
FLOER FIELD THEORY FOR TANGLES

KATRIN WEHRHEIM AND CHRIS WOODWARD

Abstract. We use quilted Floer theory to construct functor-valued invariants
of tangles, relating Fukaya categories of moduli spaces of flat bundles on the
incoming and outgoing punctured surfaces. As an application, we show the non-
triviality of certain elements in the symplectic mapping class groups of moduli
spaces of flat bundles on punctured spheres.
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1. Introduction

In this paper we apply quilt theory in Lagrangian Floer cohomology, devel-
oped in Wehrheim-Woodward [51] and Ma’u-Wehrheim-Woodward [56], to produce
functor-valued invariants of tangles via moduli spaces of flat bundles with traceless
holonomies. In the gauge-theoretic interpretation of Jones polynomial provided by
Witten [57], “quantizing” moduli spaces of flat bundles gives rise to knot invari-
ants. In particular any tangle gives rise to a map between the spaces of quantum
states by “quantization” of the corresponding Lagrangian correspondence. Several
mathematicians and physicists (in particular Kronheimer-Mrowka [26] and Witten
[58]) have investigated whether “categorifying” the moduli spaces of flat bundles
lead to group-valued knot or tangle invariants. One naturally expects, according to
a suggestion of Fukaya [9], that Lagrangian correspondences associated to tangles
give rise to functors between Fukaya categories. The goal here is the modest one of
constructing functor-valued invariants for tangles via Lagrangian Floer theory.

Our starting point is the observation that given a three-dimensional bordism
containing a tangle whose components are labelled by conjugacy classes of a special
unitary group, the set of flat bundles that extend over the bordism defines a formal
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Lagrangian correspondence

L(Y,K) ⊂M(X−, x−)×M(X+, x+)

between the moduli spacesM(X±, x±) of flat bundles associated to the incoming and
outgoing marked, labelled boundary components. In good situations, our previous
work [51] and work together with Ma’u [56] associates to such a correspondence a
functor between the generalized Fukaya categories of the symplectic moduli spaces
associated to the boundary components:

Φ(L(Y,K)) : Fuk (M(X−, x−), w) → Fuk (M(X+, x+), w)

for any integer w. Here Fuk (M,w) is the category whose objects are generalized
simply-connected monotone Lagrangians submanifolds of a symplectic manifold M
with disk invariant w, and morphisms are Floer cochains. The disk invariant w
is the number of Maslov two index disks passing through a generic point in the
Lagrangian, see Definition 4.2 below.

One problem with this naive construction is that the moduli spaces of flat bundles
over surfaces are in general not even smooth, let alone monotone as required for quilt
invariants without Novikov coefficients or figure eight correction terms. We resolve
this problem by making admissibility assumptions on the number of labels and
conjugacy classes. By Proposition 3.6 and Theorem 3.10 this assumption guarantees
smooth monotone symplectic manifolds. A second problem with the construction is
that the Lagrangian correspondence is in general a singular subset of the product.
To solve this we decompose the bordism into elementary bordisms-with-tangles

(Y,K) = (Y1,K1) ∪ . . . ∪ (Ym,Km).

as in Figure 1.

Figure 1. Decomposition of a tangle (in this case, a knot) into ele-
mentary pieces

Each elementary piece (Yi,Ki) admits a Morse function with at most one critical
point either on the bordism or the tangle. For such pieces the associated Lagrangian
correspondences L(Yi,Ki) are smooth and even monotone. A decomposition into el-
ementary bordisms-with-tangles is obtained by choosing a Morse function on the
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bordism such that the maxima resp. minima are the outgoing resp. incoming sur-
faces, and all critical points have different values. Then decomposition at level sets
between the critical values yields a sequence of Lagrangian correspondences giving
rise to our functor-valued invariant

Φ(Y,K) = Φ(L(Ym,Km)) ◦ . . . ◦ Φ(L(Y1,K1)).

A precise version of our main result is stated in the language of category-valued
field theories. Given a compact oriented surface X and coprime integers r, d let
Tan(X, r, d) denote the tangle category whose objects are finite oriented subsets x
of X with with admissible labels µ as in Proposition 3.6, and whose morphisms are
isotopy classes of tangles K in [−1, 1] ×X.

Theorem 1.1. (Floer field theory for tangles) Let X be a compact oriented surface
as above and w an integer. There exists a functor from Tan(X, r, d) to the category
of (small A∞ categories, homotopy classes of A∞ functors) that assigns to any finite

subset x ⊂ X with labels µ the generalized Fukaya category Fuk (M(X,x), w).

Gauge-theoretic invariants of knots were constructed using instantons by Collin-
Steer [8] and Kronheimer-Mrowka [26]. See also Jacobsson-Rubinsztein [19] for
the similarities with Khovanov homology. One expects the functors defined in this
paper to be related to the instanton knot invariants by a version of the Atiyah-Floer
conjecture.

The computation of these invariants is rather difficult since generators for the
corresponding Fukaya categories are not presently known. However, one particular
computation by Seidel [41] gives some information in the case of a five-punctured
two-sphere with equal labels. In the last section we leverage Seidel’s computation
to make a computation in the symplectic mapping class group

Map(M(X,x), ω) = π0(Diff(M(X,x), ω))

of the moduli spaces of flat bundles:

Theorem 1.2. (Non-triviality of twists on moduli spaces of bundles on punc-
tured spheres) Let X be a two-sphere and x ⊂ X an odd number of at least five
marked points. Let M(X,x) be the moduli space of flat SU(2)-bundles with traceless
holonomies on X − x and ϕ :M(X,x) →M(X,x) the symplectomorphism induced
by a full twist around two markings. Then ϕ is not Hamiltonian isotopic to the
identity but is smoothly isotopic to the identity:

[ϕ] 6= [Id] ∈ Map(M(X,x), ω), [ϕ] = [Id] ∈ Map(M(X,x)).

The structure of the paper is as follows. In Section 2 we describe our strategy
for defining tangle invariants via Cerf decompositions. In Section 3 we then show
that the moduli spaces of flat bundles with admissible holonomy labels fit into this
blueprint. In particular, the sequence of Lagrangian correspondences obtained as
sketched above is independent of the choice of decomposition up to an equivalence
relation generated by embedded composition of Lagrangian correspondences. In
Section 4 we introduce a suitable notion of Fukaya category adapted to the moduli
spaces of flat bundles under consideration. In Section 5 we combine the constructions
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of Sections 2,3,4 to obtain a category-valued field theory, or rather, a functor from our
tangle categories to (small A∞ categories, homotopy classes of A∞ functors). The
equivalence of generalized Lagrangian correspondences proved in Section 3 combines
with the results of [51] to show that the resulting functor is independent up to
isomorphism of the decomposition into elementary pieces. This section also contains
an extension to graphs, needed for a surgery exact triangle.

We thank P. Seidel for encouragement and for sharing his ideas. We also thank
R. Rezazadegan for helpful comments. The present paper is an updated and more
detailed version of a paper the authors have circulated since 2007. The authors have
unreconciled differences over the exposition in the paper, and explain their points of
view at math.berkeley.edu/∼katrin/wwpapers resp. christwoodwardmath.blogspot.com.
The publication in the current form is the result of a mediation.

2. Field theory for tangles

In this section we introduce various notions and constructions of (topological)
field theories for tangles. Roughly speaking a field theory is a functor from a bor-
dism category to some other category. In Section 2.1 we use embedded bordisms
in cylinders to construct a category of tangles. Section 2.2 discusses Cerf decompo-
sitions in this category and shows how to use them in the construction of general
field theories. Section 2.3 then specializes this construction to a symplectic target
category.

2.1. The tangle category. Our language for topological field theories for tangles
adapts that in Lurie [29], rephrasing the earlier definition of Atiyah. Roughly speak-
ing a tangle is a between marked surfaces, defined as follows.

Definition 2.1. (a) (Marked surfaces) A marking of a compact oriented surface
X is a collection

x = {x1, . . . , xn} ⊂ X

of distinct, oriented points for some non-negative integer n equipped with an
orientation given by a function

ǫ : x→ {±1}.

A marked surface is a tuple (X,x) of a compact, oriented surface X equipped
with a marking x.

(b) (Tangles) A tangle from (X−, x−) to (X+, x+) is a tuple (Y,K, φ) consisting
of

(i) a compact oriented 3-manifold-with-boundary Y ;
(ii) an orientation-preserving diffeomorphism φ : ∂Y → X− ∪ X+ where

X− denotes the manifold X− with reversed orientation;
(iii) a compact oriented 1-dimensional submanifold K ⊂ Y meeting the

boundary transversally in ∂K = K ∩ ∂Y , so that φ restricts to an
orientation preserving identification

φ|∂K : ∂K ∼= x− ∪ x+

where x− denotes the marking x− with reversed orientation.

https://math.berkeley.edu/~katrin/wwpapers/
http://christwoodwardmath.blogspot.com/
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An equivalence between two tangles (Y0,K0, φ0) and (Y1,K1, φ1), both from
(X−, x−) to (X+, x+), is an orientation-preserving diffeomorphism inducing
the identity on the boundary surfaces:

ψ : Y0 → Y1, ψ(K0) = K1, φ1 ◦ ψ|∂Y0
= φ0.

(c) (Labelled tangles) Let B be a set, which we call a set of labels. A deco-
rated surface resp. tangle is a marked surface (X,x) resp. tangle (Y,K, φ)
equipped with a labelling of the components x→ B resp. π0(K) → B.

(d) (Cylindrical tangles) Let X be a fixed compact, oriented 2-manifold. A X-
cylindrical tangle is a tangle in a bordism Y from X to itself diffeomorphic
to [−1, 1] ×X.

Remark 2.2. A weaker version of equivalence of tangles is isotopy invariance. In
particular, suppose we fix a bordism Y and suppose that Kt, t ∈ [0, 1] is an isotopy
of tangles in Y with fixed endpoints. By a relative version of the isotopy extension
theorem, whose absolute version is [18, Theorem 1.6, Chapter 8], the pairs (Y,Kt)
are all diffeomorphic by diffeomorphism equal to the identity on the boundary; the
relative version is proved in the way way as the absolute version. So (Y,Kt) are
equivalent for t ∈ [0, 1]. The converse (that diffeomorphism equivalence implies
isotopy equivalence) does not hold in general since the mapping class group of the
pair could be non-trivial.

Our field theories fit into the language of topological field theories. These are
functors from bordism categories equipped with additional data.

Definition 2.3. (Tangle category) The tangle category Tan is the category whose

(a) objects are marked surfaces;
(b) morphisms are equivalence classes of tangles [Y,K, φ];
(c) composition is defined by gluing: Let (Y01,K01, φ01) be a tangle from (X0, x0)

to (X1, x1) and let (Y12,K12, φ12) be a tangle from (X1, x1) to (X2, x2).
Choose collar neighborhoods

κ1 : (X1 × (−ǫ, 0), x1 × (−ǫ, 0)) → (Y01,K01)

resp.

κ2 : (X1 × (0, ǫ), x1 × (0, ǫ)) → (Y12,K12).

Define the composition (Y01,K01, φ01) ◦ (Y12,K12, φ12) to be the union

(1) ((Y01,K01) ⊔ (X1 × (−ǫ, ǫ) ⊔ (Y12,K12))/ ∼

where ∼ is the natural equivalence relation defined by κ1, κ2, and equipped
with the diffeomorphism of the boundary to (X0, x0) ⊔ (X2, x2) induced by
φ01 and φ12;

(d) the identity for (X,x) is the equivalence class of the cylindrical bordism[
[−1, 1]×X, [−1, 1]×x

]
equipped with the obvious identification of the bound-

ary {−1, 1} × (X,x) with two copies of (X,x).
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Composition is independent, up to equivalence, of the choice of collar neighborhood
and representatives, since any two collar neighborhoods are isotopic. The equiva-
lence class of a composition of representatives is denoted

[(Y01,K01, φ01)] ◦ [(Y12,K12, φ12)] = [(Y01,K01, φ01) ◦ (Y12,K12, φ12)].

Equivalence classes of cylindrical tangles with fixed X form a category Tan(X) by
using the composition law described above, since the composition of two bordisms
equivalent to [−1, 1] ×X is again equivalent to [−1, 1] ×X.

Definition 2.4. (Field theories) Let X be a compact oriented surface and let C
be a category. A C-valued field theory for cylindrical tangles in X is a functor
Φ : Tan(X) → C.

2.2. Cerf theory for tangles. Field theories for tangles can be constructed by
decomposition into elementary tangles as follows.

Definition 2.5. (a) (Morse datum) A Morse datum for a tangle (Y,K, φ) from
(X−, x−) to (X+, x+) consists of a pair (f, b) of

(i) a Morse function f : Y → R that restricts to a Morse function f |K :
K → R, and

(ii) an ordered tuple b = (b0 < b1 < . . . < bm) ∈ Rm+1

such that the following hold:
(i) The sets of minima resp. maxima of f are

φ(X−) ∼= f−1(b0), φ(X+) ∼= f−1(bm).

(ii) Each level set f−1(b) for b ∈ R is connected, or equivalently f has no
critical points of index 0 or 3.

(iii) The function f has distinct values at the critical points of f and f |K ,
i.e. it induces a bijection

Crit(f) ∪ Crit(f |K) → f(Crit(f) ∪Crit(f |K))

between critical points and critical values.
(iv) The values b0, . . . , bm ∈ R \ f(Crit(f) ∪ Crit(f |K)) are regular values

of f and f |K such that each interval (bi−1, bi) contains at most one
critical value of either f or f |K :

#Crit(f) ∩ f−1(bi−1, bi) + #Crit(fK) ∩ f−1(bi−1, bi) ≤ 1.

In the special case Y = [b−, b+]×X, we say that (f, b) is a cylindrical Morse
datum for a tangle (Y,K, φ) if

∂tf(t, x) > 0, ∀(t, x) ∈ Y.

This assumption implies that each level set f−1(t) is diffeomorphic to X, by
normalized gradient flow of f .

(b) (Cerf decomposition) The Cerf decomposition of a tangle (Y,K, φ) induced
by a Morse datum (f, b) is the sequence

(Yi := f−1([bi−1, bi]), Ki := Yi ∩K,φi), i = 1, . . . m
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of elementary tangles between the connected level sets

Xi := Yi ∩ Yi+1 = f−1(bi), xi = Ki ∩Ki+1 = f−1(bi) ∩K

and obvious identifications of the boundary φi. Here we have X0
∼= X−

and Xm
∼= X+ via the restriction of φ, ∂Yi = Xi−1 ⊔ Xi. The sequence

(Yi,Ki, φi)i=1,...m corresponds to the decomposition

(2) Y = Y1 ∪X1
Y2 ∪X2

. . . ∪Xm−1
Ym, K = K1 ∪x1 K2 ∪x2 . . . ∪xm−1

Km.

In the special case Y = [b−, b+]×X, a cylindrical Cerf decomposition of the
tangle K is a Cerf decomposition induced by a cylindrical Morse datum.

(c) (Elementary tangles) A tangle (Y,K, φ) is a
(i) elementary tangle if (Y,K, φ) admits a Cerf decomposition with a single

piece, and
(ii) an elementary cylindrical tangle if (Y,K, φ) admits a Cerf decomposi-

tion with a single piece and no critical points on Y . That is, Y is a
cylindrical bordism and f : Y → R is a Morse function without critical
points and the restriction f |K has at most one critical point on K:

#Crit(f) = 0, #Crit(fK) ≤ 1.

Thus a cylindrical Cerf decomposition is a decomposition of the trivial bor-
dism Y = [b−, b+] ×X into cylindrical bordisms Y1 ∪X1

. . . ∪Xm−1
Ym, with

the property that taking intersections with the tangle gives a decomposition
K = K1 ∪x1

. . . ∪xm−1
Km into elementary cylindrical tangles (Yj,Kj , φj).

The equivalence class [(Yj ,Kj , φj)] of an elementary tangle (Yj,Kj , φj) is an
elementary morphism. An cylindrical Cerf decomposition of an equivalence
class [(Y,K, φ)] is an expression as a composition of elementary morphisms

[(Y,K, φ)] = [(Y1,K1, φ1)] ◦ . . . ◦ [(Ym,Km, φm)]

corresponding to a cylindrical Cerf decomposition of a representative. We
say that two cylindrical Cerf decompositions

[(Y,K, φ)] = [(Y1,K1, φ1)] ◦ . . . ◦ [(Ym,Km, φm)]

= [(Y1,K1, φ1)
′] ◦ . . . ◦ [(Ym,Km, φm)′]

are equivalent if there exist orientation-preserving diffeomorphisms

δ0 = IdX0
, δ1 : X1 → X ′

1, . . . , δm−1 : Xm−1 → X ′
m−1, δm = IdXm

such that for each i = 1, . . . ,m,

[(Yi,Ki, φi)] = [(Y ′
i ,K

′
i, (δi−1 ⊔ δi) ◦ φi)].

The following is a special case of Cerf theory, for the special case of cylindrical
Cerf decompositions.

Theorem 2.6. (Cerf theory for tangles) Let (Y = [−1, 1]×X,K, φ) be a cylindrical
tangle. Then any two cylindrical Cerf decompositions of [(Y,K, φ)] are related up to
equivalence by a finite sequence of the following moves:
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(a) (Critical point cancellation) Two elementary morphisms [(Yi,Ki, φi)] and
[(Yi+1,Ki+1, φi+1)], that carry Morse functions fi resp. fi+1 with a local
minimum yi ∈ Ki resp. local maximum yi+1 ∈ Ki+1,

d2yif |Ki
> 0, d2yi+1

f |Ki+1
< 0

both of which lie on the same strand of K ∩ (Yi ∪ Yi+1), are replaced by the
elementary morphism [(Yi,Ki, φi)] ◦ [(Yi+1,Ki+1, φi+1)] that admits a Morse
function with no critical point;

(b) (Critical point reversal) Two elementary morphisms [(Yi,Ki, φi)], [(Yi+1,Ki+1, φi+1)]
that carry Morse functions with critical points

yi ∈ Ki, yi+1 ∈ Ki+1, dyif = dyi+1
f = 0, k = ind(yi), l = ind(yi+1)

on strands whose intersection with (Xi, xi) is disjoint, are replaced by two
elementary morphisms that carry Morse functions with critical points of index
l and k such that [(Yi,Ki, φi)] ◦ [(Yi+1,Ki+1, φi+1)] is equal to [(Y ′

i ,K
′
i, φ

′
i)] ◦

[(Y ′
i+1,K

′
i+1, φ

′
i+1)]

(c) (Cylinder gluing) Two elementary morphisms [(Yi,Ki, φi)], [(Yi+1,Ki+1, φi+1)],
one of which is cylindrical, are replaced by the composition [(Yi,Ki, φi)] ◦
[(Yi+1,Ki+1, φi+1)].

See Figures 2 and 3 for depictions of the first two moves.

Figure 2. Critical point cancellation

Proof. The proof follows from an examination of a generic homotopy between cylin-
drical Morse functions defining the two Cerf decompositions. Let (fj, bj), j = 0, 1
be cylindrical Morse data for a cylindrical tangle (Y,K, φ). Let

fs = (1− s)f0 + sf1, s ∈ [0, 1]

be the linear interpolation between f0 and f1. Since ∂tf0 > 0 and ∂tf1 > 0 we also
have ∂tfs > 0 for all s ∈ [0, 1]. Consider the restrictions fs|K . SinceK ⊂ [b−, b+]×X
is a submanifold with boundary, fs|K has positive resp. negative normal derivative
at x− resp. x+. Hence (fs|K) has singularities or critical points only on a compact
set in the interior of K.

Next we apply Cerf theory to the restriction of the homotopy to the tangle. After
replacing fs|K with a perturbation we may assume that fs|K is Morse except at
finitely many values of s ∈ [0, 1] where a birth/death singularity occurs by [14,
Theorem 2.4]. Furthermore, after another perturbation we may assume that fs|K
is a Morse function injective on its critical set for all but finitely many values of
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s ∈ [0, 1], as in Cerf [7, top of p. 11]. Since K is a submanifold of Y , any such
perturbation has an extension to a smooth family of functions fs on Y with the
property that ∂tfs > 0 for all (t, x) ∈ Y and s ∈ [0, 1]. So this homotopy has only
finite many values c1 < . . . < cm for which fcj does not satisfy (a-c) in Definition
2.6.

Away from the critical values the Cerf decompositions are equivalent by diffeomor-
phisms. Indeed, choose ǫ small and smoothly varying b1(s), . . . , bm−1(s) separating

the critical values of fs for s ∈ [ci + ǫ, ci+1 − ǫ]. Let f̃(s, t) = fs(t). The inverse
images of the level sets f−1

s (bi(s)) form smooth submanifolds of Y × [0, 1] denoted

f̃−1(bi). Indeed, the differential of fs is already transverse to bi(s), so smoothness
follows from the implicit function theorem. The required diffeomorphism will be
given by the flow of a vector field satisfying

v ∈ Vect(Y × [ci + ǫ, ci+1 − ǫ]), (Dy,sπ2)∗v = ∂s,∀(y, s) ∈ Y × [ci + ǫ, ci+1 − ǫ]

where π2 is projection onto the second factor, and tangent to the boundary compo-
nents and tangles:

v(K) ⊂ TK, v(f̃−1(bi)) ⊂ T (f̃−1(bi)).

The construction of the required vector field proceeds in stages. Such a vector field
v exists on each level set f̃−1(bi) since the bi(s) are regular values:

Ty,sf̃
−1(bi) ∩ (TyY × {0}) = Tyf

−1(bi(s)), Dπ2|Ty,sf̃
−1(bi) = R.

Furthermore since K ∩ f̃−1(bi) is a transverse intersection, we may choose v pre-

serving K ∩ f̃−1(bi). Next v extends to a vector field v|Ui
on a neighborhood Ui of

each level set f̃−1(bi) by the tubular neighborhood theorem. One may then extend
v to a vector field on Y × [ci + ǫ, ci+1 − ǫ]) using interpolation with the vector field
∂s ∈ Vect(Y × [ci+ ǫ, ci+1− ǫ]). That is, let ρ ∈ C∞(Y × [ci+ ǫ, ci+1− ǫ]) be a bump

function equal to one on a neighborhood of f̃−1(bi). Set

(3) v = ρv|Ui
+ (1− ρ)∂s ∈ Vect(Y × [ci + ǫ, ci+1 − ǫ]).

The flow of v preserves the level sets f̃−1(bi) as well as the tangles K and so defines
diffeomorphisms of the pieces of the Cerf decomposition of (Y,K) for fs. Hence
the functions fs for s ∈ [ci + ǫ, ci+1 − ǫ] define equivalent Cerf decompositions of
[(Y,K, φ)].

It remains to consider the relationship between the Cerf decompositions for small
values on either side of time at which a crossing or birth-death occurs. The Cerf
decompositions are equivalent for all but one or two pieces by the same argument
in the previous paragraph. For those pieces, one either has a critical point switch
move or critical point cancellation by the local model for the cusp singularities [55,

p.157] for the restriction of f̃ to K. �

By Theorem 2.6, in order to construct field theories for cylindrical tangles it
suffices to construct the theory on elementary tangles and check that the Cerf moves
are satisfied.
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Figure 3. Critical point reversal

Theorem 2.7. (Field theories for tangles via elementary tangles) Let C be a category
and X a compact oriented surface. Suppose there is given a partially defined functor
Φ from Tan(X) to C that associates

(a) to each marking x of X, an object Φ(x) of C;
(b) to each equivalence class of elementary cylindrical tangles (Y,K, φ) from

(X,x−) to (X,x+), a morphism Φ([(Y,K, φ)]) from Φ(x−) to Φ(x+);

and satisfies the following Cerf relations:

(a) If (Y,K, φ) = ([−1, 1]×X, [−1, 1]×x, φ) is a trivial tangle, then Φ([(Y,K, φ)])
is the identity.

(b) If (Y1,K1, φ1) from x0 to x1 and (Y2,K2, φ2) from x1 to x2 are composable
elementary cylindrical tangles such that [(Y1,K1, φ1)]◦ [(Y2,K2, φ2)] is equiv-
alent to a cylindrical tangle via critical point cancellation, then

Φ([(Y1,K1, φ1)]) ◦ Φ([(Y2,K2, φ2)]) = Φ([(Y1,K1, φ1) ◦ (Y2,K2, φ2)]);

(c) If (Y1,K1, φ1), (Y2,K2, φ2) and (Y ′
1 ,K

′
1, φ

′
1), (Y

′
2 ,K

′
2, φ

′
2) are elementary cylin-

drical tangles related by critical point reversal, then

Φ([(Y1,K1, φ1)]) ◦ Φ([(Y2,K2, φ2)]) = Φ([(Y ′
1 ,K

′
1, φ

′
1)]) ◦Φ([(Y

′
2 ,K

′
2, φ

′
2)]);

(d) If (Y1,K1, φ1), (Y2,K2, φ2) are composable elementary tangles, one of which
is cylindrical, then

Φ([(Y1,K1, φ1)]) ◦Φ([(Y2,K2, φ2)]) = Φ([(Y1,K1, φ1)] ◦ [(Y2,K2, φ2)])

then there is a unique C-valued field theory extending Φ.

In other words, to define a field theory for tangles it suffices to define the mor-
phisms for elementary bordisms and prove the Cerf relations.

2.3. Symplectic-valued field theories. In this section we specialize to field theo-
ries with values in the symplectic category. A symplectic-valued field theory for tan-
gles in particular assigns to any tangle a sequence of Lagrangian correspondences,
up to equivalence, as in [51].

Definition 2.8. (Geometric composition of Lagrangian correspondences) Let Mj

be symplectic manifolds with symplectic forms ωMj
for j = 0, 1, 2.

(a) A Lagrangian correspondence from M1 to M2 is a Lagrangian submanifold
L ⊂M−

1 ×M2 with respect to the symplectic structure −ωM1
⊕ ωM2

.
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(b) The geometric composition of Lagrangian correspondences

L01 ⊂M−
0 ×M1, L12 ⊂M−

1 ×M2

is the point set

(4) L01 ◦ L12 := πM0×M2

(
(L01 × L12) ∩ (M0 ×∆M1

×M2)
)
⊂M0 ×M2.

(c) A geometric composition is called transverse if the intersection in (4) is trans-
verse (and hence smooth). The geometric composition is embedded if, in ad-
dition, the restriction of the projection πM0×M2

is an injection of the smooth
intersection, hence an embedding. In that case the image is a smooth La-
grangian correspondence L01 ◦ L12 ⊂M−

0 ×M2.

Definition 2.9. (a) (Generalized correspondences) Let M−,M+ be symplectic
manifolds. A generalized Lagrangian correspondence L from M− to M+ con-
sists of

(i) a sequence N0, . . . , Nr of any length r ≥ 0 of symplectic manifolds with
N0 =M− and Nr =M+, and

(ii) a sequence L01, . . . , L(r−1)r of compact Lagrangian correspondences

with L(j−1)j ⊂ N−
j−1 ×Nj for j = 1, . . . , r.

(b) (Algebraic composition) Let M,M ′,M ′′ be symplectic manifolds. The alge-
braic composition of generalized Lagrangian correspondences L from M to
M ′ and L′ from M ′ to M ′′ is given by concatenation

L L′ := (L01, . . . , L(m−1)m, L
′
1, . . . , L

′
(m′−1)m′).

(c) (Symplectic category) The symplectic category Symp# is the category defined
as follows.1

(i) Objects are smooth compact symplectic manifolds.
(ii) Morphisms from an object M− to an object M+ are generalized La-

grangian correspondences from M− to M+ modulo the composition
equivalence relation ∼ generated by

(5)
(
. . . , L(j−1)j , Lj(j+1), . . .

)
∼

(
. . . , L(j−1)j ◦ Lj(j+1), . . .

)

for all sequences and j such that L(j−1)j ◦ Lj(j+1) is transverse and
embedded. We also set the empty sequence ∅ to be equivalent to the
diagonal ∆M ⊂M− ×M .

(iii) Composition of morphisms

[L] ∈ Hom(M,M ′), [L′] ∈ Hom(M ′,M ′′)

for symplectic manifolds M,M ′,M ′′ is defined by

[L] ◦ [L′] := [L L′] ∈ Hom(M,M ′′);

1We used the notation Symp in earlier papers to denote the category of (symplectic manifolds,
symplectomorphisms). So the superscript indicates that we now allow generalized Lagrangian cor-
respondences as morphisms.
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(iv) The identity 1M ∈ Hom(M,M) is the equivalence class of the empty
sequence 1M = ∅ of length zero. The identity 1M is also the equivalence
class 1M := [∆M ] of the diagonal. Indeed, the sequence of any number
of diagonals ∆M ⊂M− ×M is equivalent to the empty set:

∅ ∼ (∆M ) ∼ (∆M ,∆M ) ∼ . . . .

(d) (Monotone symplectic manifolds and correspondences) A symplectic mani-
fold (M,ω) is monotone with monotonicity constant τ > 0 if the symplectic
class is positively proportional to the first Chern class: τc1(M) = [ω] in
H2(M). A Lagrangian submanifold L ⊂M is monotone if

2

∫
u∗ω = τI(u), ∀u : (D, ∂D) → (M,L)

where I(u) is the Maslov index. A generalized Lagrangian correspondence
L = (L01, . . . , L(r−1)r) is monotone if every components Lj(j−1) is a La-
grangian correspondence.

(e) (Monotone symplectic category) For τ > 0 denote by Symp#τ the cate-
gory whose objects are monotone symplectic manifolds M with monotonic-
ity constant τ and morphisms from M− to M+ are equivalence classes of
simply-connected2 generalized Lagrangian correspondences L from M− to
M+ whose components are compact oriented monotone equipped with rela-
tive spin structures.

(f) A symplectic-valued field theory for cylindrical tangles resp. monotone symplectic-
valued field theory for cylindrical tangles for a compact oriented surface X is
a functor Φ : Tan(X) → Symp# resp. Φ : Tan(X) → Symp#τ .

3. Flat bundles on complements of tangles

In this section we construct a symplectic-valued field theory for a particular class
of labelled tangle categories. For suitable choices of the labels, this field theory will
be monotone. The basic construction is well-known: associated to any tangle there
is a moduli space of flat bundles with fixed holonomies around the components. If
smooth and embedded this moduli space defines a Lagrangian correspondence in the
moduli spaces of flat bundles with fixed holonomies on the boundary. For elementary
tangles, the correspondences are smooth and embedded, and we check that the Cerf
relations hold.

3.1. Moduli spaces via holonomy. We choose to describe the moduli spaces via
representations of the fundamental group, rather than gauge theory as in [53]. We
begin with some Lie-theoretic notation for the special unitary group.

Definition 3.1. Let r ≥ 2 and G = SU(r) the group of special unitary r × r
matrices. We identify the Lie algebra g = su(r) with traceless skew-Hermitian r× r
matrices.

2For convenience; alternatively one can impose further monotonicity conditions.
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(a) (Weyl alcove) The Weyl alcove for SU(r) is the subset

A =

{
(λ1 ≤ . . . ≤ λr) ∈ Rr

∣∣∣∣∣

r∑

i=1

λi = 0, λr − λ1 ≤ 1

}
.

A point µ ∈ A will be called a label. The alcove A embeds as a subset of the
Lie algebra g via the diagonal map,

A → g, (µ1, . . . , µr) → diag(µ1, . . . , µr).

(b) (Conjugacy classes for the special unitary group) Conjugacy classes in SU(r)
are parametrized by the Weyl alcove via

Cµ = {g exp(diag(2πiµ))g−1 | g ∈ SU(r)}, µ ∈ A.

Each conjugacy class

(6) Cµ ∼= SU(r)/S(U(m1)× . . . U(mk))

is diffeomorphic to the quotient of SU(r) by a centralizer subgroup isomor-
phic to S(U(m1)× . . . U(mk)) where mi, i = 1, . . . , k are the multiplicities of
the eigenvalues. Thus each Cµ is diffeomorphic to a partial flag variety. This
implies that Cµ is simply connected.

(c) (Involution) Taking inverses defines a (possibly trivial) involution of the al-
cove

(7) ∗ : A → A, (λ1, . . . , λr) 7→ (−λr, . . . ,−λ1), C∗µ = C−1
µ .

(d) (Vertices) Let

ωk = ((r − k)/r, . . . , (r − k)/r︸ ︷︷ ︸
k

,−k/r, . . . ,−k/r︸ ︷︷ ︸
r−k

), 1 ≤ k ≤ r − 1, ω0 = 0

denote the vertices of A.
(e) (Barycenter) Let

ρ = (−r + 1,−r − 3, . . . , r − 3, r − 1)/2

denote the barycenter of the re-scaled alcove rA. The vector ρ is the unique
vector with components ρi satisfying

ρi+1 − ρi = 1, i = 0, . . . , r − 1, ρr − ρ1 = r − 1.

The element ρ/r is the barycenter of A.

Next we introduce notation for manifolds of flat bundles with fixed holonomies.
We define these via representations of the fundamental group.

Definition 3.2. (a) (Loops around strands) Let X be a compact, connected,
oriented manifold, possibly with boundary. Let K ⊂ X be an oriented, em-
bedded submanifold of codimension 2. Let K1, . . . ,Kn denote the connected
components of K. Let

γj : S
1 → X \K, j = 1, . . . , n

be small loops around Kj, so that the induced orientation on the normal
bundle of Kj agrees with that induced by the orientations of Kj and X.
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Each γj defines a conjugacy class [γj ] ⊂ π1(X \ K) of loops obtained by
joining γj to a base point. We implicitly fix a base point in the definition of
the fundamental group π1(X \K).

(b) (Moduli of flat bundles with fixed holonomies) For labels µ = (µ1, . . . , µn) ∈
An let M(X,K) denote the moduli space of flat G-bundles on XrK whose
holonomy around γj lies in the conjugacy class Cµj

. We call the element µj
the label of the component Kj . The moduli space M(X,K) of flat bundles
with fixed holonomy has a description in terms of representations of the
fundamental group, that we take as a definition:

(8) M(X,K) :=
{
ϕ ∈ Hom(π1(XrK), G))

∣∣ϕ([γj ]) ⊂ Cµj
∀j

}
/G.

Here G acts by conjugation so that (gϕ)([γ]) = gϕ([γ])g−1. In case X is not
connected, say the union of connected components X1, . . . ,Xk, this definition
is replaced by the product of moduli spaces for the connected components of
X,

M(X,K) =M(X1,K ∩X1)× . . .×M(Xk,K ∩Xk).

Remark 3.3. (Effect of orientation change of the tangle) Changing the orientation of
a component Kj (i.e. of γj) corresponds to changing the label µj by the involution

∗ of the alcove A in (7). That is, if K̃ denotes the tangle obtained by changing the
orientation on Kj and µ̃ is the set of labels obtained by replacing µj with ∗µj then

there is a canonical homeomorphism M(X,K) →M(X, K̃).

Remark 3.4. (Alternative description in the finite-order case) Suppose that the con-
jugacy classes Cµ = Cµ1

× . . .× Cµn each have finite order as in all our examples, so
that

∃k1, . . . , kn ∈ Z, gkii = e, ∀gi ∈ Cµi
, i = 1, . . . , n.

In this case one can identify the moduli space M(X,K) with the moduli space of
flat bundles on an orbibundle over X, see [32, 25, 33] for two- and four-dimensional
cases. However, we will avoid using the equivariant description via gauge theory.
Instead we check explicitly, in specific presentations, the smoothness of those moduli
spaces that enter our constructions.

3.2. Moduli spaces of bundles for surfaces. The key feature of moduli spaces
of bundles on compact, oriented surfaces is their symplectic nature. Below we review
the description of the symplectic structure in the holonomy description.

Remark 3.5. Let X be a compact, connected, oriented surface of genus g, and let
x = {x1, . . . , xn} be a marking.

(a) (Presentation of the fundamental group) Recall that ǫj = ±1 depending on
whether the orientation of xj agrees with the standard orientation of a point.
The fundamental group π1(Xrx) has standard presentation

π1(Xrx) ∼=
〈
α1, . . . , α2g, γ1, . . . , γn | Πg

j=1[α2j , α2j+1]Π
n
j=1γ

ǫj
j = 1

〉
,

where γj is a loop around xj, oriented corresponding to ǫj .
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(b) (Presentation of the moduli space of flat bundles) Let µ ∈ An be a set of
labels for x. The moduli space of flat G-bundles with fixed holonomy can be
described in terms of a standard presentation of π1(X \ x) by

M(X,x) =
{
ϕ ∈ Hom(π1(Xrx), G))

∣∣ϕ([γj ]) ⊂ Cµj
∀j

}
/G

∼=
{
(a, b) ∈ G2g × Cµ | Φ(a, b) = 1

}
/G,(9)

where G acts on G2g × Cµ diagonally by conjugation and

(10) Φ((a1, . . . , a2g), (b1, . . . , bn)) =

g∏

j=1

[a2j , a2j+1]

n∏

j=1

b
ǫj
j .

(c) (Symplectic form on the moduli space) For any X,x, µ the space M(X,x)
can be realized as the moduli space of flat bundles on the trivial G-bundle
over Xrx with fixed holonomies around x (see [32, 33]) and as such has
a symplectic form. The form can be described explicitly in the holonomy
description [2] as follows.

First we recall the symplectic structure on the moduli space in the case of a
surface without markings. Let θ, θ ∈ Ω1(G, g) be the left and right-invariant
Maurer-Cartan forms, defined so that

θe(ξ) = ξ, θe(ξ) = ξ, ∀ξ ∈ g ∼= TeG.

Define a form ω1 on G2 by

ω1 ∈ Ω2(G2), ω1 = 〈l∗θ ∧ r∗θ〉/2 + 〈l∗θ ∧ r∗θ〉/2

where l, r : G2 → G are the projections on the first and second factor. For
g ≥ 1 define two-forms ωg ∈ Ω2(G2g) inductively by

(11) ωg = ωg1 + ωg2 + 〈Φ∗
g1θ ∧ Φ∗

g2θ〉/2

where g = g1 + g2 is any splitting with g1, g2 ≥ 1,

Φgj : (G
2)gj → G, (a1, . . . , a2gj ) 7→

gj∏

j=1

[a2j , a2j+1]

is the product of commutators. We omit pull-backs to the factors of G2g ∼=
G2g1 ×G2g2 from the notation to save space. A theorem of Alekseev-Malkin-
Meinrenken [2, Theorem 9.3], extending earlier work of Weinstein, Jeffrey,
and Karshon, states that the restriction of ωg to the identity level set of Φg

descends to the symplectic form on the locus of irreducible representations
in M(X,x).

Next we define the symplectic structure for a marked surface. For any
label µ ∈ A, define a 2-form ωµ on the conjugacy class Cµ by

ωµ(vξ(g), vη(g)) = 〈θ(vη(g)) + θ(vη(g)), ξ〉, g ∈ Cµ, ξ, η ∈ g

where vξ, vη ∈ Vect(Cµ) are the generating vector fields for ξ, η. Define two-
forms ωg,µ ∈ Ω2(G2g × Cµ) inductively as follows. First, set

ωg,∅ = ωg, ω0,{µ} = ωµ.
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For any splitting g = g1 + g2, µ = µ
1
∪ µ

2
, where for each j = 1, 2 either

gj > 0 or µ
j
is non-empty, set

(12) ωg,µ = ωg1,µ
1
+ ωg2,µ

2
+ 〈Φ∗

g1,µ
1

θ ∧Φ∗
g2,µ

2

θ〉/2

where

Φgj ,µj
: G2gj × Cµ

j
→ G, (h, (cµ)µ∈µ

j
) 7→ Φgj(h)

∏

µ∈µ
j

cµ.

By [2, page 27], the restriction of ωg,µ to the identity level set of Φg,µ descends

to the symplectic form on the locus of irreducible representations inM(X,x).

In case X is not connected, we define M(X,x) to be the product of moduli spaces
for its connected components.

In order to construct Floer theory we wish for our moduli spaces to be smooth.
The next result is a sufficient condition.

Proposition 3.6. (Sufficient conditions for smoothness) Let (X,x) be a marked
surface of genus g with n labels µ. Suppose that each label is half of a vertex, and
the sum of labels satisfies a parity condition:

(13) {µi, i ∈ {1, . . . , n}} ⊂ {ωj/2, j ∈ {1, . . . , r}}, 2

n∑

i=1

µi = ωd mod Λ

for some d coprime to r. Then M(X,x) is a smooth compact symplectic manifold
and we call the labels µ admissible.

Proof. Recall the description of the moduli space of flat bundles as a group-valued
symplectic quotient from [2]. Let Cµ denote the corresponding product of conjugacy

classes Cµj
, j = 1, . . . , n. The spaceM(X,x) can be realized as a symplectic quotient

of the group-valued Hamiltonian G-manifold M̃(X,x) := G2g×Cµ with group-valued

moment map Φ : M̃(X,x) → G given by the product (9). The identity level set of
the moment map is cut out transversally if and only if all stabilizers are discrete,
by [2, Definition 2.2,Condition B3]. For each tuple w = (w1, . . . , wn) ∈ W n and
subset I ⊂ {1, . . . , l} such that the span of (αi)i∈I is not all of t∨ ∼= t, define the wall
corresponding to w by

Θw,I := exp
(∑n

j=1wjµj + span(αi)i∈I

)
.

Let TX,sing denote the singular values of Φ contained in T . We claim that the set of
singular values is contained in the union of walls:

TX,sing ⊆ ∪w,IΘw,I.

Any orbit stratum in Cµj
with infinite stabilizer group contains a T -fixed point in

its closure, since the same is true for coadjoint orbits by equivariant formality of
Hamiltonian actions [15, Appendix C]. Similarly, the closure of any orbit stratum
in G2g with infinite stabilizer is equal to H2g, for some subgroup H containing T
up to conjugacy. Now T 2g maps to the identity under the product of commutators
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Φ. Putting everything together, any orbit-type stratum Y in M̃(X,x) contains a T -
fixed point y in its closure. The image of such a fixed point y under the group-valued
moment map satisfies

Φ(y) ∈ exp




n∑

j=1

wjµj




for some w ∈ W n, since the commutators of elements in the maximal torus vanish.
The tangent space TyY is a sum of root spaces, and the assumption that the stabilizer
of Y is infinite implies that the span of the roots appearing in the sum is not all of
t∨. It follows that the moduli space is an orbifold if for each tuple w1, . . . , wn ∈ W
we have

(14) 〈
∑n

i=1wiµi, ωj〉 /∈ 〈Λ, ωj〉 ∀j = 1, . . . , r

where Λ = exp−1(1) is the coweight lattice. Now suppose that each µi is equal to
1
2ωj for some j ∈ {1, . . . , r}, and

2

n∑

i=1

µi = ωd mod Λ

as in (13). Since each 〈µj , αk〉 is a half-integer and the Weyl group is generated by
simple reflections we have

∑
wiµi −

∑
µi ∈ Λ. From the relation

ωd = (d/r)(α1 + 2α2 + . . .+ dαd) + ((r − d)/r)((r − d)αd+1 + . . .+ αr−1)

it follows that the pairing

〈ωd/2, ωj〉 = (d/2r)〈jαj , ωj〉 = jd/2r mod Z

is never an integer for r coprime to d and j = 1, . . . , r − 1. This implies (14).
It remains to show that the moduli spaces of flat bundles are in fact manifolds.

The centralizer subgroups in the unitary group are connected, being the maximal
compact subgroup of the centralizers in the general linear group. The latter are the
intersections of subspaces with matrices of non-zero determinant, and so connected.
It follows that the centralizer subgroups in the projectivized unitary group are also
connected. Hence the moduli spaces are quotients of smooth manifolds by the free
action of the projectivized unitary group, and so are manifolds. �

Proposition 3.7. (Admissibility on one end implies admissibility on the other)
Suppose that K ⊂ Y = [−1, 1] × X is a tangle from X− = {−1} × X to X+ =
{+1} × X, such that each label is half of a vertex of the alcove, and the labels for
X− ∩ K are admissible in the sense of (13). Then the same hold for the induced
labels of X+ ∩K.

Proof. The labels on X± are the same except for labels that have disappeared due
to critical points of index 1 and those that have appeared due to critical points of
index 0. By assumption the labels of two strands meeting in this way are opposite
up to conjugacy and so do not contribute to the sum in (13). �
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Sufficient conditions for monotonicity of the moduli space are provided by Meinrenken-
Woodward [34]. The condition is a discrete condition on the set of labels, although
in special cases the set of monotone labels may be larger and non-discrete.

Definition 3.8. (Monotone labels) A label µ ∈ A is monotone if µ is a projection
of the Coxeter element onto a face σ of the Weyl alcove, that is,

∃σ ⊂ A, µ = projσ(ρ/r)

where projσ denotes orthogonal projection onto σ.

Example 3.9. (Examples of monotone labels)

(a) (Rank two case) If G = SU(2), then c = 2 then we identify A ∼= [0, 1/2]
by the map (λ,−λ) 7→ λ. The conjugacy class Cµ consists of matrices with
eigenvalues exp(±2πiµ). We have ρ = 1/2. If µ = 1/4, Cµ consists of all
traceless matrices. The monotone elements are 0, 1/2, 1/4 ∈ A.

(b) (Rank three case) If G = SU(3), the alcove A is the convex hull of the vectors
(0, 0, 0), (2/3,−1/3,−1/3) and (1/3, 1/3,−2/3). We have ρ = (1, 0,−1). See
Figure 4 for the monotone labels.

Figure 4. Monotone conjugacy classes for SU(3)

Theorem 3.10. (Sufficient conditions for monotonicity, [34, Theorem 4.2]) Let
(X,x) be a marked surface with labels µ. If each label µj is monotone and M(X,x)

is smooth then M(X,x) is monotone with monotonicity constant τ−1 = 2r.

Finally we note that the natural action of the diffeomorphism group acts by
symplectomorphisms:

Definition 3.11. (Marking-preserving mapping class group) Let Diff+(X,x) be the
subgroup of orientation-preserving diffeomorphisms ϕ ∈ Diff+(X) that preserve the
marked points, orientations, and labels:

(15) Diff+(X,x) =
{
ϕ ∈ Diff+(X)

∣∣ϕ(x) = x, ϕ∗ǫ = ǫ, ϕ∗µ = µ
}
.

Here we denote the maps

ǫ : x→ {±1}, xi 7→ ǫi, µ : x→ A, xi 7→ µi.
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So the conditions in (15) are

(ϕ(xi) = xj) =⇒ (ǫi = ǫj and µi = µj), ∀i, j = 1, . . . , n.

Let Map+(X,x) be the quotient of Diff+(X,x) by isotopy.

Remark 3.12. (Spherical braid group action) The action of Map+(X,x) on π1(Xr

x) induces an action on M(X,x) by symplectomorphisms on the smooth stratum.
See for example [2, Section 9.4] for a proof from the holonomy point of view. In
particular, if X is a sphere and all labels are equal, µ = (µ, . . . , µ), then the spherical
braid group Map+(X,x) acts onM(X,x). Explicitly let σi(i+1) ∈ Map+(X,x) is the
half-twist of xi and xi+1. For suitable choice of presentation of π1(Xrx) we have

(16) σi(i+1) :M(X,x) →M(X,x),

[b1, . . . , bn] 7→ [b1, . . . , bi−1, bi+1, b
−1
i+1bibi+1, bi+2, . . . , bn].

3.3. Moduli spaces for tangles. Given a tangle we construct Lagrangian corre-
spondences as follows.

Definition 3.13. Let (Y,K, φ) be a labelled tangle from (X−, x−) to (X+, x+).

(a) (Restriction to the boundary) Let K1, . . . ,Kp be the connected components
of K and fix labels ν = (ν1, . . . , νp) ∈ Ap for K. In Section 3.1 we defined
the moduli space M(Y,K) of flat G-bundles on YrK with holonomy around
Kj in Cνj . On the boundary the labels ν induce labels µ

±
∈ An± defined by

νj for ∂Kj . Restriction to the boundary and pull-back under φ define a map

(17) M(Y,K) →M(X−, x−)
− ×M(X+, x+).

More precisely, the inclusion of the boundary and a choice of paths between
base points induces a map of fundamental groups

π1(X−) ⊔ π1(X+) → π1(Y )

that is well-defined up to conjugacy. The dual maps the representation vari-
ety of the bordism to the product of representation varieties of its boundary
components, independent of the choice of path.

(b) (Correspondences for tangles) For any labelled tangle (Y,K, φ) we denote the
image of (17) by

L(Y,K, φ) ⊂M(X−, x−)
− ×M(X+, x+).

Lemma 3.14. (Correspondences for compositions) Let (Xi, xi) be marked surfaces
for i = 0, 1, 2, and let (Y01,K01, φ01) resp. (Y12,K12, φ12) be tangle from (X0, x0) to
(X1, x1) resp. from (X1, x1) to (X2, x2). Let ν01 and ν12 be labels for the bordisms
with tangles such that they induce the same label µ

1
for (X1, x1). Gluing provides a

bordism with tangle (Y01◦Y12,K01◦K12) from (X0, x0) to (X2, x2) with labels ν01◦ν12.
The induced labels µ

0
for x0 and µ

2
for x2 are the same as the ones induced from

ν01 and ν12, and we have the equality of subsets of M(X0, x0, µ0)×M(X2, x2, µ2)

L((Y01,K01, φ01) ◦ (Y12,K12, φ12)) = L(Y01,K01, φ01) ◦ L(Y12,K12, φ12).
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Proof. By the Seifert-van Kampen theorem we have an isomorphism (using a base
point on X1)

π1(Y01 ◦ Y12 \K01 ◦K12) ∼= π1(Y01 \K01) ⋆π1(X1\x1)
π1(Y12 \K12).

In particular, any representation ϕ : π1(Y01 ◦Y12 \K01 ◦K12) → G induces represen-
tations on both sides ϕj(j+1) : π1(Yj(j+1) \Kj(j+1)) → G, j = 0, 1, whose restriction
to X1 \ x1 agree. Conversely, any pair of representations on the two sides, whose
restrictions to X1 \ x1 are conjugate, we can conjugate one of the sides so that the
restrictions agree. Patching induces a representation on the glued space. �

Lemma 3.15. (Correspondences for elementary tangles)

(a) (Cylindrical bordisms) Suppose that (Y,K, φ) admits a surjective Morse func-
tion f : Y → [−1, 1] with no critical points on Y or K. The map f : Y →
[−1, 1] is a fiber bundle containing K that admits a simultaneous trivializa-
tion

T : ([−1, 1] ×X−, [−1, 1] × x−) → (Y,K),

where

T |f−1(−1) = IdX−
, ψ := φ ◦ T |f−1(1) : (X−, x−) → (X+, x+)

are isomorphisms of marked surfaces. The correspondence associated to
(Y,K, φ) is then the graph:

L(Y,K, φ) = graph((ψ−1)∗) ⊂M(X−, x−)
− ×M(X+, x+).

(b) (Elementary tangles) Let X be a compact oriented surface, Y = [−1, 1] ×X
the trivial bordism and suppose that Y admits a cylindrical Morse function
such that K contains a single critical point that is a maximum, and so consists
of n− 2 strands meeting both the incoming and outgoing boundary, and one
strand that connects two incoming markings xi, xj , as in Figure 5. The map
L(Y,K, φ) → M(X,x+) induced by pullback is a coisotropic embedding, and
L(Y,K, φ) →M(X,x−) is a fiber bundle with fiber Cµi

∼= Cµj
.

(c) (Quilted cups and caps) More generally, suppose that X be a compact ori-
ented surface and Y = [−1, 1]×X a product bordism. Suppose that Y admits
a cylindrical Morse function such that all critical points in K have the same
index. Then the pull-back map L(Y,K, φ) → M(X,x+) is a coisotropic em-
bedding and L(Y,K, φ) → M(X−, x−) is a fiber bundle with fiber a product
of conjugacy classes.

(d) (Elementary bordisms) Suppose that Y admits a Morse function with a single
critical point of index 1. The map π+ from L(Y,K, φ) to M(X+, x+) is a
coisotropic embedding, and the map π− from L(Y,K, φ) to M(X−, x−) is a
fiber bundle with fiber G.

Furthermore, in each case L(Y,K, φ) is a smooth Lagrangian correspondence in
M(X−, x−)

− ×M(X+, x+).

Proof. (a) First we construct a simultaneous trivialization. Suppose that (Y,K, φ)
admits a Morse function f : Y → [−1, 1] with no critical points on Y or K. Choose a
vector field v on K with flow ψt so that that d

dtf ◦ψt = 1; for example, a normalized
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Figure 5. A cup

gradient vector field. Via the patching procedure in (3), the vector field v extends
to all of Y to a vector field v ∈ Vect(Y ) with Lvf > 0. After normalizing, we may
assume Lvf = 1 in which case the flow T (x−,−1 + t) = ψt(x−) gives the claimed
trivialization.

Next we identify the correspondence associated to the bordism as a graph of a
symplectomorphism. With notation from the previous paragraph any representation
ρ′ of π1(Y \K) is the pullback (T −1)∗ρ of a representation ρ of the trivial cylinder over
X− \x−. Since the restrictions of ρ to the two boundary components are conjugate,
the boundary restriction of (T −1)∗ρ will be the graph of pullback under ψ−1 =
(φ ◦ T )−1|X+

: X+ → X−. Moreover, ψ−1 preserves the orientations and labels and
hence induces a symplectomorphism of moduli spaces M(X−, x−) → M(X+, x+).
So L(Y,K, φ) is the graph of a symplectomorphism and hence a smooth Lagrangian
correspondence.

Next we consider the case (b) of an elementary tangle. Choose a system of
generators of the fundamental groups of the punctured surfaces such that in the
holonomy description

L(Y,K, φ) =
{(

[a1, . . . , a2g, h1, . . . , hn+2],

[a1, . . . , a2g, h1, . . . , ĥi, . . . , ĥj , . . . , hn+2]
) ∣∣hi = hj

}
.

Such a system of generators can be found as follows. Let k0 ∈ K denote the unique
critical point, by assumption a maximum. Choose

b+ := f(X+) > c+ > f(k0) > c− > f(X−) =: b−

such that the bordisms f−1([b−, c−]) and f−1([b+, c+]) are cylindrical. Any choice
of generators for the fundamental groups of f−1(c±) induces generators for the fun-
damental groups of f−1(b±). Consider the bordism f−1([c−, c+]). For c± sufficiently
close to f(k0), the level set f−1(c+) is obtained from f−1(c−) by replacing a twice
punctured disk D− by a disk D+ without punctures:

f−1(c+) = f−1(c−)−D− ∪D+.

The two punctures labelled i, j in D− are connected in f−1([c−, c+]) by a small cap.
Choose a system of representatives for generators for π1(f

−1(c−)) that except for
the generators γi, γj around the i-th and j-th markings do not meet D−. Removing
the two generators γi, γj produces a system of generators for f−1(c+). Since the
i-th and j-st strands are connected by a cap, the holonomies around the punctures
xi, xj ∈ X+ are inverses, up to conjugacy. By (7) we have µi = ∗µj.
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The presentation above implies that the Lagrangian correspondence is smooth.
Indeed, since M(X−, x−) is a smooth quotient, the level sets

g∏

j=1

[a2j , a2j+1]
∏

k 6=i,j

hǫkk = 1, hi = hj

are transversally cut out. Thus L(Y,K) is the free quotient of a smooth manifold
by the projectivized unitary group, and so smooth. The map π− : L(Y,K, φ) →
M(X−, x−) is the identity on the holonomies not around xi, xj , and so is a smooth
fibration. Using the identification Cµj

→ C∗µi
, g 7→ g−1 the fiber may be identified

with the antidiagonal

∆i := {(h, h−1) |h ∈ Cµi
} ⊆ Cµi

× C∗µi
.

The symplectic form on M(X+, x+) is given by reduction from the 2-form (12) on

G2g × Cµ
+

∼= G2g × Cµ
−
× Cµi

× C∗µi
. In the latter splitting the 2-form is

(18) ωg,µ
−
+ ω0,{µi,∗µi} + 〈Φ∗

g,µ
−

θ ∧ Φ∗
0,{µi,∗µi}

θ〉/2.

The second and third term vanish on G2g ×Cµ
−
×∆i . The same holds after taking

quotients. Hence the fibers of the projection L(Y,K, φ) to M(X−, x−) are isotropic,
and the projection to M(X−, x−) is a coisotropic embedding. Cases (c) and (d) are
similar. �

Corollary 3.16. (Lagrangian correspondences for elementary tangles) If (Y,K, φ)
is a elementary tangle as in Definition 2.5 from (X−, x−) to (X+, x+) and the la-
bels ν for the components of K are such that the moduli spaces M(X±, x±) are
smooth manifolds (see Proposition 3.6) then the moduli space L(Y,K, φ) is a smooth
Lagrangian correspondence from M(X−, x−) to M(X+, x+).

Proof. There are three cases to consider, depending on whether a critical point
occurs in the tangle, so that #Crit(f |K) ≥ 1; in the ambient bordism, so that
#Crit(f) ≥ 1; or not at all, so that #Crit(f) = #Crit(fK) = 0. In the first case, the
critical point must be a maximum or minimum. Up to symmetry, this is exactly the
setting of Lemma 3.15 (b), so the claim follows. For a critical point in the ambient
bordism the index of the critical point must be either one or two; up to symmetry
this is Lemma 3.15 (c). The third case follows from Lemma 3.15 (a). �

Remark 3.17. Relative spin structures will be needed later to provide orientations
on moduli spaces of holomorphic quilts. Recall from [10], [54] that a relative spin
structure with background class b ∈ H2(M ;Z2) is a trivialization of TL ⊕ Eb|L
over the 2-skeleton of L with respect to some triangulation, where Eb → M is an
orientable rank two bundle with w2(Eb) = b. Two relative spin structures are equiv-
alent mod w2(TM) if their background classes are related by b− b′ = w2(TM), that
is, by adding Stiefel-Whitney classes w2(TM) ∈ H2(M,Z2), and the corresponding
trivializations of L⊕ Eb are related by adding the canonical trivialization of TM |L
on the 2-skeleton.
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Remark 3.18. (Background classes for moduli of bundles) Suppose that xi consists
of n±i markings with positive resp. negative orientation, and µ±i are the labels of
the points with positive resp. negative orientation. We take as background classes
for M(Xi, xi) the Stiefel-Whitney classes for conjugacy classes associated to the
positively or negatively oriented markings

(19) b±(Xi, xi) := w2(T (Π
n±

i

j=1Cµ±

i
)//G) ∈ H2(M(Xi, xi),Z2).

Here T (Π
n±

i

j=1Cµ±

i
)//G denotes the bundle obtained by pulling back T (Π

n±

i

j=1Cµ±

i
) to

G2g × Cµ, restricting to Φ−1(e), and quotienting by the action of G. The classes

b±(Xi, xi) are equivalent modulo w2(TM(Xi, xi)), since G is equivariantly spin.

Lemma 3.19. (Relative spin structures) Let (Y,K, φ) be an oriented elementary
tangle from (X−, x−) to (X+, x+) so that X+

∼= X− and x+ has at least as many
elements as x−. Let ν be a labelling of K such that the moduli spaces M(X±, x±)
are smooth manifolds. Then L(Y,K, φ) is simply-connected, so oriented. There is a
unique relative spin structure on L(Y,K, φ) with background class (b±(X−, x−), b∓(X+, x+))
of (19). These relative spin structures are compatible under composition in the sense
that the relative spin structures on L(Y01,K01) ◦ L(Y12,K12) and L(Y02,K02) agree
up to shifts by w2(TM(Xi, xi)).

Proof. It suffices to consider the case of a single critical point, since the case of no
critical points is trivial. Suppose first that K contains a critical point of index 0,
with a strand connecting the markings xi, xj ∈ X+. Suppose that the orientation
of xj resp. xi is the same resp. opposite of the standard orientation of a point.
By Lemma 3.15, L(Y,K, φ) is diffeomorphic to a Cµj

-bundle over M(X−, x−). The
base M(X−, x−) is simply-connected because M(X−, x−) is homeomorphic to the
moduli space of parabolic bundles [32] and the moduli space of parabolic bundles is
simply-connected [36]. The conjugacy classes of G are simply-connected, since they
are partial flag varieties. Hence L(Y,K, φ) is simply connected as well.

An orientation on the Lagrangian correspondence is defined as follows. Since the
base M(X−, x−) is simply-connected and the structure group of the bundle SU(r)
is connected, an orientation L(Y,K, φ) is induced by the symplectic orientation on
the base M(X−, x−) and the orientation on the fiber Cµj

.
Relative spin structures are defined as follows. By the assumption on the size of

x+ the map L(Y,K, φ) →M(X+, x+) is an embedding. The Lagrangian L(Y,K, φ)
is a quotient of the diagonal hi = hj for some i, j with the same labels ν except for
the singe label νk := µ+,i = µ+,j labelling the unique strand that connects X+ to
itself. The inclusion

G2g × Cν → (G2g × Cµ
−
)× (G2g × Cµ

+
)

has an equivariant relative spin structure with background class (19), since each con-
jugacy class embeds into a diagonal and exactly one of each pair of conjugacy classes
appears in (19). Taking quotients one obtains a relative spin structure on L(Y,K, φ).
Since L(Y,K, φ) is simply connected, this relative spin structure is unique for this
background class. Compatibility under composition follows from uniqueness. �
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3.4. Symplectic-valued field theory. Putting everything together we construct
a functor from the tangle category to the category of (symplectic manifolds, equiv-
alence classes of generalized Lagrangian correspondences.) We denote by

B = {ω1/2, . . . , ωr/2}

the set of midpoints on the edges connecting the origin with the vertices in the
Weyl alcove, and restrict to marked surfaces with labels in this set. For example,
in the rank two case this assumption means that all labels are contained in the set
B = {1/4} ⊂ [0, 1/2] ∼= A corresponding to traceless holonomies.

Definition 3.20. (Admissible tangle category) Fix coprime integers r, d > 0. Let
X be a compact oriented surface. Denote by Tan(X, r, d) the category of cylindrical
whose objects are markings in X with labels in B such that the labels are admissible
as in Proposition 3.6, and morphisms are cylindrical tangles with labels in B.

Example 3.21. In the simplest case r = 2, d = 1 the category Tan(X, r, d) is the
category of tangles in X whose objects are markings of odd order.

Theorem 3.22. (Symplectic-valued field theory for admissible tangles) For r, d > 0

coprime, partially define a functor Φ : Tan(X, r, d) → Symp#1/2r by mapping

• an object (x, µ) to the moduli space M(X,x) of flat SU(r)-bundles with fixed
holonomies;

• an elementary morphism [(Y,K, φ)] to the Lagrangian correspondence L(Y,K, φ).

Then Φ extends to a Symp#1/2r-valued field theory.

Proof. We first check that the partial map is well-defined. Any equivalence of bor-
disms ψ : (Y,K, φ) → (Y ′,K ′, φ′) induces an equality of Lagrangians L(Y,K, φ) =
L(Y ′,K ′, φ′) by pull-back. So any equivalence class of elementary bordisms gives a
Lagrangian correspondence.

It remains to check the Cerf relations in Theorem 2.7. These relations follow from
suitable equivariant versions of the results of [53]. However, we prefer to give an
explicit computation. To simplify notation we restrict to the case that X has genus
zero. Consider first the case of critical point cancellation. We may suppose that
K1 is a cup connecting the strands j,j − 1, and K2 is a cap connecting the strands
j, j + 1; let n denote the number of markings on X0. In terms of the holonomies
around the strands a1, . . . , an0

for x0, b1, . . . , bn1
for x1 and c1, . . . , cn2

for x2 we
suppose that the markings xj±1 are positively oriented and xj is negatively oriented
on X1. Then

L(Y1,K1, φ1) ∼=





bj−1 = bj
bk = ak for k < j − 1,
bk = ak−2 for k > j



 ⊂ Gn0+n1/G,

L(Y2,K2, φ2) ∼=





bj = bj+1

bk = ck for k < j
bk = ck−2 for k > j + 1



 ⊂ Gn1+n2/G.
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Their composition is set-theoretically the diagonal:

L(Y1,K1, φ1) ◦ L(Y2,K2, φ2) = ∆M(X0,x0)
⊂M(X0, x0)×M(X2, x2)

using M(X0, x0) =M(X2, x2). To check transversality of the composition we write

(20) T[a,b](M(X0, x0)×M(X1, x1))
∼= {(ξ0, ξ1) ∈ TaG

n0 × TbG
n1}

T[b,c](M(X1, x1)×M(X2, x2))
∼= {(ξ′1, ξ

′
2) ∈ TbG

n1 × TcG
n2}.

Then the tangent space to the product of correspondences is

(21) T[a,b,b,c](L(Y1,K1, φ1)× L(Y2,K2, φ2)) =

{
ξj−1 = ξj
ξ′j = ξ′j+1

}
.

The tangent space (21) intersects T[a,b,b,c](M(X0, x0)×∆M(X1,x1)
×M(X2, x2)) transver-

sally, by inspection. Hence the composition L(Y1,K1, φ1) ◦ L(Y2,K2, φ2) is smooth
and embedded, and equal to the diagonal. This shows invariance of the partially
defined functor Φ under the Cerf move of critical point cancellation. Invariance
under critical point switches is similar. Relative spin structures were constructed in
Lemma 3.19. �

It seems likely that, by a more detailed examination of Cerf theory, one can
allow simultaneously tangles and non-trivial bordisms, but we have not checked the
details.

4. Functors for Lagrangian correspondences

In this section we recall results of Oh [37] on Floer theory in the presence of
Maslov index two disks, and their quilted versions. We also recall results from [56]
on A∞ functors for generalized Lagrangian correspondences.

4.1. Monotone Floer theory. We begin by recalled the definition of quilted Floer
cohomology from [50].

Definition 4.1. (Moduli of Maslov-index-two pseudoholomorphic disks) Let D ⊂ C

be the unit disk and fix the base point 1 ∈ ∂D. Let (M,ω) be a compact monotone
symplectic manifold and L ⊂ M an oriented monotone Lagrangian submanifold.
For any J ∈ J (M,ω) and submanifold X ⊂ L, let M2

1(L, J,X) denote the moduli
space of J-holomorphic disks u : (D, ∂D) → (M,L) with Maslov number 2 and one
marked point satisfying u(1) ∈ X, modulo the action of the group Aut(D, ∂D, 1) of
automorphisms of the disk fixing 1 ∈ ∂D.

Oh [37] proves that the moduli space of disks above gives rise to a well-defined
number:

Proposition 4.2. (Disk invariant of a Lagrangian) For any ℓ ∈ L there exists a
comeager subset J reg(ℓ) ⊂ J (M,ω) such that M2

1(L, J, {ℓ}) is a finite set. Any
relative spin structure on L induces an orientation on M2

1(L, J, {ℓ}). Letting ǫ :
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M2
1(L, J, {ℓ}) → {±1} denote the map comparing the given orientation to the canon-

ical orientation of a point, the disk number of L,

w(L) :=
∑

[u]∈M2
1
(L,J,{ℓ})

ǫ([u]),

is independent of J ∈ J reg(ℓ) and ℓ ∈ L.

We will now extend the definition of quilted Floer cohomology, using the setup of
[51] but dropping the assumption on minimal Maslov number at least three.

Definition 4.3. (a) (Symplectic backgrounds) Fix a monotonicity constant τ >
0 and an even integer N > 0. A symplectic background is a tuple (M,ω, b,LagN (M))
as follows.

(i) (Bounded geometry) M is a smooth compact manifold;
(ii) (Monotonicity) ω is a symplectic form on M that is monotone, i.e.

[ω] = τc1(TM);
(iii) (Background class) b ∈ H2(M,Z2) is a background class, which will be

used for the construction of orientations; and
(iv) (Maslov cover) LagN (M) → Lag(M) is an N -fold Maslov cover such

that the induced 2-fold Maslov covering Lag2(M) is the oriented double
cover.

We often refer to a symplectic background (M,ω, b,LagN (M)) as M .
(b) (Lagrangian branes) A brane structure on a compact Lagrangian L consists

of an orientation, a relative spin structure, and a grading. An admissible
Lagrangian brane is a compact oriented Lagrangian with brane structure
with torsion fundamental group. (One can also assume other conditions
that give monotonicity for pseudoholomorphic curves with boundary in these
Lagrangians, or work with Novikov rings etc.)

We recall the definition of quilted Floer cohomology from Wehrheim-Woodward
[50] and Ma’u-Wehrheim-Woodward [56]. Let Jt(L) denote the space of quilted
time-dependent almost complex structures

Jt(L) =

r∏

j=0

C∞([0, δj ],J (Mj , ωj)).

Fix a quilted Hamiltonian perturbation

H ∈
r∏

j=0

C∞([0, δj ]×Mj).

The space of quilted Floer cochains is generated by generalized trajectories of H,

I(L) :=

{
x =

(
xj : [0, δj ] →Mj

)
j=0,...,r

∣∣∣∣∣
ẋj(t) = XHj

(xj(t)),

(xj(δj), xj+1(0)) ∈ Lj(j+1)

}
.

Define the Floer operator

u 7→ ∂J,Hu = (∂Jj ,Hj
uj = ∂suj + Jj

(
∂tuj −XHj

(uj)
)
)rj=0.
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Counting solutions to the equation ∂J,Hu = 0 with boundary and seam conditions
in L defines a quilted Floer operator

∂ : CF (L) → CF (L), CF (L) =
⊕

x∈I(L)

Zx.

Theorem 4.4. (Quilted Floer cohomology) Let L = (Lj(j+1))j=0,...,r be a cyclic
generalized Lagrangian brane between symplectic backgrounds Mj, j = 0, . . . , r with
the same monotonicity constant τ ≥ 0. Then, for any collection H of Hamil-
tonian perturbations, widths δ = (δj > 0)j=0,...,r, and for J in a comeager subset
J reg
t (L,H) ⊂ Jt(L), the Floer differential ∂ : CF (L) → CF (L) satisfies

∂2 = w(L) Id, w(L) =

r∑

j=0

w(Lj(j+1)).

The pair (CF (L), ∂) is independent of the choice of H and J , up to cochain homo-
topy.

Remark 4.5. (Floer theory of a pair of Lagrangians) In the special case L = (L0, L1)
of a cyclic correspondence consisting of two Lagrangian submanifolds L0, L1 ⊂M we
have w(L) = w(L0) − w(L1). Indeed the −J1-holomorphic discs with boundary on
L1 ⊂M−×{pt} are identified with J1-holomorphic discs with boundary on L1 ⊂M
via an anti-holomorphic involution of the domain, which is orientation reversing for
the moduli spaces of Maslov index two disks. In particular, the differential for a
monotone pair L = (L,ψ(L)) with any symplectomorphism ψ ∈ Symp(M) always
squares to zero, since w(L) = w(ψ(L)).

Theorem 4.6. (Behavior of Floer theory under geometric composition) Let L =
(L01, . . . , Lr(r+1)) be a cyclic generalized Lagrangian correspondence with admissible
brane structure. Suppose that for some 1 ≤ j ≤ r the composition L(j−1)j ◦Lj(j+1) is

embedded and the modified sequence L′ := (L01, . . . , L(j−1)j ◦ Lj(j+1), . . . , Lr(r+1)) is

monotone. Then, with respect to the induced brane structure, if CF (L) and CF (L′)
are non-zero then we have w(L) = w(L′) and if these disk invariants vanish then
there exists a canonical isomorphism between HF (L) and HF (L′), induced by the
canonical identification of intersection points. If one of CF (L), CF (L′) vanish then
both are trivial up to homotopy equivalence.

Proof. The bijection between the trajectory spaces for small widths and for the
composed Lagrangian correspondence in [51] only requires that the minimal Maslov
number of the Lagrangians is at least two (which is automatic in the monotone
orientable case). The comparison of orientations in [54] is also independent of Maslov
indices. Hence the morphism given by the canonical identification of intersection
points is a cochain map:

f : CF (L) → CF (L′), f∂ = ∂′f,

where ∂ and ∂′ are the Floer differentials on CF (L) resp. CF (L′). Similarly, the
inverse is a cochain map

f−1 : CF (L′) → CF (L), ∂′f−1 = f−1∂.
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So f defines an isomorphism from CF (L) to CF (L′), up to cochain homotopy. Since

∂2 = w(L) Id, (∂′)2 = w(L′) Id

if both are non-zero it follows that w(L) = w(L′) =: w. Otherwise, one is trivial
and the other is homotopy equivalent to zero. �

4.2. Quilted Fukaya categories.

Definition 4.7. (Fukaya category) Let (M,ω) be a monotone symplectic back-
ground. For any w ∈ Z let Fuk(M,w) be the Fukaya category as in Sheridan [43]
whose

(a) (Objects) objects are the set of admissible Lagrangian branes as in [56] with
disk invariant w(L) = w;

(b) (Morphisms) for any pair of objects (L0, L1), the “space” of morphisms
Hom(L0, L1) := CF (L0, L1).

(c) (Composition maps) the higher composition maps

Hom(L0, L1)× . . .×Hom(Ln−1, Ln) → Hom(L0, Ln)[2− n], n ≥ 1

are defined by counting holomorphic polygons with boundary on L0, . . . , Ln.

In [56] the quilted Fukaya category Fuk (M,w) is defined similarly, by allowing
generalized branes with total disk invariant w.

Theorem 4.8. (Functor for a geometric composition of Lagrangian correspon-
dences) Let M0,M1,M2 be symplectic backgrounds with the same monotonicity con-
stant and

L01 ⊂M−
0 ×M1, L12 ⊂M−

1 ×M2

compact, oriented, simply-connected Lagrangian correspondences equipped with ad-
missible brane structures, with disk invariant zero. If L01 ◦ L12 is transverse and
embedded into M−

0 ×M2 then

Φ(L01◦L12),Φ(L01)◦Φ(L12) : Fuk (M0, w) → Fuk (M2, w) ∼= Fuk (M2, w+b2(M2))

are homotopic A∞ functors.

Corollary 4.9. (Categorification functor) For any τ > 0 and w ∈ Z, the assign-

ments M 7→ Fuk (M,w) for symplectic backgrounds M with monotonicity constant
τ and L 7→ Φ(L) for generalized Lagrangian correspondences L with admissible brane
structures define a categorification functor from Symp#τ to the category of (small A∞

categories, homotopy classes of A∞ functors).

5. Floer field theory for tangles and graphs

5.1. Floer field theory for tangles. In this section we combine the results of the
previous two sections to obtain a field theory. Combining Theorem 3.22 and the
functor of Corollary 4.9 we obtain the following more precise version of Theorem
1.1:
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Theorem 5.1. (Category-valued field theory for tangles) For any coprime positive
integers r, d and positive integer w, the partially defined functor Φ from Tan(X, r, d)
to (small categories, isomorphism classes of functors) that assigns

• to any object (x, µ) the Fukaya A∞ category Fuk (M(X,x), w) and
• to any morphism [(Y,K, φ)] the homotopy class of the A∞ functor Φ(L(Y,K, φ))

extend to a field theory for tangles from Tan(X, r, d) to the category of (small A∞

categories, homotopy classes of A∞ functors).

In order to define group-valued invariants of manifolds containing links, we apply
the following device suggested to us by Seidel. The problem is that an empty set
of markings is not admissible, since the moduli space of flat bundles in this case
contains reducibles. We add markings and components to the tangles in order to
obtain well-defined link invariants. Let

|r+1 ⊂ [−1, 1] × S2

be the tangle with r + 1 trivial strands labelled by ω1/2. Now suppose K is a link
in S3 with components labelled by the element ω1/2. Let

(Y, K̃) = (S3,K) ([−1, 1] × S2, |r+1)

denote the connect sum of (S3,K) with ([−1, 1] × S2, |r+1), as in Figure 6 for the
case r = 2. Equipped with the identity identifications φ on the boundary, we obtain
a bordism (Y, K̃, φ) from r + 1 points to itself. Denote by L(K) := L(Y, K̃, φ) the
corresponding generalized Lagrangian correspondence from Theorem 3.22.

Figure 6. Adding three trivial strands

Knot invariants can now be defined by a device analogous to that used in Seidel-
Smith [42], in which one obtains a knot invariant by taking the Floer cohomology
of a Lagrangian pair associated to a braid presentation. The tangle of the previous
paragraph gives rise to a Lagrangian correspondence L(K) from M(X,x) to itself,
where X = S2 and x is a set of order r + 1. We claim that the quilted Floer
cohomology of L(K) is well-defined. To see this, let ⋓ ⊂ [−1, 1] × X denote the
tangle from 2n markings to 0 markings that matches the n− i-th marking with the
n+i−1-th marking, for i = 1, . . . , n. Let L(⋓) denote the corresponding Lagrangian
and L(⋒)T its transpose, identified with a fibered coisotropic

L(⋒) ∼= {[a1, . . . , a2n+r+1] ∈M(S2, x), aja2n+1−j = 1, j = 1, . . . , n} ∼= L(⋒)T .

Since L(⋓) and L(⋒) are simply-connected, the disk invariants w(L(⋓)), w(L(⋒))
vanish and the Lagrangian Floer cohomology for these Lagrangians and their images
under symplectomorphisms is well-defined.
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Proposition 5.2. Suppose K is a knot in [−1, 1]×X given as the braid closure of
a braid β in the spherical braid group Bn, obtained by composing the braid element
β × 1n ∈ B2n with the cup and cap above. Then the total disk invariant of L(K)
vanishes and there is an isomorphism of Floer cohomology groups

HF (K) := HF (L(K)) := HF (L(⋒), (β × 1n)L(⋓)).

Proof. To show that the disk invariant vanishes, it suffices by Theorem 4.6 to find a
Cerf presentation so that the sum of the disk invariants in the pieces vanish. Choose
a cylindrical Cerf decomposition of (S3,K) ([−1, 1] × S2, |r+1) given by a Morse
function with the property that all index 0 critical points have smaller values than
the index 1 critical points:

(I(y0) < I(y1)) =⇒ (f(y0) < f(y1)), ∀y0, y1 ∈ Crit(fK).

The composition of the corresponding Lagrangian correspondences is smooth and
embedded by Lemma 3.15 (c). So we can use it to compute the disk invariant and
Floer cohomology by Theorem 4.8. By Remark 4.5, the disk invariants cancel, so
the Floer cohomology is well-defined. �

Example 5.3. (Sphere-summed Floer homology of the unknot) Take the cylindrical
Cerf decomposition of the unknot consisting of a cup ∪ and cap ∩, so that

HF ( ) = HF (L(∪), L(∩))

where

L(∪) = {[g1, . . . , gr+3] ∈M(S2, {x1, . . . , xr+3}), g1g2 = 1}.

and L(∩) = L(∪)T . The map from

M(S2, {x1, . . . , xr+3}) →M(S2, {x3, . . . , xr+3})

forgetting g1, g2 is a fiber bundle with fiber the conjugacy class C labelling the 1-st
and 2-nd strands. The conjugacy class C is diffeomorphic to a partial flag variety,
as in (6). Now C admits a Morse function with only even indices. For example, C
admits the structure of a Hamiltonian SU(r) manifold with only finitely many torus
fixed points, and such a Morse function is given for example by a generic component
of a moment map. By Pozniak [39] the Floer cohomology is isomorphic to the Morse
cohomology:

HF ( ) = HF (L,L) = H(C,Z).

For example, if the label is ω1/2 then C ∼= CP r−1 and HF ( ) = H(CP r−1,Z).

Kronheimer-Mrowka [26] investigate the similarity with Khovanov-Rozansky homol-
ogy [23] in greater detail, in the setting of instanton knot homology.

5.2. Application to symplectic mapping classes. In this section we give an ap-
plication of the functors described above to the symplectic topology of representation
varieties. Recall from Remark 3.12 that orientation-preserving diffeomorphisms of a
compact, oriented surface induce symplectomorphisms of the moduli spaces of flat
bundles. In this section we study the case of marked spheres and show that certain
of these symplectomorphisms are non-trivial in the symplectic mapping class group.
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We introduce the following notation. For µ ∈ A let Mn(µ) be the moduli space of
flat bundles on the sphere X with a set of markings x of order n, G = SU(2), and
all labels equal to the label µ. Recall that any smooth projective complex-algebraic
Fano surface is isomorphic to one of the del Pezzo surfaces Db, obtained by blowing
up P2 at b < 9 generic points.

Proposition 5.4. (Identification of the first non-trivial moduli space as a del Pezzo)
For µ ∈ A ∼= [0, 1/2] the moduli space M5(µ) is diffeomorphic to the smooth manifold
underlying

(a) (First Chamber) the del Pezzo D4 for µ ∈ (0, 15);

(b) (Second Chamber) the del Pezzo D5, for µ ∈ (15 ,
2
5); and

(c) (Third Chamber) the empty manifold, for µ ∈ (25 , 1/2].

For µ = 0, 1/5, 2/5 the moduli space contains reducibles.

Proof. By Boden-Hu [4, Lemma 2.7], the set of holonomies has a chamber struc-
ture, so that within each chamber the diffeomorphism type of the moduli space is
constant. To determine the chamber structure, it suffices to find the moduli spaces
M5(µ) containing reducibles. These are M5(µ) with µ = 0, 1/5, 2/5 corresponding
to elements

g1 = . . . = g5 = diag(exp(±2πiµ)), g1 . . . g5 = 1.

We first show that the moduli spaces are all Fano surface, that is, have positive
first Chern classes. The moduli space M5(µ) is Fano in the first chamber µ < 1/5,
since M5(µ) is a quotient of (S2)5 by the diagonal action. Indeed as explained in [1]
bundles that are Mehta-Seshadri semistable [32] for weights in this range must have
underlying bundle semistable, and so trivial. It follows that M5(µ) is simply a git
quotient of a product of projective lines. The moduli spaceM5(µ) is also Fano in the
second chamber µ ∈ (1/5, 2/5) by Theorem 3.10 since for µ = 1/4 it is monotone.

To identify which del Pezzo surfaces appear as moduli spaces of flat bundles it
suffices to determine the second Betti number. The Betti numbers of M5(µ) in the
first chamber µ < 1/5 can be computed by the method of Kirwan [24]. In this case
the moduli space is the geometric invariant theory quotient of (P1)5 by the diagonal
action of SL(2,C):

M5(µ) = (P1)5//SL(2,C), µ < 1/5.

Indeed in this chamber we adopt the Mehta-Seshadri description [32] and note that
the underlying bundle is automatically stable, hence trivial since the curve is genus
zero. For n ≥ 1 let

Pn(µ, t) =

∞∑

j=0

rank(Hj(Mn(µ)))t
j

denote the Poincaré polynomial of Mn(µ), µ < 1/n. By [24, p.193]

Pn(µ, t) = (1 + t2)n(1− t4)−1 −
∑

n
2
<r≤n

(
n
r

)
t2(r−1)(1− t2)−1.
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In particular, P5(µ, t) = 1 + 5t2 + t4 if µ < 1/5 which identifies the moduli space in
the first chamber as the blow-up of the plane at four points.

The Poincaré polynomial for the second chamber can be computed by two tech-
niques: the original approach of Atiyah-Bott [3], extended to the parabolic case
by Nitsure [36], and the recursive approach of Thaddeus [47]. In the special case
µ = 1/4, the Atiyah-Bott approach gives

Pn(µ, t) = (1 + t2)n(1− t2)−1(1− t4)−1 − 2n−1tn−1(1− t2)−2

where the first term is the contribution from the equivariant cohomology of the
affine space of connections and the second is the contribution from the unstable
strata corresponding to abelian orbifold connections, c.f. Street [45, Theorem 3.8].
Hence

P5(µ, t) = 1 + 6t2 + t4 if 1/5 < µ < 2/5

which identifies the moduli space in the second chamber with the blow-up of the
plane at five points.

To see that the moduli space is empty in the third chamber, we use the identifi-
cation of the moduli space as the moduli space of piecewise geodesics on the three-
sphere. Any solution g1g2g3g4g5 = 1 with each gi having eigenvalues exp(±2πiµ)
gives rise to a geodesic pentagon in SU(2) ∼= S3 with edge lengths 2πµ. Replacing
each gi with −gi gives rise to a non-closed geodesic 5-gon with edge lengths 2πµ−π
connecting antipodes in S3. For µ > 2/5, these edge lengths are less than π/5 and
so cannot connect antipodal points. The latter have distance π, which is greater
than the sum of the edge lengths. This contradicts the triangle inequality for the
spherical metric, no solutions exist. �

Note that the moduli spaces in the first chamber are all monotone; in general one ex-
pects only monotonicity for discrete values of the holonomy parameters by Theorem
3.10.

We now study the squares of Dehn twists in moduli spaces of flat bundles with

fixed holonomies, following [52, Section 3]. Let σ
(n)
ij ∈ Diff+(X) be the half-twist

exchanging markings xi and xj in Remark 3.12. As long as the labels µi and µj

are equal, the diffeomorphism σ
(n)
ij induces a symplectomorphism of M(X,µ) by

pull-back of representations of the fundamental group under (σ
(n)
ij )−1.

Theorem 5.5. (Graph of the square of a Dehn twist is not the diagonal up to

isomorphism) Let σ
(5)
12 be the half twist around the first two markings in the spherical

braid group B5, and (σ
(5)
12 )

2 its square. Let

Γ((σ
(5)
12 )

2) ⊂M5(1/4)
− ×M5(1/4), ∆5 ⊂M5(1/4)

− ×M5(1/4)

be the graph of the action of σ
(5)
12 on the moduli space of bundles M5(1/4) resp. be

the diagonal. Then

∆5 ≇ Γ((σ
(5)
12 )

2) ∈ Fuk (M5(1/4),M5(1/4))

where ∼= denotes quasiisomorphism.
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Proof. This is essentially a result of Seidel [41, Example 1.13]. Let Γ(σ
(5)
12 ) denote the

Lagrangian associated to the half-twist, and Γ((σ
(5)
12 )

−1) the Lagrangian associated

to the half-twist inverse. If f ∈ Hom(∆5,Γ((σ
(5)
12 )

2)) were a quasiisomorphism, the

composition with Γ((σ
(5)
12 )

−1) would induce a quasiisomorphism

Γ((σ
(5)
12 )

−1) ∼= ∆5 ◦ Γ((σ
(5)
12 )

−1) → Γ((σ
(5)
12 )

2) ◦ Γ((σ
(5)
12 )

−1) ∼= Γ(σ
(5)
12 ).

Any such quasiisomorphism is automatically compatible with the module structure
over H(Hom(∆5,∆5)) = QH(M5(1/4)). The rest of Seidel’s argument is the same.

�

Theorem 5.6. (Non-triviality of squares of Dehn twists) For n ≥ 1 let

(σ
(2n+3)
12 )2 ∈ Diff(M2n+3(1/4))

denote the symplectomorphism associated to the square of the half-twist of strands
1, 2,

Γ((σ
(2n+3)
12 )2) ⊂M2n+3(1/4)

− ×M2n+3(1/4)

the corresponding Lagrangian, and ∆2n+3 ⊂M2n+3(1/4)
−×M2n+3(1/4) the diagonal.

Then

Γ((σ
(2n+3)
12 )2) ≇ ∆2n+3 ∈ Fuk (M2n+3(1/4),M2n+3(1/4))

where ∼= denotes quasiisomorphism.

Proof. The argument is an induction on the positive integer n. The case n = 1 is
Seidel’s Theorem 5.5. Suppose that the statement in the Theorem holds for integers
less than n and suppose that there exists a quasiisomorphism

f ∈ Hom(∆2n+3,Γ((σ
(2n+3)
12 )2)).

Let K|∪ resp. K∩| denote a cup resp. cap at the 3, 4 strands resp. 4, 5 strands.
Then, thinking of a braid as a special case of equivalence class of tangles, we have a

Cerf decomposition expressing the square (σ
(2n+1)
12 )2 in terms of (σ

(2n+3)
12 )2

(σ
(2n+1)
12 )2 = K|∪ ◦ (σ

(2n+3)
12 )2 ◦K∩|

as in Figure 7. Any isomorphism in Hom(∆2n+3,Γ((σ
(2n+3)
12 )2)) would therefore

induce a quasiisomorphism in the Fukaya category of correspondences

L(K|∪) ◦ Γ((σ
(2n+3)
12 )2) ◦ L(K∩|) → L(K|∪) ◦∆2n+3 ◦ L(K∩|)

by [51, Theorem 8.6]. One would thus obtain a quasiisomorphism Γ((σ
(2n+1)
12 )2) →

∆2n+1 which is impossible by the inductive hypothesis. �

We now show that the symplectomorphisms induced by square of Dehn twists are
smoothly isotopic to the identity. We first recall a description of the Dehn twist as
a Hamiltonian flow.
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=

Figure 7. Equivalence of full twists

Remark 5.7. By [52, Section 3.4], the half-twist σjk of markings xj and xk acts on
Mn(µ) by the Hamiltonian flow given as follows. Let hjk :Mn(µ) → [0, 1/2] denote
the Goldman function defined [13] by the holonomy around an embedded path γjk
containing only the markings xj , xk:

[exp(diag(±2πhjk([ϕ])))] = [ϕ(γjk)] ∈ G/Ad(G).

Then σjk acts by the Hamiltonian flow of

hjk(hjk + 1/4) :Mn(µ) → R≥0

on a dense open subset. Note that the Goldman function hjk is not smooth, but the

quadratic function h2jk is smooth near h−1
jk (0) and the quadratic function (hjk−1/2)2

is smooth near h−1
jk (1/2) by considerations involving symplectic cross-sections. The

square σ2jk acts by the flow of 2hjk(hjk + 1/4).

Proposition 5.8. The square σ2jk of any half-twist σjk acts on Mn(µ) by a diffeo-
morphism that is smoothly isotopic to the identity.

Proof. First we introduce an isotopy corresponding to the deformation of the holo-
nomy parameter. The moduli spaces Mn(µ) and the diffeomorphism σ2jk fit into a
smooth family as the labels µ are varied with the chamber of values for which the
moduli spaces Mn(µ) are smooth. That is, for ǫ small the union

M̃n(µ− ǫ, µ + ǫ) := ∪|t|<ǫMn(µ − t)

is a smooth manifold and σ2jk acts on M̃n(µ− ǫ, µ+ ǫ) preserving each moduli space

Mn(µ − t). In particular, we have a family of diffeomorphisms

ϕt :Mn(µ) →Mn(µ− t), ϕ−1
t ◦ σ2jk ◦ ϕt :Mn(µ) →Mn(µ).

Thus it suffices to show that σ2jk|Mn(µ − t) is smoothly isotopic to the identity for
t > 0 small.

In order to construct an isotopy for smaller values of the holonomy parameter
we deform the function describing the squared twist as a Hamiltonian flow. First
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note that the flow of hjk/2 is equal to the action of − Id by conjugation on the
holonomies gj , gk, and so trivial, see [52, Section 3.4]. Hence σ2jk acts by the flow

of 2h2jk. Consider a family of functions φt : [0, 1/2] → [0, 2π] for t ∈ (0, 1] such that

φ1(s) = 2s2 and satisfying

supp(φt) ⊂ [1/2 − t, 0], 1/t ≫ 0

and there exists an ǫ > 0 and smooth function c(t) such that

φt(s) = c(t)s2, 1/s ≫ 0, φt(s) = φ1(s), |s − 1/2| < ǫ.

That is, we deform the function so that the derivative is supported in a small neigh-
borhood of s = 1/2. The second condition and Remark 5.7 imply that φt ◦ hjk is
smooth.

We claim that in fact the range of the Goldman function does not contain a
neighborhood of the right endpoint of the alcove. More precisely the image of the
function hjk is contained in [0, 2µ]. Indeed the holonomy around γjk is equal to the
product of the holonomy around xj resp. xk is conjugate to exp(diag(±2πiµ)) resp.
exp(diag(±2πiµ)), and the claim is a special case of the more general description of
products of conjugacy classes in [1]. For µ < 1/4 and t < 1/4−µ, the flow of φt ◦hjk
is the identity. Combining this isotopy with the isotopy in the first paragraph gives
a smooth isotopy for σ2jk to the identity in Diff(Mn(µ)). �

Proof of Theorem 1.2. The inequality [ϕ] 6= [Id] ∈ Map(M(X,x), ω) follows imme-
diately from Theorem 5.6 since Hamiltonian isotopy implies quasiisomorphism in
the Fukaya category. The second equality [ϕ] 6= [Id] ∈ Map(M(X,x), ω) follows
from Proposition 5.8. �

Theorem 1.2 shows that the homomorphism from the braid group to the symplec-
tic mapping class group of the moduli space of bundles does not factor through the
symmetric group. It would be interesting to know for which labels this homomor-
phism factors through the symmetric group and to identify the kernel and image.
In the case without labels, M. Callahan (unpublished) announced a similar result
for a separating Dehn twist of a genus two surface, in the moduli space of fixed-
determinant bundles of rank two and degree one. Callahan’s result together with
the results of this paper would imply that a separating Dehn twist is not symplec-
tically isotopic to the identity in any genus. Analogous results for surfaces without
markings are proved in I. Smith [44]. See Keating [21] for related results.

5.3. Field theory for graphs. In this section we describe an extension to functors
for graphs in trivial bordisms. Graphs naturally arise in the surgery exact triangle
for higher-rank tangle functors, see [52].

First we explain what we mean by a bordism with graph. Let Y be a bordism. By
a graph in Y we mean a union Γ of closed edges Edge(Γ) meeting only at endpoints,
the vertices Vert(Γ) of the graph, so that

• the valence one vertices Γ are contained in the boundary of Y :

(v ∈ Vert(Γ), |v| = 1) =⇒ v ∈ ∂Y.
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• the valence greater-than-one vertices of Γ to the interior of Y :

(v ∈ Vert(Γ), |v| > 1) =⇒ v ∈ Yr∂Y.

• the interior of each edge is contained in the interior of Y :

e ∈ Edge(Γ) =⇒ (er∂e ⊂ Y r∂Y ).

By a graph bordism from (X−, x−) to (X+, x+) we mean a bordism (Y, φ) equipped
with a graph Γ so that φ restricts to an identification

φ|Γ∩∂Y : Γ ∩ ∂Y → x− ∪ x+

with orientation on the first factor reversed. An equivalence of graph bordisms is an
orientation-preserving diffeomorphism (Y1,Γ1) → (Y2,Γ2) inducing the identity on
the incoming and outgoing boundary components (X±, x±).

Next we define Cerf decompositions for graphs. Let (Y,Γ, φ) consist of a trivial
bordism Y ∼= [b−, b+]×X of a closed, connected, oriented surface X and an oriented
graph Γ in Y . A cylindrical Morse datum for (Y,Γ, φ) consists of a pair (f, b)
consisting of a smooth function f : Y → R and a collection

b = (b− = b0 < . . . < bm = b+)

of real numbers such that the following hold:

(a) each f−1(bj) contains no critical points of f |Γ or interior vertices:

f−1(bj) ∩ Crit(f) = f−1(bj) ∩Vert(Γ) = ∅;

(b) each f−1(bk−1, bk) contains at most one critical point of f |Γ or vertex of Γ:

f−1(bk−1, bk) ∩ (Crit(f |Γ) ∪Vert(Γ)) ≤ 1;

(c) the sets {b+} ×X resp. {b−} ×X are the set of maxima resp. minima of f ;
(d) the Morse function f is cylindrical in the sense that ∂tf(t, x) > 0 for all

(t, x) ∈ Y ;
(e) the function f restricts to a Morse function on each edge e of Γ:

(dy(f |e) = 0) =⇒ (d2y(f |e) 6= 0), ∀y ∈ int(e);

(f) the restriction of f to any edge has critical points only on the interior of the
edge:

Crit(f |e) ∩ ∂e = ∅, ∀e ⊂ Γ;

and
(g) the restriction f |Γ is injective on the union of the critical set of f |Γ and the

set of valence-greater-than-one vertices of Γ:

f |Γ : Crit(fΓ) ∪Vert(Γ) →֒ R.

Any cylindrical Morse datum (f, b) of (Y,Γ, φ) gives rise to a cylindrical Cerf de-
composition of (Y,Γ, φ) into elementary bordisms-with-graphs

(Yj := f−1([bj−1, bj ]),Γj := Yj ∩ Γ, φj), j = 1, . . . ,m.

That is, each Yj is cylindrical and Γj has at most one critical point or vertex.
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Figure 8. Cerf decomposition of a graph

Theorem 5.9. (Cerf theory for graphs) Any two cylindrical Cerf decompositions
of a graph in a cylindrical bordisms are related by a finite sequence of critical point
cancellations or creations, critical point/ vertex order reversals, vertex/critical point
cancellations, and gluing elementary graphs with no critical points or vertices to
adjacent elementary graphs.

We leave it to the reader to write out the exact definition of these moves which are
analogous to those in Theorem 2.6. See Figures 9, 10, 11 for graphical representations
of the moves.

Figure 9. Critical point/vertex switch

Figure 10. Vertex/vertex switch

Proof. The proof is similar to that of Theorem 2.6. Let (fj, bj) be two Morse data
for (Y,Γ, φ). We say that a homotopy (fs) between f0 and f1 is good if except for a
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Figure 11. Vertex/critical point cancellation

Figure 12. Another vertex/critical point cancellation

finite number of values of s, each fs is a Morse function injective on its critical set
and the critical set is disjoint from the vertices,

fs|Crit(fs) : Crit(fs) →֒ R, Crit(fs) ∩Vert(Γ) = ∅

and at the remaining finite number of times s1, . . . sm ∈ [0, 1] at most one of the
following occur:

(a) critical point cancellation occurs in the interior of an edge:

∃y ∈ e, d3yfs|e = 0.

(b) a critical point occurs at an endpoint of an edge:

∃y ∈ ∂e, d2yfs|e = 0

(c) two critical points or endpoints have the same value:

∃y1, y2 ∈ Crit(fs|Γ) ∪Vert(Γ), y1 6= y2, fs(y1) = fs(y2).

Indeed, for no critical point cancellation to occur at the endpoints it suffices that for
each endpoint p and time s, either dfs|e(p) or d

2fs|e(p) is non-zero. This is always
the case for generic homotopies, since these conditions are codimension two. A small
generic perturbation f : Y × [0, 1] → R of the linear interpolation sf0 + (1− s)f1 is
a good homotopy, and furthermore has the cylindrical property

∂tf(y, s) > 0,∀(y, s) ∈ Y × [0, 1].

Breaking up the interval [0, 1] into subintervals each containing at most one critical
time proves the theorem in a way similar to that of Theorem 2.6. �

The next step in the construction is to define a notion of admissible labellings of
graphs. As in the case of tangles, this notion is designed to avoid reducibles in the
moduli spaces of flat bundles.
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Definition 5.10. (a) (Labels meeting a vertex) Let (Y,Γ, φ) be an elementary
graph with a single vertex v. Denote the boundary of Y by ∂Y = X− ∪X+.
Let B(v) ⊂ Y be a small open ball containing v, and

S(v) = ∂B(v), x(v) := S(v) ∩ Γ

denote the sphere around the vertex and the intersections with the graph.
The complement Y rB(v) of B(v) can be viewed as a three-dimensional
bordism from X− ∪ S(v) to X+. It contains a tangle

Γ\(B(v) ∩ Γ) ⊂ YrB(v).

Let µ
±
denote the labels for x± = Γ ∩X±, and µ(v) denote the set of labels

for x(v), given by the labels of the edges incoming to a vertex and the images
of the labels under the involution ∗ for the outgoing edges.

(b) (Admissible labellings) A set of labels µ(v) at a vertex v is vertex-admissible
if the moduli space of flat bundles on the punctured sphere is either empty
or a point:

#M(S(v), x(v), µ(v)) ≤ 1.

An vertex-admissible labelling of Γ is a labelling of the edges of Γ by admissible
labels, such that at each vertex the collection of labels is vertex-admissible.
An vertex-admissible graph is a graph equipped with a vertex-admissible la-
belling.

(c) (Standard labellings) Let ωj denote the j-th fundamental coweight of SU(r).
Denote by j = ωj/2. Suppose that G = SU(r + 1). A standard labelling of
Γ is a labelling of each edge by 1 or 2, so that each vertex is trivalent with
labels 1,1, ∗2, if all edges are incoming to the vertex.

The triple 1,1,2 is analogous to Khovanov-Rozansky’s 1,2 (or thin, thick) labels
[23].

Lemma 5.11. Let x ⊂ S2 be a triple of distinct points. The moduli spaceM(S2, x,1,1, ∗2)
is a point. Hence any standard labelling of a bordism-with-graph is admissible.

Proof. The moduli spaceM(S2, x,1,1, ∗2) is the space of equivalence classes of pairs
(g1, g2) ∈ C2

1
with g1g2 ∈ C2. After conjugation we may assume

g1 = diag (− exp(πi/r), exp(πi/r), . . . , exp(πi/r)) .

The centralizer of g1 is therefore

Z = S(U(1) × U(r − 1)) ∼= U(r − 1).

Let O ⊂ G denote the one-parameter subgroup generated by rotation in the first
two coordinates in Cr. Since g1 is the product of diag(−1, 1 . . . , 1) with a central
element in U(r), the adjoint action of g1 on O is g1og

−1
1 = o−1. This implies that

og1 = Ad(o1/2)g1 ∈ C1,∀o ∈ O.

Now C1 is a symmetric space of rank one. The group Z acts transitively on the unit
sphere in TgiC1. This implies that the map Og1 → C1/Z is surjective. Therefore
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after conjugation by an element of Z we may assume that

g2 = og1 = g1o
−1

for some o ∈ O. Also note that since O is conjugate to the one-parameter subgroup
generated by the first coroot α∨

1 the square of C1 in G is

(22) C2
1 = Ad(G){g21o, o ∈ O} =

⋃

ǫ∈[0,−1/2]

Cω1+ǫα∨
1

the union of conjugacy classes of exp(ω1 + ǫα1) where ǫ ∈ [0,−1/2]. In particular,
since ω2/2 = ω1 − α1 the conjugacy class C2 of exp(ω2/2) appears in C2

1 . Hence the
moduli space M(S2, x,1,1, ∗2) is non-empty, and a dimension count shows that it
is dimension zero. Since the moduli space M(S2, x,1,1, ∗2) is connected, it consists
of a single point. �

Lemma 5.12. (Correspondence for vertex-admissible graphs is simply-connected
and relatively spin) Let Γ be an elementary graph containing a single vertex with
incoming labels 1,1 and outgoing label 2. Then L(Y,Γ, φ) embeds inM(X−, x−) with

spin normal bundle and fibers overM(X+, x+) with fiber S2. In particular L(Y,Γ, φ)
admits a relative spin structure with background class (b±(X−, x−), b∓(X+, x+)) for
either choice of sign.

Proof. Let Y,Γ be as in the statement of the Lemma. By Lemma 5.11 the corre-
spondence L(Y,Γ, φ) may be identified with the set of points in the moduli space
for the incoming surface

[a1, . . . , a2g, b1, . . . , bh] ∈ (G2g × Cµ
−
−{1,1} × C1 × C1)//G, bh−1bh ∈ C2.

It follows that the map L(Y,Γ, φ) to M(X−, x−) is an embedding and the map to
the moduli space for the outgoing surface

M(X+, x+) = (G2g × Cµ
−
−{1,1} × C2)//G

has fiber equal to the quotient of stabilizers

(23) S(U(2) × U(r − 2))/(S(U(1) × U(r − 1)) ∩Ad(σ12)S(U(1) × U(r − 1))

∼= S(U(2) × U(r − 2))/(S(U(1) × U(1) × U(r − 2)) ∼= S2

where σ12 is the (12) permutation matrix. The normal bundle for the embedding is
determined by the image of the differential at the moment map at the level set g1g2 =
ω(ω2/2). Since the stabilizer of (exp(ω1/2), exp(s12ω1/2)) ∈ C2

1 is S(U(1)2×U(r−2))
the normal bundle is the associated bundle

(24) SU(r)×S(U(2)×U(r−2))

(
s(u(2) × u(r − 2))/s(u(1)2 × u(r − 2))

)

∼= SU(r)×S(U(2)×U(r−2)) su(2)/u(1)

which is spin.
Relative spin structures with the given background classes exist by the following

argument. In the case of (b−(X−, x−), b+(X+, x+)) resp. (b+(X−, x−), b−(X+, x+))

a bundle with the given background class is obtained from descent of TC2 resp. TC2
1
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to M(X+, x+) resp. M(X−, x−), since tangent bundle to the fiber resp. the normal
bundle is spin. �

Definition 5.13. (Correspondence for vertex-admissible labellings) Suppose (Y,Γ)
is a graph with labelling ν that is vertex-admissible for each vertex. Let M(Y,Γ)
denote the moduli space of flat bundles on the complement of Γ in Y with holonomies
around the edges of Γ given by ν. Restriction to the boundary and pullback under
the boundary identification define a map

(25) M(Y,Γ) →M(X−, x−)
− ×M(X+, x+).

Denote the image of (25) by L(Y,Γ, φ).

Lemma 5.14. Let (Y,Γ, φ) be an elementary graph containing a single vertex and
ν an admissible labelling of the edges of Γ. Then L(Y,Γ, φ) is a smooth Lagrangian
correspondence from M(X−, x−) to M(X+, x+).

Proof. We write µ
±
rµ(v) resp. µ

±
∩µ(v) for the labels of those markings in x± that

are not resp. are connected to v by an edge. By (12), the symplectic forms on the
two ends are those obtained by reduction from

(26) ωg,µ
±
−µ(v) + ω0,µ

±
∩µ(v) + (1/2)〈Φ∗

g,µ
±
−µ(v)θ ∧ Φ∗

0,µ
±
∩µ(v)θ〉.

Let d be the value of f at the vertex and ǫ a small number. Choose a presentation
for the fundamental group of f−1(d − ǫ); then a presentation for the fundamental
group of f−1(d + ǫ) is obtained by replacing the generators for the strands incom-
ing to the vertex with those outgoing. With respect to this set of generators, the
correspondence defined by the bordism is given by

(27)
∏

µ∈µ
−
∩µ(v)

cµ =
∏

µ∈µ
+
∩µ(v)

cµ

and descending to the quotient. The equation (27) defines an isotropic submanifold
of C−

µ
−
∩µ(v) × Cµ

+
∩µ(v) since the moduli space for the sphere around the vertex is a

point by Lemma 5.11. It follows from (26) that the (27) defines an isotropic, hence
Lagrangian submanifold of the product M(X−, x−)

− ×M(X+, x+). �

The following associates a generalized Lagrangian correspondence to any graph
with admissible labelling:

Definition 5.15. (Generalized Lagrangian correspondence for a decorated graph)
Let (f, b) be a cylindrical Cerf decomposition of Γ equipped with vertex-admissible,
monotone labels ν. Let

L(Yj ,Γj, φj) ⊂M(Xj−1, xj−1)
− ×M(Xj , xj)

denote the Lagrangian submanifold of representations that extend over (Yj ,Γj).
Define

L(Y,Γ, φ) := (L(Y1,Γ1, φ1), . . . , L(Ym,Γm, φm)).



42 KATRIN WEHRHEIM AND CHRIS WOODWARD

Proposition 5.16. (Independence of the generalized Lagrangians from all choices
up to equivalence) Let (Y,Γ, φ) be an admissible decorated graph from (X−, x−) to
(X+, x+). Then the generalized Lagrangian correspondence L(Y,Γ, φ) is indepen-
dent, up to equivalence, of the choice of Cerf decomposition.

Proof. By Theorem 5.9 it suffices to check that the generalized Lagrangian corre-
spondences are invariant up to composition equivalence under the Cerf moves. We
check invariance in the case depicted in Figure 12 that two pieces L(Y0,Γ0, φ0) cor-
responding to an elementary graph with a single vertex, with strands say j, j + 1
meeting at the vertex labelled 1 and an outgoing strand labelled 2 and L(Y1,Γ1, φ1)
corresponding to a piece with a single critical point of index one connecting strands
j, j + 1 both labelled 2 are replaced by a piece L(Y01,Γ01, φ01) with a single vertex
with three strands j − 1, j, j + 1, the last of which is outgoing but connected to
the incoming surface. The correspondences may be identified with subsets of the
incoming moduli spaces

L(Y0,Γ0, φ0) ∼= {[a1, . . . , a2g, b1, . . . , bn] | bjbj+1 ∈ C2} ⊂M(X0, x0)

L(Y1,Γ1, φ1) ∼= {[a1, . . . , a2g, b1, . . . , bn−1] | bj = bj+1} ⊂M(X1, x1).

Their composition is

L(Y0,Γ0, φ0) ◦ L(Y1,Γ1, φ1) = {[a1, . . . , a2g, b1, . . . , bn] | bjbj+1 = bj+2}.

Since the projection L(Y0,Γ0, φ0) →M(X1, x1) is a submersion, the composition is
transverse. Hence

L(Y0,Γ0, φ0) ◦ L(Y1,Γ1, φ1) = L(Y01,Γ01, φ01)

as claimed. Invariance under the other moves is similar and left to the reader. �

Definition 5.17. (Decorated Graphs) For coprime integers r, d > 0 and a compact
oriented surface X let Graph(X, r, d) denote the category of graphs whose

• objects are collections x of distinct oriented points of X with admissible
labels µ; that is, the same objects as for Tan(X, r, d);

• morphisms are equivalence classes of labelled cylindrical graphs (Y,Γ, φ); and
• composition of morphisms is given by gluing as in (1).

As before, the identity is the equivalence class of the trivial graph.

The following extends Theorem 3.22 to graphs.

Theorem 5.18. (Symplectic-valued field theory for graphs) For coprime integers

r, d > 0, the partially defined functor Φ : Graph(X, r, d) → Symp#1/2r for elementary

graphs extend to a field theory for graphs in X.

Proof. By Proposition 5.16, it suffices to show that the correspondences are equipped
with relative spin structures; these are provided by Lemma 3.19 for correspondences
involving critical points, and Lemma 5.12 for correspondences involving vertices. �
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Using Corollary 4.9 we obtain a A∞ -category-valued field theory for graphs. In
particular for any graph with admissible labels we obtain a functor between Fukaya
categories

Φ(L(Y,Γ, φ)) : Fuk (M(X−, x−), w) → Fuk (M(X+, x+), w)

which is independent of the choice of Cerf decomposition of the graph.
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