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FUNCTORIALITY FOR LAGRANGIAN CORRESPONDENCES INFLOER THEORYKATRIN WEHRHEIM AND CHRIS T. WOODWARDAbstra
t. Using quilted Floer 
ohomology and relative quilt invariants, we de�ne a
omposition fun
tor for 
ategories of Lagrangian 
orresponden
es in monotone and exa
tsymple
ti
 Floer theory. We show that this fun
tor agrees with geometri
 
ompositionin the 
ase that the 
omposition is smooth and embedded. As a 
onsequen
e we obtain\
ategori�
ation 
ommutes with 
omposition" for Lagrangian 
orresponden
es.Contents1. Introdu
tion 12. Symple
ti
 
ategory with Lagrangian 
orresponden
es 33. Donaldson-Fukaya 
ategory of Lagrangians 54. Donaldson-Fukaya 
ategory of generalized Lagrangians 105. Composable fun
tors asso
iated to Lagrangian 
orresponden
es 146. Composition fun
tor for 
ategories of 
orresponden
es 217. Natural transformations asso
iated to Floer 
ohomology 
lasses 268. 2-
ategory of monotone symple
ti
 manifolds 29Referen
es 331. Introdu
tionCorresponden
es arise naturally as generalizations of maps in a number of di�erent set-tings: A 
orresponden
e between two sets is a subset of the Cartesian produ
t of the sets {just like the graph of a map. In symple
ti
 geometry, the natural 
lass is that of Lagrangian
orresponden
es, that is, Lagrangian submanifolds in the produ
t of two symple
ti
 man-ifolds (with the symple
ti
 form on the �rst fa
tor reversed). Lagrangian 
orresponden
esappear in H�ormander's generalizations of pseudodi�erential operators [7℄, and were inves-tigated from the 
ategori
al point of view by Weinstein [24℄. In gauge theory Lagrangian
orresponden
es arise as moduli spa
es of bundles asso
iated to 
obordisms [25℄.One would hope that various 
onstru
tions asso
iated to symple
ti
 manifolds, whi
hare 
ompatible with symple
tomorphisms, 
an also be made fun
torial for Lagrangian 
or-responden
es. The 
onstru
tions 
onsidered by H�ormander and Weinstein 
orrespond tovarious notions of quantization, by whi
h a symple
ti
 manifold is repla
ed by a linearspa
e; one then tries to atta
h to a Lagrangian 
orresponden
e a linear map. More re-
ently, 
ategori
al invariants asso
iated to a symple
ti
 manifold have been introdu
ed byDonaldson and Fukaya, see for example [5℄ and [15℄. To the symple
ti
 manifold is asso
i-ated a 
ategory whose obje
ts are 
ertain Lagrangian submanifolds, and whose morphismsare 
ertain 
hain 
omplexes or Floer 
ohomology groups. The 
omposition in this 
ategorygives a way to understand various produ
t stru
tures in Floer theory, and plays a role inthe homologi
al mirror symmetry 
onje
ture of Kontsevi
h [8℄.1

http://arxiv.org/abs/0708.2851v2


2 KATRIN WEHRHEIM AND CHRIS T. WOODWARDIn this paper we asso
iate to every (
ompa
t monotone or geometri
ally bounded exa
t)symple
ti
 manifold (M;!) a 
ategory Don#(M), whi
h is a slight enlargement of theusual Donaldson-Fukaya 
ategory. Its obje
ts are 
ertain sequen
es of (
ompa
t, oriented,relatively spin, monotone or exa
t) Lagrangian 
orresponden
es and its morphisms arequilted Floer 
ohomology 
lasses, as introdu
ed in [20℄. Given two symple
ti
 manifoldsM0 and M1 of the same monotoni
ity type and an admissible Lagrangian 
orresponden
eL01 �M�0 �M1 we 
onstru
t a fun
tor�(L01) : Don#(M0)! Don#(M1):On obje
ts it is given by 
on
atenation, e.g. �(L01)(L0) = (L0; L01) for a Lagrangiansubmanifold L0 � M0. On morphisms the fun
tor is given by a relative Floer theoreti
invariant 
onstru
ted from moduli spa
es of pseudoholomorphi
 quilts introdu
ed in [19℄.Given a tripleM0,M1,M2 of symple
ti
 manifolds and admissible Lagrangian 
orrespon-den
es L01 �M�0 �M1 and L12 �M�1 �M2, the algebrai
 
omposition �(L01) Æ �(L12) :Don#(M0) ! Don#(M2) is always de�ned. On the other hand, one may 
onsider thegeometri
 
omposition introdu
ed by Weinstein [24℄L01 Æ L12 := �02(L01 �M1 L12) �M�0 �M2;given by the image under the proje
tion �02 :M�0 �M1 �M�1 �M2 !M�0 �M2 of(1) L12 �M1 L01 := (L01 � L12) \ (M�0 ��1 �M2):If we assume transversality of the interse
tion then the restri
tion of �02 to L01 �M1 L12is automati
ally an immersion, see [6, 20℄. Using the strip-shrinking analysis from [18℄ weprove that if L01�M1 L12 is a transverse interse
tion and embeds by �02 intoM�0 �M2 then(2) �(L01) Æ �(L12) �= �(L01 Æ L12):This is the "
ategori�
ation 
ommutes with 
omposition" result alluded to in the abstra
t.If M1 is not spin, there is also a shift of relative spin stru
tures on the right-hand side.There is a stronger version of this result, expressed in the language of 2-
ategories asfollows. We 
onstru
t a Weinstein-Floer 2-
ategory Floer# whose obje
ts are symple
ti
manifolds, 1-morphisms are sequen
es of Lagrangian 
orresponden
es, and 2-morphisms areFloer 
ohomology 
lasses. The 
omposition of 1-morphisms in this 
ategory is 
on
atena-tion, whi
h we denote by #. The 
onstru
tion of the fun
tor �(L01) above extends to a
ategori�
ation 2-fun
tor to the 2-
ategory of 
ategories(3) Floer# �! Cat :On obje
ts and (simple) morphisms it is given by asso
iating to every symple
ti
 manifoldMits Donaldson-Fukaya 
ategory Don#(M), and to every Lagrangian 
orresponden
e L01 theasso
iated fun
tor �(L01). The further morphisms are 
on
atenations of simple Lagrangian
orresponden
es, mapped to the 
omposition of fun
tors. The 2-morphisms are quiltedFloer homology 
lasses, to whi
h we asso
iate natural transformations. A re�nement of (2)says that the 
on
atenation L01#L12 is 2-isomorphi
 to the geometri
 
omposition L01 ÆL12as 1-morphisms in Floer#. The formula (2) then follows by 
ombining this result with the2-fun
tor axiom for 1-morphisms in (3).Alternatively, one 
ould identify the 1-morphisms L01#L12 and L01 Æ L12 if the latteris a transverse, embedded 
omposition. This provides an elementary 
onstru
tion of asymple
ti
 
ategory Symp# explained in Se
tion 2. It 
onsists of symple
ti
 manifolds



FUNCTORIALITY FOR LAGRANGIAN CORRESPONDENCES IN FLOER THEORY 3and equivalen
e 
lasses of sequen
es of Lagrangian 
orresponden
es, whose 
omposition isalways de�ned and 
oin
ides with geometri
 
omposition in transverse, embedded 
ases.The 
ategori
al point of view �ts in well with one of the appli
ations of our results,whi
h is the 
onstru
tion of topologi
al �eld theories asso
iated to various gauge theories.A 
orollary of our 
ategori�
ation fun
tor (3) is that any fun
tor from a bordism 
ategoryto the symple
ti
 
ategory Symp# gives rise to a 
ategory valued TFT. For example, in[22℄ we investigate the topologi
al quantum �eld theory with 
orners (roughly speaking;not all the axioms are satis�ed) in 2 + 1 + 1 dimensions arising from moduli spa
es of
at bundles with 
ompa
t stru
ture group on pun
tured surfa
es and three-dimensional
obordisms 
ontaining tangles. In parti
ular, this gives rise to SU(N) Floer theoreti
invariants for 3-manifolds that should be thought of as Lagrangian Floer versions of gauge-theoreti
 invariants investigated by Donaldson and Floer, in the 
ase without knots, andKronheimer-Mrowka [10℄ and Collin-Steer [3℄, in the 
ase with knots. The 
onstru
tionof su
h theories was suggested by Fukaya in [4℄ and was one of the motivations for thedevelopment of Fukaya 
ategories.Many of our results have 
hain-level versions, that is, extensions to Fukaya 
ategories.These will be published in [12℄, whi
h is joint work with S. Mau. To ea
h monotone La-grangian 
orresponden
e with minimal Maslov number at least three we de�ne an A1 fun
-tor 	(L01) : Fuk#(M0) ! Fuk#(M1) between extended versions of the Fukaya 
ategories.Moreover, we are working on extending this 
onstru
tion to an A1 fun
torFuk#(M0;M1) �! Fun(Fuk#(M0);Fuk#(M1));where the Fukaya 
ategory on the left hand side should be a 
hain-level version of themorphism spa
e of Floer# between M0 and M1, i.e. its obje
ts are Lagrangian 
orrespon-den
es and sequen
es thereof, starting at M0 and ending at M1. On homology level, for theDonaldson-Fukaya 
ategories, this fun
tor is given as part of the 2-
ategori�
ation fun
tor(3). On 
hain level, it would �nalize the proof of homologi
al mirror symmetry for the four-torus by Abouzaid and Smith [1℄. It should be seen as the symple
ti
 analogue of the quasi-equivalen
e of dg-
ategories [17℄ in algebrai
 geometry Db1(X�X) ' Fun(Db1(X);Db1(X))for (somewhat enhan
ed) derived 
ategories of 
oherent sheaves on a proje
tive variety X.Abouzaid and Smith utilize the 
onje
tural symple
ti
 fun
tor to prove that a given sub-
ategory A (for whi
h a fully faithful fun
tor to a derived 
ategory of 
oherent sheaves isknown) generates the Fukaya 
ategory Fuk#(T 4), by resolving the diagonal � � (T 4)��T 4in terms of produ
ts of Lagrangians in A.We thank Paul Seidel and Ivan Smith for en
ouragement and helpful dis
ussions.2. Symple
ti
 
ategory with Lagrangian 
orresponden
esWe begin by summarizing some results and elementary notions from [20℄. Restri
ted tolinear Lagrangian 
orresponden
es between symple
ti
 ve
tor spa
es, the geometri
 
om-position of Lagrangian 
orresponden
es de�ned in (1) is a well de�ned 
omposition andde�nes a linear symple
ti
 
ategory [6℄. In general, however, even when the interse
tion(1) is transverse, the geometri
 
omposition only yields an immersed Lagrangian. While itmay be natural to allow immersed Lagrangian 
orresponden
es (and attempt a de�nitionof Floer 
ohomology for these), a 
onstru
tion of a symple
ti
 
ategory based on geometri

omposition would require the in
lusion of perturbation data. A simple resolution of the
omposition problem is given by passing to sequen
es of Lagrangian 
orresponden
es andde�ning a purely algebrai
 
omposition.



4 KATRIN WEHRHEIM AND CHRIS T. WOODWARDDe�nition 2.1. Let M;M 0 be symple
ti
 manifolds. A generalized Lagrangian 
orrespon-den
e L from M to M 0 
onsists of(a) a sequen
e N0; : : : ; Nr of any length r+1 � 2 of symple
ti
 manifolds with N0 =Mand Nr =M 0 ,(b) a sequen
e L01; : : : ; L(r�1)r of Lagrangian 
orresponden
es with L(j�1)j � N�j�1�Njfor j = 1; : : : ; r.De�nition 2.2. Let L fromM toM 0 and L0 fromM 0 toM 00 be two generalized Lagrangian
orresponden
es. Then we de�ne 
omposition(L;L0) := �L01; : : : ; L(r�1)r; L001; : : : ; L0(r0�1)r0�as a generalized Lagrangian 
orresponden
e from M to M 00.We will however want to in
lude geometri
 
omposition into our 
ategory { if it is well de-�ned. For the purpose of obtaining well de�ned Floer 
ohomology we will restri
t ourselvesto the following 
lass of 
ompositions, for whi
h the resulting Lagrangian 
orresponden
eis in fa
t a smooth submanifold.De�nition 2.3. We say that the 
omposition L01 Æ L12 is embedded if the interse
tion(L01 � L12) t (M�0 � �1 � M2) is transverse and the proje
tion �02 : L12 �M1 L01 !L01 Æ L12 �M�0 �M2 is inje
tive (and hen
e automati
ally an embedding).Using these notions we de�ne the symple
ti
 
ategory Symp# as follows. An extension ofthis approa
h, using Floer 
ohomology spa
es to de�ne a 2-
ategory, is given in Se
tion 8.De�nition 2.4.(a) The obje
ts of Symp# are smooth symple
ti
 manifolds M = (M;!).(b) The morphisms Hom(M;M 0) of Symp# are generalized Lagrangian 
orresponden
esfrom M to M 0 modulo the equivalen
e relation � generated by�: : : ; L(j�1)j ; Lj(j+1); : : :� � �: : : ; L(j�1)j Æ Lj(j+1); : : :�for all sequen
es and j su
h that L(j�1)j Æ Lj(j+1) is embedded.(
) The 
omposition of morphisms [L℄ 2 Hom(M;M 0) and [L0℄ 2 Hom(M 0;M 00) isde�ned by [L℄ Æ [L0℄ := [(L;L0)℄ 2 Hom(M;M 00):(d) The identity in Hom(M;M) is the equivalen
e 
lass [�M ℄ of the diagonal �M �M� �M .Note that a sequen
e of Lagrangian 
orresponden
es in Hom(M;M 0) 
an run throughany sequen
e (Ni)i=1;:::;r�1 of intermediate symple
ti
 manifolds of any length r � 1 2 N0 .Nevertheless, the 
omposition of two su
h sequen
es is always well de�ned. In (
) thenew sequen
e of intermediate symple
ti
 manifolds for L Æ L0 is (N1; : : : ; Nr�1; Nr = M 0 =N 00; N 01; : : : ; N 0r0�1). This de�nition des
ends to the quotient by the equivalen
e relation� sin
e any equivalen
es within L and L0 
ombine to an equivalen
e within L Æ L0. Thediagonal de�nes an identity sin
e L(r�1)r Æ�m = L(r�1)r is always smooth and embedded.For a dis
ussion of partially de�ned operations in mu
h more generality see [9℄.Lemma 2.5. (a) If La; Lb � M� �M 0 are distin
t Lagrangian submanifolds, then the
orresponding morphisms [La℄; [Lb℄ 2 Hom(M;M 0) are distin
t.



FUNCTORIALITY FOR LAGRANGIAN CORRESPONDENCES IN FLOER THEORY 5(b) The 
omposition of smooth Lagrangian 
orresponden
es L � M� �M 0 and L0 �M 0� �M 00 
oin
ides with the geometri
 
omposition, [L℄ Æ [L0℄ = [L Æ L0℄ if L Æ L0 isembedded.Proof. To see that La 6= Lb �M��M 0 de�ne distin
t morphisms note that the proje
tionto the (possibly singular) Lagrangian �([L℄) := L01 Æ : : :ÆL(r�1)r �M��M 0 is well de�nedfor all [L℄ 2 Hom(M;M 0). The rest follows dire
tly from the de�nitions. �Remark 2.6. The study of Lagrangian 
orresponden
es appeared in the study of Fourierintegral operators by H�ormander and others. H�ormander's 
onstru
tion asso
iates to anyFourier integral operator P01 2 FIO(Q0; Q1) (whi
h in parti
ular indu
es a smooth mapC1(Q0)! C1(Q1) between smooth fun
tions on the 
losed manifolds Qi) a Lagrangiansubmanifold �P01 2 T �Q�0 � T �Q1. Conversely, any homogeneous1 Lagrangian 
orrespon-den
e L01 � T �Q�0 �T �Q1 gives rise to a 
lass of operators FIO(L01) � FIO(Q0; Q1). These
onstru
tions satisfy the property [7, Theorem 4.2.2℄ that if a pair LP01 � T �Q�0 � T �Q1,LP12 � T �Q�1 � T �Q2 satis�es(4) LP01 � LP12 interse
ts T �Q�0 ��T �Q1 � T �Q2 transversally andthe proje
tion from the interse
tion to T �Q�0 � T �Q2 is proper,then(5) LP01ÆP12 = LP01 Æ LP12 :De�ne a 
ategory H�orm#, whose� obje
ts are 
ompa
t smooth manifolds,� morphisms are sequen
es of Fourier integral operators, modulo the equivalen
e re-lation that is generated by (: : : ; P01; P12; : : :) � (: : : ; P01 Æ P12; : : :) for �P01 ;�P12satisfying (4).The 
ategory H�orm# admits a symbol fun
tor � to the symple
ti
 
ategory Symp#, givenon the level of obje
ts by Q 7! T �Q, and on morphisms by assigning to ea
h Fourier integraloperator in the sequen
e the asso
iated Lagrangian 
orresponden
e.3. Donaldson-Fukaya 
ategory of LagrangiansThroughout this paper we will use the notation and 
onstru
tions for (quilted) Floerhomology and relative invariants introdu
ed in [20, 19℄. In parti
ular, we will be usingthe following standing assumptions on symple
ti
 manifolds, Lagrangian submanifolds, andgradings; see [20℄ for details.(M1): (M;!) is monotone, that is [!℄ = �
1(TM) for some � � 0.(M2): If � > 0 then M is 
ompa
t. If � = 0 then M is (ne
essarily) non
ompa
t butsatis�es \bounded geometry" assumptions as in [15℄.(L1): L � M is monotone, that is the symple
ti
 area and Maslov index are related by2A(u) = �I(u) for all u 2 �2(M;L), where the � � 0 is (ne
essarily) that from (M1).(L2): L is 
ompa
t and oriented.(L3): L has minimal Maslov number NL � 3.1 A Lagrangian 
orresponden
e L01 is 
alled homogeneous if it lies in the 
omplement of the zero se
tions,L01 � (T �Q�0 n 0Q0) � (T �Q1 n 0Q1 ), and if it is 
oni
, i.e. invariant under positive s
alar multipli
ation inthe �bres.



6 KATRIN WEHRHEIM AND CHRIS T. WOODWARD(G1): M is equipped with a Maslov 
overing LagN (M) for N even, and the indu
ed 2-foldMaslov 
overing Lag2(M) is the one given by oriented Lagrangian subspa
es.(G2): L � M is equipped with a grading �NL : L! LagN (M), and the indu
ed 2-gradingL! Lag2(M) is the one given by the orientation of L.In the following we review the 
onstru
tion of the Donaldson-Fukaya 
ategory Don(M) fora symple
ti
 manifold (M;!) satisfying (M1-2). The \
losed" analog of this 
ategory, whosemorphisms are symple
tomorphisms, was introdu
ed by Donaldson in a seminar talk [13,12.6℄. Subsequently Fukaya introdu
ed an A1 
ategory involving Lagrangian submanifolds.Here we des
ribe the 
ategory arising from the Fukaya 
ategory by taking homology.We �x a Maslov 
over LagN (M) ! M as in (G1), whi
h will be used to grade Floer
ohomology groups, and a ba
kground 
lass b 2 H2(M;Z2), whi
h will be used to �x orien-tations of moduli spa
es and thus de�ne Floer 
ohomology groups with Z 
oeÆ
ients. Inour examples, b will be either 0 or the se
ond Stiefel-Whitney 
lass w2(M) of M .De�nition 3.1. We say that a Lagrangian submanifold L � M is admissible if it satis�es(L1-3), (G2), and the image of �1(L) in �1(M) is torsion.The assumption on �1(L) guarantees that any 
olle
tion of admissible Lagrangian sub-manifolds is monotone with respe
t to any surfa
e in the sense of [20℄. Alternatively, one
ould work with Bohr-Sommerfeld monotone Lagrangians as des
ribed in [20℄. The as-sumption (L3) implies that the Floer 
ohomology of any sequen
e is well-de�ned, and 
anbe relaxed to NL � 2 by working with matrix fa
torizations as explained in [23℄.De�nition 3.2. A brane stru
ture on an admissible L 
onsists of an orientation, a grading,and a relative spin stru
ture with ba
kground 
lass b, see [20, 21℄ for details. An admissibleLagrangian equipped with a brane stru
ture will be 
alled a Lagrangian brane.Remark 3.3. (a) We have not in
luded in the de�nition of Lagrangian branes the dataof a 
at ve
tor bundle, in order to save spa
e. The extension of the 
onstru
tionsbelow to this 
ase should be straight forward and is left to the reader.(b) If one wants only Z2-gradings on the morphism spa
es of the Donaldson-Fukaya
ategory, then the assumptions (G1-2) may be ignored.(
) If one wants only Z2 
oeÆ
ients, then the ba
kground 
lass and relative spin stru
-tures may be ignored.De�nition 3.4. The Donaldson-Fukaya 
ategory Don(M) := Don(M;LagN (M); !; b) isde�ned as follows:(a) The obje
ts of Don(M) are Lagrangian branes in M .(b) The morphism spa
es of Don(M) are the ZN-graded Floer 
ohomology groups withZ 
oeÆ
ients Hom(L;L0) := HF (L;L0) 
onstru
ted using a 
hoi
e of perturbationdatum 
onsisting of a pair (J;H) of a time-dependent almost 
omplex stru
ture Jand a Hamiltonian H, as in e.g. [20℄.(
) The 
omposition law in the 
ategory Don(M) is de�ned byHom(L;L0)�Hom(L0; L00) �! Hom(L;L00)(f; g) 7�! f Æ g := �P (f 
 g);where �P is the relative invariant asso
iated to the \half-pair of pants" surfa
e P ,that is, the disk with three markings on the boundary (two in
oming ends, oneoutgoing end) as in Figure 1.



FUNCTORIALITY FOR LAGRANGIAN CORRESPONDENCES IN FLOER THEORY 7(d) The identity 1L 2 Hom(L;L) is the relative invariant 1L := �S 2 HF (L;L) asso
i-ated to a disk S with a single marking (an outgoing end), see Figure 1
L00 LL0 LFigure 1. Composition and identity in the Donaldson-Fukaya 
ategoryAsso
iativity of the 
omposition follows from the gluing theorem of [19℄ applied to thesurfa
es in Figure 2: The two ways of 
omposing 
orrespond to two ways of gluing the pair ofpants. The resulting surfa
es are the same (up to a deformation of the 
omplex stru
ture),hen
e the resulting 
ompositions are the same. The identity axiom 1L0 Æ f = f = f Æ 1L1

L1L2 L0L3L0L1L2
L3L0L1L3 L2 = =

Figure 2. Asso
iativity of 
ompositionfollows from the same gluing argument applied to the surfa
es on the left and right inFigure 3. Here { in 
ontrast to the Floer traje
tories { the solutions on the strip are 
ountedwithout quotienting by R, hen
e as in the strip example of [19℄ this relative invariant is theidentity. L1 L0L1 L0L0 = = L1 L0L1f ff Figure 3. Identity axiom



8 KATRIN WEHRHEIM AND CHRIS T. WOODWARDRemark 3.5. The 
ategory Don(M) is independent of the 
hoi
es of perturbation data, upto isomorphism of 
ategories: The relative invariants for the in�nite strip with perturbationdata interpolating between two di�erent 
hoi
es gives an isomorphism of the morphismspa
es, see e.g. [20℄. The gluing theorem of [19℄ implies 
ompatibility of these morphismswith 
ompositions and identities.3.1. Fun
tor asso
iated to symple
tomorphisms. Next, we re
all that any gradedsymple
tomorphism (see [15℄ or [20℄ for the grading)  : M0 ! M1 indu
es a fun
torbetween Donaldson-Fukaya 
ategories.De�nition 3.6. Let �( ) : Don(M0)! Don(M1) be the fun
tor de�ned(a) on the level of obje
ts by L 7!  (L),(b) on the level of morphisms by the map HF (L0; L1)! HF ( (L0);  (L1)) indu
ed bythe obvious map of 
hain 
omplexesCF (L0; L1)! CF ( (L0);  (L1)); hxi 7! h (x)ifor all x 2 I(L0; L1). (Here we use the HamiltoniansH 2 Ham(L0; L1) andHÆ �1 2Ham( (L0);  (L1)).)Note that �( ) satis�es the fun
tor axioms�( )(f Æ g) = �( )(f) Æ �( )(g); �( )(1L) = 1 (L):Furthermore if  01 :M0 !M1 and  12 :M1 !M2 are symple
tomorphisms then�( 12 Æ  01) = �( 01) Æ �( 12):In terms of Lagrangian 
orresponden
es this fun
tor is L 7! L Æ graph on obje
ts. Thissuggests that one should extend the fun
tor to more general Lagrangian 
orresponden
esL01 � M�0 �M1 by L 7! L Æ L01 on obje
ts. However, these 
ompositions are generi
allyonly immersed, so one would have to allow for singular Lagrangians as obje
ts in Don(M1).Moreover, it is not 
lear how to extend the fun
tor on the level of morphisms, that is Floer
ohomology groups. In the following se
tions we propose some alternative de�nitions offun
tors asso
iated to general Lagrangian 
orresponden
es.3.2. First fun
tor asso
iated to Lagrangian 
orresponden
es. We now de�ne a �rstfun
tor asso
iated to a Lagrangian 
orresponden
e. Fix an integer N > 0 and let AbN bethe 
ategory of ZN-graded abelian groups. Let Don(M)_ be the 
ategory whose obje
ts arefun
tors from Don(M) to AbN , and whose morphisms are natural transformations.Let (M0; !0) and (M1; !1) be symple
ti
 manifolds satisfying (M1-2), equipped with N -fold Maslov 
overings LagN (Mj) as in (G1) and ba
kground 
lasses bj 2 H2(Mj ;Z2), and letL01 �M�0 �M1 be an admissible Lagrangian 
orresponden
e in the sense of De�nition 3.1,equipped with a grading as in (G2) and a relative spin stru
ture with ba
kground 
lass���0b0 + ��1b1.De�nition 3.7. The 
ontravariant fun
tor �L01 : Don(M0)! Don(M1)_ asso
iated to L01is de�ned as follows:(a) On the level of obje
ts, for every Lagrangian L0 �M0 we de�ne a fun
tor �L01(L0) :Don(M1)! AbN byL1 7! HF (L0; L01; L1) = HF (L0 � L1; L01)



FUNCTORIALITY FOR LAGRANGIAN CORRESPONDENCES IN FLOER THEORY 9on obje
ts L1 �M1, and on morphismsHF (L1; L01)! Hom(HF (L0; L01; L1);HF (L0; L01; L01))f 7! �g 7! �S1(g 
 f)	is de�ned by the relative invariant for the quilted surfa
e S1 shown in Figure 4,�S1 : HF (L0; L01; L1)
HF (L1; L01)! HF (L0; L01; L01):(b) The fun
tor on the level of morphisms asso
iates to every f 2 HF (L0; L00) a naturaltransformation �L01(f) : �L01(L00)! �L01(L0);whi
h maps obje
ts L1 �M1 to the AbN -morphism�L01(f)(L1) : HF (L00; L01; L1)! HF (L0; L01; L1)g 7! �S0(f 
 g)de�ned by the relative invariant for the quilted surfa
e S0 shown in Figure 4,�S0 : HF (L0; L00)
HF (L00; L01; L1)! HF (L0; L01; L1):
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Figure 6. Commutation axiom for Lagrangian fun
torsClearly the fun
tor �L01 is unsatisfa
tory, sin
e given two Lagrangian 
orresponden
esL01 � M�0 �M1; L12 � M�1 �M2 it is not 
lear how to de�ne the 
omposition of theasso
iated fun
tors �L01 : Don(M0)! Don(M1)_ and �L12 : Don(M1)! Don(M2)_. As asolution (perhaps not the only one) we will de�ne in Se
tion 4 a 
ategory sitting in betweenDon(M) and Don(M)_. This will allow for the de�nition of 
omposable fun
tors for generalLagrangian 
orresponden
es in Se
tion 5.4. Donaldson-Fukaya 
ategory of generalized LagrangiansIn this se
tion we extend the Donaldson-Fukaya 
ategory Don(M) to a 
ategory Don#(M)whi
h has generalized Lagrangian submanifolds as obje
ts. Hen
e Don#(M) sits in betweenDon(M) and Don(M)_. One might draw an analogy here with the way square-integrablefun
tions sit between smooth fun
tions and distributions. Don#(M) admits a fun
tor toDon(M)_, whose image is roughly speaking the sub
ategory of Don(M)_ generated by ob-je
ts of geometri
 origin. 2 This extension of the Donaldson-Fukaya 
ategory is parti
ularlynatural in our appli
ation to 2+1-dimensional topologi
al �eld theory: One expe
ts to asso-
iate a Lagrangian submanifold to any three-manifold with boundary, but our 
onstru
tionsin fa
t yield generalized Lagrangian submanifolds that arise naturally from a de
ompositioninto simple 
obordisms (or 
ompression bodies).Let (M;!) be a symple
ti
 manifold satisfying (M1-2) with monotoni
ity 
onstant � � 0.We �x a Maslov 
over LagN (M)!M as in (G1) and a ba
kground 
lass b 2 H2(M;Z2).De�nition 4.1. (a) A generalized Lagrangian submanifold of M is a generalized La-grangian 
orresponden
e L from fptg to M , in the sense of De�nition 2.1. That is,L = (L(�r)(�r+1); : : : ; L(�1)0) is a sequen
e of Lagrangian 
orresponden
es L(i�1)i �N�i�1 � Ni for a sequen
e N�r; : : : ; N0 of any length r � 0 of symple
ti
 manifoldswith N�r = fptg a point and N0 =M .(b) We 
all a generalized Lagrangian L admissible if ea
h Ni satis�es (M1-2) with themonotoni
ity 
onstant � � 0, ea
h L(i�1)i satis�es (L1-3), and the image of ea
h�1(L(i�1)i) in �1(N�i�1 �Ni) is torsion.Again, one 
ould repla
e the torsion assumption on fundamental groups by Bohr-Sommerfeldmonotoni
ity as des
ribed in [20℄. Note that an (admissible) Lagrangian submanifoldL �M2For readers familiar with the A1 set-up, we remark that it seems to be an open question whether thederived Fukaya 
ategory is self-dual. If it is, one 
ould do without these 
onstru
tions by working dire
tlyin the derived 
ategory of the dual of the Fukaya 
ategory. But then we would have to work dire
tly withA1 
ategories from the beginning, whi
h would substantially 
ompli
ate the exposition.



FUNCTORIALITY FOR LAGRANGIAN CORRESPONDENCES IN FLOER THEORY 11is an (admissible) generalized Lagrangian with r = 0. We pi
ture a generalized LagrangianL as a sequen
efptg N�r : : : N�1 N0 =M-L(�r)(�r+1) -L(�r+1)(�r+2) -L(�2)(�1) -L(�1)0 :Given two generalized Lagrangians L;L0 of M we 
an transpose one and 
on
atenate themto a sequen
e of Lagrangian 
orresponden
es from fptg to fptg,fptg : : : N0 =M = N 00 : : : fptg-L(�r)(�r+1) -L(�1)0 -(L0(�1)0)t -(L0(�r0)(�r0+1))t :The Floer 
ohomology of this sequen
e (as de�ned in [20℄) is the natural generalization ofthe Floer 
ohomology for pairs of Lagrangian submanifolds. Hen
e we de�ne(6) HF (L;L0) := HF (L(�r)(�r+1); : : : ; L(�1)0; (L0(�1)0)t; : : : ; (L0(�r0)(�r0+1))t):Note here that every su
h sequen
e arising from a pair of admissible generalized Lagrangiansis automati
ally monotone by a Lemma of [20℄.De�nition 4.2. The generalized Donaldson-Fukaya 
ategoryDon#(M) := Don#(M;LagN (M); !; b)is de�ned as follows:(a) Obje
ts of Don#(M) are admissible generalized Lagrangians of M , equipped withorientations, a grading, and a relative spin stru
ture (see [20℄).(b) Morphism spa
es of Don#(M) are the ZN-graded Floer 
ohomology groups (see (6))Hom(L;L0) := HF (L;L0)[d℄; d = 12�Xk dim(Nk) +Xk0 dim(N 0k0)�;given by 
hoi
es of a perturbation datum and widths as des
ribed in [20℄ and degreeshift d. For Z-
oeÆ
ients the Floer 
ohomology groups are modi�ed by the in
lusionof additional determinant lines as below in (7).(
) Composition of morphisms in Don#(M),Hom(L;L0)�Hom(L0; L00) �! Hom(L;L00)(f; g) 7�! f Æ g := �P (f 
 g)is de�ned by the relative invariant �P asso
iated to the quilted half-pair of pantssurfa
e P in Figure 7, with the following orderings: The relative invariant is inde-pendent of the ordering of the pat
hes with one outgoing end by a Remark in [19℄.The remaining pat
hes with two in
oming ends are ordered from the top down, thatis, starting with those furthest from the boundary.(d) Identities 1L 2 Hom(L;L) are furnished by relative invariants 1L := �S 2 Hom(L;L)asso
iated to the quilted disk S in Figure 8, with pat
hes ordered from the bottomup, that is, starting with those 
losest to the boundary.Both the identity and 
omposition are degree 0 by a Remark of [19℄. The identity andasso
iativity axioms are satis�ed with Z2 
oeÆ
ients by the gluing theorem of [19℄ appliedto the quilted versions of Figures 2, 3.Remark 4.3. To obtain the axioms with Z 
oeÆ
ients requires a modi�
ation of the Floer
ohomology groups, in
orporating the determinant lines in a more 
anoni
al way. Thiswill be treated in detail in [21℄, so we only give a sket
h here: For ea
h interse
tion point
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M : : : L(�r)(�r+1): : :L00(�2)(�1) L0(�2)(�1)L0(�1)0L0(�r)(�r+1)N0�1
N00�1N00�r00+1

N0�r0+1 L(�1)0N�1 N�r+1L00(�r)(�r+1) L00(�1)0 L(�2)(�1) L00 LL0=:

Figure 7. Quilted pair of pants LL(�2)(�1)L(�r)(�r+1): : :L(�1)0MN�1N�r+1 =:
Figure 8. Quilted identityx 2 I(L;L0) we say that an orientation for x 
onsists of the following data: A partiallyquilted surfa
e3 S with a single end, 
omplex ve
tor bundles E over S, and totally realsubbundles F over the boundaries and seams, su
h that near in�nity on the strip-like endsE and F are given by (TxiMi) and TxL; TxL0 ; a real Cau
hy-Riemann operator DE;F ;an orientation on the determinant line det(DE;F). We say that two orientations for xare isomorphi
 if the two problems have the same bundles E, and the surfa
es, boundaryand seam 
onditions are deformation equivalent after a possible re-ordering of boundary
omponents et
., and the orientations are related by the isomorphism of determinant linesarising from re-ordering. Let O(x) denote the spa
e of isomorphism 
lasses of orientationsfor x. De�ne(7) gCF (L;L0) = Mx2I(L;L0)O(x)
Z2 Z:The Floer 
oboundary operator extends 
anoni
ally to an operator of degree 1 ongCF (L;L0),and let gHF (L;L0) denote its 
ohomology. This is similar to the de�nition given in e.g.Seidel [15, 12.19℄, ex
ept that we allow more general surfa
es. The group gHF (L;L0) is ofin�nite rank over Z, but it has �nite rank over a suitable graded-
ommutative Novikov ringgenerated by determinant lines.3 See [21℄ for the de�nition of partial quilts. For example, the standard 
up orientation for x =(x1; : : : ; xN) will use unquilted 
ups Si asso
iated to ea
h TxiMi, and identi�ed via seams on the strip-like ends.



FUNCTORIALITY FOR LAGRANGIAN CORRESPONDENCES IN FLOER THEORY 13The relative invariants extend to operators e�S operating on the tensor produ
t of (ex-tended) Floer 
ohomologies. In parti
ular, the quilted pair of pants de�nes an operatore�P : gHF (L;L0)
gHF (L0; L00)! gHF (L;L00):If we �x orientations for ea
h generator hxi, as in the de�nition of HF , then the gluing signfor the �rst gluing (to the se
ond in
oming end) in the proof of asso
iativity, Figure 2, is +1.For the se
ond gluing (to the �rst in
oming end) when applied to hx1i
hx2i
hx3i the signis (�1)jx3j 12 Pi dim(N(1)i ). Here N (j)i denotes the sequen
e of symple
ti
 manifolds underlyingthe generalized Lagrangian 
orresponden
e Lj. In addition, the two gluings indu
e di�erentorderings of pat
hes in the glued quilted surfa
e, whi
h are related by the additional sign(�1)� 12Pi dim(N(1)i )�� 12Pi dim(N(2)i )�. Combined together, these fa
tors 
an
el the sign arisingfrom the re-ordering of determinants in the de�nitions of e�P (e�P (hx1i 
 hx2i) 
 hx3i) ande�P (hx1i 
 e�P (hx2i 
 hx3i)).The identity axiom involves gluing a quilted 
up with a quilted pair of pants; the orderingsof the pat
hes for the quilted 
up and quilted pants above are 
hosen so that the gluing signfor gluing the quilted 
up with quilted pants to obtain a quilted strip is +1 for gluing intothe se
ond argument, and (�1)jxj 12Pi dim(Ni) for gluing into the �rst argument. Again, theadditional sign is absorbed into the isomorphism of determinant lines indu
ed by gluing.Remark 4.4. To simplify pi
tures of quilts we will use the following 
onventions indi
atedin Figure 9 : A generalized Lagrangian submanifold L of M 
an be used as \boundary
ondition" for a surfa
e mapping to M in the sense that the boundary ar
 that is labeledby the sequen
e L = (L(�r)(�r+1); : : : ; L(�1)0) of Lagrangian 
orresponden
es from fptg toM is repla
ed by a sequen
e of strips mapping to N�1; : : : ; N�r+1, with seam 
onditions inL(�1)0; : : : ; L(�r+2)(�r+1) and a �nal boundary 
ondition in L(�r)(�r+1). Similarly, a gener-alized Lagrangian 
orresponden
e L between M� andM+ 
an be used as \seam 
ondition"between surfa
es mapping to M� in the sense that the seam that is labeled by the sequen
eL = (L01; : : : ; L(r�1)r) of Lagrangian 
orresponden
es from M� to M+ is repla
ed by asequen
e of strips mapping to M1; : : : ;Mr�1 with seam 
onditions in L01; : : : ; L(r�1)r.Remark 4.5. As for Don(M), the 
ategory Don#(M) is independent of the 
hoi
es of per-turbation data and widths up to isomorphism of 
ategories, see Remark 3.5 and the proofsof independen
e of quilted Floer 
ohomology and relative quilt invariants in [20, 19℄.Proposition 4.6. The map L 7! L_, for a generalized Lagrangian L in M given byL_(L0) := Hom(L;L0) = HF (L�r(�r+1); : : : ; L(�1)0; L0)[d℄for all Lagrangian submanifolds L0 � M and with degree shift d = 12Pk dim(Nk), extendsto a 
ontravariant fun
tor Don#(M)! Don(M)_:Proof. The fun
tor L_ : Don(M)! AbN 
an be de�ned on morphisms byL_ : Hom(L1; L01)! Hom(Hom(L;L1);Hom(L;L01))f 7! �g 7! g Æ f = �P (g 
 f)	using the 
omposition on Don#(M). To morphisms f 2 Hom(L;L0) of Don#(M) we 
anthen asso
iate the natural transformation f_ : L0_ ! L_, whi
h maps every obje
t L1 �Mof Don(M) to the following AbN -morphism f_(L1):Hom(L0; L1)! Hom(L;L1); g 7! f Æ g = �P (f 
 g);
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�����������������:=L L(�r+1)(�r+2)N�r+1 L(�r)(�r+1)N�r+2M L(�1)0L(�2)(�1)N�1M... ...

:= Mr�1M� L01M1M�... ...LM+ M+ L(r�1)rL12Figure 9. Conventions on using generalized Lagrangians and Lagrangian
orresponden
es as boundary and seam 
onditionsagain given by 
omposition on Don#(M). The axioms follow from the gluing theorem of[19℄ applied to jazzed-up versions of Figures 5 and 6 (whi
h show the example L = (L0; L01),L0 = (L00; L01)). In this 
ase the orientations are independent of the ordering of pat
hessin
e all have one boundary 
omponent and one outgoing end. �5. Composable fun
tors asso
iated to Lagrangian 
orresponden
esLetM0 andM1 be two symple
ti
 manifolds satisfying (M1-2) with the same monotoni
-ity 
onstant � � 0. We �x Maslov 
overs LagN (Mi)!Mi as in (G1) and ba
kground 
lassesbi 2 H2(Mi;Z2). Given an admissible Lagrangian 
orresponden
e L01 � M�0 �M1 in thesense of Se
tion 6, we 
an now de�ne a fun
tor �(L01) : Don#(M0) ! Don#(M1). Morepre
isely, we assume that L01 satis�es (L1-3), and the image of �1(L01) in �1(M�0 �M1) istorsion.De�nition 5.1. The fun
tor �(L01) : Don#(M0)! Don#(M1) is de�ned as follows:(a) On the level of obje
ts, �(L01) is 
on
atenation of the Lagrangian 
orresponden
eto the sequen
e of Lagrangian 
orresponden
es: For a generalized Lagrangian L =(L�r(�r+1); : : : ; L(�1)0) of M0 with 
orresponding sequen
e of symple
ti
 manifolds(fptg; N�r+1; : : : ; N�1;M0) we put�(L01)(L) := (L;L01) := (L(�r)(�r+1); : : : ; L(�1)0; L01)with the 
orresponding symple
ti
 manifolds (fptg; N�r+1; : : : ; N�1;M0;M1);(b) On the level of morphisms, for any pair L;L0 of generalized Lagrangians in M0,�(L01) := �S : Hom(L;L0)! Hom(�(L01)(L);�(L01)(L0))



FUNCTORIALITY FOR LAGRANGIAN CORRESPONDENCES IN FLOER THEORY 15is the relative invariant asso
iated to the quilted surfa
e S with two pun
tures andone interior 
ir
le, as in Figure 10.
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M0M1L01L0 (�2)(�1) L0 (�1)0 L (�1)0 L (�2)(�1) L (�r)(�r+1)L0 (�r0 )(�r0 +1)
N �r+1N �1N0 �1N0 �r0 +1LM0M1L0 L01 =

Figure 10. The Lagrangian 
orresponden
e fun
tor �(L01) on morphismsRemark 5.2. In the 
ase that M1 is a point, the map for morphisms is the dual of the pairof pants produ
t.For 
omposable morphisms f 2 Hom(L;L0), g 2 Hom(L0; L00) one shows �L01(f Æ g) =�L01(f) Æ �L01(g) by applying the gluing theorem of [19℄ to the gluings shown in Figure11 (simplifying the pi
ture by the 
onvention of Figure 9), whi
h yield homotopi
 quiltedsurfa
es. The gluing signs for both gluings are positive. Similarly, the se
ond gluing showsthat �(L01)(1L) = 1�(L01)(L), sin
e we have ordered the pat
hes of the quilted 
up from theoutside in.
M1M0L L01L00 M0 M1L01L0

L
L00

=L0 f
ggf

M0L M1L01 M1L01= M0L
Figure 11. The fun
tor axioms for �L01



16 KATRIN WEHRHEIM AND CHRIS T. WOODWARDRemark 5.3. The surfa
es of the �rst gluing in Figure 11 
an equivalently be representedas degenerations of one quilted disk. The 
orresponding one-parameter family in Figure 12is the one-dimensional multiplihedron of Stashe�, see [16℄, [11, p. 113℄, to whi
h we willreturn in [12℄.
Figure 12. Degeneration view of the �rst fun
tor axiomWith this new de�nition, any two fun
tors asso
iated to smooth, 
ompa
t, admissibleLagrangian 
orresponden
es, �(L01) : Don#(M0)! Don#(M1) and �(L12) : Don#(M1)!Don#(M2), are 
learly 
omposable. More generally, 
onsider a sequen
eL0r = (L01; : : : ; L(r�1)r)of Lagrangian 
orresponden
es L(j�1)j � M�j�1 �Mj. (That is, L0r is a generalized La-grangian 
orresponden
e from M0 to Mr in the sense of De�nition 2.1.) Assume that L0ris admissible in the sense of Se
tion 6 below. We 
an then de�ne a fun
tor by 
omposition(8) �(L0r) := �(L01) Æ : : : Æ �(L(r�1)r) : Don#(M0)! Don#(Mr):M2 = =L0 M0 L L0 M0 LL02M2M1L01L12M2L12

L0 M0 LM1L01
Figure 13. The 
omposition �(L01) Æ : : : Æ�(L(r�1)r) is given by a relativeinvariant for the sequen
e L0r = (L01; : : : ; L(r�1)r). (Here r = 2.)Remark 5.4. On the level of morphisms, the fun
tor �(L0r) is given by the relative invariantasso
iated to the quilted surfa
e S in Figure 13,�(L0r) = �S : Hom(L;L0)! Hom(�(L0r)(L);�(L0r)(L0))for all generalized Lagrangian submanifolds L;L0 2 Obj(Don#(M0)), with pat
hes with twooutgoing ends ordered from bottom up. This follows from the gluing theorem of [19℄ appliedto the gluing shown in Figure 13.
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tors asso
iated to 
omposed Lagrangian 
orresponden
es and graphs.The next two strip-shrinking results are summarized from [18, 20, 19℄. The �rst theoremdes
ribes the isomorphism of Floer 
ohomology under geometri
 
omposition, while these
ond des
ribes the behavior of the relative invariants.Theorem 5.5. Let L = (L01; : : : ; Lr(r+1)) be a 
y
li
 sequen
e of Lagrangian 
orrespon-den
es between symple
ti
 manifolds M0; : : : ;Mr+1 =M0. Suppose that(a) the symple
ti
 manifolds all satisfy (M1-2) with the same monotoni
ity 
onstant � ,(b) the Lagrangian 
orresponden
es all satisfy (L1-3),(
) the sequen
e L is monotone, relatively spin, and graded;(d) for some 1 � j � r the 
omposition L(j�1)j Æ Lj(j+1) is embedded in the sense ofDe�nition 2.3,Then with respe
t to the indu
ed relative spin stru
ture, orientation, and grading on themodi�ed sequen
e L0 = (L01; : : : ; L(j�1)j Æ Lj(j+1); : : : ; Lr(r+1)) there exists a 
anoni
al iso-morphism of graded groupsHF (L) = HF (: : : L(j�1)j ; Lj(j+1) : : :) �! HF (: : : L(j�1)j Æ Lj(j+1) : : :) = HF (L0);indu
ed by the 
anoni
al identi�
ation of interse
tion points.Theorem 5.6. Consider a quilted surfa
e S 
ontaining a pat
h S`1 that is di�eomorphi
to R � [0; 1℄ and atta
hed via seams �01 = f(`0; I0); (`1;R � f0g)g and �12 = f(`1;R �f1g); (`2; I2)g to boundary 
omponents I0; I2 of other surfa
es S`0 ; S`2 . Let M be symple
ti
manifolds (satisfying (M1-2), (G1) with the same � � 0 and N 2 N) labeling the pat
hes ofS, and L be Lagrangian boundary and seam 
onditions for S su
h that all Lagrangians inL satisfy (L1-3), (G2), and L is monotone and relative spin in the sense of [19℄. Supposethat the Lagrangian 
orresponden
es L�01 �M �̀0 �M`1, L�12 �M �̀1 �M`2 asso
iated to theboundary 
omponents of S`1 are su
h that L�01 Æ L�12 is embedded.Let S0 denote the quilted surfa
e obtained by removing the pat
h S`1 and 
orrespondingseams and repla
ing it by a new seam �02 := f(`0; I0); (`2; I2)g. We de�ne Lagrangianboundary 
onditions L0 for S0 by L�02 := L�01 Æ L�12 . Then the isomorphisms in Floer
ohomology 	e : HF (Le) ! HF (L0e) for ea
h end e 2 E(S) �= E(S0) intertwine with therelative invariants: �S0 Æ�Oe2E�	e� = �Oe2E+	e� Æ �S [n`1d℄:Here 2n`1 is the dimension of M`1 , and d = 1; 0; or � 1 a

ording to whether the removedstrip S`1 has two outgoing ends, one in- and one outgoing, or two in
oming ends.As �rst appli
ation of these results we will show that the 
omposed fun
tor �(L01) Æ�(L12) : Don#(M0)! Don#(M2) is isomorphi
 to the fun
tor �(L01ÆL12) of the geometri

omposition L01 Æ L12 � M�0 �M2, if the latter is embedded. More pre
isely and moregenerally, we have the following result.Theorem 5.7. Let L0r = (L01; : : : ; L(r�1)r) and L00r0 = (L001; : : : ; L0(r0�1)r0) be two admis-sible generalized Lagrangian 
orresponden
e from M0 to Mr = Mr0. Suppose that they areequivalent in the sense of Se
tion 2 through a series of embedded 
ompositions of 
onse
utiveLagrangian 
orresponden
es and su
h that ea
h intermediate generalized Lagrangian 
orre-sponden
e is admissible. Then for any two admissible generalized Lagrangian submanifoldsL;L0 2 Obj(Don#(M0)) there is an isomorphism	 : Hom(�(L0r)(L);�(L0r)(L0))! Hom(�(L00r0)(L);�(L00r0)(L0))
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h intertwines the fun
tors on the morphism level,	 Æ �(L0r) = �(L00r0) : Hom(L;L0)! Hom(�(L00r0)(L);�(L00r0)(L0)):Proof. By assumption there exists a sequen
e of admissible generalized Lagrangian 
orre-sponden
es Lj 
onne
ting L0 = L0r to LN = L00r0 . In ea
h step two 
onse
utive Lagrangian
orresponden
es L�, L+ in the sequen
e Lj = (: : : ; L�; L+; : : :) are repla
ed by their em-bedded 
omposition L� Æ L+ in Lj�1 = (: : : ; L� Æ L+; : : :). To ea
h Lj we asso
iate seam
onditions for the quilted surfa
e Sj on the right of Figure 13. Repla
ing the 
onse
utive
orresponden
es by their 
omposition 
orresponds to shrinking a strip in this surfa
e. SoTheorem 5.6 provides an isomorphism 	ej+ asso
iated to the outgoing end ej+ of ea
h surfa
eSj su
h that 	ej+ Æ�Sj = �Sj�1 . Figure 14 shows an example of this degeneration. The iso-morphism 	 is given by 
on
atenation of the isomorphisms 	ej+ (and their inverses in 
asethe 
omposition is between Lj and Lj�1). It intertwines �S0 = �(L0r) and �SN = �(L00r0)as 
laimed. �
�Æ!0L0 M0 L L0 M0 LL01 Æ L12M2M1Æ L01L12M2

Figure 14. Isomorphism between the fun
tors �(L01) Æ �(L12) and �(L01 Æ L12)Next, let  : M0 ! M1 be a symple
tomorphism and graph � M�0 �M1 its graph.The fun
tor �( ) de�ned in Se
tion 3.1 extends to a fun
tor�( ) : Don#(M0)! Don#(M1)de�ned on the level of obje
ts byL = (L�r(�r+1); : : : ; L�10) 7! (L�r(�r+1); : : : ; (1N�1 �  )(L�10)) =:  (L):On the level of morphisms, the fun
tor �( ) : Hom(L;L0) ! Hom(�( )(L);�( )(L0)) isde�ned by h(x�r; : : : ; x�1; x0)i 7! h(x�r; : : : ; x�1;  (x0)i on the generators I(L;L0) of the
hain 
omplex. As another appli
ation of Theorem 5.6 we will show that this fun
tor is infa
t isomorphi
 to the fun
tor �(graph ) : Don#(M0) ! Don#(M1) that we de�ned forthe Lagrangian 
orresponden
e graph .Proposition 5.8. �( ) and �(graph ) are 
anoni
ally isomorphi
 as fun
tors from Don#(M0)to Don#(M1). More pre
isely, there exists a 
anoni
al natural transformation � : �( ) !�(graph ), that is �(L) 2 Hom(�( )(L);�(graph )(L)) for every L 2 Obj(Don#(M0))su
h that �(L) Æ�(graph )(f) = �( )(f) Æ �(L0) for all f 2 Hom(L;L0), and all �(L) areisomorphisms in Don#(M1).



FUNCTORIALITY FOR LAGRANGIAN CORRESPONDENCES IN FLOER THEORY 19Proof. Consider a generalized Lagrangian submanifold L = (L(�r)(�r+1); : : : ; L(�1)0) 2Obj(Don#(M0)). By Theorem 5.5 we have 
anoni
al isomorphisms fromHom(�( )L;�(graph )L) = Hom( (L); (L; graph ))= Hom(: : : (1�  )(L(�1)0); (graph )t; (L(�1)0)t : : :)to all three ofHom(: : : (1�  )(L(�1)0); (L(�1)0 Æ (graph ))t : : :) = Hom( (L);  (L));Hom(: : : L(�1)0; graph ; (graph )t; (L(�1)0)t : : :) = Hom((L; graph )(L; graph ));Hom(: : : (1�  )(L(�1)0) Æ graph( �1); (L(�1)0)t : : :) = Hom(L;L);see Figure 15.4 The isomorphisms are by ( (x); x) 7!  (x), (x;  (x0); x), or x, respe
tively,on the level of perturbed interse
tion points x = (x�r; : : : ; x0) 2 I(L;L). The �rst two iso-morphisms also intertwine the identity morphisms 1 (L) �= 1(L;graph ) by Theorem 5.5 andthe degeneration of the quilted identity indi
ated in Figure 15; this is the identity axiom forthe fun
tor �(graph ). The identity axiom for �( ) implies that the above isomorphisms(their 
omposition whi
h 
oin
ides with �( ) : Hom(L;L) ! Hom( (L);  (L))) also in-tertwine 1L with 1 (L). We de�ne �(L) 2 Hom(�( )L;�(graph( ))L) to be the element
orresponding to the identities 1�( )(L) �= 1�(graph )(L) �= 1L under these isomorphisms.

Æ = Æ1 = Æ3 ! 0 Æ
2 2 2HF ( (L);  (L)) �= HF (L;L)HF ( (L); (L; graph )) �= HF ((L; graph ); (L; graph )) �=1(L;graph ) 1L1 (L)

Æ1 ! 0 Æ3 ! 0 Æ2 ! 0Æ1 Æ2 Æ3Æ2Æ1 2�(L)
 (L)  (L) L LL   (L) L   L

Figure 15. Natural isomorphisms of Floer 
ohomology groups and de�ni-tion of the natural transformation � : The light and dark shaded surfa
esare mapped to M0 andM1 respe
tively and we abbreviate graph by  and�( )(L) by  (L).4 Stri
tly speaking, one has to apply the shift fun
tor 	M0 of De�nition 5.10 to adjust the relative spinstru
ture on L. However, HF (	M0(L);	M0(L)) is 
anoni
ally isomorphi
 to HF (L;L).
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h �(L) is an isomorphism sin
e �(L) Æ f = I1(f) for all f 2 HF (�(graph )L;L00)and f Æ�(L) = I2(f) for all f 2 HF (L00;�( )L), with the isomorphisms from Theorem 5.5I1 : HF ((L; graph ); L00)! HF ( (L); L00);I2 : HF (L00;  (L))! HF (L00; (L; graph )):These identities 
an be seen from the gluing theorem in [19℄ and Theorem 5.5, applied tothe gluings and degenerations indi
ated in Figure 16. The quilted surfa
es 
an be deformedto a strip resp. a quilted strip (whi
h 
orresponds to a strip in M�0 �M1). These relativeinvariants both are the identity sin
e the solutions are 
ounted without quotienting by R,see the strip example in [19℄. For f 2 Hom(L;L0) this already shows the �rst equality in (L)L00  Lf �(L) f
L00  L = f L00L00

f�(L)
 L  (L) (L) = f

f
�� I2I1

Figure 16. �(L) is an isomorphism in Don#(M1)�( )(f) Æ �(L0) = I(f) = �(L) Æ �(graph )(f) with the isomorphism I : HF (L;L0) !HF ( (L); (L0; graph )). More pre
isely, on the 
hain level for x 2 I(L;L0)�( )(x) Æ �(L0) = ( (x); x) = �(L) Æ �(graph )(x):The se
ond identity is proven by repeatedly using Theorem 5.6 and the gluing theorem of[19℄, see Figure 17. �

x
 L

 (L)L0 L0  (L) L=�(L) �(L) �I
x x

L0 L = x
Figure 17. Isomorphism of fun
tors for a symple
tomorphism and itsgraph, using shrinking strips



FUNCTORIALITY FOR LAGRANGIAN CORRESPONDENCES IN FLOER THEORY 21Remark 5.9. There is an analyti
ally easier proof of the previous Proposition 5.8 in thespe
ial 
ase when one of the Lagrangian 
orresponden
es is the graph of a symple
tomor-phism: Instead of shrinking a strip as in Theorems 5.5 and Theorem 5.6 one 
an apply thesymple
tomorphism to the whole strip; for a suitable 
hoi
e of perturbation data it thenatta
hes smoothly to the other surfa
e in the quilt, and the seam 
an be removed.The fun
tor �(IdM0) asso
iated to the identity map on M0 
learly is the identity fun
toron Don#(M0). So Proposition 5.8 gives a (rather indire
t) isomorphism between the fun
torfor the diagonal and the identity fun
tor. To be more pre
ise, taking into a

ount the relativespin stru
ture of the diagonal, we need to introdu
e the following shift fun
tor.De�nition 5.10. We de�ne a shift fun
tor	M0 : Don#(M0;LagN (M0); !0; b0)! Don#(M0;LagN (M0); !0; b0 �w2(M0)):(a) On the level of obje
ts, 	M0 maps every generalized Lagrangian L 2 Don#(M0) toitself but shifts the relative spin stru
ture to one with ba
kground 
lass b0�w2(M0),as explained in [21℄.(b) On the level of morphisms, 	M0 : Hom(L;L0) ! Hom(	M0(L);	M0(L0)) is the
anoni
al isomorphism for shifted spin stru
tures from [21℄.Remark 5.11. Let � � M�0 � M0 denote the diagonal. Throughout, we will equip �with the orientation and relative spin stru
ture that are indu
ed by the proje
tion to these
ond fa
tor (see [21℄). Then � is an admissible Lagrangian 
orresponden
e from M0to M1, where M1 = M0 with the same symple
ti
 stru
ture !1 = !0 and Maslov 
overLagN (M1) = LagN (M0), but with a shifted ba
kground 
lass b1 = b0 � w2(M0). In otherwords, � is an obje
t in the 
ategory Don#�M0;M1) that is introdu
ed in Se
tion 6 below.In the following, we will drop the Maslov 
over and symple
ti
 form from the notation.Corollary 5.12. The fun
tor �(�) : Don#(M0; b0) ! Don#(M0; b0 � w2(M0)) asso
iatedto the diagonal is 
anoni
ally isomorphi
 to the shift fun
tor 	M0.6. Composition fun
tor for 
ategories of 
orresponden
esThe set of generalized Lagrangian 
orresponden
es forms a 
ategory in its own right,whi
h we de�ne in 
lose analogy to the generalized Donaldson 
ategory in Se
tion 4. Wewill then be able to de�ne a 
omposition fun
tor for these 
ategories.Let Ma and Mb be symple
ti
 manifolds satisfying (M1-2) with the same monotoni
ity
onstant � � 0. We �x an integer N > 0, N -fold Maslov 
overs LagN (M(�)) ! M(�) as in(G1), and ba
kground 
lasses b(�) 2 H2(M(�);Z2). Re
all from De�nition 2.1 that a gener-alized Lagrangian 
orresponden
es fromMa to Mb is a sequen
e L = (L01; L12; : : : ; L(r�1)r)of Lagrangian 
orresponden
es L(i�1)i � N�i�1�Ni for a sequen
e N0; : : : ; Nr of any lengthr � 0 of symple
ti
 manifolds with N0 =Ma and Nr =Mb. We pi
ture L as sequen
eMa = N0 N1 : : : Nr =Mb-L01 -L12 -L(r�1)r :As in De�nition 4.1 we 
all a generalized Lagrangian 
orresponden
e L from Ma to Mbadmissible if ea
h Ni satis�es (M1-2) with the monotoni
ity 
onstant � � 0, ea
h L(i�1)isatis�es (L1-3), and the image of ea
h �1(L(i�1)i) in �1(N�i�1 �Ni) is torsion.



22 KATRIN WEHRHEIM AND CHRIS T. WOODWARDDe�nition 6.1. The Donaldson-Fukaya 
ategory of 
orresponden
esDon#(Ma;Mb) := Don#(Ma;Mb;LagN (Ma);LagN (Mb); !a; !b; ba; bb)is de�ned as follows:(a) The obje
ts of Don#(Ma;Mb) are admissible generalized Lagrangian 
orrespon-den
es from Ma to Mb, equipped with orientations, gradings, and relative spinstru
tures.5(b) The morphism spa
es of Don#(Ma;Mb) are the ZN-graded Floer 
ohomology groups(de�ned in [20℄) Hom(L;L0) := HF (L;L0)[d℄;where the se
ond group is shifted by d = 12(Pk dim(Nk) +Pk0 dim(N 0k0)). For Z-
oeÆ
ients one has to introdu
e determinant lines as in Remark 4.3. See Figure 18for views of the quilted holomorphi
 
ylinders whi
h are 
ounted (modulo R-shift)as Floer traje
tories.(
) The 
omposition of morphisms in Don#(Ma;Mb),Hom(L;L0)�Hom(L0; L00) �! Hom(L;L00)(f; g) 7�! f Æ g := �P (f 
 g)is de�ned by the relative invariant �P asso
iated to the quilted pair of pants surfa
eP (this time the pair of pants is an honest one, not just the front) in Figure 19,where the pat
hes without outgoing ends are ordered from Ma to Mb.(d) The identity 1L 2 Hom(L;L) for a generalized Lagrangian 
orresponden
e L is givenby the relative invariant 1L := �S asso
iated to the quilted 
ap in Figure 20, wherethe pat
hes without outgoing ends are ordered from Mb to Ma.
L0 LMb Ma Mb

Ma LL0 
 Mb
Ma== L012L010L0(r0�1)r0 L(r�1)rL01... ...L12


Figure 18. Floer traje
tories for pairs of generalized Lagrangian 
orresponden
es5 In the previous notation, a grading on L is a 
olle
tion of N -fold Maslov 
overs LagN(Nj) ! Njfor j = 0; : : : ; r and gradings of the Lagrangian 
orresponden
es L(j�1)j . Here the gradings on N0 = Maand Nr = Mb are the �xed ones. A relative spin stru
ture on L is a 
olle
tion of ba
kground 
lasses bj 2H2(Nj ;Z2) for j = 0; : : : ; r and relative spin stru
tures on L(j�1)j with ba
kground 
lasses ���j�1bj�1+��j bj .Here b0 = ba and br = bb are the �xed ba
kground 
lasses in Ma and Mb. See [20℄ for more details.
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Mb MaL0L00 
L L
L00 L0Ma

Mb=
Figure 19. Quilted pair of pants: Composition of morphisms for La-grangian 
orresponden
es

L=MaL Mb MbMa
Figure 20. Quilted 
ap: Identity for Lagrangian 
orresponden
esRemark 6.2. In Figure 18 and the following pi
tures, the outer 
ir
les will always be outgoingends. The inner 
ir
les are usually in
oming ends, indi
ated by a 
 or marked with thein
oming morphism. Ends at the top resp. bottom of pi
tures will always be outgoing resp.in
oming, unless otherwise indi
ated by arrows.The asso
iativity and identity axiom for this 
ategory follow from the gluing theorem of[19℄ applied to the gluings (indi
ated by dashed lines) in Figure 21. Note that { in 
ontrastto Figure 18 { the solutions on the quilted annulus (i.e. 
ylinder) are 
ounted withoutquotienting by R, hen
e as in the strip example of [19℄ this relative invariant is the identity.Remark 6.3. Consider the 
ase where the symple
ti
 manifolds Ma = Mb = M agree(in
luding Maslov 
over and ba
kground 
lass). Then for any admissible generalized La-grangian 
orresponden
e L 2 Obj(Don#(M;M)) the 
omposition of morphisms in (
) de-�nes a ring stru
ture on Hom(L;L), and (d) provides an identity element. Another appli-
ation of our main theorem shows that this ring stru
ture is isomorphi
 under embedded
ompositions of 
orresponden
es: Let L and L0 be two admissible generalized Lagrangian
orresponden
es fromM to itself. Suppose that they are equivalent in the sense of Se
tion 2through a series of embedded 
ompositions of 
onse
utive Lagrangian 
orresponden
es, andsu
h that ea
h intermediate generalized Lagrangian 
orresponden
e is admissible. Thenthere is a 
anoni
al ring isomorphism �Hom(L;L); Æ� ' �Hom(L0; L0); Æ� whi
h intertwinesthe identity elements 1L and 1L0 .Indeed, by assumption there exists a sequen
e of admissible generalized Lagrangian 
or-responden
es Lj 
onne
ting L0 = L to LN = L0 as in the proof of Theorem 5.7. In ea
h step
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fgh MaMbL000 L00 L0 L fgh MaMbL000 L00 L0 L

MaMbL0 L L0 MaMbMbMaL0 L L= =f ff f Æ (g Æ h) = (f Æ g) Æ h=
1L Æ f = f f = f Æ 1L0Figure 21. Axioms for Donaldson-Fukaya 
ategory of 
orresponden
estwo 
onse
utive Lagrangian 
orresponden
es in the sequen
e Lj = (: : : ; L�; L+; : : :) are re-pla
ed by their embedded, monotone 
omposition in Lj�1 = (: : : ; L�ÆL+; : : :). Theorem 5.5provides isomorphisms 	j : HF (Lj ; Lj)! HF (Lj�1; Lj�1) by shrinking the strip betweenL� and L+. Theorem 5.6 applies to the 
orresponding strips in the pair of pants surfa
eand the quilted 
ap surfa
e of De�nition 6.1 (
) and (d) and shows that the isomorphisms	j intertwine the ring stru
tures and identity morphisms. The full ring isomorphism isgiven by a 
omposition of these isomorphisms or their inverses.Next, 
onsider a triple of symple
ti
 manifolds Ma;Mb;M
 satisfying (M1-2) with thesame monotoni
ity 
onstant � , equipped with Maslov 
overs LagN (M(�)) ! M(�) (withthe same N) and ba
kground 
lasses b(�) 2 H2(M(�);Z2). We denote by Don#(Ma;Mb) �Don#(Mb;M
) the produ
t 
ategory. That is, obje
ts are pairs (Lab; Lb
) of obje
ts ofDon#(Ma;Mb) and Don#(Mb;M
). Morphisms are pairs (f; g) with f 2 Hom(Lab; L0ab); g 2Hom(Lb
; L0b
). Composition is given by(f; g) Æ (f 0; g0) := (�1)jf 0jjgj(f Æ f 0; g Æ g0)for f 2 Hom(Lab; L0ab); f 0 2 Hom(L0ab; L00ab); g 2 Hom(Lb
; L0b
); g0 2 Hom(L0b
; L00b
).De�nition 6.4. The 
omposition fun
tor(9) # : Don#(Ma;Mb)�Don#(Mb;M
)! Don#(Ma;M
)is de�ned as follows.(a) On the level of obje
ts # is de�ned by 
on
atenation:Obj(Don#(Ma;Mb))�Obj(Don#(Mb;M
))! Obj(Don#(Ma;M
))(Lab; Lb
) 7! Lab#Lb
;where(Lab01; : : : ; Lab(r�1)r)#(Lb
01; : : : ; Lb
(r0�1)r0) := (Lab01; : : : ; Lab(r�1)r; Lb
01; : : : ; Lb
(r0�1)r0):



FUNCTORIALITY FOR LAGRANGIAN CORRESPONDENCES IN FLOER THEORY 25(b) On the level of morphisms, # is de�ned for Lab; L0ab 2 Obj(Don#(Ma;Mb)) andLb
; L0b
 2 Obj(Don#(Mb;M
)) byHom(Lab; L0ab)�Hom(Lb
; L0b
)! Hom(Lab#Lb
; L0ab#L0b
)(f; g) 7! f#g := �P (f 
 g);where �P is the relative invariant asso
iated to the quilted pair of pants P , where nowevery seam 
onne
ts one of the in
oming 
ylindri
al ends to the outgoing 
ylindri
alend, as in Figure 22.
Mb L0abLb
L0b
 Lab = 

MbM


Ma
L0b
 Lb
L0ab LabM
 Ma

Figure 22. Composition fun
tor on Donaldson 
ategories of 
orresponden
esThe 
omposition axiom for the fun
tor # follows from the gluing theorem of [19℄ ap-plied to the two degenerations of the �ve-holed sphere shown in Figure 23: For all f 2Hom(Lab; L0ab); f 0 2 Hom(L0ab; L00ab); g 2 Hom(Lb
; L0b
); g0 2 Hom(L0b
; L00b
) we obtain#�(f; g) Æ (f 0; g0)� = (�1)jf 0jjgj(f Æ f 0)#(g Æ g0) = (f#g) Æ (f 0#g0):The identity axiom for the 
on
atenation fun
tor, 1Lab#1Lb
 = 1Lab#Lb
 , follows similarlyfrom the gluing theorem of [19℄ applied to the degenerations shown in Figure 24.
f 0 fgg0L00abL00b
 Lb
LabL0abL0b
M


MaMb f 0 fgg0L00abL00b
 Lb
LabL0abL0b
M

MaMb=

Figure 23. Composition axiom for the 
on
atenation fun
torRemark 6.5. The 
onstru
tion of fun
tors asso
iated to Lagrangian 
orresponden
es inSe
tion 5 has an obvious extension (8) for generalized Lagrangian 
orresponden
es. ForLab 2 Don#(Ma;Mb) the fun
tor �(Lab) : Don#(Ma) ! Don#(Mb) a
ts on obje
ts
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M

LabLb

MaMb Lab#Lb
M


Ma=1Lab#1Lb
 = 1Lab#Lb
Figure 24. Identity axiom for the 
on
atenation fun
torL 2 Obj(Don#(Ma)) by 
on
atenation �(Lab) = L#Lab, and on morphisms �(Lab) :HF (L;L0) ! HF (L#Lab; L0#Lab) is de�ned by 
omposition �(L01) Æ : : : Æ �(L(r�1)r) ofthe fun
tors asso
iated to the simple Lagrangian 
orresponden
es (L01; : : : ; L(r�1)r) = Lab.Alternatively, the map �(Lab) on morphisms 
an be de�ned dire
tly by the relative invari-ant in Figure 13, see Remark 5.4. Using the �rst de�nition, we have a tautologi
al equalityof fun
tors(10) �(Lab) Æ �(Lb
) = �(Lab#Lb
)for any two obje
ts Lab 2 Don#(Ma;Mb) and Lb
 2 Don#(Mb;M
).7. Natural transformations asso
iated to Floer 
ohomology 
lassesLetMa andMb be as in the previous se
tion and let Lab; L0ab be obje
ts in Don#(Ma;Mb).De�nition 7.1. Given a morphism T 2 Hom(Lab; L0ab) we de�ne a natural transformation�T : �(Lab)! �(L0ab)as follows: To any obje
t L in Don#(Ma) we assign the morphism�T (L) 2 Hom(�(Lab)(L);�(L0ab)(L))given by the relative invariant asso
iated to the surfa
e in Figure 25, whi
h is independentof the ordering of the pat
hes. (Note that the end where T is inserted is 
ylindri
al in thesense that the strip-like ends glue together to a 
ylindri
al end.)
����������
����������
����������

����������
����������
����������

M0M1M2L02L01L12L0T TMaMbL L0abLabFigure 25. Natural transformation asso
iated to a Floer 
ohomology 
lass:General 
ase and an example, where L 
onsists of a single Lagrangian L0,Lab 
onsists of a single Lagrangian L02, and L0ab 
onsists of a pair (L01; L12).
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tors �(Lab) ! �(L0ab) we must showthat for any two obje
ts L;L0 in Don#(Ma) and any morphism f 2 Hom(L;L0) we have(11) �(Lab)(f) Æ �T (L0) = (�1)jT jjf j�T (L) Æ �(L0ab)(f):This identity follows from the gluing theorem of [19℄ applied the gluing shown in Figure 26.
MaMbL0

L
L0ab
LabT

= MaMbL0
L

L0ab
Lab

T

Figure 26. Natural transformation axiomProposition 7.2. The maps Lab 7! �(Lab) and T 7! �T de�ne a fun
torDon#(Ma;Mb)! Fun(Don#(Ma);Don#(Mb)):Proof. We apply the gluing theorem of [19℄ to the quilted surfa
es in Figure 27 to de-du
e the 
omposition axiom �T (L) Æ �T 0(L) = �TÆT 0(L) for all T 2 Hom(Lab; L0ab), T 0 2Hom(L0ab; L00ab), and L 2 Obj(Don#(Ma)). The identity axiom �1Lab (L) = 1�(Lab)(L) forT = 1Lab 2 Hom(Lab; Lab) and L 2 Obj(Don#(Ma)) follows from the gluing theorem in [19℄applied to the quilted surfa
es in Figure 28. �Remark 7.3. In this remark we dis
uss the spe
ial 
ase of the diagonal � � M� � M ,whi
h gives rise to the so-
alled open-
losed maps in 2D TQFT. By [14℄ there is a ringisomorphism between the Floer 
ohomology of the diagonal HF (�;�) and the quantum
ohomology HF (Id). Our 
onstru
tion gives for any element � 2 HF (�;�) ' HF (Id) anautomorphism of the identity fun
tor �(�) (more pre
isely, of the shift fun
tor �(�) ' 	Min 
ase w2(M) 6= 0). In parti
ular, we obtain elements ��(L) 2 HF ((L;�); (L;�)) 'HF (L;L) for ea
h admissible Lagrangian submanifold L �M . (Here HF ((L;�); (L;�)) 'HF (L;L) is a ring isomorphism by Remark 6.3 .) Proposition 7.2 gives ��Æ�(L) = ��(L) Æ��(L): That is, the 
losed-open map HF (Id) ! HF (L;L) is a ring homomorphism. The
losed-open maps in Floer theory are dis
ussed in more detail in Albers [2, Theorem 3.1℄.For any pair of Lagrangians L0; L1 �M , 
ombining the ring homomorphism HF (Id)!HF (Lk; Lk) with the 
omposition HF (Lk; Lk)�HF (L0; L1)! HF (L0; L1) gives a modulestru
ture on HF (L0; L1) over HF (Id). The module stru
ture is independent of k = 0; 1,
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T
T 0 MaMbLL00abL0ab Lab = Ma MbLL00abLabL0abTT 0
Figure 27. Composition axiom for natural transformations= 1�(Lab)(L)Lab MbMaL
Figure 28. Identity axiom for natural transformationsby the natural transformation axiom (11) with L = L0 = �. It is equal to the modulestru
ture indu
ed by the isomorphism HF (L0 � L1;�)! HF (L0; L1) of [21℄.Note that ifHF (Id)! HF (L;L) is a surje
tion andHF (Id) is semisimple thenHF (L;L)is again semisimple, and in parti
ular nilpotent free.Next, we show that embedded 
omposition of Lagrangian 
orresponden
es gives rise toisomorphi
 obje
ts in the Donaldson-Fukaya 
ategory. For simpli
ity we restri
t to the
ase of simple Lagrangian 
orresponden
es, i.e. sequen
es of length 1. The statement andargument for the general 
ase is analogous.Theorem 7.4. Let L01 2 Obj(Don#(M0;M1)) and L12 2 Obj(Don#(M1;M2)) be admissi-ble Lagrangian 
orresponden
es. Suppose that L01�M1 L12 !M�0 �M2 is 
ut out transver-sally and embeds to a smooth, admissible Lagrangian 
orresponden
e L02 := L01 Æ L12 2Obj(Don#(M0;M2)). Then �M0#L02, L02#�M2, and L01#L12 are all isomorphi
 inDon#(M0;M2).Remark 7.5. If in Theorem 7.4 we moreover assume w2(M0) = 0 or w2(M2) = 0, then wein fa
t have an isomorphism between L01#L12 and L01 Æ L12, by Proposition 7.6 below.Proof. By Theorem 5.5, Hom(L01#L12;�M0#L02) resp. Hom(�M0#L02; L01#L12) is iso-morphi
 to Hom(�M0#L02;�M0#L02); let � resp.  denote the inverse image of theidentity 1�M0#L02 . To establish the isomorphism L01#L12 ' �M0#L02 we show that Æ � = 1�M0#L02 and � Æ  = 1L01#L12 for the 
omposition by the pair of pants produ
ts.
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M2L01L12 L02� L01L12 M0� L02�L02 M2�L02 M0

M2L01L12

M0
M2�L02

ÆÆ M1
�

 
 

�
Figure 29. Isomorphism of 
omposition and 
on
atenationThese are spe
ial 
ases of Theorem 5.6 applied to the degenerations shown in Figure 29.The isomorphism L01#L12 ' L02#�M2 is proven in the same way. �Proposition 7.6. Suppose that M0 satis�es w2(M0) = 0. Then the diagonal �M0 2Don#(M0;M0) is an identity of the 
omposition # up to isomorphism. That is, for everygeneralized Lagrangian L 2 Obj(Don#(M0;M1)) the obje
ts �M0#L and L are isomor-phi
 in Don#(M0;M1), and for every generalized Lagrangian L 2 Obj(Don#(M1;M0)) theobje
ts L#�M0 and L are isomorphi
 in Don#(M1;M0).Proof. By Theorem 5.5, both Hom(�M0#L;L) and Hom(L;�M0#L) are isomorphi
 toHom(L;L); let � resp.  denote the inverse image of the identity 1L. Then the identities�Æ = 1L and �Æ = 1�M0#L follow from Theorem 5.6 applied to the degenerations shownin Figure 30. (Alternatively, as mentioned in Se
tion 5.8, one 
ould glue the strips insteadof shrinking them.) This proves �M0#L ' L. The isomorphism L#�M0 ' L is proven inthe same way. �Corollary 7.7. Under the assumptions of Theorem 7.4 the fun
tors 	M0 Æ �(L01 Æ L12),�(L01 ÆL12) Æ	M2 , and �(L01) Æ�(L12) are all isomorphi
 in the 
ategory of fun
tors fromDon#(M0) to Don#(M2).Proof. From Theorem 7.4 and (10) we obtain isomorphisms between �(�M0#L02) = �(�M0)Æ�(L02), �(L02#�M2) = �(L02)Æ�(�M2), and �(L01#L12) = �(L01)Æ�(L12). By Proposi-tion 5.12 the fun
tors �(�Mk) are isomorphi
 to the shift fun
tors 	Mk . Sin
e isomorphisms
ommute with 
omposition of fun
tors, this proves the 
orollary. �8. 2-
ategory of monotone symple
ti
 manifoldsWe 
an rephrase and summarize the 
onstru
tions of the previous se
tions, using thelanguage of 2-
ategories.
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�
Figure 30. Isomorphism of �M0#L and LDe�nition 8.1. A 2-
ategory C 
onsists of the following data:(a) A 
lass of obje
ts Obj(C).(b) For ea
h pair of obje
ts X;Y 2 Obj(C), a small 
ategory Hom(X;Y ).(
) For ea
h triple of obje
ts X;Y;Z 2 Obj(C), a 
omposition fun
torÆ : Hom(X;Y )�Hom(Y;Z)! Hom(X;Z):(d) For every X 2 Obj(C) an identity fun
tor 1X 2 Hom(X;X).These data should satisfy the following axioms:(Identity): For all X;Y 2 Obj(C) and f 2 Hom(X;Y )1X Æ f = f; f Æ 1Y = f:(Asso
iativity): For all 
omposable morphisms f; g; hf Æ (g Æ h) = (f Æ g) Æ h:Obje
ts resp. morphisms in Hom(X;Y ) are 
alled 1-morphisms resp. 2-morphisms. Wesay that C has weak identities if equality in the identity axiom is repla
ed by 2-isomorphism.The basi
 example of a 2-
ategory is Cat, whose obje
ts are 
ategories, 1-morphisms arefun
tors, and 2-morphisms are natural transformations.De�nition 8.2. A 2-fun
tor F : C1 ! C2 between 2-
ategories C1 and C2 
onsists of(a) a map F : Obj(C1)! Obj(C2),(b) for ea
h pair X;Y 2 Obj(C1), a fun
torF(X;Y ) : Hom(X;Y )! Hom(F(X);F(Y ));respe
ting 
omposition and identities.In the following we restri
t ourselves to symple
ti
 manifolds that are spin, i.e. w2(M) = 0.Their advantage is that the shift fun
tor 	M : Don#(M; b)! Don#(M; b) of De�nition 5.10is trivial and the diagonal �M �M� �M is an obje
t of the 
ategory of 
orresponden
es
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h L23L12

L01
L023

fL001 gL012h L23L12
L01M0

M3L023 M2M1fL001 gL012 =
M0 M1M2M3Figure 31. Asso
iativity of the 
on
atenation fun
torDon#(M;M) from (M; b) to itself. We moreover drop the Maslov 
over from the data, thusworking with ungraded Floer 
ohomology groups.De�nition 8.3. Fix a 
onstant � � 0. Let the Weinstein-Floer 2-
ategory Floer#� be the
ategory given as follows:(a) Obje
ts are symple
ti
 manifolds (M;!) that satisfy (M1-2) with monotoni
ity
onstant � and w2(M) = 0, and that are equipped with a ba
kground 
lass b 2H2(M;Z2).(b) The morphism 
ategories of Floer# are the Donaldson 
ategories of Lagrangian
orresponden
es, Hom(M0;M1) := Don#(M0;M1); without grading.(
) Composition is de�ned by the fun
tor (9),# : Don#(M0;M1)�Don#(M1;M2)! Don#(M0;M2):(d) The diagonal de�nes a weak identity �M 2 Don#(M;M).Remark 8.4. One 
ould de�ne Floer#� by restri
ting to nonempty symple
ti
 manifolds.However, for future appli
ations, we wish to in
lude the empty set ; as obje
t. The onlysimple Lagrangian 
orresponden
e from ; toM is L = ;, but in the sequen
e of a generalizedLagrangian 
orresponden
es, we must now allow any number of ; as symple
ti
 manifoldsas well as Lagrangian 
orresponden
es. However, the Floer 
ohomology of any generalizedLagrangian 
orresponden
e 
ontaining ; is the trivial group HF (: : : ;�! : : :) = f0g.The asso
iativity axiom on Floer#� is immediate on the level of obje
ts: For any tripleL01 2 Obj(Don#(M0;M1)), L12 2 Obj(Don#(M1;M2)), L23 2 Obj(Don#(M2;M3)) wehave (L01#L12)#L23 = L01#(L12#L23). On the level of morphisms we apply the glu-ing theorem of [19℄ to the gluings indi
ated by dashed lines in Figure 31 to prove that(f#g)#h = f#(g#h) for all f 2 Hom(L01; L001), g 2 Hom(L12; L012), h 2 Hom(L23; L023).The weak identity axiom follows from Proposition 7.6. Hen
e Floer# is a 2-
ategory withweak identities.Remark 8.5. Floer#� is independent up to 2-isomorphism of 2-
ategories of the 
hoi
es ofperturbation data and strip widths, as in Remarks 3.5, 4.5, and the proofs of independen
eof quilted Floer 
ohomology and relative quilt invariants in [20, 19℄.
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omposition in the Weinstein-Floer 2-
ategoryFloer#� agrees with the geometri
 de�nition, in the 
ase that geometri
 
omposition issmooth, embedded, and monotone.Theorem 8.6. The map M0 7! Don#(M0) and the fun
torsDon#(M0;M1)! Fun(Don#(M0);Don#(M1))as in Proposition 7.2 de�ne a 
ategori�
ation 2-fun
tor Floer#� ! Cat for every � � 0.Proof. Compatibility with the 
omposition follows from the identity (10). The weak identi-ties �M 2 Hom(M;M) are mapped to weak identities �(�) ' 1Don#(M) by Corollary 5.12.Here the shift fun
tor 	M is the identity sin
e w2(M) = 0. �Remark 8.7. (a) For any genuinely monotone symple
ti
 manifold (i.e. with � > 0) we
an a
hieve � = 1 by res
aling. It thus suÆ
es to 
onsider the exa
t Weinstein-Floer 2-
ategory Floer#0 and the monotone Weinstein-Floer 2-
ategory Floer#1 . Notehowever that we 
annot in
orporate Lagrangian 
orresponden
es between monotonesymple
ti
 manifolds with di�erent monotoni
ity 
onstants. This is due to bubblinge�e
ts whi
h in our present setup are true obstru
tions to the equivalen
e of algebrai

omposition L01#L12 and embedded geometri
 
omposition L01 Æ L12. We expe
tthat the A1-setup, in
orporating all bubbling e�e
ts, has better behavior.(b) One 
an de�ne an analogous graded Weinstein-Floer 2-
ategory Floer#N;� for any� � 0 and integer N , whose obje
ts are monotone symple
ti
 manifolds with theadditional stru
ture of a Maslov 
over LagN (M)!M . Its 1-morphisms are gradedgeneralized Lagrangian 
orresponden
es, and its 2-morphism spa
es are the gradedFloer 
ohomology groups.Remark 8.8. (a) One 
an de�ne a strong identity 1M 2 Hom(M;M) by allowing theempty sequen
e 1M := ; as a generalized Lagrangian 
orresponden
e. The various
onstru
tions in this Se
tion extend to the 
ase of empty sequen
es by allowing
ylindri
al ends.(b) In the 
ase w2(M) 6= 0, the diagonal is not an automorphism but a morphism�M 2 Hom((M; b); (M; b � w2(M))), see Remark 5.11. Hen
eL#�M 2 Hom((M1; b1); (M; b � w2(M))); L 2 Hom((M1; b1); (M; b))lie in di�erent morphism spa
es that are not related by a simple shift in the ba
k-ground 
lass. However, the 
ategori�
ation fun
tor in Theorem 8.6 generalizes di-re
tly to this setup as follows. The fun
tor maps the spe
ial Floer#� 1-morphisms�M 2 Don#((M; b); (M; b�w2(M)) to Cat 1-morphisms that are isomorphi
 to theshift fun
tors 	M 2 Fun(Don#(M; b);Don#(M; b� w2(M))).(
) One 
an make the diagonal a strong identity by modding out by the equivalen
erelation dis
ussed Se
tion 2. Let Brane#� denote the 2-
ategory whose obje
ts and 1-morphisms are those of Floer#� , modulo the equivalen
e relation L01#L12 � L01ÆL12for embedded 
ompositions as in Se
tion 2, and whose 2-morphisms are de�ned asfollows. Given a pair [L01℄; [L001℄ of 1-morphisms from M0 to M1, de�ne the spa
e of2-morphisms Hom([L01℄; [L001℄) by Hom([L01℄; [L001℄) = HF (L01; L001) for some 
hoi
eof representatives L01; L001. De�ne 
omposition by 
on
atenation #, as in (9). Theequivalen
e 
lasses of the diagonal [�M ℄ de�ne true identities in 
ase w2(M) = 0.Our main result, Theorem 5.5, implies that Brane#� is independent of the 
hoi
e of
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ategories. Theorem 7.4 implies that the
ategori�
ation 2-fun
tor of Theorem 8.6 indu
es a 2-fun
tor Brane#� ! Cat to the2-
ategory of 
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