

Definition 2.5. Let Σ be a compact connected smooth complex curve and X a
Hamiltonian K-manifold. A nodal gauged holomorphic map to X with principal
component Σ consists of a datum (P,A,C, u, z) where P is a principal K-bundle
on Σ; A is a connection on P ; C is a compact nodal curve, u : C → P (X) is a
holomorphic map such that the composition πP (X) ◦ u : C → Σ has homology class
[Σ]; z = (z1, . . . , zn) ∈ Cn are distinct, smooth points of C. The principal component
of a nodal gauged holomorphic map is the (unmarked) gauged holomorphic map
(P,A,C0, u0) where C0 ⊂ C is the unique component of C on which the composition
πP (X) ◦ u|C0 is non-constant. A nodal vortex is a nodal gauged map such that the
principal component (A,u0) is a vortex. A nodal vortex is polystable if the underlying
map u is stable. A polystable vortex is stable if it has finite automorphism group.
An isomorphism of nodal ρ-vortices (P,A,C, u, z), (P ′, A′, C ′, u′, z′) consists of an
isomorphism of nodal curves f : C → C ′ and a bundle isomorphism k : P → P ′

such that kA = A′, u′ ◦ f = ku, and f(zi) = z′i, i = 1, . . . , n. A framed nodal
vortex consists of a nodal vortex together with framings at the attaching points of
the bubbles φi : Pẑi

→ K, i = 1, . . . , n. The combinatorial type of a gauged nodal
map (P,A,C, u, z) is the rooted graph Γ whose vertices are the components of C,
whose finite edges represent the nodes w±

i , i = 1, . . . ,m, semi-infinite edges represent
the markings z1, . . . , zn, and whose root vertex represents the principal component
C0. The homology class of a nodal vortex is the class uK,∗[C] ∈ HK

2 (X,Z) where
uK : C → EK ×K X is the lift of a classifying map C → EK of (πP (X) ◦ u)

∗P → C
corresponding to u.

We often abbreviate the data of a nodal vortex as (A,u) to save space. Let

MK
n,Γ(Σ,X, d)ρ resp. MK,fr

n,Γ (Σ,X, d)ρ be the moduli space of isomorphism classes of
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polystable resp. framed polystable ρ-vortices of combinatorial type Γ and homology

class d ∈ HK
2 (X,Z), and M

K
n (Σ,X, d)ρ be the union over types

M
K
n (Σ,X, d)ρ =

⋃

Γ

MK
n,Γ(Σ,X, d)ρ.

A notion of Gromov convergence of nodal vortices, described in [31], defines a topol-

ogy on M
K
n (Σ,X, d)ρ.

To define the linearized operator associated to a vortex, we recall that the nor-
malization C̃ of a nodal curve C is the disjoint union of the irreducible components.
Let Ω0(C, u∗T vertP (X))1,p denote the subspace of Ω0(C̃, u∗T vertP (X))1,p consisting
of sections that agree at the nodes.

Definition 2.6. Given a nodal vortex (A ∈ A(P ), u : C → P (X)), let D̃ρ
A,u denote

the linearized operator

(9) Ω1(Σ, P (k))1,p ⊕ Ω0(C, u∗T vertP (X))1,p

→ (Ω0 ⊕ Ω2)(Σ, P (k))0,p ⊕ Ω0,1(C̃, u∗T vertP (X))0,p

(a, v) 7→ (D̃A,u0
(a, v0), (Duj

vj)
k
j=1)

given by the operator D̃ρ
A,u on the principal component and the linearized Cauchy-

Riemann operator D̃vj
on the bubbles. We say that (A,u) is regular iff D̃ρ

A,u is
surjective.

Theorem 2.7. Let X be a compact Hamiltonian K-manifold. For any c > 0, the

union of components M
K
n (Σ,X, d)ρ with 〈d, [ωK ]〉 < c is a compact, Hausdorff space.

The regular locus M
K,reg

(Σ,X, d)ρ has the structure of a partially smooth topological
(non-canonically C1) orbifold.

This generalization of Gromov compactness is proved in Ott [31], with special cases
proved previously in Mundet [29]. That the topology defined by Gromov convergence
is compact follows using local distance functions as in [27, p. 134]. The orbifold
charts are given by universal deformations constructed in [15]. The evaluation maps
on the principal stratum defined in (8) extend to maps

ev∗ : HK(X,Q)n → H(M
K,reg
n (Σ,X)ρ,Q)

and the forgetful morphism extends to map f : M
K
n (Σ,X)ρ → M

K
n (Σ) forgetting

A, replacing u with its composition with the projection πP (X), and collapsing any
unstable component.

2.3. Semistable gauged maps. Let X be a smooth projectively-embedded G-
variety. Recall that a principal G-bundle over a scheme S is an S-scheme P with a
right G-action such that P is locally trivial in the étale topology on S.
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Definition 2.8. An n-marked nodal gauged map toX over a scheme S with principal
component Σ consists of a datum (P,C, u, z) where (C, z) is a family of n-marked
pre-stable curves (see e.g. Behrend-Manin [3]) of genus that of Σ, P → Σ × S is a
principal G-bundle; and u : C → P (X) := (P × X)/G is a family of stable maps
such that composition of u with the projection P (X) → Σ has homology class [Σ].

The restriction on the homology class and genus means that the domain C of a
nodal gauged map over a point S = {s} has a principal component C0 isomorphic
to Σ under the composition of C → P (X) with P (X) → Σ and a number of bubble
components C1, . . . , Cm mapping to points in Σ.

Mundet’s stability condition [28], which combines that of Ramanathan [32] for
principal bundles and Mumford, for finite-dimensional actions, is given as follows.
Recall that a subgroup R ⊂ G is parabolic iff G/R is compact. A Levi subgroup of a
parabolic subgroup R is a maximal reductive subgroup. Each Levi subgroup has a
maximal unipotent complementary subgroup U ⊂ G such that R = LU . Quotienting
by U defines a surjective homomorphism p : R → L. A parabolic reduction of a
principal G-bundle P consists of a parabolic subgroup R ⊂ G, a principal R-bundle
P ′ and an isomorphism P ′(G) → P . There is a canonical bijection between parabolic
reductions with subgroup R and sections σ : Σ → P/R, given by σ 7→ σ∗P , the pull-
back of the R-bundle P → P/R under σ : Σ → P/R. Given such a section σ let
p∗σ

∗P denote the associated L-bundle. Let i : L→ G be the inclusion.

Definition 2.9. Let P → Σ be a principal G-bundle and u : Σ → P (X) a section.
Given a parabolic reduction σ : Σ → P/R, the associated graded bundle is Gr(P ) =
i∗p∗σ

∗P ; note that Gr(P ) has a canonical reduction to L given by p∗σ
∗P . Let

Z denote the center of L, z its Lie algebra, and λ ∈ z antidominant such that
exp(λ) = 1. The family of automorphisms of R given by conjugation by zλ/2πi =
exp(ln(z)λ/2πi) induces a family of bundles Pσ,λ := (σ∗P × C) ×R R (the action
of R on itself is twisted by conjugation) with central fiber (p∗σ

∗P )(R). The stable

section u extends canonically over the generic fibers by multiplication by zλ/2πi and
over the central fiber, by properness of stable maps, to an associated graded stable
map denoted Gr(u) from a nodal curve C to (Gr(P ))(X). Suppose that λ defines a
weight of L via the inner product on l ⊂ g. The degree of the pair (σ, λ) is defined
in terms of the associated graded by

(10) µσ,λ(P, u) =

∫

Σ
c1(p∗σ

∗P ×L Cλ) + ρµλ(Gr(u)0)VolΣ

where Gr(u)0 : Σ → P (X) denotes the principal component of Gr(u) : C → P (X),
and µλ(Gr(u)0) is the weight of the one-parameter subgroup C∗

λ generated by λ on
any fiber OX(1)Gr(u)0(z), z ∈ Σ. The pair (σ, λ) is destabilizing iff µσ,λ(P, u) > 0.
(P, u) is unstable if there exists a de-stabilizing pair (σ, λ), semistable if it is not
unstable, stable if there are no pairs with µσ,λ(P, u) ≥ 0, and polystable if it is
semistable but not stable and (P, u) is isomorphic to its associated graded for any
pair (σ, λ) satisfying the above with equality.
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The weight µλ(Gr(u)0) can be described in terms of the moment map as follows.
The underlying smooth principal G-bundle admits a reduction of structure group
from G to K. Suppose that X is equipped with moment map Φ : X → k∨ ∼= k

induced by the Fubini-Study equivariant symplectic form. The map Φ induces a
map P (Φ) : P (X) → P (k) taking values in P (l) on the λ-fixed locus. Being L-
invariant λ induces an element P (λ) ∈ P (l). Then

(11) µλ(Gr(u)0) = 〈P (Φ) ◦ Gr(u)0(z), P (λ)〉,∀z ∈ Σ.

Let M
G
n (Σ,X) denote the category of nodal n-marked gauged maps to X with

principal component Σ.

Theorem 2.10. [14] M
G
n (Σ,X) has the structure of a (non-finite-type, non-separated)

Artin stack. The subcategory M
G
n (Σ,X)ρ of ρ-semistable gauged maps has the

structure of an open substack. If all automorphism groups are finite, M
G
n (Σ,X)ρ

(or rather, any component M
G
n (Σ,X, d)ρ since M

G
n (Σ,X)ρ is not finite type) is

a Deligne-Mumford stack equipped with a canonical perfect obstruction theory, and
its coarse moduli space is homeomorphic to the moduli space of symplectic vortices

M
K
n (Σ,X)ρ. For each constant c > 0, the union of components M

G
n (Σ,X, d)ρ with

homology class d ∈ HG
2 (X) satisfying 〈d, [ωG]〉 < c is proper.

Let Mn(Σ) be the moduli stack for X and G trivial; this is the moduli stack
of n-marked pre-stable maps to Σ of class [Σ] and genus that of Σ. A relative

perfect obstruction theory for the morphism M
G
n (Σ,X, d)ρ → Mn(Σ) is defined by

Rp∗(e
∗T (X/G))∨, where p : U

G
n (Σ,X, d)ρ → M

G
n (Σ,X, d)ρ is the universal curve

and e : U
G
n (Σ,X, d)ρ → X/G the universal morphism, together with its canonical

morphism to the cotangent complex. Let ev : M
G
n (Σ,X)ρ → (X/G)n denote the

evaluation map at the marked points, (P,C, u, z) 7→ (z∗P, u ◦ z). Let ev∗ denote the
induced pull-back in rational cohomology of coarse moduli spaces,

ev∗ : HG(X,Q)n → H(M
G
n (Σ,X)ρ,Q).

As explained in [14] there exists a forgetful morphism f : M
G
n (Σ,X)ρ → Mn(Σ) :=

Mgenus(Σ),n(Σ, [Σ]) which maps (C,P, u, z) to the stable map to Σ obtained from
(C, πP (X) ◦ u, z) by collapsing unstable components.

2.4. Gauged Gromov-Witten invariants. We assume that the reader is famil-
iar with twisted Gromov-Witten invariants as in Coates-Givental [7]. Given a G-
equivariant vector bundle V → X, define the index

Ind(V ) = Rp∗e
∗V ∈ Ob(Db Coh(M

G
n (Σ,X)ρ))

where p, as before, is the projection from the universal curve and e is the universal
morphism. If V is a G-representation, then by Ind(V ) we mean the index of the
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trivial vector bundle with fiber V . Denote the Euler class of Ind(V ) by

EulC∗(Ind(V )) ∈ H(M
G
n (Σ,X)ρ,Q)[ζ, ζ−1];

here ζ the equivariant parameter for the action of C∗ by scalar multiplication, acting
trivially on the base.

Definition 2.11. Suppose that X,G, ρ, d are as above so that every ρ-semistable
gauged map of class d has finite automorphism group. The V -twisted gauged Gromov-
Witten invariant associated to α ∈ HG(X)n, β ∈ H(Mn(Σ)) is

〈α, β〉ρ,d,V :=

∫

[M
G
n (Σ,X,d)ρ]

ev∗ α ∪ f∗β ∪ EulC∗(Ind(V )) ∈ Q[ζ, ζ−1].

The splitting axiom for these invariants is discussed in [14]: they form a cohomo-
logical trace on the cohomological field theory defined by the equivariant Gromov-
Witten invariants introduced by Givental [13]. In the symplectic setting the in-
variants can be defined under the assumption that every vortex is regular. Pulling
back and integrating using the usual orbifold fundamental class gives a symplectic
definition of the gauged Gromov-Witten invariants.

3. Vortices with zero area and genus

In this section we construct zero-area gauged Gromov-Witten invariants in genus
zero. There are two approaches: in the symplectic approach the moduli space of

zero-area vortices M
K
n (P1,X)0 is constructed via degenerate symplectic reduction

on the moduli space of stable maps M0,n(P1×X). In the second approach, a moduli

stack of zero-area gauged maps M
G
n (P1,X)0 is constructed via a stability condition

Definition 3.5 for M0,n(P1 ×X).

3.1. Zero-area vortices. Let X be a compact Hamiltonian K-manifold with mo-
ment map Φ : X → k∨ ∼= k equipped with an invariant compatible almost complex
structure J . Let Map(P1,X) denote the space of smooth maps from P1 to X. Define

φ : Map(P1,X) → k, φ(u) =

∫

P1

u∗Φ VolP1 .

Definition 3.1. A zero-area-vortex is a map u ∈ Map(P1,X) satisfying the equa-
tions φ(u) = 0 and ∂u = 0. An isomorphism of zero-area vortices u0, u1 is an element
k ∈ K with ku0 = u1. A zero-area vortex is stable if it has finite automorphism
group.

Let MK(P1,X, d)0 be the moduli space of isomorphism classes of zero-area vortices
of homology class d ∈ H2(X):

MK(P1,X, d)0 =
{

u ∈ Map(P1,X)
∣

∣ ∂u = 0, φ(u) = 0, u∗[P
1] = d

}

/K.

Since any flat connection on P1 ×K is gauge equivalent to the trivial one and has
automorphism group isomorphic to K, the space MK(P1,X, d) may be viewed a
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moduli space of isomorphism classes of pairs (A,u) with FA = 0, ∂Au = 0; this
justifies the use of the term vortex. For d ∈ HK

2 (X,Z) we define MK(P1,X, d)0 to
be the union of components MK(P1,X, d′)0 where d′ ∈ H2(X,Z) maps to d under
the inclusion of the fiber X → EK ×K X.

The formal tangent space to MK(P1,X)0 at any point [u] may be identified with
the kernel of a Fredholm operator, as follows. Define

Eu : Ω0(P1, u∗TX) → k, v 7→

∫

P1

LvΦ VolP1

E∗
u : Ω0(P1, u∗TX) → k, v 7→

∫

P1

LJvΦ VolP1 .

Thus Eu(v) resp. E∗
u(v) is the derivative of the average of the moment map with

respect to v resp. Jv. Then MK(P1,X)0 is locally homeomorphic to the zero set of

F0
u : Ω0(P1, u∗T vertP (X)) → (k ⊕ k) ⊕ Ω0,1(P1, u∗T vertP (X))

v 7→

(∫

P1

expu(v)∗P (Φ), E∗
uv,Ψu(v)−1∂ expu(v)

)

where Ψu(v)−1 is parallel transport from expu(v) to u, using a Hermitian connection.

Definition 3.2. The linearized operator for a zero-area vortex u is the linearization
of F0

u ,

(12) D̃0
u : Ω0(P1, u∗TX) → (k ⊕ k) ⊕ Ω0,1(P1, u∗TX), v 7→ (Euv,E

∗
uv,Duv).

where Du is the standard linearized Cauchy-Riemann operator. We say that a zero-
area-vortex u is regular iff the operator D̃0

u is surjective. The space of infinitesimal

deformations of u is Def(u) = ker(D̃0
u).

Let MK,reg(P1,X)0 ⊂ MK(P1,X)0 denote the locus of regular zero-area vortices.
It has the structure of a smooth, finite-dimensional orbifold; the proof is similar to
that for pseudoholomorphic maps and will be omitted.

3.2. Compactification. The moduli space MK(P1,X, d)0 admits a compactifica-
tion by allowing bubbling in the fibers, as in the case of finite vortex parameter
discussed in Theorem 2.7. One way of constructing this compactification is by the
following quotient construction as a formal symplectic quotient of the moduli space
of stable maps. Let M0,n(P1 × X, (1, d)) denote the moduli space of parametrized
genus 0 stable holomorphic maps u = (u1, u2) : C → P1×X of homology class (1, d).
Define

φ : M0,n(P1 ×X, (1, d)) → k, u 7→

∫

C
u∗2Φ u∗1 VolP1 .

The map φ can be considered as a moment map for the action of K on M0,n(P1 ×
X, (1, d)) for a closed two-form given by integrating the pull-back of ω ∈ Ω2(X) over
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the principal component as in (4). By definition of zero-area vortices there is an
isomorphism

(13) M
K
n (P1,X, d)0 ∼= φ−1(0)/K =: M0,n(P1 ×X, (1, d))//K.

The local structure of the regular locus is described as follows:

Definition 3.3. Let u : C → P1 ×X be a zero-area vortex with combinatorial type
Γ. The linearized operator for u is

D̃0
u : Ω0(C, u∗T (P1 ×X)) → (k ⊕ k) ⊕ Ω0,1(C̃, u∗T (P1 ×X)), v 7→ (Euv,E

∗
uv,Duv)

where Du is the usual linearized Cauchy-Riemann operator on Ω0(C, u∗TX), Eu, E
∗
u

are the operators on the principal component and C̃ is the normalization of C. We
say that u is regular iff D̃0

u is surjective. The space of infinitesimal deformations of
constant type of u is

DefΓ(u) = ker(D̃0
u)/ aut(C).

The space of infinitesimal deformations of u is the space of infinitesimal deformations
of fixed type, plus the space of gluing parameters:

(14) Def(u) = DefΓ(u) ⊕
m

⊕

i=1

Tw+

i
C ⊗ Tw−

i
C

where m is the number of nodes of C.

Theorem 3.4. For any c > 0, the union over d ∈ HK
2 (X,Z) with 〈[ωK ], d〉 < c

of M
K
n (P1,X, d)0 is a compact, Hausdorff space. The regular locus M

K,reg
n (P1,X)0

admits the structure of a stratified-smooth topological orbifold, with tangent space at
[u] isomorphic to Def(u).

Proof. This follows from the symplectic quotient description (13) and compactness
and regularity properties of the moduli space of stable maps. �

3.3. Zero-semistability. In this section we give an algebraic interpretation of the
moduli space of zero-area vortices in terms of a stability condition. Let X be a
smooth projectively-embedded G-variety. The G-action on X induces an action on
the stack M0,n(P1 × X, (1, d)) by translation, see Romagny [33] for discussion of
group actions on stacks.

Definition 3.5. Given a non-zero element λ ∈ k and a stable map u : C → P1 ×X,
the associated graded map Gr(u) is the Gromov limit of maps exp(tiλ)u as t→ −∞.
The degree of λ with respect to u is µλ(u) := 〈Gr(u)∗0Φ, λ〉, where the pairing is
taken at any point in the principal component. A stable map u : C → P1 ×X is 0-
semistable iff µλ(u) ≤ 0 for all λ ∈ g, 0-unstable iff it is not 0-semistable, and 0-stable
iff it is 0-semistable with strict inequality for each non-zero λ. An isomorphism of
0-semistable maps u : C → P1 ×X,u′ : C ′ → P1 ×X is an isomorphism ψ : C → C ′

and an element g ∈ G such that gu = u′ ◦ ψ.
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A stable map is 0-unstable iff a generic value on the principal component is 0-
unstable for some one-parameter subgroup, which is a closed condition. Hence the 0-
semistable locus is open in M0,n(P1×X). (There is a seemingly unavoidable conflict
between stability terminology here: a stable map may or may not be 0-(semi)stable.)

We denote by M
G
n (P1,X)0 the stack of 0-semistable maps to X. More explicitly

M
G
n (P1,X)0 is a substack of the quotient stack M0,n(P1 ×X)/G of M0,n(P1 ×X)

by G. An object of M0,n(P1 ×X)/G over a scheme S consists a principal G-bundle

P → S and a stable map u : C → P1×P (X) over S. Artin charts for M0,n(P1×X)/G

are induced by charts for M0,n(P1 ×X), making M
G
n (P1,X)0 ⊂ M0,n(P1 ×X)/G

into an Artin stack cf. [33], [19, Appendix].

Theorem 3.6. Suppose that every 0-semistable gauged map is stable. For any

constant c > 0, the union of components M
G
n (P1,X, d)0 with homology class d ∈

H2(X,Z) satisfying 〈d, [ω]〉 < c is a proper Deligne-Mumford stack with a relative
perfect obstruction theory over Mn(P1).

To show properness of M
G
n (P1,X)0 we use the following result, similar to Kirwan

[22] and Ness [30], which gives an equivalence between the algebro-geometric and
symplecto-geometric definitions. We say that λ ∈ k is a maximally destabilizing
vector iff for any ξ ∈ k, µξ(u)/‖ξ‖ ≤ µλ(u)/‖λ‖ with equality iff R>0ξ = R>0λ.

Proposition 3.7. Let u : C → P1 ×X be a stable map. Then

(a) the map u is 0-semistable iff Gu ∩ φ−1(0) 6= ∅;
(b) Gu ∩ φ−1(0) contains at most one K-orbit;
(c) Any 0-unstable u has a maximally destabilizing vector λ.

Proof. In Kempf-Ness [21] and Ness [30] the case of projective or Kähler actions was
considered. The case of degenerate polarizations, when the 2-form is only required
to be non-degenerate on each orbit, is discussed in [42, Remark 7.2.5]. �

Remark 3.8. The theory of the Jordan-Hölder vector is missing. That is, we do not
know whether, if Gu contains a vortex, whether the orbit of such a vortex is unique.

Proposition 3.9. Suppose that every 0-area vortex has finite automorphism group.

Then the coarse moduli space of M
G
n (P1,X)0 is homeomorphic to the moduli space

of 0-area vortices M
K
n (P1,X)0.

Proof. The assumption on finite automorphism group implies stable=semistable,
since the associated graded of any 0-semistable but not 0-stable has infinite auto-
morphism group. By part (a) of 3.7, any 0-stable map u is complex orbit equivalent
to a 0-area vortex; the resulting map from the coarse moduli space (the quotient of
the semistable locus by the action) has a continuous inverse given by the inclusion
of φ−1(0) into the 0-stable locus. �
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Proof of Theorem 3.6. Properness follows from properness of the coarse moduli space
in Theorem 3.4; the case of non-zero vortex parameter is discussed in [14]. A relative
perfect obstruction theory is given by Rp∗(e

∗T (X/G))∨ as in Behrend [1] and the
canonical map to the cotangent complex, where p is the universal curve and e the
universal morphism, c.f. Gonzalez-Woodward [14, Theorem 4.23]. �

3.4. Zero-area gauged Gromov-Witten invariants. Suppose thatX is a smooth
projectively-embedded G-variety. Given u : C → P1 ×X we denote by u1 : C → P1

the component with values in P1.

Lemma 3.10. There exists a forgetful morphism f : M
G
n (P1,X)0 → Mn(P1) which

maps (P,C, u, z) to the stable map obtained from (C, u1, z) by collapsing unstable
components.

Proof. The existence of a morphism M0,n(P1 ×X) → M0,n(P1) collapsing unstable
components follows from the functoriality properties of the moduli space of sta-
ble maps given in Behrend-Manin [3]. The restriction to the 0-semistable locus is

invariant and so factors through the quotient M
G
n (P1,X)0. �

Let ev : M
G
n (P1,X)0 → (X/G)n denote the evaluation map at the marked points.

Let ev∗ denote the induced pull-back in rational cohomology of coarse moduli spaces

ev∗ : HG(X,Q)n → H(M
G
n (P1,X)0,Q).

Definition 3.11. Suppose that every semistable zero-area gauged map of class
d ∈ H2(X,Z) has finite automorphism group. The zero-area gauged Gromov-Witten
invariant for α ∈ HG(X,Q)n, β ∈ H(Mn(P1),Q), d ∈ HG

2 (X,Z) is

(15) 〈α;β〉d,0 =

∫

[M
G
n (P1,X,d)0]

ev∗ α ∪ f∗β ∈ Q.

From the symplectic point of view, the invariants are defined without virtual fun-
damental cycles if every vortex is regular, by integration using the usual orbifold
fundamental class. At least in principle, the zero-area gauged Gromov-Witten in-
variants may be computed from the usual equivariant Gromov-Witten invariants
using localization theorems in [18], [41].

The splitting axiom for the zero-area gauged Gromov-Witten invariants is the
same as that for finite vortex parameter discussed in [14], that is, they form a
cohomological trace on the cohomological field theory defined by the equivariant
Gromov-Witten invariants introduced by Givental in [13]. We will not prove the
splitting axiom here; it follows from the equality with the gauged Gromov-Witten
invariants for small area proved later.



GAUGED GROMOV-WITTEN THEORY FOR SMALL SPHERES 17

4. The zero-area limit

In this section we give both an algebraic and symplectic study of the moduli
spaces in the zero-area limit.

4.1. Small-area limit of Mundet-stability.

Theorem 4.1. Let X be a smooth projectively-embedded G-variety. There exists a
ρ0 > 0 such that for ρ < ρ0, any gauged map (P,C, u) of genus zero is ρ-semistable
iff P is trivializable and (after identifying P → P1 ×G so that P (X) ∼= P1 ×X) the
map u is 0-semistable.

Proof. For the proof we use the definition of degree (11) using the moment map. Let
ρ0 > 0 be such that supx∈X ρ0‖Φ(x)‖

∫

P1 VolP1 < 1. Since the first Chern number of
any line bundle is integral, a pair (σ, λ) in (10) violates semistability for ρ < ρ0 iff

µσ,λ(P, u) =

∫

P1

c1(p∗σ
∗P ×L Cλ) + ρ〈P (Φ) ◦ Gr(u)0, λ〉VolP1 > 0

iff
∫

σ c1(p∗σ
∗P ×L Cλ) ≥ 0 and if equality holds then

(16) 〈P (Φ) ◦ Gr(u)0, λ〉 > 0.

It follows that (P,C, u) is ρ-semistable iff P is semistable, hence trivial (since P1 has
genus zero), and u satisfies the 0-semistability condition of Definition 3.5. �

Corollary 4.2. There exists a ρ0 > 0 such that for ρ < ρ0, there is an equivalence

from M
G
n (P1,X)0 to M

G
n (P1,X)ρ of Deligne-Mumford stacks equipped with relative

perfect obstruction theories.

Proof. Theorem 4.1 gives an equivalence from M
G
n (P1,X)0 to M

G
n (P1,X)ρ for ρ

as in the Theorem. The relative perfect obstruction theories are equivalent, by
definition. �

Theorem 1.2 of the Introduction follows.

4.2. Small-area limit of vortices. In this section we consider the small-area limit
in the case that the target is a Hamiltonian K-manifold, in which we lack a holo-
morphic description of the moduli space. First we prove a result in the case without
bubbling:

Theorem 4.3. Suppose that (Aν , uν) is a sequence of ρν vortices of constant ho-
mology class d ∈ HK

2 (X), with ρν → 0. If cν = sup |dAνuν | is bounded, then after
passing to a subsequence, there exists a sequence of gauge transformations kν ∈ K(P )
and a zero-area-vortex u∞ such that kνAν converges to a trivial connection A∞ and
(using the trivialization induced by A∞) kνuν → u∞ uniformly in all derivatives.
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The proof relies on the following well-known lemma, cf. [8, Lemma 2.3.10], which
controls the norm of the connection linearly in terms of the norm of the curvature
in genus zero:

Lemma 4.4. Let p ≥ 1. There exist constants δ > 0, c > 0 such that if A is a
connection on the trivial bundle over P1 in Coulomb gauge with respect to the trivial
connection, that is, d∗A = 0, then

‖A‖1,p < δ =⇒ ‖A‖1,p ≤ c‖FA‖0,p.

Proof. Using the elliptic estimate for d + d∗ and H1(P1) = 0 we obtain ‖A‖1,p ≤
c1‖dA‖0,p. The Sobolev multiplication estimate for [A,A]/2 gives

‖dA‖0,p ≤ c2(‖FA‖0,p + ‖A‖2
1,p),

and thus for some δ, c > 0 we have ‖A‖1,p ≤ c‖FA‖0,p if ‖A‖1,p < δ. �

Proof of Theorem 4.3. SinceX is compact, the curvature of Aν goes to zero as ν → 0
in 0, p norm,

‖FAν‖
p
0,p ≤ ρν sup

x∈X
|Φ(x)|p

∫

P1

VolP1 → 0

using the vortex equation in Definition 2.1. By weak Uhlenbeck compactness, see e.g.
[40], after gauge transformation and passing to a subsequenceAν converges weakly in
W 1,p to a connection A∞ for some p > 2. Then FAν converges weakly in Lp to FA∞

.
Since FAν converges to 0 in Lp the convergence is strong and FA∞

vanishes. After
W 2,p gauge transformation, we may assume that A∞ is smooth. Parallel transport
by A∞ defines a trivialization of P , since P1 is simply-connected. Then uν defines
a map to X and Aν resp. FAν defines a one-form resp. two-form with values in the
Lie algebra, for which we use the same notation. After gauge transformation, we
may assume d∗Aν = 0. By Lemma 4.4 ‖Aν‖1,p < cρν , in particular, Aν converges
to 0 in C0 norm. Integrating the vortex equation (1) gives

∫

P1

u∗νΦ VolP1 = ρ−1
ν

∫

P1

1

2
[Aν , Aν ] VolP1 → 0.

Since sup |dAνuν | is bounded, uν converges in C0 to a section u∞ with
∫

P1

u∗∞Φ VolP1 = lim
ν→∞

∫

P1

u∗νΦ VolP1 = 0.

One obtains uniform convergence for Aν , uν in all derivatives and holomorphicity of
u∞ by elliptic bootstrapping as in [5, Section 3]. �

More generally for polystable vortices we have a similar result Theorem 1.1.

Proof of Theorem 1.1. As in the proof of Theorem 4.3, after gauge transformation
and passing to a subsequence we may assume that Aν converges in C0 to a flat
connection A∞, which defines a trivialization of P . On any set on which the first
derivative is bounded, the principal component of uν converges to a holomorphic
map to X and Aν converges to A∞ uniformly in all derivatives as before. Gromov
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convergence of uν to a stable map u∞ follows by Ott’s arguments in [31], using the
fact that ρν → 0 implies that the bounds [31, (2.25)] are satisfied. In particular, if
uν,0 resp u∞,0 denotes the principal component then uν,0 converges to u∞,0 uniformly
in all derivatives on compact subsets of the complement of the (finite) bubbling set
Z. Integrating the vortex equation gives

‖

∫

P1

u∗∞,0Φ‖ = lim
ǫ→0

lim
ν→∞

‖

∫

P1−Bǫ(Z)
u∗ν,0Φ‖

≤ lim
ǫ→0

lim
ν→∞

‖

∫

P1

u∗ν,0Φ‖ + Vol(Bǫ(Z)) sup(‖Φ‖)

≤ lim
ν→∞

cρν = 0

where Bǫ(Z) denotes the union of ǫ-balls around the points in Z. �

5. Application to abelianization

In this section we prove the abelianization Theorem 1.3 for gauged Gromov-
Witten invariants of zero area, hence for gauged Gromov-Witten invariants of small
area. We first give a topological proof, assuming that X is convex (that is, every
pseudoholomorphic map is regular) in which case the proof is essentially the same as
Martin [26]. Suppose that K is a compact connected Lie group. Let T ⊂ K denote
a maximal torus and W = N(T )/T its Weyl group. Consider the map HT (X,Z) →
HK(X,Z) induced by the inclusion T → K. We write dT 7→ dK if dT ∈ HT

2 (X,Z)
maps to dK ∈ HK

2 (X,Z) under the isomorphism HT
2 (X,Z) → HK

2 (X,Z) induced by
X ×T ET → X ×K EK. We denote by 〈α, β〉K,dK ,ρ resp. 〈α, β〉twist

T,dT ,ρ the untwisted

resp. g/t-twisted vortex invariants for K resp. T .

Proof of (2) in the convex case. Suppose that dK ∈ HK
2 (X,Z) is the image of d ∈

H2(X,Z), and dT is the image of d in HT
2 (X,Z). Let φ−1

T (0) resp. φ−1
K (0) denote

the subspace of stable maps of homology class d with average T resp. K moment
map equal to zero. The projection φ−1

K (0)/T → φ−1
K (0)/K has fiber K/T with Euler

characteristic χ(K/T ) = χ((K/T )T ) = #W . The inclusion φ−1
K (0)/T → φ−1

T (0)/T

has normal bundle φ−1
K (0) ×T (k/t)∨ with transverse section induced by φK . Since

the connections are trivial in this case, the index of (k/t)∨ is (k/t)∨ itself. Hence

〈α, β〉K,dK ,0 =

∫

φ−1

K
(0)/K

ev∗ α ∪ f∗β

= (#W )−1

∫

φ−1

K (0)/T
ev∗ α ∪ f∗β ∪ Eul(Ind(k/t))

= (#W )−1

∫

φ−1

T (0)/T
ev∗ α ∪ f∗β ∪ Eul(Ind((k/t) ⊕ (k/t)∨))

= (#W )−1〈α, β〉twist
T,dT ,0.

�



20 EDUARDO GONZALEZ AND CHRIS WOODWARD

For the case when the target an arbitrary smooth projectively-embedded G-variety
X we derive the abelianization formula (2) from a version for sheaf cohomology.
A similar strategy is used for various virtual integration identities in Joshua [20].
Recall from Lee [24] that the virtual structure sheaf of a Deligne-Mumford stack S
equipped with a perfect obstruction theory φ : E → LS is defined as follows. Let
ES = h1/h0(E∨) denote the corresponding cone stack and CS the intrinsic normal
cone of Behrend-Fantechi [2]. Define

Ovir
S := OS

L
⊗

0−1

ES
(OES

)

0−1
ES

(OCS
)

where 0ES : S → ES is the inclusion of the vertex. The virtual push-forward of an
object F of the derived category is

Rfvir
∗ F := Rf∗



F

L
⊗

OS0

Ovir
S0



 .

If S1 is a point then we denote by χvir(F ) the Euler characteristic of Rfvir
∗ (F ).

We have the following equivariant version of abelianization which is fairly trivial.
Denote by Λ(g/t) the vector bundle with fiber the exterior algebra Λ(g/t) on g/t.

Proposition 5.1. For any G-equivariant vector bundle E on M0,n(P1 ×X, (1, d)),
χvir(E)G = (#W )−1χvir(E ⊗ Λ(g/t)))T .

Proof. For any finite-dimensional representation V of G the dimension dim(V G) of
the space of invariants is (#W )−1 dim(V ⊗Λ(g/t))T by the Weyl character formula.
Applying this to the Euler characteristic on the left gives the result. �

To derive abelianization from this fact we need the following properties of local
cohomology, the second of which uses a bit of derived algebraic geometry; they are
versions of the Thom and Gysin isomorphisms in K-theory. Suppose that f : S0 →
S1 is a locally closed embedding. We denote by χvir

S0
(S1, F ) the Euler characteristic

of the local cohomology sheaves

Hvir
S0

(S1, F ) := HS0
(S1, F ⊗L Ovir

S0
).

By Schürg [34], any perfect obstruction theory arises from a quasi-smooth derived
structure. A derived structure on the moduli stack of stable maps, which is the only
case we use here, is discussed in [35].

Proposition 5.2. Suppose that F → S0 is a vector bundle.

(a) Suppose that f : S0 → S1 is a vector bundle. Then Rfvir
∗ F is isomorphic to

ι∗F ⊗ S(S∨
1 ) where ι : S1 → S0 is the zero section.

(b) Let f : S0 → S1 be a derived regular embedding with normal bundle N .
Then the local cohomology sheaf Hvir

S0
(S1, F ) admits a filtration by order of
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vanishing at S0 with associated graded complex (S(N ) ⊗ det(N ) ⊗ f∗F ⊗L

Ovir
S1

)[rank(N )].

The Gysin isomorphism is (for schemes) Grothendieck [16, p.14]. Local coho-
mology for derived algebraic geometry is developed in Lurie [25], although we are
certainly not using the full theory here.

Local cohomology groups appear in the spectral sequence for the Kirwan-Ness
stratification for the action of G on M := M0,n(P1 × X, (1, d)). Recall first the
Kirwan-Ness stratification for the action of G on X: Any non-zero λ ∈ k defines
a parabolic subgroup Rλ, the set of elements r ∈ R such that Ad(exp(ziλ))r has
a limit as z → −∞. The centralizer Gλ of λ is a Levi subgroup and the map
r → limz→0 Ad(exp(zλ))r is the quotient by a maximal unipotent, and so a group
homomorphism. Let X =

⋃

λXλ denote the Kirwan-Ness stratification of X; here
λ ranges over equivalence classes of one-parameter subgroups. For each λ, let Zλ

denote the corresponding fixed point set of the one-parameter subgroup generated
by λ. Let Zss

λ the semistable locus for the action of Gλ/C
∗
λ on Zλ, Yλ the subset of

X flowing to Zλ under exp(zλ), and Y ss
λ the inverse image of Zss

λ . Then (see [22],
[30]) Xλ = G×Rλ

Y ss
λ .

Strictly speaking, there is no Kirwan-Ness stratification for the G-action on M
since there is no polarization. However, the stack M has a similar stratification
given as follows.

Definition 5.3. Let Mλ denote the substack of M consisting of morphisms u
whose maximally destabilizing vector is conjugate to λ. Let Zλ denote the substack
of maps that are fixed by C∗

λ whose principal component takes values in Zλ; Zλ,ss

the locus in Zλ of 0-semistable maps for the residual action of Gλ/C
∗
λ; Yλ (resp.

Yλ,ss) denote the substack of maps u that flow under exp(zλ) to Zλ (resp. Zλ,ss).

Proposition 5.4. Each Mλ is a locally closed substack of M equal to G×Gλ
Yλ,ss.

The closure of Mλ is contained in the union of Mν with ‖ν‖ ≥ ‖λ‖. The embedding
Mλ → M is the truncation of a regular embedding of quasismooth derived stacks.

Proof. That Mλ is locally closed follows from the fact that the Hilbert-Mumford
weight for u with respect to λ is given by the weight for a generic value u(z), z ∈ C0.
The equality Mλ = G ×Gλ

Yλ,ss would follow from Kirwan [22] applied to the

coarse moduli space M of M, except that M is singular and has possibly degenerate
two-form, where smooth. However, each G orbit in M is smooth and has a non-
degenerate Kähler form, and [42, Remark 7.2.5] shows that the theory of maximally
destabilizing vectors extends to this degenerate case. That the closure of Mλ is
contained in the union of Mν with ‖ν‖ ≤ ‖λ‖ follows from the description of the
norm ‖λ‖ of the maximally destabilizing vector λ for u as the infimum of ‖φ‖ over the
orbit Gu, see [42, Lemma 5.4.3]. Regularity of Mλ → M follows from embedding
X → PN which induces an embedding of M0,n(P1 × X) into the smooth stack

M0,n(P1 × PN), for which the strata are honestly smooth. �
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The following is a version of non-abelian localization for the action of G on the
stack M, compare [36].

Theorem 5.5. For G-equivariant vector bundle V on M we have

(17) χvir(M, V )G =
∑

λ

(−1)codim(Mλ)χvir(Zλ,ss, V⊗

S(TZλ(Yλ)∨ ⊕ TMλM) ⊗ det(TMλM) ⊗ Λ(g/rλ))Gλ

where we have omitted restrictions to simplify notation.

Proof. As in Teleman [36]. By the spectral sequence associated to the stratification
we have

χvir(M, V )G =
∑

λ

(−1)codim(Mλ)χvir
Mλ(M, V )G.

Using the Gysin isomorphism 5.2 (b),

χvir
Mλ(M, V )G = (−1)codim(Mλ)χvir(Mλ, V ⊗ S(TMλ(M)) ⊗ det(TMλM))G.

Now the Thom isomorphism 5.2 (a) 1 and isomorphism Mλ ∼= G×Rλ
Yλ imply

χvir(Mλ, V ⊗ S(TMλM) ⊗ det(TMλM))G

= χvir(Yλ,ss, V ⊗ S(TMλM) ⊗ det(TMλM) ⊗ Λ(g/rλ))Gλ

= χvir(Zλ,ss, V ⊗ S(TMλM⊕ T∨
ZλY

λ) ⊗ det(TMλM) ⊗ Λ(g/rλ))Gλ .

�

We apply the formula in a situation where the only contribution comes from
the open stratum. Let OX(1) be the hyperplane bundle for X. We construct a

suitable determinant line bundle on M
G
n (P1,X)0 as follows. Let p : U

G
n (P1,X)0 →

M
G
n (P1,X)0 denote the universal curve, and q : U

G
n (P1,X)0 → P1 the morphism

given by (C, π : P → Σ, u : C → P (X), z, w ∈ C) 7→ π(u(w)). Define

D(k) = det(Rp∗e
∗OX(1) ⊗ q∗OP1(k));

the effect of the twist by OP1(k) is to make the contribution from the principal
component dominant.

Lemma 5.6. For any λ and class d ∈ H2(X), there exists a constant c such that
the weight of C∗

λ on D(k)|Zλ is at least k(λ, λ) − c.

Proof. We can compute the weight by Riemann-Roch applied to any P1-fiber of p

over Zλ. For any C∗
λ-equivariant line bundle L over U

G
n (P1,X)0|Z

λ we write the
C∗

λ-equivariant Chern class of L as a sum c1(L) + µL,λ, where µL,λ is the weight on
L. The weight of C∗

λ acting on the push-forward det(Rp∗e
∗OX(1) ⊗ q∗OP1(k)) is

1Erratum added after publication: The proof of Theorem 5.5 is not quite correct because for
the derived structures on the strata as we have defined them the assumptions in 5.2 (b) may not
hold. A more general non-abelian localization theorem, which applies to the case at hand by [10,
Appendix], has been proved by Daniel Halpern-Leistner [11, (5)].
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the equivariant part of the equivariant first Chern class of the push-forward of the
Chern character of e∗OX(1) ⊗ q∗OP1(k). The dominant contribution, linear in k, is

(∫

P1

c1(OP1(k))

)

µOX(1),λ = k(λ, λ).

The actual weight is given by the above formula plus a zeroth order term, as claimed.
�

We denote by κG(V ) resp. κT (V ) the quotient of a G-equivariant vector bundle V

on M0,n(P1 ×X, (1, d)) to M
G
n (P1,X, (1, d))0 resp. M

T
n (P1,X, (1, d))0 .

Corollary 5.7. For any G-vector bundle V over M0,n(P1 × X, (1, d)), for k ≫ 0
we have

χvir(M
G
n (P1,X, d)0, κG(V ⊗D(k))) = χvir(M0,n(P1 ×X, (1, d)), V ⊗D(k))G.

Proof. By Theorem 5.5 and Lemma 5.6, for k ≫ 0 the only contribution to the
invariant part χvir(M0,n(P1,X, d), κG(V ))G comes from the 0-semistable stratum.
The result now follows from Proposition 5.1. �

The final step is pass to cohomology using the virtual Riemann-Roch formula
proved in Tonita [38]. To justify the application of the virtual Riemann-Roch for-

mula, we must show that M
G
n (P1,X, d)0 embeds in a non-singular proper Deligne-

Mumford stack. For this note that M0,n(P1 × X, (1, d)) embeds equivariantly in

some M0,n(PN , ι∗(1, d)) which is non-singular, where ι : P1 × X → PN is a pro-

jective embedding, and so M
G
n (P1,X, d)0 embeds in M0,n(PN , ι∗(1, d))//G. Now as

in Kirwan [23] we may assume, after blowing up recursively the orbit-type strata,
that M0,n(PN , ι∗(1, d))//G is a locally free quotient and so a non-singular proper
Deligne-Mumford stack.

Corollary 5.8. Suppose that every 0-semistable gauged map has finite automor-
phism group. For any G-equivariant algebraic vector bundle V on M0,n(P1×X, (1, d)),

χvir(M
G
n (P1,X, d)0, κG(V )) = (#W )−1χvir(M

T
n (P1,X, d)0, κT (V ⊗ Λ(g/t))).

Proof. By Corollary 5.7, the statement of Corollary 5.8 holds for bundles of the
form V ⊗ D(k) for k ≫ 0. Virtual Riemann-Roch implies that the virtual Euler

characteristics χvir(M
G
n (P1,X, d)0, κG(V ⊗D(k))) and χvir(M

T
n (P1,X, d)0, κT (V ⊗

D(k) ⊗ Λ(g/t))) are quasipolynomial in k, and the claim follows. �

Taking highest order terms on both sides of Corollary 5.8 under the Adams op-
erations, as in Teleman-Woodward [37, Section 5], gives

Corollary 5.9. Suppose that any 0-semistable gauged map has finite automorphism
group. Then for any d ∈ HG

2 (X,Z) and G-equivariant algebraic vector bundle V on
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M0,n(P1 ×X, (1, d)))
∫

[M
G
n (P1,X,d)0]

κG(ChG(V )) = (#W )−1

∫

[M
T
n (P1,X,d)0]

κT (ChG(V ) ∪ Eul(Ind(g/t))).

Combining with the main result Theorem 1.2 gives the abelianization Theorem
1.3 for genus zero gauged Gromov-Witten invariants in the “small area” chamber,
for classes of the form α = ChG(V ) for algebraic vector bundles V . By Fulton-
MacPherson [9], any class on Mn(P1) is of this type. By combining these results
with those of [14], one obtains the same result for arbitrary ρ under suitable finite
automorphism assumptions.

6. Construction of a cobordism

One expects the equality of the zero-area gauged Gromov-Witten invariants with
the small-area gauged Gromov-Witten invariants in Theorem 1.2 to hold more gen-
erally for any Hamiltonian K-manifold. We prove the equality in the case that
every vortex is regular, by constructing a cobordism between the two moduli spaces,
namely a differentiable structure on the union

M
K
n (P1,X)[0,ρ] :=

⋃

ρ′∈[0,ρ]

M
K
n (P1,X)ρ′ .

Let M
K

(P1,X)(0,ρ] denote the locus with non-zero vortex parameter. These spaces

have natural topologies defined by Gromov convergence of the sections and C0 con-
vergence of the connections, up to gauge transformation. The main result of this
section is:

Theorem 6.1. Suppose that every element of M
K
n (P1,X)0 is regular. For ρ suffi-

ciently small, M
K
n (P1,X)[0,ρ] has the structure of an oriented stratified-smooth orb-

ifold, giving an oriented stratified-smooth orbifold cobordism between M
K
n (P1,X)ρ

and M
K
n (P1,X)0.

6.1. Approximation for zero-area vortices. First we show that a regular zero-
area vortex may be approximated by sequences of small-area vortices. Let A be the
trivial connection on Σ ×K.

Theorem 6.2. Given a regular zero-area-vortex u := (u0, . . . , um) of combinatorial
type Γ there exists a neighborhood U of 0 in DefΓ(u) and constants c0, ρ0 > 0 such
that for ρ < ρ0 and (a, v) ∈ U there exists a unique (aρ, vρ) depending smoothly on
a, v such that (A+ π∗aρ, uρ = expu(v+ vρ)) is a ρ-vortex of combinatorial type Γ in

Coulomb gauge with respect to (A,u), ‖(aρ, vρ)‖ < c0ρ
3/2, and (aρ, vρ) in the image

of the right inverse Q0,ρ of Lemma 6.4.

The strategy of proof is to construct approximate solution and then use an itera-
tion to construct an exact solution. It has in common with the analogous theorem in
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Gaio-Salamon [12] for the large area limit that the quadratic term does not satisfy a
uniform bound. However, our case is easier because the space on which the quadratic
term is not uniformly bounded is finite dimensional. The approximation theorem

implies that M
K

(P1,X)0 is contained in the closure of the union of moduli spaces

M
K

(P1,X)ρ, ρ ≤ ρ0, so that it provides a compactification in the usual sense. Given
an zero-area-vortex (A,u) with A the trivial connection we consider the equation

FA+π∗a + ρVolP1(expu v)
∗Φ = 0.

Consider the Hodge splitting

(18) Ω2(P1, k)1,p = Ker(d∗) ⊕ Im(d) ∼= k ⊕ Im(d).

We denote by π0 resp. π1 the projection on the first resp. second factor,

π0(v) = (

∫

P1

v)VolP1, π1(v) = v − π0(v).

Consider the following modification of (6) by using Banach norms given by multi-
plying the standard W 1,p resp. Lp, p > 2 norms on the harmonic pieces by ρ.
(19)

F0,ρ
A,u : Ω0(P1, k)1,p⊕Ω0(P1, u∗TX)1,p → Im(dA⊕dA∗)0,p⊕(k⊕k)⊕Ω0,1(P1, u∗TX)0,p

F0,ρ
A,u :

[

a
v

]

7→













φ
ψ
µ
λ
η













:=













π1(FA+π∗a + ∗ρ expu(v)∗Φ)
π1(dA ∗ a)
π0(∗ expu(v)∗Φ + ρ−1([a, a]/2))
π0 ∗ LJvΦ
Ψu(v)−1∂A+π∗a expu(v)













.

Here we have used that the term
∫

P1 dAa vanishes by Stokes’ theorem. The map

F0,ρ
A,u of (19) is a smooth map of Banach spaces, by standard Sobolev multiplication

theorems. The double subscript in F0,ρ
A,u is meant to indicate that we view Fρ

A,u as
a map with respect to the Banach spaces for zero area introduced above.

Definition 6.3. Let D̃0,ρ
a,v denote the linearization of F0,ρ

A,u at (a, v), that is,

(20) D̃0,ρ
a,v(a1, v1) =













π1(dA+π∗aa1 + ρ ∗ Lv1
Φ)

π1(dA ∗ a1)
π0(∗Lv1

Φ + ρ−1[a, a1]/2)
π0 ∗ LJv1

Φ
DA+π∗a,expu(v)(a1, v1)













.

The operators D̃0,ρ
0,v (that is, with a = 0) have limit D̃0,0

0,v given by

D̃0,0
0,v(a1, v1) =













π1(dAa1)
π1(dA ∗ a1)
π0 ∗ Lv1

Φ
π0 ∗ LJv1

Φ
DA,expu(v)(a1, v1)













.
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We wish to compare this operator with the linearized operator D̃0
u for the zero-

area vortex u of (12), which does not have a gauge-theoretic part. Let A be the

trivial connection. Note that a zero-area vortex u is regular iff D̃0,ρ
0,0 is surjective for

ρ sufficiently small. Indeed, since the operator dA ⊕ d∗
A for the trivial connection

A is surjective onto the first component in the Hodge decomposition (18), D̃0,0
0,0 is

surjective iff D̃0
u is.

Next we introduce suitable right inverses for the operators D̃0,ρ
0,0 .

Lemma 6.4. If (A,u) is a regular zero-area-vortex then the linearization D̃0,0
0,0 has

a uniformly bounded right inverse Q0,0 with the following property: There exists a
constant c > 0 such that if Q0,0(φ,ψ, µ, λ, η) = (a, v) then

(21) ‖a‖ ≤ c‖φ,ψ‖, ‖v‖ ≤ c‖φ,ψ, µ, λ, η‖.

Proof. Define Q0,0(φ,ψ, µ, λ, η) = (a, v) where a = (dA ⊕ d∗
A)−1(φ,ψ), the right

inverse to dA ⊕ d∗
A is given by the Hodge splitting, and

(π0LvΦ, π0LJvΦ,DA,u(0, v)) = (µ, λ, η −DA,u(a, 0)).

The claimed properties follow from standard Sobolev multiplication theorems. �

Corollary 6.5. If (A,u) is a regular zero-area-vortex then the linearization D̃0,ρ
0,0 has

a uniformly bounded right inverse Q0,ρ with Q0,ρ = Q0,ρ
0 + ρQ0,ρ

1 for some uniformly

bounded operator Q0,ρ
1 , and Q0,ρ

0 (φ,ψ, µ, λ, η) = (a, v) with ‖a‖ ≤ c‖φ,ψ‖ and ‖v‖ ≤
c‖φ,ψ, µ, λ, η‖.

Proof. Since D̃0,ρ
0,0 = D̃0,0

0,0 + ρD̃0,ρ,′

0,0 where D̃0,ρ,′

0 (a1, v1) = (π1(∗Lv1
Φ), 0, 0, 0, 0). �

Lemma 6.6. The map F0,ρ
A,u satisfies a uniform quadratic estimate except for a term

quadratic in a which has norm linear in ρ−1:

F0,ρ
A,u(a+ a1, v + v1) −F0,ρ

A,u(a, v) = D̃0,ρ
a,v(a1, v1) + (φ, 0, µ, 0, η)

where

‖φ‖ ≤ c1(‖a1‖
2 + ρ‖v1‖

2) ‖µ‖ ≤ c2(‖v1‖
2 + ρ−1‖a1‖

2) ‖η‖ ≤ c3‖a1, v1‖
2

for some constants c1, c2, c3 depending on ‖A‖, ‖u‖ and a bound on ‖a‖, ‖v‖.
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Proof. Define φ, µ, η by

(22)
F0,ρ

A,u(a+ a1, v + v1)

−F0,ρ
A,u(a, v)

=

























π1

(

dA+π∗aa1 + [a1, a1]/2 + ρVolP1

(∗ expu(v + v1)
∗Φ − expu(v)∗Φ)

)

π1(dA ∗ a1)

π0

(

∗ expu(v + v1)
∗Φ − expu(v)∗Φ

+ρ−1(dA+π∗aa1 + [a1, a1]/2)

)

π0(∗LJv1
Φ)

Ψu(v + v1)
−1∂A+π∗(a+a1) expu(v + v1)−

Ψu(v)−1∂A+a expu(v)

























= D̃0,ρ
a,v(a1, v1) + (φ, 0, µ, 0, η).

The claimed estimates follow. �

Proof of Theorem 6.2. We give the proof in the case that (A,u) has no bubbles; the
general case is similar and left to the reader. We use Newton iteration to find aρ, vρ

such that F0,ρ
A,u(aρ, vρ) = 0. To solve the Newton iteration we must show that our

initial condition is a sufficiently approximate solution so that the blow-up of the
quadratic term does not affect convergence of the iteration. Let Q0,ρ denote the
right inverse of Lemma 6.4. We define by induction a sequence

ζ̂ν = −Q0,ρF0,ρ
A,uζν , ζν+1 = ζν + ζ̂ν

such that

(23) ζ̂ν = (âν , v̂ν), ‖âν‖ ≤ c0ρ
ν , ‖v̂ν‖ ≤ c0ρ

ν−1.

To get the iteration started we define

ζ1 = ζ̂0 = −Q0,ρ(ρ ∗ expu(v)∗Φ, 0, 0, 0, 0).

Hence ζ1 = (a1, v1) and ‖ζ1‖ ≤ c4ρ with c4 depending on supx∈X |Φ(x)| and the
norm of Q0,ρ which is uniformly bounded by Lemma 6.4. Define

ζ̂1 = −Q0,ρF0,ρ(ζ1), ζ2 = ζ1 + ζ̂1 = (a2, v2).

Then

F0,ρ
A,u(ζ2) = (φ2, 0, µ2, 0, η2)

and by Lemma 6.6

‖φ2‖, ‖η2‖ < c5ρ
2, ‖µ2‖ < c6ρ

for some constants c5, c6 depending on c1, c2, c3. Using Lemma 6.4 we have

ζ̂2 = (â2, v̂2), ‖â2‖ < c7ρ
2, ‖v̂2‖ < c8ρ

for some constants c7, c8 depending on the previous constants and the norm of Q1.

Suppose that the sequence ζ̂1, . . . , ζ̂ν−1 constructed in this way satisfies the hy-
potheses (23). By Lemma 6.6, there exists a constant c9 > 0 depending on the
previous constants such that

(φν , ψν , µν , λν , ην) := F0,ρ
A,u(ζν)
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satisfies for ρ such that for ρ < 3c0c9

‖φν‖ < c9(‖aν‖
2 + ρ‖vν‖

2) < c9(c
2
0ρ

2ν + c20ρ
2(ν−1)+1) < c0ρ

ν+1

‖µν‖ < c9(‖vν‖
2 + ρ−1‖aν‖

2) < c9c
2
0(ρ

2(ν−1) + ρ2ν−1) < c0ρ
ν

‖ην‖ < c9‖a1, v1‖
2 < c9c

2
0(ρ

2ν + ρ2ν−1 + ρ)2(ν−1) < c0ρ
ν .

Applying Q0,ρ gives an element ζ̂ν = (âν , v̂ν) satisfying (23), as required. Because

‖ζ̂ν‖ < c0ρ
ν , ζν is a Cauchy sequence and converges to a limit ζρ = (aρ, vρ) with

(24) ‖ζρ − ζν‖ < c0ρ
ν+1/(1 − ρ) < c0ρ

ν+1.

To prove uniqueness, suppose that ζ ′ρ = (a′ρ, v
′
ρ) is another solution with

(25) ‖ζρ − ζ ′ρ‖ < c0ρ
3/2.

Then

0 = F0,ρ
A,u(aρ, vρ) −F0,ρ

A,u(a′ρ, v
′
ρ) = Dρ,0

0 (aρ − a′ρ, vρ − v′ρ) + ǫ

for some ǫ. By the uniform quadratic estimate in Lemma 6.6 and (25)

(26) ‖ǫ‖ < c0ρ.

Since (aρ − a′ρ, vρ − v′ρ) lies in the image of Q0,ρ, we have

(27) ‖aρ − a′ρ, vρ − v′ρ‖ ≥ c

which contradicts (26) for c0 sufficiently small. Smooth dependence follows from the
implicit function theorem. �

The approximation theorem 6.2 extends to the case with bubbles as follows. For
any collection of gluing parameters δ = (δ1, . . . , δm) and v ∈ Ω0(C, u∗TX), let
expuδ(vδ) : Cδ → X the glued zero-area vortex constructed using the implicit func-
tion theorem as in [27, Section 10], so that

Def(u) →M
K

(P1,X)0, (v, δ) 7→ expuδ(vδ)

gives local charts forM
K

(P1,X)0 as in [15]. Thus Cδ is obtained from C by removing
small balls around the nodes, and gluing together the components using maps κ+

j =

κ−j /δj , where κ±j are fixed local coordinates around the nodes, uδ is an approximate

solution constructed using cutoff functions, and vδ is the correction provided by the
implicit function theorem. Given a set of markings z on C in the complement of the
domain of the local coordinates near the nodes we denote by zδ the markings on Cδ.
We now wish to combine the gluing construction for pseudoholomorphic maps with
the approximation Theorem 6.2. This will give rise to charts for our moduli space
near ρ = 0.

Theorem 6.7. Given a regular zero-area-vortex u := (u0, . . . , um) of combinatorial
type Γ there exists a neighborhood U of 0 in Def(u) and constants c0, ρ0 > 0 such
that for ρ < ρ0 and (a, v, δ) ∈ U there exists a unique (aρ, vρ) such that

(Atriv + a+ aρ, uρ = expuδ(vδ + vρ))
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is a ρ-vortex in Coulomb gauge with respect to the trivial connection Atriv, ‖aρ, vρ‖ <

c0ρ
3/2, and (aρ, vρ) in the image of the right inverse Q0,ρ of Lemma 6.4. Further-

more, (aρ, vρ) depends stratified-smoothly on v, δ, that is, smoothly on the subset
where the gluing parameters δi, i ∈ I are non-zero, for each I ⊂ {1, . . . ,m}.

Proof. Let expuδ(vδ) denote the zero-area vortex given by gluing. We wish to solve

F0,ρ
A,exp

uδ (vδ)
(a + aρ, v + vρ) = 0 for aρ, vρ, using Newton iteration. The error term

ρ expuδ(vδ)∗P (Φ) is uniformly bounded in δ and ρ, by the bound on Φ. The norms of

the operators Q0,ρ and D̃0,ρ at expuδ(vδ) are uniformly bounded in δ and ρ, that is,

‖Q0,ρ‖ < c and ‖D̃0,ρ‖ < c for some ρ-independent constant c. Indeed, the inverse to
Dexp

uδ (vδ) is uniformly bounded in δ, by the gluing argument for pseudoholomorphic

maps in [27, Chapter 10]. The claim now follows from Lemma 6.4. The map F0,ρ
A,u,δ

satisfies a quadratic estimate uniformly in δ and uniformly in ρ except for a term
quadratic in a which has norm linear in ρ, just as in Lemma 6.6. The same argument
as in the case of smooth domain in Theorem 6.2 gives a solution aρ, vρ by Newton

iteration. Smoothness on each stratum follows from smoothness of vδ on v, δ and
the smoothness statement of Theorem 6.2. �

6.2. Surjectivity. Let u be a stable zero-area vortex. Let Def(u)ǫ denote a ǫ-ball
around 0 in the space Def(u) of infinitesimal deformations of (14). Theorem 6.2
defines for ǫ sufficiently small a map

(28) T ρ
u : Def(u)ǫ →M

K
(P1,X)ρ.

The collection of images of the maps T ρ
u covers M

K
(P1,X)ρ for ρ sufficiently small:

Theorem 6.8. Suppose that every zero-area nodal vortex is regular. For any con-
stant c > 0 and d ∈ HG

2 (X,Z), there exists ρ0 > 0 such that if (A,u) is a ρ-vortex
with ρ < ρ0 and homology class d then (A,u) is in the image of T ρ

u′ for some nodal
zero-area vortex u′.

Proof. Suppose that the assertion in the statement does not hold, that is, for every
ρ there exists a ρ-vortex (Aρ, uρ) of class d not in the image of any map T ρ

u′ . By the
compactness Theorem 1.1, after passing to a subsequence and gauge transformations
(Aρ, uρ) converges to a zero-area-vortex u0. First consider the case that u0 has
smooth domain C ∼= P1, hence uρ has smooth domain as well. We write

Aρ = aρ, uρ = expu0
(vρ)

for some aρ, vρ. We may assume that (Aρ, uρ) is in Coulomb gauge, that is,

(29) d∗aρ = 0, E∗
u0
vρ = 0.

Define

(30) (a1, v1) = Q0,0(π1ρ ∗ u
∗
ρΦ, 0, 0, 0, 0).
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We have an estimate ‖a1, v1‖ < c1ρ where c1 depends on the bound on Φ and the
norm of Q0,0. Consider the map

(31)

F0,0 : Ω0(P1, k)1,p⊕Ω0(C, (u0)
∗TX)1,p → Im(d⊕d∗)0,p⊕(k⊕k)⊕Ω0,1(C, (u0)

∗TX)0,p

(a, v) 7→

(

π1Fa, π1d
∗v,

∫

P1

∗ expu0
(v)∗Φ, E∗

u0
v,Ψu0

(v)−1∂ expu0
(v)

)

.

Using (29), (30), we have

‖F0,0(aρ − a1, vρ − v1)‖ =

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

















π1Faρ−a1

π1d
∗(aρ − a1)

∫

P1 ∗ expu0
(vρ − v1)

∗Φ
E∗

u0
vρ

Ψu0
(v)−1∂ expu0

(v)−
Ψu0

(v − vρ)
−1∂ expu0

(v − vρ)

















∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

=

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

















π1(Faρ − dAa1 + 1
2 [a1, a1])

0
∫

P1 ∗ expu0
(vρ − v1)

∗Φ
0

Ψu(vρ − v1)
−1∂ expu0

(vρ − v1)−
Ψu0

(vρ)
−1∂ expu0

(vρ)

















∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

≤ c2 ρ2

where c2 depends on c1 and the constants in the Sobolev multiplication theorems.
By the implicit function theorem for the map F0,0, there exists a zero-area vortex
u′ = expu0

(v) within c3ρ
2 of (Aρ − a1, expu(vρ − v1)) in the sense that

‖Aρ − a1‖
2 + ‖v − vρ + v1‖

2 < c23ρ
4.

Now consider the ρ-vortex (A′
ρ, u

′
ρ) := Tρ,u0

(v) =: (a′ρ, expu′(v′ρ)). As in the proof of

Theorem 6.7, this vortex lies within c4ρ
2 of the first step in the Newton iteration,

(A′
ρ,1, u

′
ρ,1) = (aρ,1, expu′(vρ,1)) where

(32) (aρ,1, vρ,1) = Q0,0(π1 ∗ ρ(u
′)∗Φ, 0, 0, 0, 0).

Now (aρ, vρ) lies within c1ρ
2 of (aρ,1, vρ,1) by (30) and hence within c5ρ

2 of (a′ρ, v
′
ρ).

For ρ sufficiently small, c5ρ
2 < c0ρ

3/2.

Next we show that we may assume that (a′ρ, v
′
ρ) lies in the image of the right

inverse Q0,ρ for the linearized operator D̃0,ρ of u′. Given (a, v) as the previous
paragraph, we claim that

(33) (a, v) = (a0, v0) + (a1, v1), (a0, v0) ∈ ker D̃0,ρ, (a1, v1) ∈ ImQ0,ρ

with norm ‖(a1, v1)‖ ≤ c‖(a1, v1)‖. For any c > 0 there exists ρ0 such that for ρ < ρ0,

‖D̃0,ρ(a0, v0)‖ ≤ c‖(a0, v0)‖ for any (a0, v0) ∈ ker D̃0,0. Thus the space ker D̃0,0 is
transverse to the image of Q0,ρ, for ρ sufficiently small: it meets ImQ0,ρ trivially and
projects isomorphically onto ker D̃0,ρ. By the inverse function theorem, any nearby
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pair (a, v) is of the form (33). By the uniqueness statement in Theorem 6.7, (Aρ, uρ)
is in the image of the map T ρ

u′ .

The case with bubbles is similar, using a map obtained by combining F0,0 with
the usual Cauchy-Riemann equation on the bubbles. By iteration one constructs a
zero-area vortex u′ and a pair (a′, v′) such that T ρ

u′(a′, v′) is within c0ρ
3/2 of (A,u).

Surjectivity follows from the uniqueness part of the implicit function theorem used
in the gluing construction. �

6.3. Construction of charts. The charts near zero area are given by the approxi-
mation construction of the previous section. Let u be a zero-area vortex. Using (28)
we have for ρ sufficiently small a map

Tu : Def(u)ǫ × [0, ρ] →M
K

(P1,X)[0,ρ].

Proposition 6.9. For ǫ, ρ sufficiently small Tu is a homeomorphism onto an open
neighborhood of [u].

Sketch of proof. By Theorem 6.8, the image of Tu contains an open neighborhood
of u. We choose a complement of aut(C) in ker D̃u and restrict Tu to v lying in
this complement. Suppose that (A,u′) = Tu(v, δ, ρ). We claim that the derivative
of Tu at (v, δ, ρ) is an injection for (v, δ, ρ) sufficiently small. Indeed, the map Tu

is the composition of the gluing construction for pseudoholomorphic maps and the
approximation construction for ρ-vortices given above. That the gluing construction
has injective derivative is proved in [15], using the exponential gluing profile so that
the evaluation maps at the additional markings are differentiable. It then suffices
to consider the case without bubbles, for which we have

0 =
d

dt
|t=0F

ρ(T ρ
u (v + tv′)) = D̃A,u′(DvT

ρ
u (v′)) = D̃A,u′(v′ + v′′)

for some v′′ in the image of the right inverse Q0,ρ. By Lemma 6.6, the image of
the right inverse has trivial intersection with ker(D̃u), which shows that Tu is an
injection. To show that Tu is a homeomorphism, it remains to show that Tu is open,
that is, if [Aν , uν , ρν ] → [A,u′, ρ] with [Aν , uν , ρν ], [A,u

′, ρ] in the image then vν → v
and δν → δ. The injectivity argument in [15] shows that δν → δ. By Theorem 6.7,
Tu(vν , δ, ρ) → Tu(v, δ, ρ) implies vν → v. �

Proof of Theorem 6.1. That the moduli spaces M
K
n (P1,X)(0,ρ] are stratified-smooth

orbifolds for ρ sufficiently small is [14, Theorem 6.2.3], using the fact that the U(1)-
action on the moduli space of polarized vortices is free for ρ sufficiently small. Charts

for M
K
n (P1,X)[0,ρ] near zero-area vortices are given by the maps Tu. By Proposition

6.9, Tu is a homeomorphism onto an open neighborhood of u, and so defines a
chart. Independence of the choice of complement of aut(C) (given, for example,
by choosing auxiliary hypersurfaces defining markings to make the domain curve
stable) is similar to the case of pseudoholomorphic maps and left to the reader. An
orientation for the moduli space is constructed from orientations on the determinant
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lines of the linearized operators D̃A,u, induced from the deformation to the sum of
dA ⊕ d∗

A and a sum of linearized Cauchy-Riemann operators. �

6.4. Equality of invariants. Suppose that every zero-area vortex is regular. In

this case, every element of M
K,fr
n (P1,X, d)[0,ρ] is stable and regular for sufficiently

small ρ, and so the projection M
K,fr
n (P1,X, d)[0,ρ] → M

K
n (P1,X, d)[0,ρ] has the

structure of an orbifold principal Kn-bundle. The evaluation maps extend over

the cobordism and the boundary relation [M
K,
n (P1,X, d)0] = [M

K
n (P1,X, d)ρ] in

H(M
K
n (P1,X, d)[0,ρ],Q) gives an equality of ρ and 0-vortex invariants.
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