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ABSTRACT. We begin the analysis of connected simple K*-groups of finite Morley rank and odd
type having Priifer 2-rank 2 and 2-rank at least 3. More generally, we consider certain simple
L*-groups of odd type; degenerate type simple sections are allowed, but their definable auto-
morphism groups are restricted. The present paper analyzes algebraic components in centralizers
of involutions, isolating the expected configurations involving components that woujld be en-
countered in groups of type PSp, or G2, namely SLs % SLo and possibly PSLs. The recognition
problem (via verification of BN-pair axioms) will be discussed subsequently. At that point one
exotic configuration appears in the case of Gg which can be eliminated in the context of finite
simple group theory but which has not been eliminated in the finite Morley rank context.

In the general L* context the so-called uniqueness case presents additional difficulties, but
in the present case, as 2-rank is assumed to be greater than Priifer rank, the uniqueness case is
eliminated by prior work.
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1. INTRODUCTION

1.1. The Algebraicity Conjecture(s). The Algebraicity Conjecture
for simple groups of finite Morley rank states that connected simple
groups of finite Morley rank are simple algebraic groups over alge-
braically closed fields.

The Sylow 2-subgroup in a group G of finite Morley rank has a
subgroup of finite index of the form

UxT

with U definable, connected, of finite exponent, and T a divisible
abelian 2-group. The group G is said to have even, odd, mixed or
degenerate type according as T’ is trivial, or U is trivial, or neither is
trivial, or both are, respectively. Odd type includes algebraic groups
over algebraically closed fields of any characteristic other than 2, in-
cluding characteristic 0. The classification by type is independent of
the choice of Sylow 2-subgroup, as they are conjugate.

This four-way division into types gives us four versions of the Alge-
braicity Conjecture which may appear to be inextricably interlinked,
but this is misleading. The even and mixed type cases have been re-
solved, independently of the other two types.

Even & Mized Type Theorem (JABCOS]). There are no connected sim-
ple groups of finite Morley and mixed type. Those of even type are
algebraic; more precisely, they are Chevalley groups over algebraically
closed fields of characteristic 2.

The case of degenerate type represents both the most doubtful and
the most difficult portion of the conjecture. However, a mix of methods
from finite group theory (both the theory of finite simple groups, and
black box group theory) with model theoretic ideas of a more geometric
character suffices to prove the following, which we will find useful here,
even though our focus will be on groups of odd type.
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Degenerate Type Theorem ([BBCOT]). A connected group of finite Mor-
ley rank and degenerate type has trivial Sylow 2-subgroup.

In other words, any connected group of finite Morley rank which
contains an involution has an infinite Sylow 2-subgroup.

The case of odd type can be approached by methods closely parallel
to methods used in finite simple group theory, but does lead back to
difficult problems in degenerate type. One of our concerns has been
to separate the difficulties which may be viewed as inherited from the
degenerate case from those specific to the analysis in odd type.

We are concerned accordingly with the following.

Odd Type Algebraicity Conjecture. A connected simple group of finite
Morley rank of odd type is a Chevalley group over an algebraically
closed field of characteristic other than 2.

If one combines this conjecture with the known results it can also
be put in the following form.

Non-Degenerate Type Algebraicity Conjecture. A connected simple group
of finite Morley rank which contains an involution is a Chevalley group
over an algebraically closed field.

1.2. Inductive strategies. The analysis of groups of finite Morley
rank is inductive, or bottom-up, but really divides into three somewhat
independent layers—thin, quasi-thin, and generic type (i.e., tiny, small,
and typical)—each with their own particular techniques. In terms of
the Algebraicity Conjecture these layers should correspond to Lie ranks
1, 2, or above.

Whichever layer one considers, one typically assumes that the group
under consideration is a minimal counterexample to the Algebraicity
Conjecture. That is, one works inductively. But it is desirable to re-
strict this induction hypothesis in a way which clarifies what is actually
required for the inductive argument, and which disentangles the var-
ious portions of the Algebraicity Conjecture as far as is possible. It
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is this approach which led to an unconditional proof of the Even and
Mixed Type conjectures without first dealing with the caae of degen-
erate type.

In the odd type case, a similar approach throws into relief what
the salient problems are for groups of degenerate type, and possibly
some other groups of Priifer rank 1, with regard to the Algebraicity
Conjecture for groups with involutions.

Building on a sequence of results of increasing generality, the fol-
lowing was shown in [BC22a].

High Prifer Rank Theorem. Let G be a simple group of finite Morley
rank of odd type with Priifer 2-rank at least three. Then one of the
following applies.

(1) G is a Chevalley group over an algebraically closed field of char-
acteristic other than 2.

(2) G has a proper definable strongly embedded subgroup.

(3) G has a definable simple section of odd type which is non-
algebraic and has Priifer rank at most 2.

(4) G has a definable simple section of degenerate type on which
some definable section of GG of odd type acts faithfully as a group
of automorphisms.

Note that in the last case, the section which acts faithfully can be
supposed to be the definable hull of a nontrivial 2-torus.

In the K* case, where all proper definable connected simple sections
are assumed to be algebraic, it is known that one can eliminate the
second alternative, and for that step it would suffice to have Priifer
rank at least 2.

To put this in an inductive setting, we assume that proper defin-
able connected simple sections with involutions are algebraic, which
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eliminates the third alternative, and that any definable automorphism
groups of connected simple sections of degenerate type are themselves
of degenerate type, which eliminates the last alternative; but we allow
simple definable sections of degenerate type. The High Priifer Rank
Theorem gives either an identification or a configuration of “unique-
ness type” that calls for further analysis. One knows in this uniqueness
case that Prifer 2-rank and ordinary 2-rank agree, which is already
somewhat pathological.

We continue here, and in subsequent papers, to analyze the situa-
tion in Prifer 2-rank 2 and 2-rank at least 3, under similar inductive
hypotheses. The restriction on automorphism groups of simple sections
of degenerate type is denoted NTA,, which is intended to suggest the
phrase “no 2-toral automorphisms.” A similar restriction on infinite el-
ementary abelian 2-groups acting faithfully on degenerate type groups
is known as Altinel’s lemma and was the starting point for the success-
ful analysis of groups of even and mixed type—where it is a lemma,
rather than an assumption.

1.3. The target theorem. We aim ultimately at the following result,
in which the terms “L* group” and “NTA,” refer to our inductive hy-
potheses on simple sections of odd type, or on automorphism groups of
simple sections of degenerate type, respectively (Definition [2.1]). Since
the proof is not given in this paper we treat this as a conjecture here.

Conjecture 1. Let G be a connected simple L* group of finite Morley
rank of odd type satisfying the condition NTAs, with Prifer 2-rank 2
and

Then either G is a simple Chevalley group over an algebraically closed
field (PSpy or Gi), or G has 2-rank 3 and involves a configuration
known from finite simple group theory, associated with groups of type
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Gs in characteristic 3, but with the wrong Borel subgroup (normalizer
of a Sylow 3-subgroup),

We intend to give our analysis in three parts. The first part, compo-
nent analysis, will be given here. This part is lengthy and troublesome,
and involves a number of special cases which do not arise in nature and
must be eliminated. We were able to bypass this kind of detailed anal-
ysis in the case of higher Priifer rank by very general considerations.

With the analysis of the present paper in hand, one can prove a
recognition theorem for PSp,, corresponding to the case of Priifer rank
2 and 2-rank at least 4 [BC22b]. In the case of Priifer rank 2 and 2-rank
3 the target group is G. Here one gets either the desired identification
or a rather specific configuration encountered also in the finite case,
involving a base field of characteristic 3 [BC22c]|. In the finite case
the corresponding configuration is eliminated by character theoretic
arguments.

The method of proof of the analog of Conjecture (1| in the case
of higher Priifer rank (where however there is also an unresolved case
involving strongly embedding, when the Sylow 2-subgroup is a 2-torus)
is to aim at a form of the Curtis-Tits theorem, involving generation
by root SLo-subgroups. That approach requires having some control of
Lie rank 2 subgroups a priori and is not appropriate here.

In Prifer rank 2 we aim at a direct construction of a BN-pair, once
the necessary component analysis is in hand, and then apply results
of Kramer, Tent, and van Maldeghem to identify the group. To verify
that the expected (B, N)-pair has the desired properties, we first verify
that the Weyl group has the expected structure, and then examine its
action on root groups, reaching a qualitative approximation to the
Chevalley commutator formula holds for positive roots, after which
the appropriate properties follow.

As far as the pathological configuration arising in the Go analysis
is concerned, while number of finite group theoretic arguments based
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on character theory have been successfully replaced in the context of
groups of finite Morley rank by structural analyses, using for example
the fact that any definable infinite field will be algebraically closed, the
particular configuration that arises appears to be challenging, even in
the setting of K* groups.

Conjecture [1] leaves the case of Priifer rank 2 and 2-rank 2 entirely
open. Conjecturally of course this should correspond to groups of type
PSL3 but this is not part of what we are aiming at.

1.4. Component analysis. As in finite group theory the analysis in
groups of sufficiently high 2-rank begins with an examination of the
groups E(Cg(7)) for involutions 4, which in our context shifts to the
subgroup FE,,(Cg (7)), which is the product of the algebraic compo-
nents. In favorable cases this analysis is handled largely by signalizer
functor theory.

Along the way, some delicate points arise which call for the use of
unipotence theory in the finite Morley rank context. The general theory
was already given in [BC22a] at a level of generality that allows for
some applications in our current setting (Priifer rank 2, 2-rank at least
3). Up to a point this treatment is fairly uniform, but in Priifer rank
at least 3 there comes a point at which one can study the interaction
of subgroups of type (P)SL, by reduction to the case of Priifer rank 2.

In Priifer rank 2 we cannot escape a close examination of the various
pathological cases which may arise in theory. We aim at the following,
where part of the analysis involves a subgroup FEg¢ of Ey, which is
particularly well-behaved.

Theorem 1.1. Let G be a connected simple L* group of finite Morley
rank of odd type satisfying the condition NTAs, with Prifer 2-rank 2
and
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Then there are at most two conjugacy classes of involutions, and
one of the following applies.

(1)

(2)

There are two conjugacy classes of involutions.

Then the 2-rank of G is 4; one conjugacy class of involutions
satisfies Eg(Cq(i)) = PSLy, and the other satisfies E¢(Cg(i)) =
SLo %9 SLo, with the same base field in all components; the two
components of SLg x9 SLo are conjugate, and the Sylow 2-subgroup
15 as in PSpy.

There is one conjugacy class of involutions, and these satisfy
Euy(Cq(i)JOFCq(1)) = SLg %9 SLo

(not necessarily over the same base field).

More precisely, if L is a component of Cq(i), then L is of type
SLy, Cq(i) = L+2Cq(L), and Equy(Ca(L)/OFCq(L)) is of type
SLs.

Furthermore, Cg(7) is connected and contains a Sylow 2-subgroup

of G, isomorphic to that of SLo*oSLy (in characteristic other
than 2).

In the finite case, there are three configurations involving an involu-
tion for which E(C(7)) is of type SLy %3 SLo, treated in [FWG69, [Fon70]:
the configuration in which the components are conjugate, correspond-
ing to PSp,, the configuration where they are normal in the centralizer
of the involution but the base fields are isomorphic, corresponding to
Go, and a third configuration where the base fields are different, cor-
responding to the twisted group 3D,. In Theorem our first case
lies squarely on the road to PSp, while our second case points in the
general direction of Go, though at this point in the analysis one branch
which has properties reminiscent of both PSp, and Gy remains to be
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eliminated, while the other branch allows for possibilities reminiscent
of 3D4.

We carry the analysis a little further (by much the same kind of
argumentation) to describe the configurations more precisely.

Theorem 1.2. Let G' be a connected simple L* group of finite Morley
rank of odd type satisfying the condition NTAs, with Prifer 2-rank 2
and

mg(G) > 3.

Then there are at most two conjugacy classes of involutions, and
one of the following applies.

(1) There are two conjugacy classes of involutions.

Then the 2-rank of G is 4; and the Sylow 2-subgroup s as in
PSp4

One conjugacy class of involutions satisfies
Ce(i) ~ PSLa(k) x k™,
and the other satisfies
Ca(i) = SLa(k) #2 SLa(k),

with the two components of SLo(k) xo SLo(k) congugate (and all
three base fields the same in the sense that they are definably
isomorphic).

In this case, for 1 an SLo-involution, 1 will be the only SLs-
involution in C&(7).

Furthermore the following are equivalent for involutions t.

(a) t is a PSLa-involution.
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(b) t lies in a component of a PSLy-involution.

(c) t lies in a subgroup of G of type PSLs.

For t a PSLy-involution, and Ly = FEu,(Cgq(t)), the involu-
tions of Cga(t) are those of L (t). Those in L U{t} are PSLy-
tnvolutions, and the rest are SLao-involutions.

There is one conjugacy class of involutions, and these satisfy
C(;(Z> = SLQ(kl) *9 SLQ(kQ)

where the base fields ky, ko have the same characterstic. Further-
more, in characteristic zero, we have

ro(kr') = To(ky)

in the sense of characteristic zero unipotence theory (

Furthermore, Cg(i) is connected and contains a Sylow 2-subgroup
of G, isomorphic to that of Slo*oSlo (in characteristic other
than 2).
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2. GENERAL BACKGROUND

Here we collect useful material on a variety of topics. We do not
go into the history or the origins of the material, but we aim to give
reasonably accessible sources for the material in the form it is applied
here.

2.1. L-groups, D-groups, NTA,.

Definition 2.1. Let GG be a group G of finite Morley rank.

1. If G is of odd type, then it is an L-group in the odd type sense
if every definable simple section of odd type is a Chevalley group over
an algebraically closed field of characteristic other than 2, and it is
an L*-group in the odd type sense if the same applies to every proper
definable simple section of odd type.

2. G satisfies the condition NTA, if every definable section of G
which acts faithfully on a definable simple section of G of degenerate
type is itself of degenerate type.

3. The group G is a D-group if every definable connected simple
section has degenerate type (and hence contains no involutions), and
G is a D*-group if the same applies to its proper definable connected
simple sections.

Notation 2.2. If GG is a group of finite Morley rank, we will write
O(G)

for the largest definable normal connected subgroup without involu-
tions.

There are two points to note here: the connectedness requirement,
and the absence of any requirement of solvability. On the other hand,
we write o(G) and F(G) for the solvable radical and Fitting subgroup
of G, and then ¢°(G), F°(G) for the respective connected components.
We also write O7(G) for Oo(G).
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Fact 2.3 ( [BCOS, Lemma 1.15]). The Sylow 2-subgroup of a connected
D-group G of finite Morley rank is connected.

Fact 2.4 ([BC224, Lemma 2.29)). Let G be a connected group of finite
Morley rank. Then

G, 0°(G)] < F*(G).

Definition 2.5. Let H be a group of finite Morley rank.
Then U(H) denotes the largest connected definable nilpotent nor-
mal subgroup of H whose torsion subgroup has bounded exponent.

In particular we will have U(H) = B * [[, Up,(U(H)) with B the
torsion subgroup of U(H).

Fact 2.6 ([BC22al, Proposition 3.10]). Let H be a connected L-group of
finite Morley rank and odd type satisfying the condition NTA,. Suppose
that

UF(H) < Z(H).

Then

H = E(H) « K where K is connected with
K/Z°(K) of degenerate type.

In particular, the Sylow 2-subgroup of K is central in H.

Fact 2.7 ([BC22a, Lemma 3.11}). Let H be a connected L-group of fi-
nite Morley rank and odd type satisfying NTAy and let H = H/OF(H).
Then OF(H) < Z(H). Hence
H = E,,(H) x K where K is connected and
K/Z°(K) has degenerate type.
Fact 2.8 ([BC22a, Lemma 3.12)). Let H be a connected D-group of

finite Morley rank and odd type satisfying NTAy. Then H/UF(H) has
a unique, central, Sylow 2-subgroup.
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2.2. Torsion.

Fact 2.9 ([BN94, Ex. 11 p. 93; Ex. 13c p. 72]). Let H be a definable
normal subgroup of G. If v € G is an element such thatx € G/H is a p-
element for some prime p, then xH contains a p-element. Furthermore,
if H and G/H are p*-groups, then G is a p*-group.

Definition 2.10. For 7 a set of primes, a w-torus is a divisible abelian

m-group. We write II for the set of all primes, so that a II-torus is a
maximal divisible abelian torsion group.

Fact 2.11 ([Che05]). Let G be a group of finite Morley rank. Then any
two mazximal I1-tori of G' are conjugate.

For the most part one applies the following with p = 2 and with
the group of odd type, to conclude that all involutions lie in a 2-torus.

Fact 2.12 ([BC0O9, Theorem 3]). Let G be a connected group of finite
Morley rank and odd type, w a set of primes. Then any w-element a in
G such that Cg(a) contains no non-trivial w-unipotent subgroup lies in
some m-torus of G.

Fact 2.13 ([ABOS, Theorem 1)). If G is a connected group of finite
Morley rank and T is a p-torus of G, then Cg(T) is connected.

Fact 2.14 (J[ABCO8, Thm. 1.6.4]). Let G be a group of finite Morley
rank, S the connected component of a Sylow 2-subgroup with mazximal
2-torus T'. Then N(T') controls fusion in S.

We are interested in the case of odd type: so here, S =1T.

Definition 2.15. A good torus in a group of finite Morley rank is a
connected definable divisible abelian subgroup such that every defin-
able subgroup is the definable hull of its torsion subgroup.

A decent torus is the definable hull of a II-torus.

Fact 2.16 ([Wag03], cf. [ABCOS, Prop. 1.4.20]). If k is a field of finite

Morley rank and non-zero characteristic, then the multiplicative group
k™ is a good torus.
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From the general theory connected with this notion we quote the
following.

Fact 2.17 ([ABCO8, Cor. 1.4.22]). Let G be a group of finite Morley
rank, and T a connected definable subgroup of a finite product of good
tori. Then T 1s a good torus.

It is also clear that a definable quotient of a good torus is a good
torus.

Fact 2.18 ([Fré06b, Lemma 3.1)). Let G be a group of finite Morley
rank, N a definable normal subgroup of G, and T a maximal decent
torus of G. Then TN/N is a mazimal decent torus of G/N, and every
maximal decent torus of G/N has this form.

Fact 2.19 ([ABCO08, Lemma 8.3]). Let G be a connected solvable group
of finite Morley rank. Then G/F°(G) is divisible abelian.

The following may be checked most simply in the Tate module
associated with a 2-torus.

Fact 2.20 ([BCO8|, Lemma 1.6]). Let T' be a nontrivial 2-torus, and let
i be an involution acting on T . Then either i inverts T, or Cp(i) is
infinite.

Definition 2.21. There are various useful definitions of Weyl group.
Here we use the one used in [BCO9]: W = Ng(T)/Cq(T) with T a
maximal [I-torus (bearing in mind Fact [2.13]).

Fact 2.22 ([BC09, Theorem 5]). Let G be a connected group of finite
Morley rank. Suppose the Weyl group is nontrivial and has odd order,
with p the smallest prime divisor of its order. Then G contains a p-
unipotent subgroup.

2.3. Unipotence theory. We use the notation Uy, (H) for the sub-
group generated by (0, r)-unipotent subgroups in the sense introduced
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in [Bur04b]. The theory is reviewed in some detail in [BC22al, §2.4].
Here we give a bit of the intuition and recall some useful properties.

In the first place, we have the classical theory of p-unipotent sub-
groups of a group H of finite Morley rank, for p a prime. These are
by definition connected definable solvable p-subgroups. Any such are
in fact nilpotent. One defines U,(H ) as the subgroup generated by the
p-unipotent subgroups. If H is solvable then U,(H) is nilpotent and
hence lies in F°(H). On the other hand if H is a quasi-simple algebraic
group then U,(H) = 1 unless the characteristic of the base field is p,
in which case U,(H) = H.

The theory of p-unipotent subgroups will be useful here, but we
require an extension to the “prime” 0. In this case, rather than a notion
of O-unipotence, we will have a graded notion of (0, r)-unipotence for
r > 0, and a corresponding subgroup Uj,(H). While these notions
are not directly comparable, the general sense is that for larger r the
(0, r)-unipotent subgroups become “more” unipotent. In particular,
we attach particular importance to the parameter to(H) defined as the
largest value r for which Uy .(G) > 1 (and To(H ) = 0 if there is no such
r).

One subtlety not encountered for ordinary primes p is that in prin-
ciple a Uy ,~unipotent subgroup may contain a Uy ;-unipotent subgroup
with s # r; when this does not occur, the U ,-unipotent subgroup in
question is called homogeneous.

We have the following formal properties.

Fact 2.23 ([Bur09, Lemma 2.11)). Let f : G :— H be a definable
homomorphism between two groups of finite Morley rank. Then

(1) (Push-forward) f[Uq(G)] < U(H) is a U,y -group.

(2) (Pull-back) If U,y (H) < f[G] then f[Ugo,(G)] = Ugg,r(H).

More substantively, we have useful analogs of facts about p-unipotence.
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Fact 2.24 ([Bur09, Theorem 2.16]). Let G be a connected solvable
group of finite Morley rank, for which Uy, (G) is nontrivial for some r.
Then UO’TO(G)(G) < F(G).

Fact 2.25 ( [Bur0O4al, Thm. 2.31]; [Bur06, Cor. 3.6]; cf. [BN94, Thm. 6.8,
6.9]). Let Q) be a nilpotent group of finite Morley rank. Then Q) = BxD
is a central product of definable characteristic subgroups B, D < @
where B 1s connected of bounded exponent and D is divisible.

Let T be the torsion part of D. Then we have decompositions of D
and B into central products as follows.

B = UQ(G) X Ug(G) X U5(G) Xovee
D = d(T)* Up1(G) * Uy 2(G) * - - -

with T a II-torus.

We will only be interested in groups of odd or degenerate type, so
in practice the term Us(Q) wii be trivial and B < O(Q). On the other
hand it is not so clear what the intersections of the various factors in the
decomposition of D will be, as the factors need not be homogeneous.

Fact 2.26 ([Bur06, Corollary 4.6]). Let G = HT be a group of finite
Morley rank, with H and T definable and nilpotent, and H<1G. Suppose
that T is a Uy ,-group for some r > To(H). Then G is nilpotent.

In particular, if r > To(H) then T centralizes H.

(For the final statement, apply Fact [2.25])
We have noted that a failure of homogeneity may cause complica-
tions. In that regard the following is helpful.

Fact 2.27 ([Fré06a, Thm. 4.11)). Let G be a connected group of finite
Morley rank acting definably on a nilpotent group H with H = Uy (H).
Then |G, H] is a definable homogeneous Uy -group.

What follows is intended to be helpful in some extreme cases in the
study of L-groups.
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Definition 2.28. We say that a group has abelian Borels if all of its
definable connected solvable subgroups are abelian.

Lemma 2.29. Let G be a connected group of finite Morley rank with
abelian Borels.
Then the following hold.

(1) The Borel subgroups of G are conjugate.
(2) G is generated by its definable connected solvable subgroups.
(3) 0°(G) = 2°(G).

Proof.

Ad 1. We argue by induction on the rank of G. If ¢(G) is infinite
we may factor it out and conclude at once, while if o(G) is finite it
is contained in the center and we may in any case factor it out and
suppose that o(G) = 1, and in particular Z(G) = 1.

By rank computations, if By, By are Borel subgroups then the union
of their conjugates is generic in GG. Therefore we may suppose B; meets
Bs nontrivially. Taking a # 1 in the intersection, we may replace G by
Cé(a)/(By N By), and conclude by induction on rank.

Ad 2,3.

Let H be the subgroup of GG generated by its definable connected
solvable subgroups. If B is a definable connected solvable subgroup of
G then so is 0°(G)B and hence B centralizes 0°(G). It follows that

0°(G) = Z°(H)

Furthermore, by a Frattini argument, with B a Borel subgroup of
G, we have G = HN°(B). If G > H then N°(B) > B and hence there
is an infinite abelian subgroup A of N°(B)/B. But then the preimage
A is definable connected solvable subgroup of G and we arrive at a
contradiction.
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So G = H and both (2) and (3) follow,
[

Lemma 2.30. Let G be a connected group of finite Morley rank with
abelian Borels.

Suppose that G has a definable faithful action on a torsion-free
abelian group V. Then the following hold.

(1) Uy(G) =1 for all primes p.
(2) Every element of G belongs to a Borel subgroup.

(3) If G is of degenerate type then every Borel subgroup of G is
self-normalizing.

(4) The inverse image of E(G/o(G)) in G is the central product
o(G) x E(G). In particular, if G is nonabelian then E(G) > 1.

Proof.

Ad 1. Uy(G) =1 for all primes p.
Suppose that U < G is p-unipotent. Then U commutes with V.
But the action is assumed faithful.

Ad 2. Tt suffices to show that every non-trivial element a of G lies
in a non-trivial connected definable abelian subgroup. We proceed by
induction on the rank of G.

If d(a) is connected then we are done so suppose d(a) = C x d°(a)
with C' finite and cyclic and write a = aca’ with a¢ € C, a' € d°(a).

By Fact ac is contained in a Il-torus T,. Thus ac € C&(ac).
As d°(a) < C@(ac) we have a € Cg(ac). If ac is not central in G we
can conclude by induction.

If ac is central in GG then it lies in every maximal II-torus of G.
Hence ac¢ lies in every Borel subgroup. but d°(a) lies in some Borel
subgroup, so a lies in some Borel subgroup.

This proves (2).
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Ad 3. With T" a maximal Il-torus and B a Borel subgroup containing
T, we have N(B)NC(T) = N(B)NC°(T) = B and hence N(B)/B
embeds into N(T')//T.

But in view of Fact this group is trivial. This proves (3).

Ad4.As 0°(G) = Z°(@G), the inverse image in G of G/0°(G) is Z°(G)E(G).
Also E(G) centralizes o(G)/0°(G), so E(G) centralizes o(G). ]

2.4. Co-prime actions.

Fact 2.31 ([ABC99, Prop. 2.43|, [ABC08, Prop. 1.9.12]). Let G =
H xT be a group of finite Morley rank, QQ < H, and 7 a set of primes,
such that QQ, H, and T are definable and

(1) Q@ and T are solvable;
(2) T is a w-group of bounded exponent;
(3) Q is a T-invariant T*-subgroup.
Then
CajalT) = CulT)Q/Q

Fact 2.32 ([ABCO8, 1.10.4]). Let G be a group of finite Morley rank
without involutions, and o a definable involutory automorphism of G.
Then

G = Cgla) x G~

(i.e., the multiplication map from right to left is bijective) where G~ is
the subset tnverted by .

Lemma 2.33. Let H be a connected D-group of finite Morley rank and
odd type satisfying NTAy. Let T be a Sylow 2-subgroup of H. Then

H=UF(H) Cy(T).
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Proof. Cg(T) = Cu(A) for some finite 2-subgroup A < T.
Apply Fact2.§to H and Fact[2.31] to HxA. Taking H = H/UF(H),
we have

H = Cp(A) = Cu(A) = Cy(T),
and the lemma follows. ]

Fact 2.34 ([ABCCO03|, [Bur09, Lemma 3.5]). Let G be a connected
solvable p*-group of finite Morley rank, and let P be a finite p-group
of definable automorphisms of G. Then Cg(P) is connected.

If in addition G is a nilpotent Uy ,.-group then Cg(P) is a (0,7)-
unipotent group.

The following is a variation on [BN94, Prop. 13.4] (a simple bad
group has no definable involutive automorphism).

Fact 2.35. Let G be a connected group of finite Morley rank of de-
generate type, and let o be an involutive automorphism of G. Then

U Ca(a)® is disjoint from G~ \ {1}, where G~ ={z € G | 2* = 27 '}.

Proof. By Theorem [I.1, G has no involutions. By Fact we have
G = Cg(Oz)G_.
Suppose g € G and z € G~ N Cg(a)?. We may take g € G™. So
29 = (29 ) = (2*)
_= gj_

i .

=

Thus ¢* € C(z), but g € d({g*)), so also g € C(z). Thus 2 = z,
r =1 [

Fact 2.36 ([ABCOS, Prop. I1 11.7]). Let H be a connected solvable w-
group of finite Morley rank acting faithfully and definably on a nilpotent
m-group V' of bounded exponent. Then H is a good torus.
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2.5. Generic subsets.

Fact 2.37 ([BBCO7, Lemma 4.1]). Let G be a group of finite Morley
rank, H a definable subgroup of G, and X a definable subset of G.
Suppose that

k(X \ | X9) > rk(H)
g¢H
Then tk(lJ X%) = 1k(G).

Fact 2.38 ([BC09, Thm. 1 (1,2)]). Let G be a connected group of finite
Morley rank, p a prime, and let a be a generic element of G. Then

(1) the element a commutes with a unique mazimal p-torus T, of

G, and
(2) the definable hull d({a)) contains T,.

2.6. The Uniqueness Case.

Fact 2.39 ([BCO8, Lemma 6.2]). Let G be a simple L*-group of finite
Morley rank and odd type, with pry(G) > 2. Suppose that G has a
strongly embedded subgroup M.

Then M is a D-group, and hence its Sylow 2-subgroups of G are
connected.

The second point is found in Fact [2.3]

Corollary 2.40. Let G be a simple L*-group of finite Morley rank and
odd type with

pry(G) = 2; ma(G) > 3.

Then G has no proper definable strongly embedded subgroup.

This gives a useful generation result.
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Definition 2.41. Let G be a group of finite Morley rank, and V' a
subgroup (in practice, an elementary abelian 2-subgroup with my (V') >
2). We set

Ty =(Co(U) : ULV, [V:U =2).

Fact 2.42 ([BCO8, Thm. 4.3]). Let G be a connected simple L*-group
of finite Morley rank and odd type with

Suppose that Ty (G) < G for some elementary abelian 2-subgroup V' of
rank 2. Then the normalizer

N(Tv(G))

18 a strongly embedded subgroup.

Corollary 2.43. Let G be a simple L*-group of finite Morley rank and
odd type with

pry(G) = 2; me(G) > 3.
Then for any elementary abelian 2-subgroup V' of rank 2 we have
I'v =G.

The following result is similar, but it has a more elementary char-
acter, as it concerns L-groups rather than L*-groups.

Fact 2.44 ([BCO8, Theorem 2.1]). Let G be a connected L-group of
finite Morley rank and odd type. Let V' be an elementary abelian 2-

group of rank 2 acting definably on G.
Then T'y = G.
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2.7. Algebraic groups. A key tool in our program is the fact that
a group of finite Morley rank acting faithfully as a group of automor-
phisms of a quasi-simple algebraic group must itself be algebraic.
Given a quasi-simple algebraic group G, a maximal torus T of G,
and a Borel subgroup B of G which contains 7', we define the group
I' of graph automorphisms associated to T" and B to be the group of
algebraic automorphisms of G which normalize both 7" and B.

Fact 2.45 ([BN94, Theorem 8.4]). Let G x H be a group of finite
Morley rank where G and H are definable, G an infinite quasi-stmple
algebraic group over an algebraically closed field, and Cy(G) is trivial.
Then, viewing H as a subgroup of Aut(G), we have H < Inn(G)T’
where Inn(G) is the group of inner automorphisms of G and I is the
group of graph automorphisms of G, relative to a fized choice of Borel
subgroup B and maximal torus T" contained in B.

An algebraic group is said to be reductive if it has no unipotent rad-
ical. Such a group is a central product of semisimple algebraic groups
and algebraic tori. The centralizer of an involution in a reductive alge-
braic group over a field of characteristic # 2 is itself reductive.

Fact 2.46 ([Ste68, Theorem 8.1]). Let G be a quasisimple algebraic
group over an algebraically closed field. Let ¢ be an algebraic automor-
phism of G whose order is finite and relatively prime to the character-
istic of the field. Then Cg(¢) is nontrivial and reductive.

Proof. We shall replace G by its universal central extension, so our
original group is now G = G/Q for some Q < Z(G). We also replace
¢ by an automorphism of our new G, which exists say by Fact [2.45]
There is a homomorphism Cg(¢ mod Q) — @ given by x — [¢, x]. As
() is finite, ¢ centralizes Cg&(¢ mod Q). So it suffices to prove the result
for our GG which is its own universal central extension.

Since ¢ is algebraic and has finite order, the group G % (¢) is an
algebraic group which contains ¢ as an inner automorphism. Since the
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order of ¢ is finite and relatively prime to the characteristic, ¢ is a
semisimple automorphism of . So the result follows from Theorem
8.1 of [Ste6S]. O

Lemma 2.47. Let G be a connected group of finite Morley rank andt €
G. Suppose that K <1 C(t) is a definable normal quasisimple algebraic
subgroup of C(t) and t € K.

Then [Cq(t) : Ca(t)] < |T.

Proof. We argue that Cg(t)/Cg(t) < I'. Otherwise, some x € Cg(t) \
C&(t) centralizes K by Fact 2.45

Now z has finite order modulo Cg(t), so by Fact 2.9 we may assume
that = has finite order. As t € Z(K) by hypothesis, t lies inside a
maximal torus 7' of K. As z centralizes K, by Fact we find

z € O(T) = C°(T) < C°(¢). O

Table (1| below contains necessary information about conjugacy classes
of involutory algebraic automorphisms, as well as their centralizers, in
Lie rank one or two quasi-simple groups (see [GLS98|, Table 4.3.1 p. 145
and Table 4.3.3 p. 151]). Note that where there are central involutions
in the group they are not shown, as the corresponding automorphisms
are trivial. Furthermore, in such cases some of the involutory automor-
phisms are represented by elements of order 4 in the group.

Here the second involutory automorphism of Sp, is represented by
an element of order four.

Fact 2.48 ([Poi0ll, Thms. 1,4]). Let k be a field of finite Morley rank
(as usual, in any language) and let G be a definable subgroup of GL,, (k).
Then the following hold.

(1) If the characteristic of k is non-zero and G is simple, then G is
definably isomorphic to an algebraic group.
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G r  zZ i )

SLo 1 Z/2Z inner k*

PSL, 1 1 inner k*

SLs Z/2Z 7/37Z inner Slgxk*
graph PSLs

PSLsy Z/27 1 inner SLg *ok*
graph PSLs

Spy 1 Z/2Z inner SLy x SLy
inner SLo %ok*

PSp, 1 1 inner SLg %9 SLo
inner PSLs xk*

Go 1 1 inner SLs %9 SLo

TABLE 1. Data on Chevalley Groups

(2) If n = 2, then either G is solvable by finite, or G contains

SLa(k).

The following is a useful consequence of the second point.

Corollary 2.49. Let k be a field of finite Morley rank, and Ty, Ty two
nontrivial connected definable subgroups of PSLa(k) not contained in a
single Borel subgroup. Then PSLo(k) is generated by Ty U Th.

Proof. The subgroup generated by 77,75 is connected and definable.
Hence the preimage in SLy(k) is either SLy(k) or solvable and con-
nected. In the latter case its Zariski closure is a solvable group which
is connected in the algebraic sense.

L]
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Lemma 2.50. Let G be an algebraic group of finite Morley rank, T
a torus, and U a definable subgroup of a unipotent group which 1is
normalized by an infinite subgroup of T acting faithfully on U. Then
U is Zariski closed in G.

Proof. We may suppose that U is connected, and proceeding induc-
tively, we may suppose that U is abelian and 7T-minimal. We may
suppose further that the Zariski closure of U is 1-dimensional, and we
come down to the case where U is a subgroup of the additive group of
the base field k£ which is invariant under an infinite subgroup 7" of the
multiplicative group. Then the stabilizer of U under multiplication in
k is an infinite subring of k£, hence is all of k. ]

2.8. Covering groups.

Definition 2.51. Let L be a group of finite Morley rank. A covering
group L* of L is any group of finite Morley rank such that

(1) L*/o°(L*) ~ L.
(2) Any proper definable normal subgroup of L* is solvable.

Lemma 2.52. Let H be a group of finite Morley rank which is a cov-
ering group of a quasi-simple algebraic group L Then o°(H) = F°(H).,

Proof. Let H = H/F°(H). By Fact 2.4 0°(H) is central in H and thus
H has a normal subgroup with quotient L. By the minimality of H,

we find 0°(H) =1 and 0°(H) = F°(H). O

Lemma 2.53. Let H be a group of finite Morley rank of odd type which
1s a covering group of a quasi-simple algebraic group L with base field
k. Then o°(H) = OF(H). Furthermore we have the following.

(1) If k has characteristic p > 0 then OF (H) is a unipotent p-group.
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(2) If k has characteristic O and tk(k) = r then OF(H) is a homo-
geneous (0, r)-unipotent subgroup.

Proof. We know ¢°(H) = F°(H). Let B be the preimage in H of a
Borel subgroup B of H/F°(H). Then U = B’ is a nilpotent group
covering the unipotent radical U of B. Thus U < F(B) and UF°(H)
is nilpotent.

Depending on the characteristic of k£, U is either p-unipotent or
(0, r)-unipotent. If the corresponding subgroup

Up(F°(H)) or U,y (F°(H))

is proper in F°(H), then after factoring out a maximal proper definable
normal subgroup @) of F°(H) containing that subgroup, the action of
U induced by U on the quotient F°(H)/(Q is trivial. This applies to all
unipotent subgroups of L and hence [H, F°(H)] < Q. Therefore @ is
normal in H and F°(H)/Q is normal in the quotient. But then by the
minimality of H we find F°(H) = @, a contradiction. So F°(H) must
in fact reduce to U,(F"°(H)) or Uy, (F°(H)) respectively.

If the characteristic is p > 0 (odd) the proof is complete.

If the charactertistic is zero we have F°(H) = Uq,)(F°(H)). By
Fact the group [H, F°(H)] is a homogeneous Uy ,)-group. Tak-
ing the quotient by this subgroup and applying minimality shows
that F°(H) = [H, I'°(H)] is a homogeneous Uy y-group. In particular
F°(H) = O(H) and we conclude. O

Lemma 2.54. Let H be a group of finite Morley rank and odd type, L
a quasi-sitmple algebraic group, and Ly a definable subgroup of H which
is a covering group of L with OF(Ly) < O(H). With H = H°/O(H),
suppose that H = Ealg(f_[) x K with K a D-group.

Then the normal closure Ly of Ly in H is a covering group of L.

Proof. In H/Z(Eq(H)) the central product decomposition becomes a
direct product and the projection of L to the image of K is a D-group.
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Hence the kernel is not solvable and by minimality it is L. It follows
that L; < Ealg([:I ) and the same appies to Lo, which is a product
of components of Fy,(H). The normal closure of L; in Ly is again a
product of components of E,,(H) and hence is normal in H. Thus this
normal closure in Lo. In other words, the normal closure of L; in Lo
covers L.

Thus O(H) N Ly = 0°(Ly) and Ly/0°(Ls) =~ Lo.

Now suppose N is a proper definable normal subgroup of Ls. Then
N N L; is a proper definable normal subgroup of L, hence lies in
OF(Ly) < O(H). But N is normal in Lo. If L} is the normal closure
of Ly in Lo, then [N, L] < O(H).

But L3 covers Ly, and it follows that N < O(H). Thus N is solvable
and Ly is a covering group of L. ]
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3. SPECIAL TOPICS

We will next bring in some more specialized topics which will come
into play as we encounter particular pathological configurations which
need to be eliminated. Then in we will review the tools developed
in [BC22a] for finding algebraic components in centralizers of involu-
tions, with reference to the particular case of Priifer rank 2. This is
where the main line of our analysis begins.

3.1. Thompson A x B. We give a version of Thompson’s A x B
lemma suitable for our present purposes—it will be applied repeatedly
in §§0]l6l Related results see found in [Suz86, Chap. 4, §1] and [ABCOS,
§1.12].

Lemma 3.1. Let G be a group of finite Morley rank, m a set of primes,
and HK a subgroup with H, K definable. Assume the following.

(1) K normalizes H.

(2) No non-trivial definable quotient of K is definably isomorphic
to a definable section of H.

Then
[Kv [Kv HH - [Kv H]

Proof. We may take G = H x K.

By [ABCO08, Cor. 1.3.29] the groups [K, H] and [K, [K, H]] are de-
finable.

Let N = [K,H|K.

Claim 1. N s the smallest normal subgroup of G for which G/N is
definably isomorphic to a definable section of H.

On one hand, G/N ~ H/|K, H|. On the other hand, if N* « G
and G/N* is isomorphic to a quotient of H, then K < N* and hence
[K,H] < N*.
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Thus the claim holds. In particular N is definably characteristic in
G.

Similarly, Ny = [H, K, K]K is the smallest definable normal sub-
group of N such that N/Nj is definably isomorphic to a definable sec-
tion of H. Hence N; is definably characteristic in /N, and thus normal
in G.

As N; contains K, it follows that Ny = N, and this yields the
claim. [

Lemma 3.2 (Thompson A x B Lemma). Let G be a group of finite
Morley rank. Let U < @) be definable subgroups of G, and T any sub-
group of G. Suppose the following.

(1) Q is nilpotent.
(2) Co(U) < U.
(3) T normalizes Q) and centralizes U.

(4) No non-trivial definable quotient of d(T') is definably isomorphic
to a definable section of Q).

(5) Either d(T) is connected, or U and @ are connected.

Then T centralizes ().
Proof. Let K be the definable hull d(7"). Then Cy(T) = Co(K). We

suppose toward a contradiction that

Q > Co(K).
Claim 1. Without loss of generality, U is normal in Q.

Suppose first that K is connected. Set U; = Cp(K) and Q1 =
Ng(Uy). Then our hypotheses on U and @ apply to U; and @1, in-
cluding ¢); > Ui, this last by the normalizer condition in (). So we
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may replace U, Q by Uy, @)1, and add to our hypotheses the condition
U<Q.

Now suppose that U and @ are connected. Set Uy = Cj(K) and
Q1 = Né(U ). Then our hypotheses on U and ()—including connectedness—
again apply to Uy and ();.

So in either case we may suppose U < Q).

Now we have

K, U],Q] =[1,Q] =1,
[U,Q), K] < [U, K] =1.

By the three subgroups lemma we get
[Q, K], U] = 1.

As Co(U) < U this gives [Q, K| < U and [[Q, K], K] = 1.
By Lemma this gives [@, K] = 1 as required. O

Corollary 3.3. Let G be a group of finite Morley rank, and U, Q, K
definable nilpotent subgroups satisfying the following conditions.

(1)U < Q.

(2) Col) < U.

(3) K normalizes QQ and centralizes U.
(4) K is connected.

(5) Q is a homogeneous Uy .-group.
(6) Uy, (K) centralizes Q.

Then K centralizes ().
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Proof. In view of Fact [2.25] it suffices to prove the result with K re-
placed by its subgroups of the following forms.

(1) Up(K) with p a prime;
(2) Uo,5)(K)/Ugor)(Ugo,5)(K)) for s # r;

(3) the maximal decent torus of K.

These are connected subgroups of K, and none has a definable
quotient definably isomorphic to a definable section of ). So Lemma

applies. O

3.2. Linearization. A general result on linearization of actions of al-
gebraic groups in the finite Morley rank category has been attained
only recently.

Fact 3.4 ([Bor20, Theorem 3]). Let K be an algebraically closed field
of characteristic p > 0 and G the group of points over K of a sim-
ple algebraic group defined over K. Assume that G acts definably and
wrreductbly on an elementary abelian p-group V' of finite Morley rank.
Then V' can be given the structure of a finite dimensional K-vector

space Vi in a manner compatible with the action of G, and G becomes
a Zariski closed subgroup of GL(V).

This result was preceded by very special cases dealing with actions
of SLs in low rank situations, which so far have been adequate for the
applications to identification theorems [CD12]. That state of affairs
actually continues to be the case here. But with the stronger result on
hand one may hope to put it go good use as well—if not for classifica-
tion results, then in the study of permutation groups of finite Morley
rank.

On the other hand what one may call the “characteristic zero”
version is classical, given originally in the superstable context, but we
specialize in various respects, as follows.
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Fact 3.5 ([LW93, Theorem 4]). Suppose that there is an infinite defin-
able set S of automorphisms of the abelian, torsion free group A, such
that A is S-minimal, and the structure (A, S) together with the action
has finite Morley rank. Then there is a subgroup A1 < A and a field
K such that Ay ~ K. definably. Furthermore, S embeds into a matrix
ring over K.

Implicit in this statement is the structure of a K-vector space on

A.

3.3. Around the Z* theorem. The Z* theorem of finite group theory
has no real analog in the finite Morley rank context, as far as is known,
but the following is related, and useful.

Fact 3.6 ([BBCO7, Thm. 6]). Let G be a connected group of finite
Morley rank, S a Sylow 2-subgroup in G, and v € S an tnvolution.
Then either

(1) i is conjugate in G to another involution in S; or
(2) Cq(i) is connected.

Below we will put considerable effort into eliminating specific con-
figurations that would immediately violate the Z*-theorem.

3.4. Algebraic components in centralizers of involutions. For
what follows, we will be making use of the following hypotheses.

Hypothesis 3.7. Let G be a group of finite Morley rank.
We suppose the following.

(1) G is a connected simple L*-group of odd type satisfying the
condition NTA,.

(2) ma(G) > 3.
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(3) G has no proper non-trivial definable strongly embedded sub-
group.

Soon we will focus on the case of Priifer rank 2 (Hypothesis
below) but for the present section this is the right setting.

We are interested now in the existence of algebraic quasi-simple
components in centralizers of involutions. We first state two general
results from [BC22al, and then fill in the relevant definitions.

The main thing to retain from what follows is that the notation €4
refers to a certain set of particularly well=behaved algebraic quasisim-
ple components of centralizers Cg (i) as i varies over the involutions of
an elementary abelian 2-subgroup A. See Definition [3.15 The notation
ms refers to a variant of 2-rank which is introduced in Definition [3.12]

Fact 3.8 ([BC22a, Lemma 2.15]). Let G be a group of finite Mor-
ley rank and odd type. Suppose mo(G) > 3. Then ms5(G) > 3. More
precisely, if U is an elementary abelian 2-group of rank 2 which is con-
tained in a 2-torus, then there is an elementary abelian 2-subgroup A
of 2-rank 3 containing U, and an involution i € 1(U) which is co-toral
with every involution of A.

Fact 3.9 ([BC22a, Lemma 4.17]). Let G be a group of finite Morley
rank satisfying Hypothesis [3.7. Let A < G be an elementary abelian
2-subgroup of 2-rank 8 such that the co-torality graph on I(A) is con-
nected, and let U < A be a subgroup of 2-rank 2 which is contained in
a 2-torus.

Then there is an involution i € U such that C(i) contains a quasi-
simple component belonging to E4. Furthermore, for any quasi-simple
algebraic component L belonging to €4, there is an involution 1 € U
such that L is contained in a product of quasi-simple components be-
longing to &y .

There are two points to clarify here: the co-torality condition, and
the definition of £4.
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Definition 3.10. Let GG be a group of finite Morley rank and 7,5 € G
two involutions. We say that ¢ and j are co-toral if there is a 2-torus
containing both.

For A < (G a subgroup, the co-torality graph on A has as its vertices

the involutions in A, and as its edges the co-toral pairs of involutions
in A.

Fact 3.11 (cf. [BC22al, §2.1]). Let G be a group of finite Morley rank
and odd type, and i,j € I(G). Then the following are equivalent.

(1) i,7 are co-toral.

(2) j € Cel).

Indeed, if j € CZ(7) then by [BC0O9, Thm. 3] one may take maximal
2-tori T;, T; containing i, j respectively, and they are conjugate in Cg(¢)
(e.g., by conjugacy of Sylow 2-subgroups).

For applications of signalizer functor theory the following modified
2-rank is important.

Definition 3.12. The co-toral 2-rank m3(G) is defined as the maximal
2-rank of an elementary abelian 2-subgroup A such that the graph on
I(A) whose edges are the co-toral pairs of involutions in A is connected.

Now we turn to the definition of £4. This makes use of the unipo-
tence theory of , and in particular the parameter vo(H) briefly
recalled there; this is the largest value of r for which H contains a
(0, 7)-unipotent subgroup (or zero).

Definition 3.13. Let H be a group of finite Morley rank.
A component of H is a quasi-simple subnormal subgroup ([BN94,

p. 118 (2)]).
E.y(H) denotes the product of the algebraic components of H°.

Definition 3.14. Let G be a group of finite Morley rank, ¢ an involu-
tion, and A a subgroup of G.
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We set

ro; = To(O7(Ca(i)));
r¢; = max(7o(k™): k the base field of a component

of Euy(Ce(1)/07(Cali)))).
and
ro.4 = max(ro; : ¢ € I(A)); rra=max(ry; : ¢ € 1(A)).

Here the subscript “f” stands for “field.”

Definition 3.15 (The family £4). Let G be a group of finite Morley
rank, H a definable subgroup, and p > 0.

A,(H) denotes the definable subgroup of H generated by all p-
unipotent subgroups with p prime, together with all (0, r)-unipotent
subgroups for r > p (briefly: “all sufficiently unipotent subgroups”).

For A an abelian 2-subgroup of GG, we let £4 denote the family of all
quasi-simple algebraic components of any of the subgroups A, (Cg (7))
as ¢ varies over [(A) and r > ry 4.

This definition is clarified by the following.

Fact 3.16 ([BC22a, Lemma 4.9]). Let L be a quasi-simple algebraic
group of finite Morley rank (in any language), with base field k. Let
r>1.

Then the following are equivalent.

(1) A.(L) > 1.
(2) AT(L) = L.
(3) tk(k) > r, or the characteristic of k is non-zero.

A closely related point of independent interest is the following.
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Fact 3.17 ([BC22a), Cor. 2.26], [Poi87, Cor. 3.3]). Let k be a field of
finite Morley rank and characteristic 0, and ki, k> the additive and
multiplicative groups. Then

To(ky) = rk(k) > 7o(k™)
and ky is a Ug y(r)-group.
The connection with components comes through the following.

Fact 3.18 ([BC22a, Lemma 4.13]). Let G be a group satisfying Hy-
pothesis[3.7. Let i be an involution of G and p =r;q.
Then

Ap(Ca(i)) = Ap(Euy(Ca (1))

is the product of algebraic components of C (i) whose base field k either
has non-zero characteristic or satisfies tk(k) > p.

Note here that there must be some base field for £ for which
1o(k*) = rs¢ and hence rk(k) > rsq, and an involution 7 so that
k occurs as the base field of some algebraic component of the group
C(1)/OFCg(i). In this case the previous fact gives an algebraic com-
ponent of C(i) with the same base field.

Definition 3.19. We may also define &g similarly to £4 (considering
all involutions in G and their centralizers). We write &€ for &g.

One of the points of the various definitions made is to ensure the
following.

Fact 3.20 ([BC22a, Lemma 4.15]). Let G be a group of finite Morley
rank satisfying Hypothesis [3.7. Let A < G be an elementary abelian
2-subgroup of 2-rank 3 such that the co-torality graph on I(A) is con-
nected, and let 1 be an involution of A. Let L be a definable quasi-simple
algebraic subgroup of Cg (i) over a base field which is either of charac-

teristic p or has a multiplicative group of reduced rank ry 4.
Then L is a subgroup of Eg(Cg(1)).
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We record a more technical point which underlies the theory.

Definition 3.21. Let G be a group of finite Morley rank, ¢ an involu-
tion, and A a subgroup of G.
For ¢ € A, and p either a prime or a symbol (0,7), we set

0,(i) = Up(O7(Cal(i)))-
Fact 3.22 ([BC22a, Lemma 4.4]). Let G be an L*-group of finite Mor-

ley rank of odd type, satisfying NTAs.
Let p be either a prime or a symbol (0,r) satisfying the conditions

> > T

Let 1, 3, k be three commuting involutions in G satisfying the follow-
ing conditions.

(1) i and j are co-toral in G (i.e., there is 2-torus T containing i
and 7).

(2) 8,(k) N Ca(j) < 0,(7).
Then

0,(k) N Ceq(i) < 0,(3).

An important consequence of the signalizer functor theory is the
following structural result.

Fact 3.23 ([BC22a, Lemma 4.6]). Let G be a group of finite Mor-
ley rank satisfying Hypothesis [3.7. Let A be an elementary abelian 2-
subgroup of 2-rank 3.

Suppose that the graph on I(A) with edges (i,j) for co-toral pairs
of involutions is a connected graph.

Then for i € I1(A) an involution, we have

U,(O°(Ci(i))) =1 for all primes p;
Upr)(07(Cq(i))) =1 for all v > 1y 4.
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Note that when U,(O?(C¢(7))) = 1 for all primes p, then UF(C¢ (7))

is torsion free.

We also give the general result on signalizer functors, as it has
further applications.

Fact 3.24 ([BC22al, Lemma 3.19]). Let G be a connected simple L*-
group of finite Morley rank and odd type. Suppose that for some rank 3
elementary abelian 2-subgroup A of G, there is a nontrivial connected
nilpotent A-signalizer functor 0 satisfying the naturality condition

(%) 0(i)? = 0(:7) when g € G and i,1? € I(A).

Then G has a proper definable strongly embedded subgroup.

In particular, this is excluded in the case of Priifer 2-rank 2 and
2-rank greater than 2.
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4. COMPONENT ANALYSIS: PRELIMINARIES

We now come to our actual subject matter, the analysis of compo-
nents of centralizers of involutions, and notably the components in &
for groups satisfying the following conditions.

Hypothesis 4.1. Let G be a group of finite Morley rank.
We assume the following.

(1) G is a simple L*-group of odd type satisfying the condition
NTAs,.

(2) G has Priifer 2-rank 2 and 2-rank at least 3.

Note that Hypothesis 4.1 implies Hypothesis [3.7], in view of Corol-

lary [2.40]
Our eventual goal is Theorem [I.1]

4.1. The point of departure. First we show the following, as our
point of departure.

Lemma 4.2. Let G be a group satisfying Hypothesis [{.1. Then & is
non-empty, and every component in £ s of Prifer rank 1.

Lemma 4.3. Let G be a group satisfying Hypothesis [{.1. Then the
following hold.

(1) The associated family € is non-empty.
(2) For any involution i in G we have

U,(O°(Cq(i))) =1 for all primes p;
Ur)(07(Ca(i))) =1 for all v > ryq.
In particular, UF(Cg(i)) is torsion-free.

Proof.

Ad 1. By Facts 3.8 and [3.9] there are elementary abelian 2-subgroups
A of rank 3 on which the co-torality graph is connected. Then Fact

applies.
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Ad 2.
By Fact any involution ¢ belongs to an elementary abelian 2-
subgroup A of rank 3 on which the co-torality graph is connected. Then

Fact gives (2). O

At this point the hypothesis NTA, has been invoked via its con-
nection with the background material.

Lemma 4.4. Let G be a group satisfying Hypothesis [{.1. Then any
component in € has Prifer rank 1 (type (P)SL,).

Proof. Suppose the contrary. Let ¢ be an involution and L € &£ be a
component of C°(7) of Priifer rank 2. Then ¢ € L is a central involution
and so

L = Euy(C°(i)) =~ Spa(k),

with k algebraically closed (cf. Table [I)). Let 7' be a maximal 2-torus
of C°(i), and S a Sylow 2-subgroup of G containing 7.

Claim 1. All involutions of G are conjugate.

Let j be an involution of G. We will show that j is conjugate to .
By Fact we may suppose j € T. We may also suppose j # i.
Then

Cr(j) =~ SLa(k) x SLa(k)

(Table [1).
By the definition of £ and Fact we have

CL(]) < Ealg(Co(j))'
Hence we have the following two possibilities.

(a) Eag(C°(5)) > CL(j); then Equy(C°(5)) =~ Spy(k).



44 JEFFREY BURDGES AND GREGORY CHERLIN

(b) Eag(C°(j)) = CL(j); then i € Z(C°(7)).

The same applies to j' = ij.

By Corollary 2.43] G is generated by the groups C°(t) for t € Q(T)).
Hence i cannot centralize both C°(j) and C°(j). As j, j' are conjugate
in C°(¢) it follows that i centralizes neither, and thus

Ealg(Co(j/)) = Sp4 :
Then ¢, j are conjugate in C°(j'). The claim follows.

Claim 2. A Sylow 2-subgroup of L is a Sylow 2-subgroup of G.

As all involutions are conjugate, C'(7) contains a Sylow 2-subgroup
S of G. As L ~ Sp,(k) has no graph automorphisms, the centralizer
C(7) is connected by Lemma [2.47]

But then C(i)/E.,(C°(i)) is connected and of degenerate type,
hence contains no involution. This proves the claim.

Now CL<]> < OG(i,j) and so CL(j) = SLQ(k)XSLQ(k) = Ealg(c(i,j)),

with ¢ lying in neither factor. But (i, j) is conjugate to (j,7) and so j

lies in neither factor, and as ¢ # j this is impossible. [
Proof of Lemma[4.2. Lemmas [4.3 and [4.4] O

4.2. Isolated components.

Definition 4.5. Let G be a group satisfying Hypothesis [4.1].

For any definable subgroup H we write Eg¢(H) for the product of
the £-components of E(H).

An involution ¢ € I(G) is an E-involution if Eg(Cq(i)) > 1.

Definition 4.6. Let G be a simple L*-group of finite Morley rank and
odd type satisfying Hypothesis and let L be an £-component of the
centralizer of an involution. We say L is isolated if it is a component
of the centralizer of any involution which commutes with L.
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Remark 4.7. Any £-component of type SLy is isolated.
An E-component L of type PSLs is isolated if there is no involution
i with Eg(Ce(4)) ~ L+ L with L ~ SLy over the same base field as L.

In particular, isolated components must exist.

Lemma 4.8. Let G be a group of finite Morley rank satisfying Hypoth-
esis[4.1. Suppose that L is an isolated component of G.
Then no 4-group in G centralizes L.

Proof. Suppose toward a contradiction that the 4-group V centralizes
L.

Since L is isolated, L is a component of C°(7) for ¢ € I(V'), by Fact
B.20l Hence I'y normalizes L, contradicting Corollary [2.43|. O

Definition 4.9. Let G be a group satisfying Hypothesis [4.1] If L is an
&-component for G, and ¢ is an involution centralizing L, set Kr; =
Og'c(i)<L)'

We generally will write K, for this, when the involution i is fixed.

Remark 4.10. When L is of type SLy with central involution ¢, then ¢
is the only involution centralizing L and K ; = Cg(L).

Lemma 4.11. Let G be a group of finite Morley rank satisfying Hy-
pothesis[4.1. Suppose that L is an isolated £-component for G, i is an
involution of G centralizing L, and K = Kp ;.

Then we have the following.

(1) C&(i) = LKy with both factors of Priifer rank 1, and with
LNKp < <Z>

(2) More precisely, we have the following.
(a) If L is of type PSLy then Cg(i) = L x K.

(b) If L is of type SLy then C&(i) = L %9 K, with intersection
(0).



46 JEFFREY BURDGES AND GREGORY CHERLIN

(3) i is the unique involution of Kp, and the Sylow 2-subgroup of
K7, is either connected or as in SLs.

(4) No(Kr) = Neg@)(L).

Proof.

Ad 1. As Cg(i) permutes its components, Cg (i) normalizes them.
As Cg(i) acts on L by inner automorphisms we find

Ce(i) = LK.

As Cg(i) has Priifer rank 2 and L has Priifer rank 1, K has Priifer
rank 1.

The involution ¢ is central in K. By Lemma , Cc,(i)(L) contains
no 4-group, so i is its only involution. As L N K < Z(L) we have
LNKp < <Z>
Ad 2. Considering the possibilities according to the type of L gives
(2a, 2b).

Ad 3. We saw above that ¢ is the unique involution of K.

Let S be a Sylow 2-subgroup of K; and T' = S°, 2-torus of Priifer
rank 1. As S has a unique involution, any element of S\ 7" must invert
the elements of order 4 in 7. It follows that S = T or S =T (w) where
w inverts T and w? = i.

Ad 4. The claim is that Ng(K7) = Negi)(L).
Certainly NCg(z)(L) < N(KL)
Conversely, if T"is a maximal 2-torus of Ky, then

Ne(K1) < KiNe(T) < Cali).

If Cg (i) normalizes L there is nothing more to prove, and if not then
E.y(Kr) is a conjugate of L, so Ng(K) fixes that component of Cg (7).
and hence also fixes the component L. [
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Lemma 4.12. Let G be a group satisfying Hypothesis and sup-
pose that L an isolated E-component of Cg(i). Let i be an involution
centralizing L.

If A is an elementary abelian 2-group of rank 3 contained in Ne,, ;) (L),
then

AN CL(A) < (i)

If L is of type PSLy then this intersection is (i), while if L is of
type SLoy the intersection is trivial.

Proof. A acts on L as a group of inner automorphisms. As no 4-group
centralizes L, A must contain ¢ and induce a 4-group acting faithfully
on L.

Claim 1. C3(A) < K
We have

Ce(A) = Ceyi)(A) = Cr, (A).

Working modulo L N K = Z(L) we have a direct product, and one
finds

CE'(A) < Cz mod Z(L)(A) ) C}){L mod Z(L) (A)

But C7 L0a z1)(A) =1, s0 C&(A) < K, as claimed.

Hence ANCZ(A) < AN Ky < (i).

If L is of type PSLy then A = (V,4) with V' < L and Ck, (A) = K7,
so in this case the intersection is (7).

Conversely, if i € Ca(A), then 7 lies in some 2-torus 1" of K, cen-
tralizing A. By Fact we have A < Ca(T') < Cg(7). But then TA
is contained in a Sylow 2-subgroup of Cg(i). If L is of type SLs then
there is no such subgroup A. So in this case L is of type PSLs. O
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Lemma 4.13. Let G be a group of finite Morley rank satisfying Hy-
pothesis and let i be an involution of G for which Eg(Cg(i)) has
more than one component.

Then Eg¢(Cq(i)) is of type SLg o SLa, possibly over different base
fields.

Proof. Set L = E¢(Cg(i)). Then L is a central product of two compo-
nents Ly x Lo, each of Prifer rank 1.

Claim 1. E¢(Cg (1)) has a component of type SLs.

Let T be a maximal 2-torus of L. Then i € C(T) and hence i €
T < L. So Z(L) is nontrivial and the claim follows.

We may suppose that L, is of type SLy. Then L is isolated and by
Lemma [4.8 no 4-group centralizes it. So L is also of type SLy and the
product cannot be direct.

The result follows. ]

4.3. Isolated components of type PSL,.

Lemma 4.14. Let G be a group satisfying Hypothesis[{.1. Suppose that
L is an isolated £-component of type PSLy and let v be an involution
centralizing L.

Then the following hold.

(1) The involutions of Cg (i) lie in L (i), hence in C&(7).

(2) The involution i is co-toral with any involution of Cq (7).
(3) The only &-involution in Cg(i) is 1.

(4) A Sylow 2-subgroup of C(i) is a Sylow 2-subgroup of G.

(5) Cq(i) is connected.
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(6) A Sylow 2-subgroup of G has the form
T1 (w) X SQ

with T1 a 2-torus, w an involution inverting Ty, and Sy either a
2-torus or as in Sls.

In particular, G has 2-rank 3.
(7) Ee(Ca(i)) = L.

Proof.

Ad 1. Consider an involution j in Cg(i). As j acts on L by an inner
automorphism there is an element ¢ in L, either an involution or the
identity, for which jt is an involution centralizing L.

Then (jt, ) centralizes L. By Lemma 4.8 no 4-group centralizes L,
so jt € (i). Point (1) follows.
Ad 2. This follows from (1) by Fact 3.11]

Ad 3. Let j be an E-involution in Cg(7) (hence in C&(7)). In view of the
structure of CZ(7) there is an elementary abelian 2-group A of rank 3
containing ¢ and j.

Suppose first that FE¢(Cg(j)) has an isolated component. Then
Lemma [£.12] applies to A and to both ¢ and j, giving (i) = (j) and
i=7.

In particular, if Fg¢(j) has a component of type SLy; we have a
contradiction. Therefore all £-components are of type PSLy, and are
isolated. So the argument applies generally.

Ad 4. Let S be a Sylow 2-subgroup of Cg(7). As the only E-involution
in S is 7, we find

Ng(S) < Cqa(i)

and hence S is a Sylow 2-subgroup of G.
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Ad 5. Since i is not conjugate to any other involution in C¢(7), by Fact

C (i) must be connected.

Ad 6. We work with a Sylow 2-subgroup of C(i) = L x K. Here K,
is connected of Priifer rank 1 and has a unique involution .

If Ky is a D-group then its Sylow 2-subgroup is connected and the
structure is as stated with Ss a 2-torus.

Otherwise, with K; = K /OF(K]), we have K| = Eu,(K[)K}
with Eu,(K) of type SLy and K} of degenerate type. We get the
stated structure with S5 as in SL.

Ad 7. By Lemma 4.13, E¢(Cq(i)) = L. O

Lemma 4.15. Let G be a group of finite Morley rank satisfying Hy-

pothesis and suppose that L € £ is of type PSLy and isolated.
Then there are exactly three conjugacy classes of involutions in G.

These may be characterized by the following properties of the involution

teI(G).
(1) E¢(Cq(t)) is of type PSLy; then Cg(t) is connected.

(2) t commutes with an E-involution t" with t € E¢(Cq(t')); then
Ee(Cq(t)) =1 and Cg(t) is disconnected.

(3) t commutes with an E-involution t' # t with t ¢ Eeg(Ca(t));
then E¢(Cq(t)) =1 and Cg(t) is disconnected.

Furthermore:

(x) A pair of distinct commuting involutions s,t in G are co-toral
if and only if there is an E-involution in the 4-group (s,t).

Proof. We fix an £-involution 7, and we apply the information given in

Lemma [4.14].
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Claim 1. There are exactly three conjugacy classes of involution in G,
represented by i, the involutions of L, and the involutions of Li other
than 1.

Let T be a maximal 2-torus of Cg(i). Every involution is conju-
gate to an involution of T (Fact 2.12). We know that 7 is the only
E-involution in 7. In particular Ng(T) < Cq(i).

If the other two involutions in 1" are conjugate, then as fusion in T’
is controlled by Ng(T') (Fact[2.14), there is a 2-element of N (T') which
swaps them. Hence this conjugacy takes place in S; but S centralizes
the involutions of T'. This proves the claim.

Now according to Lemma the £-involutions ¢ are conjugate
to i and have Cg(t) connected, so point (1) is taken care of, and in
addition Fg¢(Cg(t)) = 1 in the other two cases. And in addition we
have most of (2,3), apart from the question of connectedness of C(t),
to which we will return.

Claim 2. If s,t are distinct commuting involutions, then they are co-
toral if and only if the group (s,t) contains an E-involution.

If (s,t) contains an £-involution then we may suppose that involu-
tion is 7 and then look again at Cz(i) to conclude.

Conversely, if s, t are co-toral then as the Prufer rank is 2 the group
(s,t) contains a conjugate of i.

The claim follows.

Now looking again at representatives of conjugacy classes of invo-
lutions in Cg(7), each involution ¢ which is not an £-involution com-
mutes with an involution which is not co-toral with it. Thus by Fact

3.11], C(t) is not connected.

So now all points (1-3), as well as point (x), have been verified. [
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4.4. Components of type SLs.

Definition 4.16. If G is a group of finite Morley rank satisfying Hy-
pothesis [1.1], then an involution ¢t € I(G) is called an SLy-involution iff
Cq(t) has a component in € of type SLo.

Of course, we expect to have SLo-involutions. Here we work toward
Lemma below, which lays out the main configurations that arise
in that case, provisionally; one of them will be eliminated later.

Lemma 4.17. Let G be a group of finite Morley rank satisfying Hy-
pothesis[4.1. Suppose that i is an Slo-involution and L is a component

of Ca(i) of type SLs.
Then

(1) C&(i) = Ng(L).

(2) If Cq(i) is disconnected then Eqy(Ceq(i)) is of type SLa 9 SLo
with the factors conjugate in Cg(i).

Proof.

Ad 1. The connected group Cg (i) must normalize its components. On
the other hand, Ng(L) = L - Cg(L) and if T is a 2-torus of L then

Ca(L) < Cq(T) < Ca(i) (Fact 2.13).

Ad 2. If Cg(i) is disconnected then L has a conjugate K # L in Cg(7)
and it follows that Euy(Ca(i)) = L %9 K = E¢(Cg(i)). The result
follows. ]

Lemma 4.18. Let G be a group of finite Morley rank satisfying Hy-
pothesis[4.1. Suppose that i is an SLy-involution.
Then either

(1) Euy(Ce(i)) = Eg(Ca(i)) is of type SLg %9 SLy with components
conjugate in Cg (i), or

(2) Cq(i) is connected. Letting K = Ca(L) we have
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(a) Cq(i) = L %9 Kp with Kp of Priifer rank 1 and unique
involution .

(b) K = Cq(L).

(¢) Euy(Kr/OF(Kp)) is of type SLy (possibly with a different
base field from L, and not necessarily in £ ).

(d) A Sylow 2-subgroup of Cg(i) is a Sylow 2-subgroup of G,
and 1s 1somorphic to the Sylow 2-subgroup of SLo %9 SLs.
In particular, G has 2-rank 3.

Proof. 1f C (@) is disconnected then point (1) simply rephrases Lemma
417

So we will suppose the contrary.
C(7) is connected.

We then aim at point (2), clauses (a—d).

Clause (a) is covered by Lemma [4.11], bearing in mind Remark [4.10]
.As we suppose Cg(i) is connected, (b) then follows.

Let S be a Sylow 2-subgroup of Cg(7).

Claim 1. S s a Sylow 2-subgroup of G.

Any involution of Cg(i) other than ¢ can be written as ab with
a € L, b e K of order 4. It follows that ¢ is the only involution in
Z(S). Therefore i is central in N(S) and the claim follows.

Now we consider KL = KL/OF(KL) = Ealg(KL)KD with KD < KL
a D-group (Fact [2.7).

Claim 2. Fy,(Kp) # 1.
Supposing the contrary, K; = Kp is a D-group and its Sylow 2-

subgroup is connected. Then inspection of involutions in S shows that
the 2-rank is 2, a contradiction. The claim follows.
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Now as Ealg(f( 1) has Priifer 2-rank one and no involution other
than i, it is of type SLy. This gives us point (c).

It then follows that S has the isomorphism type of a Sylow 2-
subgroup of SLg %9 SLy (but with no assumption of any connection

between the base fields of L and of Fu,(Kp)).
The result is proved. [

Lemma 4.19. Let G be a group of finite Morley rank satisfying Hy-
pothesis and having an SLa-involution.
Then G has at most two conjugacy classes of involutions.
Furthermore, all SLy-involutions of G are conjugate, and all non-
SLo-involutions of G (if any) are conjugate.

Proof. Let ¢ be an SLy-involution of G, S a Sylow 2-subgroup of Cg(7),
and T" = S°. As usual the conjugacy classes of involutions in G have
representatives in 7. By Lemma if j is another involution of T
then j,ij are conjugate in S.

So there are at most two conjugacy classes of involutions in G. If
there are any non-SLs-involutions in G then everything is clear.

On the other hand, if all involutions of G are SLo-involutions, then
it follows similarly that ij and ¢ are conjugate in C(j), and thus there
is just one conjugacy class of involutions. ]

Lemma 4.20. Let G be a group of finite Morley rank satisfying Hy-
pothesis and having an SLa-tnvolution and two conjugacy classes
of involutions. Suppose that the centralizer of an SLo-involution is con-
nected.

Then the centralizer of a non-SLo-involution is a D-group.

Proof. Let ©,t be commuting involutions with ¢ an SLs-involution and
t a non-SLo-involution, and 7" a maximal 2-torus containing 7,t. We

have case (2) of Lemma 4.18 We claim that E,,(Cqe(t)/OFCq(t)) = 1.
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Claim 1. There is no component L of Cq(t)/OF(Cg(t)) of type PSLy.

Assuming the contrary, there is an involution inverting a Priifer
rank 1 subgroup of 7" and centralizing a Priifer rank 1 subgroup. This
contradicts the structure of the Sylow 2-subgroup of G. The claim
follows.

Now if E,,(Cq(t)/OFCq(t)) has two components then its Sylow
2-subgroup must be a Sylow 2-subgroup of G with ¢ central, and hence
t is conjugate to 7, for a contradiction.

So if Euy(Ca(t)/OFCq(t)) > 1 we are left with the following pos-
sibility.

E.y(Ca(t)/OFCq(t)) is a single component, of type SLs.

Let S be a Sylow 2-subgroup of Cg(t) containing 7. Then S cen-
tralizes the involutions of 7" and in particular S < Cg(i). So S = T+ (w)
with w an element of order 4 inverting 7. But Cg(t) contains an ele-
ment of order 4 with a different nontrivial action on 7', and we have a
contradiction. L]

We now combine Lemmas [4.20] and [4.18] into a somewhat more
explicit list of possibilities.

Lemma 4.21. Let G be a group of finite Morley rank satisfying Hy-
pothesis and let i be an SLa-involution of G.
Then one of the following applies.

(1) Euy(Ceq(i)) = Ec(Cq(i)) is of type SLg o SLy with components
conjugate in Cg (i), or

(2) Cq(i) is connected, contains a Sylow 2-subgroup of G, and has
the form L %9 Ki with L of type SLo and Kj of Prifer rank
1 and unique involution i; E.,(Kp/OF(KpL)) is of type SLs.
Furthermore we have one of the following.
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(2a) There are two conjugacy classes of involution. Fort not an
SLo-involution, Cg(t) is a D-group.

(2b) There is one conjugacy class of involutions, and they satisfy
Ey(Cq(i)JOFCg(7)) = SLg * SLo,
(possibly with differing base fields).

This gives us a PSp,-configuration, a Go-configuration, and a patho-
logical configuration to consider.
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5. COMPONENT ANALYSIS: THE CASE OF NO PSLy-COMPONENT

We pursue the component analysis in the case in which there are
SLo-involutions and there is no £-component of type PSL,. Our aim
is to show that there is just one conjugacy class of involutions in this
case. So we will devote this section to eliminating the configuration
that arises if this fails.

Thus we consider the following pathological configuration.

Hypothesis 5.1. GG is a group satisfying Hypothesis [4.1].
In addition, all components in £ are of type SLs, and there are two
conjugacy classes of involutions.

Notation 5.2. In the context of Hypothesis we will also set p =
TfaG-
5.1. Generalities. Recapitulating, we start with the following.

Lemma 5.3. Let G be a group satisfying hypothesis [5.1].
Then

(1) For i an SLa-involution, Eqy(Cq(i)/OF(Cg(i))) = SLg %2 SLy

(2) For t a non-SLa-involution, C&(t) is a D-group, and in partic-
ular its Sylow 2-subgroup is a 2-torus.

Proof. Lemma 4.21|. [

Lemma 5.4. Let G be a group of finite Morley rank satisfying Hypoth-
esis[5.1. Let i be an SLay-involution, L = Eq,(Ce(i)).
Then

(1) Case (2) of Lemma applies. In particular, Cg(i) is con-
nected and contains a Sylow 2-subgroup of GG, isomorphic to the
Sylow 2-subgroup of S Lo x9 SLs.

(2) A pair of distinct commuting involutions s,t in G are co-toral
if and only if there is an SLo-involution in (s,t).
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Proof.

Ad 1. Suppose toward a contradiction that F¢(Cg(7)) has two conju-
gate components Ly, Ls. Then Cg (i) contains involutions not in Cg(7);
these are the involutions swapping the two components. If j is such
an involution, then C(j) contains a group of type PSLs, so in view of
Lemma/5.3] j must be an SLo-involution. In particular j and ij are both
SLs-involutions, hence are conjugate. On the other hand, for j € Cz (i),
j and 77 are also conjugate.

Applying what was just proved to j rather than ¢, it follows that
any involution ¢ in Cg(j) is conjugate to tj.

With Ty an algebraic torus of Ly, j inverts the group T* = {(¢(t"1)/) :
t € T1}. Let w be the involution of T* and w’ a square root of w in T;.
Then

.w/

70 = Jw.
On the other hand w and wj are conjugate in Cg(j) and so w,j are
conjugate. This gives a contradiction.

Ad 2.

Let s,t be commuting involutions in G, and V' = (s,t). If s, be-
long to a 2-torus 7" then V' = 1(T") meets every conjugacy class of
involutions, hence contains an SLs-involution.

Conversely, if V' < L contains an SLs-involution then we may sup-
pose i € V. Since C(7) is connected the claim follows. O

Remark 5.5. Let G be a group satisfying Hypothesis 5.1} Then for i an
SLy-involution of G and E = Ey,(Ce(7)), we have

N(E) = Cali).

Indeed, N(E) < N(Z(FE)) = Cg(i) and the reverse inclusion is
clear.



L* GROUPS IN ODD TYPE: QUASI-THIN GROUPS, COMPONENTS 59

In what follows, one must bear in mind particularly the conclusion
that Cg(i) is connected. In particular, the involutions of Cg(7) other
than ¢ are conjugate.

Lemma 5.6. Let G be a group satisfying Hypothesis [5.1. Let i be an
SLo-involution and L an associated £-component. If H is a definable
proper subgroup of G of 2-rank at least 2 containing L, then H < Cg(1).

Proof.

Claim 1. A,(OF(H)) < Cg(1).

A,(OF(H)) is the product of unipotent subgroups U,(F(H)) and
Up,-subgroups Uy . (F(H)) with r > p. So let U be one of the subgroups
Uy,(F(H)) or Uy, (F(H)) with r > p.

Take a 4-group V' in H containing i¢. The involutions of V' other
than ¢ are not SLs-involutions.

Fix an involution ¢ € V other than ¢, and consider the group U; =
Cu(t) < A,(Cq(t)). As t is not an SLe-involution this must be trivial.
So t inverts U. The same applies to ti. Thus ¢ centralizes U.

Claim 2. L centralizes OF (H).

We have A,(OF(H)) < A,(Cq(i)) < Euy(Cq(i)). It follows that
A,(OF(H)) normalizes L, so [L,A,(OF(H))] < LNOF(H)=1.

On the other hand L centralizes U, . F'(H ) for r < p, so L centralizes
OF(H), as claimed.

Now let L be the normal closure of L in H. Then L centralizes
OF(H). The image of L in H/OF(H) is contained in E,(H/OF(H)),
and normal. Hence L/Z(L) is quasi-simple and L < E.(H).

If Euy(H) has Priifer 2-rank 1, or more than one component, then

H
H

L = L is a component of H and the result follows.

If Eqy(H) is quasi-simple with Priifer 2-rank 2 then as it has two
conjugacy classes of involution but only one type of £-component and
we reach a contradiction. [
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5.2. UFCq(t) and K. We consider UFCg(t) for involutions ¢ which

are not SLs-involutions.

Lemma 5.7. Let G be a group satisfying Hypothesis [5.1. Then the
following hold.

(1) For any involution t which is not an SLy-involution, we have

ro(UF(Cq(1))) > 0.

(2) p>0.

Proof.
Ad 1. If we suppose (1) fails then for any involution ¢ which is not
an SLe-involution we have To(UF(Cg(t))) = 0, UF(Cg(t)) is a good
torus, and UF(Cg(t)) is central in Cg(t).

Take a maximal 2-torus T and an SLs-involution ¢ € T. Then for
t # i an involution in T, we find T < Z(Cg(t)) by Fact 2.6l Thus
Ca(t) < Cg(i). So with V = Qy(T) we have I'y < Cg(i) < G, and a
strongly embedded subgroup, for a contradiction.

Thus 1o(UF(Cg(t))) > 0 for such involutions t.

Ad 2. In particular,
p = 10(OF(Cq(t))) > 0. [

Lemma 5.8. Let G be a group satisfying Hypothesis [5.1].
Let i be an SLa-involution of G and t an involution of Cg(i) other
than i. Let T' be a Sylow 2-subgroup of C¢(t) and let L be a component

Of Ealg(CG(i)).
Then
(1) Ca(T) < N(L).

(2) Cg(t) = UF(Cg(t)) - Ca(T).
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(3) If UF(Cq(t)) < N(L) then Cg(t) < Ca(i).
Proof.
Ad 1. Co(T) < Cg(i) = N(L).
Ad 2. This holds by Lemma [2.33]
Ad 3. This follows from (1) and (2). ]

Lemma 5.9. Let G be a group satisfying Hypothesis [5.1. Let i be an
SLo-involution of G and t an involution of Cg(i) other than i.
Then UF (Cg(t)) is not contained in Cg(i).

Proof. Assuming the contrary, by Lemma [5.8 we find
Ce(t) < Cali).

Let V be a 4-group in Cg(7) not containing i. As the involutions of
V' are conjugate to t in Cg(7), it follows that I'y < N (L), contradicting

Corollary [2.43|. ]

Lemma 5.10. Let G be a group satisfying Hypothesis[5.1]. Let i be an
SLy-involution, L a component of Eg(Cq(i)), and K = C&(L). Let
t € Cg(1) be a non-SLg-involution.

Then for all r we have

U()JOF(Cg(t)) NKp=1.

Proof. Suppose toward a contradiction that
X = UO’TOF(Cg(t)) NKp > 1.

As this intersection is also the centralizer in Uy, F(Cgs(t)) of a finite
set of involutions in L, the group X it is a Up,-group (Fact [2.34)).
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Claim 1. For s #r,
Uos(F(Ca(t)) < N(L).

The group Cg(X) contains L and has 2-rank at least 2, so by
Lemma we have Cg(X) < N(L). Since Uy s(F(Cq(t))) commutes
with X for s # r, the claim follows.

Let T; = C(t) and let T be a maximal 2-torus of T;.
Claim 2. The 2-torus T centralizes Uy, (FCg(t)).

We apply Lemma [3.2to Q = Uy, (F(Ce(t))), T, and U = QNN (L).
Here T' normalizes ), and centralizes U. Furthermore C(U) < U since

Ca(U) < Ca(X) < N(L).

So the lemma applies, and T' centralizes Q).

Thus Uo, (FCa(t)) < Ca(T) < Cali) = N(L). So UF(Cu(t)) <
N(L) and we contradict Lemma [5.9]
This contradiction completes the proof. [

Lemma 5.11. Let G be a group satisfying Hypothesis[5.1. Let i be an
SLy-involution, L a component of Eg(Cq(i)), and K = C&(L). Let
t € Cq(i) be a non-SLa-involution.

F(Ce(t)) N Ky = 1.

Proof. If X = F(Cg(t)) N K > 1 then as C(X) contains L and has 2-
rank at least 2, we have C'(X) < Cg(i). On the other hand by Lemma,
6.10, Up»(X) = 1 for all r and X° is a good torus. Here X may be finite,
but in any case contains a nontrivial torsion element a, which commutes
with UF(Cg(t)). So by considering C(a) we find UF(Cq(t)) < Cq(7)
and again reach a contradiction. ]
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5.3. FCG(t) and Cg(z)

Lemma 5.12. Let G be a group satisfying Hypothesis [5.1. Let i be
an SLo-involution, t € Cg(i) a non-SLy-involution, and T a 2-torus
containing (i,t).

Then Cq(i, t) = C(T).

Proof. Let H = C((i,t)). As t is represented as a product of two ele-
ments of order 4 with square i in Fy,(Cq(i)/OFCg(1)), one from each
component of Eg(Cq(i)), we find that H acts on E;(Cq(i)/OFCq(i))
like a subgroup of C(T'), and thus we have [T, H] < OFCq(i) < K.
But by Fact 2.8 also [T, H| < UF(C¢(t)) and so by Lemma [5.10]
[T,H] = 1. O

Lemma 5.13. Let G be a group satisfying Hypothesis[5.1. Let i be an
SLy-involution, L an E-component of Cg(i), and t € Cg(i) a non-SLs-
involution. Let T be a 2-torus of Cg(i) containing (i,t).

Let

Q = F(Ca(t)) N Ca(2).
Then Q < CL(T).

Proof. Let T be the 2-torus T'N L and let w € L invert the algebraic
torus Ty = C1(t) of L containing 77.

The group @ is w-invariant. As w inverts Q N L, and Cg(w) < K7,
the group @) decomposes as (Q N L)(Q N Kp). But QN K = 1 by

Lemma [5.10] so @) < L.
In view of Lemma [5.12] the result follows. ]

Lemma 5.14. Let G be a group satisfying Hypothesis[5.1. Let i be an
SLy-involution, t € Cg(i) a non-SLe-involution, and r > 1.
If Uy, (FCq(i)) > 1 then Uy, (FCq(t)) < Ca(i).
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Proof. Let

Ui = Uy, (FCq(i)) N Cq(t);
Up = Uy, (FCq(t)) N Cq(i);
U=U-U.

Claim 1. U; > 1.

There is a 4-group V in Cg(i) whose involutions are not SLo-
involutions, and some involution v € V centralizes a nontrivial sub-
group of Uy, (UFCg(i)). By conjugacy, the same applies to t.

The claim follows by Fact [2.34]

Now Uy, (FCgq(t)) - U is a solvable Uy ,-group, hence nilpotent.

Let Q = NUO,T(FCG(t))'U(U)- Note that Q < Cg(t).

By Lemma [5.12] T" centralizes U.

By Lemma 5.6, C(U) < Cq(U;) < Ca(i). So Co(U) < Cp(i) =U.
Now by Lemma [3.2], T centralizes Q.

Accordingly @ = U and hence Uy, (FCq(t)) < U < Cg(i). The
result follows. O]

Lemma 5.15. Let G be a group satisfying Hypothesis[5.1. Fori,t com-
muting involutions with i an SLa-tnvolution and t a non-SLy-involution,
and any parameter v for which Uy (OFCgq(t)) > 1, we have

Cy  (OFCq (1)) (2) > 1.

Proof. We suppose on the contrary that Cy;, (orc, @) (i) = 1. By Lemma

we find UO,T(FCG(i)) =1.

Furthermore i inverts Uy, (OFCg(t)), and this applies to all invo-
lutions ¢ of Cg(7) other than 4.

Claim 1. The function 0,(s) = Uy, (OFCq(s)) defines a signalizer
functor.
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We have to check the balance condition 6, (t;)NCq(t2) < OF (Ci(ta))
for commuting involutions ¢1,t,. This is trivial if the intersection in
question is trivial, which covers the case in which either one of the
involutions %1, to is 7.

So we may suppose that t1,ty are non-SLs-involutions commuting
with 4, in which case our assumptions imply that ¢ inverts OF (C(t1)).
But then 6,(t1) N Cq(ts) < [i,Ca(ta)] < OF(Cg(tz)) and the balance
condition holds.

This proves the claim.

By Fact this signalizer functor must be trivial, contradicting
our assumptions. This contradiction completes the proof. ]

5.4. Ls.

Lemma 5.16. Let G be a group satisfying Hypothesis [5.1. For i an
SLo-involution of G, E¢(Cg(i)) consists of a single component L.

Proof. It there are two £-components then Lemma implies that
for ¢ a non-SLo-involution commuting with ¢ we have

UFCq(t) NCq(7) =1,
This contradicts Lemma [5.15] 0

In particular, going forward, L may be defined as E¢(Cg(7)), un-
ambiguously.

Definition 5.17. Let G be a group satisfying Hypothesis and let
1 be an SLs-involution of G.
Then we set L = E¢(Cq(i)), K = C&(L), and

Ly = Ey)(K1JOF(KL)).

The group Ly is of type SLy by Lemma [5.3|
Let Lo be a minimal normal definable subgroup of Cg(i) covering

Ly. In particular Ly is a perfect group and Ly/OF(Ls) ~ Lo.
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Notation 5.18. Let ks be the base field for Ly and set ry = To(ky ),
+

According to Lemma [5.16] Lo is not an £-component of Cg (7).
Thus ko has characteristic 0 and 75 can also be defined as To(kay).
Furthermore 75 < ry¢ = To(k") with k the base field for L. It is
possible, but not certain, that OF(Ly) > 1. (In fact we might be able
to ensure this just by widening the definition of £ a bit we do not take
that approach, which would require revisiting earlier material.)

Lemma 5.19. Let G be a group satisfying Hypothesis[5.1]. Let i be an
SLy-involution. Suppose also that OF(Ly) > 1.

Then any definable proper subgroup H of G containing Ly is con-
tained in Cg(1).

Proof. Let Ly be the normal closure in H of Lo.
Claim 1. Ly = LyOF(Ly).

In H = H/OF(H), Ly is contained in Ey,(H). If E4,(H) has Priifer
rank 2 and a single component then as it has two conjugacy classes of
involutions and none of type PSLy we have a contradiction. If Eq,(H)

‘A

is of type SLy %9 SLy then Ly is one of the components and hence Ly is
not the normal closure, for a contradiction.

So Lo has Priifer 2-rank 1 and Lo covers [A/Q/OF(LQ). That is,
LQOF(I:Q) = ig as claimed.

Furthermore Ly ~ Ly/OF(Ly), so OF (Ly) < OF(Ly) < OF (H).

Let U =OF(H)NCg(i). Then Cq(U) < Co(OF(Ly)) < Cg(i) by
Lemma [5.6, Hence Copg)(U) < U. By Lemma 3.2 we find OF(H) <
Ca (7).

Hence Ly < Cg(i) < N(Lg) and Ly = Ly. Thus H < N(Lg) =
Ce(i) by Lemma [5.6| O

Lemma 5.20. Let G be a group satisfying Hypothesis [5.1. If i is an
SLo-involution then we have the following.
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(1) OF(Ly) = 1.

(2) Eay(Ca(i)) = LLs.

Proof. It suffices to show the first point. Suppose the contrary, and
consider Q = UFCg(t) N Ce(i).

By Lemmal5.15} @ > 1. By Lemmal5.13|Q < C1(T'). As we suppose
OF(Ls) > 1, by Lemma @l we have Nype (@) < Cg(i), and @Q is
self-normalizing in UFCg(t). Hence i centralizes UFCg(t), giving a
contradiction. ]

Lemma 5.21. Let G be a group satisfying Hypothesis[5.1. Let i be an
SLs-involution.

Then any definable proper subgroup H of G containing Lo is con-
tained in Cg(1).

Proof. By Lemma we may suppose
OF(Ls) = 1.
Let L3 be the normal closure of Ly in H°, and H = H/OF (H).
Then Ly < L < Eu,(H).
Claim 1. L, = Lj.

Otherwise, L} has Priifer 2-rank 2. As it has two conjugacy classes
of involutions and no component of type PSLs, it must be of the type
SLg %9 SLy, in which case Ly is one of the factors and is normal in
H°. Hence LoO(H) is normal in H° and L} = Lo after all (which is a
contradiction in this case).

The claim follows. That is,

L= Ly - OF(L3).

If L5 < Cq(i) then Lo is normal in L3 and hence O F(L3) centralizes
Lo. But as L} is the normal closure of Ly in H°, OF(L}) is then central
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in L. But then L} = Ly x OF(L}) OF(L3) = 1, L = Ly, and Ly < H®.
In this case H° < N(Ly) < Cg(i) by Lemma [5.6] So ¢ is the unique
SLo-involution of H°. As H normalizes H°, we have H < Cg(7) in this
case.

So we will suppose

L% is not contained in Cg (7).

It follows that OF(L3) is not contained in Cg(7). This will lead to a
contradiction.
Let A= F(L}) N Cg(i). Note that O(A) = A° and A = A° (i).
Claim 2. A = COF(L;)(LQ).
A normalizes Lo, so [A, Ly] < LyN A= 1. Thus A centralizes Lo.
Conversely Cg(L2) < N(Lg) = Cg(i) by Lemma 5.6
The claim follows.
Claim 3. O(A) > O(Z(L%)) > 1

Let B be a Borel subgroup of Ls. Then OF(L3)B is connected and
solvable, and its commutator subgroup lies in its Fitting subgroup.
Hence the unipotent radical U of B is in the Fitting subgroup and
OF(L3)U is nilpotent. Hence Ay = C7qp 1, (U) is nontrivial. On the
other hand C(U) < N(U) < Cg(i) by Lemma 5.6, So Ay < O(A). In
particular Ay centralizes Ly as well as OF(L3), so Ay < Z(L3).

The claim follows.

We now consider

Q= NSF(L;)(AO) > A%
By Fact we have
QRQ=A"xQ".
Thus i inverts Q/A°, and Q/A° is abelian.
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Let )y be the centralizer in () of U modulo A°. Then )y > A°. For
u € U, x € Qy we have

[u,z] = [u, 2] = [u,2'] = [u, 27 ]; [u,2?]=1; [u,2] =1
So x € C(U) < Cq(i) and @y = A°, for a contradiction. O

5.5. Two conjugacy classes implies PSL;-components. Now we
may conclude.

Proposition 5.22. Let G be a group satisfying Hypothesis [4.1], with
an SLo-involution, and with two conjugacy classes of involutions.
Then some &-component of an involution is of type PSLs.

Proof. With Q@ = OFC¢(t) N Cg(i), by Lemma we have Q) > 1,
and by Lemma we have Q < Cr(T). By Lemma we have
Norc,t)(Q) < Ca(i), and Q is self-normalizing in OFCg(t). Hence i
centralizes OFCg(t), giving a contradiction. O]

Lemma 5.23. Let G be a group satisfying Hypothesis [/.1, with an
SLo-involution i, and with two conjugacy classes of involutions.
Then

(1) Cq(i) is disconnected.

(2) E¢(Cg(0)) is of type Sl x9 SLo with the two components conju-
gate by an involution of type SLo.

(3) The Sylow 2-subgroup is as in PSpy.

Proof.

Ad 1.
Let S be a Sylow 2-subgroup of Cg(i), T = S°, and S a Sylow
2-subgroup of G containing S.
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Claim 1. There is an involution j in S\S

Let t be a PSLy-involution and 7; a maximal 2-torus in Cg(t).
Then there is an involution w in Cg(t) normalizing T; and centralizing
a Priifer 2-rank 1 subgroup of T;. Accordingly in a Sylow 2-subgroup
S of G containing S, there is an involution j acting similarly on T'. By
inspection, j is not in CZ (7).

This proves the claim.

Now ¢ is the unique SLo-involution in 7', so j centralizes i. Therefore
Cq(1) is disconnected.

Ad 2.3. Let £ = Eg(Cg(Z))
Claim 2. The normalizer of the components of E/ in S s S.

Let s € S normalize the components of E. Then there is some
s’ € S so that ss’ centralizes E. But Cs(T) = T, so this forces s € S.
This proves the claim.

In particular, j switches the components of E and S = S (5). This
determines the structure of S and, in particular, this must match the
structure of a Sylow 2-subgroup of PSp,. ]
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6. COMPONENT ANALYSIS: THE CASE OF NO SLs-COMPONENTS

We need to show that when £-components of type PSLy occur, then
we have two conjugacy classes of involutions, and that the two classes
correspond to £-components of type PSLs and SLy, respectively. The
essential point may also be phrased as follows.

Proposition 6.1. Let G be a group of finite Morley rank satisfying
Hypothesis [4.1].

Then some component in & is of type SLo.

Accordingly we work toward a contradiction under the following hy-
pothesis, to be expanded by some notational conventions in Hypothesis

6.4] below.

Hypothesis 6.2. G is a group of finite Morley rank satisfying Hy-
pothesis [4.1} In addition, there is no component in &€ of type SLs.

This will take an extensive analysis.

6.1. Preliminaries. We are assuming that all £-components are of
type PSL,, and, in particular, the terms “Fg-involution” and “PSLo-
involution” are synonyms.

Furthermore, under this assumption the £ components are isolated,
so Lemmas and apply. For convenience we repeat those results
here, in a different order.

(1) There are three conjugacy classes of involutions. These have the
following form.
(a) PSLy-involutions;
(b) component involutions: involutions in an £-component;
(c) products of a PSLg-involution ¢ with an involution in Eg(Cg(7)).

(2) For i a PSLo-involution and L = FE¢(Cg(i)), we have the follow-
ing.
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(a) L is a single £-component, of type PSLs.

(b) Cg(t) is connected and contains a Sylow 2-subgroup of G,
of the form

Sl><SL

where S; = T; (w) is a Sylow 2-subgroup of L, T; a 2-
torus of Priifer 2-rank 1, w an involution inverting 7}, and
S = Cg(L) is either a Priifer 2-rank 1 2-torus or as in SLs.

In particular, G has 2-rank 3.
(¢) @ is the only PSLg-involution in Cg(3).
(d) The involutions of Cg(7) are in L (3).

(3) Commuting involutions ¢,t" of G are co-toral iff (¢,t') contains
a PSLs-involution.

As the analysis leading to the identification of PSp, might naturally
begin with the assumption that the 2-rank is at least 4, none of what
follows would be needed in that context.

We go over some closely related and familiar ground not explicitly
contained in the above.

Lemma 6.3. Let G be a group of finite Morley rank satisfying Hypoth-
esis . Let i be an €-involution, L = E¢(Cq(i)), K1, = Ceyiy(L), and
Kp, = Kp/OF(Kp).

Then

KL = Ealg(KL) * KD
with Kp a D-group and Ealg(l_(L) either trivial or of type SLs.

Correspondingly, in the representation of a Sylow 2-subgroup S of
Cq(i) as Sy x Sp, the factor Sp is
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(1) a Priifer 2-group if Eu,(Kp) =1;
(2) the Sylow subgroup of SLy otherwise.

Proof. C(i) is connected and Cg(i) = L x K.
The main point here is that K is an L-group. So by Fact we
have

[_(L = Ealg([_(L) *KD

with Kp/Z°(K1) of degenerate type. In particular Kp is a D-group.

We know that the Sylow 2-subgroup of K contains a unique invo-
lution, so if Eu,(K]) is non-trivial then it is of type SLy, and contains
St.

On the other hand if Eagg([_( 1) is trivial then K is a connected
D-group and its Sylow 2-subgroup is connected (Fact .

This covers all claims made. [

We now update our hypothesis and notation to include the struc-
tural information just given.

Hypothesis 6.4. GG is a group satisfying Hypothesis [6.2]
i is an E-involution in G. L = Eg(Cq(i)). Kp = Ceyi)(L).

Euy(Kz) is the preimage in K of Fuy(Kr/OF(Kfr)). Kp is the
preimage in Ky of Kp.

Our focus now is on centralizers of other involutions, and on Ng(L).

Lemma 6.5. Let the group G be as in Hypothesis[0.4], with the associ-
ated notational conventions. Let t be an involution of C(i) other than
i.

Set H = Cg(t) and H = H/OH. Then the following hold.

1. If Ty is a mazimal 2-torus of C5(t) and Sy, is a Sylow 2-subgroup
of K, then Ty x Sp, is a Sylow 2-subgroup of H.
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2. H decomposes as

ﬁ:Ealg(]_{)*HD

with Hp a D-group, and the image of EGZQ(KL) in H is Eqyy(H).
3. H <UF(H) - Cq)(t) = UF(H)(T, x K3).
4. IFUF(H) < N(L), then H < N(L).

Proof.

Ad 1. L contains t or ti, so C}(t) is an algebraic torus of L and T} is
its 2-torsion subgroup. T; is inverted by an involution w of L.

T; (w) x Sg, is a Sylow 2-subgroup of C(t). As w,t are not co-toral,
w is not in CZ(t). So T; x Sp, is a Sylow 2-subgroup of H.
Ad 2. By Fact 2.6, H has the structure

Ealg(H) % HD

with Hp a D-group.

The group Ea[g(K 1) is contained in H. Its image in H is isomorphic
to Euy(Kp). if Fuy(Kp) is non-trivial then in view of the structure of
Ty x Sp, it covers Eyy(H). If Eyy( K1) is trivial then T} x S7, is connected
and E,,(H) is trivial. So the second point follows in all cases.

Ad 3. As K, normalizes (and centralizes) L, the same applies to its
subgroup Eq,(Kr). So it suffices to check that

Hp < UF(H)(H N N(L)).

Applying Lemma to the group SHp with S =T} x S} a max-
imal 2-torus in Cg(i), we find

Hp < UF(H)Cy(S).

But i € S and so Cy(S) < Cg(i) < N(L). The claim follows.
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Ad 4. Apply (3). ]

Lemma 6.6. Let G be as in Hypothesis[0.4, with the associated nota-
tional conventions. Let t be an involution of L.
Then UFCg(t) is not contained in N(L).

Proof. Assuming the contrary, by Lemma [6.5] we have
Ce(t) < N(L).

Let V < L be a 4-group. As the involutions of V' are conjugate to
t in L, it follows that 'y < N(L), contradicting Corollary [2.43, O

The starting point for our analysis is Lemma {4.3| (part (2)), which
we repeat for convenience. Namely, for any involution ¢ in G we have

U,(O%(Ci(i))) = 1 for all primes p;
U (07(Cg(i))) = 1 for all r > ryq.

In particular, UF(Cg(7)) is torsion-free.

Lemma 6.7. Let G be as in Hypothesis[0.4, with the associated nota-
tional conventions.

Let k be the base field of a component in £. Then k has character-
1stee 0.

Proof. Suppose on the contrary that £ has positive characteristic. Then
the algebraic tori in L are good tori, and hence have no non-trivial
torsion free subgroups. Thus r; = 0. It then follows from Lemma
that O7(Cg(i)) is a good torus and UF(Cg(i)) = 1.

This contradicts Lemma [6.6] O

Notation 6.8. We will write Ey.,(H) for the product of the quasi-
simple components of F(H) of degenerate type.
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Lemma 6.9. Let G be as in Hypothesis [6.4], with the associated no-
tational conventions. Let H be a definable subgroup of G containing
L.

Then L is a component of Eq,(H), and is the only component of
PSLy type. In particular,

H < N(L).

Proof. We make use of the notation introduced in Definition [3.15]
Claim 1.

LA, (F(H))] = 1.

A, (F(H)) is the central product of the subgroups Uy ,.(F(H)) with
r>rs. Let U= Uy, (F(H)) be one such.

By Fact[2.34]the group Cy (t) is also a (0, r)-group for any involution
t € I(L). L contains a 4-group V and U is generated by Cy (¢) for ¢ an
involution of V' (Fact [2.44), so it suffices to check that

L, Cu(t)] = 1.

Let T be a maximal 2-torus of Cg(t) containing i. Then by Fact
2.27, [T, U] is contained in Uy, (FCg(t)), which is trivial by Lemma
4.3, Thus T centralizes Cy(t). So Cy(t) < Cg(i) and Cy(t) acts on
L, acting like a subgroup of Cf(¢). But then as r > r; this action is
trivial, and [L, Cy(t)] = 1.

The claim follows.

Claim 2. L centralizes F°(H) and Eqe,(H).

By Fact the 2-tori of L centralize F.,(H ), so the second point
is clear.
The root subgroups of L are copies of the additive group of the

base field k4. By Fact 3.17] k. is a (0,r)-group with r = rk(k) > r;.
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A maximal divisible torsion subgroup of F(H) is central in H and
the root subgroups of L act trivially on U,(F(H)) for any prime p,
so it suffices to show that L centralizes Uy, (F(H)) for all r. The case
r > ry was dealt with in the previous claim and for r» < ry <rk(k,) it
follows from the unipotence theory.

This proves the claim.

Claim 3. L < E,,(H).
Set

Hy = C(F°(H) By (H)).
Then L < Hy and
F*(Hy) = Euy(H)

In particular Cp, (Eyy(H)) < Eqy(H).
But H; induces inner automorphisms on E,,(H) and hence

Hy < Euy(H)Cp, (Eay(H)) = Eag(H).

So L < Ey(H), as claimed.
Claim 4. L is the unique component of Eq,(H) of PSLy type.

In view of the structure of the Sylow 2-subgroup of GG, H can only
have components of type PSLy and SL», and at most one of each. The

claim follows.
From the last claim we infer that H < N(L). [

6.2. Case 1. Involution centralizers and Cg(L). We focus now on
the case where we have an involution ¢ € Cg(i) with OFCg(t) not
contained in N (L), but OFCg(t) meets Cg(L). So for the present we
work with the following hypotheses and notation.
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Hypothesis 6.10. G is a simple L*-group of finite Morley rank and
odd type of Priifer 2-rank 2 and 2-rank at least 3, satisfying NTA,.
There is no component in £ of type SL,.

Fix i an &-involution and set L = Eg(Cq(i)), K = Cg(L), and
Tk, = fO(KL).

Take an involution t € I(Cg(i)), t # i. Let Ty be the algebraic torus

CL(t).
Suppose

OFCq(t) N Kp, > 1;
OFCq(t) £ N(L).

Note that by Lemma the condition OFCg(t) £ N(L) can be
sharpened to

UFCq(t) £ N(L).

We will make use of this form of the hypothesis withour further men-
tion.

Lemma 6.11. Let G, i, and t satisfy Hypothesis[6.10. Thent € L.

Proof. Suppose toward a contradiction that t € Li. Let
Q=OF(Cg(t)) N N(L).
Claim 1. Q = OF(Og(t)) N Cg(Z)

Since Cg(i) < N(L), one inclusion is clear. In the reverse direction,
as () is t-invariant and contains no involutions we have

Q=(QNCq(i) xQ~

where ()~ is the set of elements inverted by ¢. However an element ¢
of N(L) inverted by i for which d(q) contains no involutions must lie
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in [i, N(L)] = [i, K] < K;, and hence commute with the element ¢i of
L. Hence QQ~ C Cq(t, ti) < Cq(i) and Q < Cg(7).
This proves the claim.

Now let Ql = NOF(C’G(t))(Q)- Then OQl(i) = Q and Q1 = Q X Q1_7
with ()7 the subset inverted by .

Claim 2. Q)] centralizes Q).

We take ¢ € Q, v € ()7, and we have

[q7x] - [%x]z - [qaxil]; [q,$2] =1

and thus x centralizes ¢, proving the claim.

To conclude, we have Q7 C Cu(Q) < N(L) since Q; meets K.
Thus @1 = Q and Q = OF(Cg(t)). That is, OF (C(t)) < N(L), for a
contradiction.

Thus t € L. L]

Lemma 6.12. Let G, 1, L, KL, t, and T; satisfy Hypothesis|6.10,.
Let Ty be the maximal 2-torus of T;. Then the following hold.

(1) UO,v'kL(FCG(t)) is not contained in N(L).
(2) Ups(F'Cq(t)) is contained in L for s # 1y .
(8) OFCe(t) N Ky, is a homogeneous Uo,rg., -group.

Furthermore,

T, < Z(Cg(1))
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Proof. Let Q = OF(Cq(t)) N K.

Claim 1. Q) is a homogeneous Uy ,-group for some r, and Uy (FCq(t)) <
N(L) for s #r.

By Lemma [6.9) C(Q) < N(L), and the same applies to any non-
trivial subgroup of Q).

If Q¢ meets ZOF(Cg(t)) then OF(Cg(t)) < N(L) and we have
a contradiction. So ) is a product of its subgroups Uy, (Q) for cer-
tain values of r. If more than one such subgroup is nontrivial then
OF(Cq(t)) is generated by the centralizers of nontrivial subgroups of
() and we arrive at the same contradiction. Thus () is a homogeneous
Up ,-subgroup for some value of r, and the claim follows.

We continue to work with the fixed parameter r.
Claim 2. U, (FCg(t)) is not contained in N(L).

Since OF C(t) is the central product of the subgroups Uy s(FCq(t))
with s varying, this follows from the previous claim and our hypotheses.

Claim 3. For s #r,
Uos(FCa(t) N Ca(i)) < L

Let T; be the algebraic torus of L containing ¢ and w an involution
of L inverting T;.

The group Y = Uy (FCg(t)) is a w-invariant subgroup of L x K,
hence is of the form

Y NT,) x (YNKyL).

~

AsY meets K =1, wefind Y <T; < L.



L* GROUPS IN ODD TYPE: QUASI-THIN GROUPS, COMPONENTS 81

Claim 4. r = Tk, -

By definition, r < ry . If r <ry then let A be an abelian UOﬂ“kL'

subgroup of K. By Lemma [6.11) we have t € L and thus A normalizes
U (FCq(t)). As > r, A must centralize Uy, (FCq(t)).
Hence Uy, (FCg(t)) < Cg(A) < N(L), a contradiction to Claim [2]

We have proved points (1-3). Now we consider the 2-torus 7;.
Claim 5. T} centralizes OF (Cg(t)).

Certainly T; centralizes ZC(t) so it suffices to consider the action
of T} on subgroups of the form U, (OF(Cq(t))).

It follows from Claim 1 that T} centralizes Uy s(F'Cq(t)) for s # rg.
by looking at the action of that group on L.

For Uy, (FCq(t)) we apply Lemma(3.2|to the groups Q = OF (Cg(t)),
Ti, and U = Q; N N(L). Here T; normalizes (), and centralizes U. Fur-
thermore Cg,(U) < U since Cq(UNKL) < N(L). So the lemma applies,
and T; centralizes ().

Claim 6. T; centralizes Cg(t).

Let H = C&(t). By Lemmal6.5} part (2), H < (HNK)Hp with Hp
a D-group. As T; centralizes K 1, it suffices to check that T; centralizes
Hp. Then Lemma [2.33] and the previous claim complete the proof of
the claim.

Now all points of our lemma have been proved. ]

6.3. Case 1, continued. UO,TKL(OF(CG(t>))° We work graduatlly to-
ward the following.

Proposition 6.13. Let G be as in Hypothesis[6.4}, with the associated
notational conventions. Let t be an involution of L, and Kj = Cg(L).
Then OFCq(t) N K = 1.
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We first make a detailed analysis of Uy, (OF(Cg(t))). We extend

L

the notation of Hypothesis as follows.

Notation 6.14. Let G, i, L, K, t, T, satisfy Hypothesis 6.10]
We set Q; = UO,TRL(FCG(tD and

At:thL; Bt:c@t(l’); Ut:NQt(L); QIZNQt(Ut)'
By assumption B; is nontrivial.

Lemma 6.15. Let G, i, L, KL, t, and Ty satisfy Hypothesis|6.10, Then
the torsion in QQ; lies in A;.

Proof. The torsion subgroup X in @), is II-torus, hence central in Cg(t).
Since (); meets K 1, it follows that X normalizes L. Furthermore X is
w-invariant, where w € L inverts T;. So X decomposes as (X N L) x
(X N K7) and the second factor is trivial. The lemma follows. ]

Lemma 6.16. Let G, 1, L, KL, t, and T; satisfy Hypothesis|6.10. Let
w € I(L) invert T;.
Then

(1) A, < T,
(2) U, = A x By is abelian.
(3)i and w invert Q1 /U,
(4) Cq,(Q1) = Z(Q1) < Ay
(5) Z5(Q1) NU; decomposes as
Z(Q1) % (Z2(Q1) N By),

with both factors non-trivial.
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Proof.

Claim 1. Ut = At X Bt and At < Tt-

The group U; is w-invariant. It acts on L like a subset of T; with B;
the kernel of the action. Here B; is centralized by w and T; is inverted
by w. The claim follows.

Claim 2. ); > U,.
This holds since @ is not contained in N(L).
Claim 3. The involution i inverts Q1/Uy. In particular, Q1/Uy is abelian.
Co,(i) € QN N(L) = U;. The claim now follows by Fact [2.31]
Claim 4. Cg,(Q1) = Z(Q1) < Ay
We have

Co,(Q1) < Co,(By) <Q:NN(L) =U; < Qr,

so Cg,(Q1) = Z(Q1). As Z(Q1) is w-invariant and contained in U; =
A; X By we get

OQt(Ql) - CAt(Ql) X CBt(Ql)'

Now as ()7 is not contained in N(L), we find Cp,(Q1) = 1. The
claim follows.
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Claim 5. U; is abelian.

A; is abelian.
We have U/ = Bj;. So Bj is normal in Q1. If By is non-trivial then it
meets Z((Q)1), a contradiction. So By is abelian and the claim follows.

Now consider the subset ()7 of ); consisting of elements which are
inverted by .

Claim 6. Q; = Cp, (1) x Q7
This is Fact 2.32]
Claim 7. ZQ(Ql) N At = Z(Ql)

Let b € Zy(Q1) N A;. Since Ci(i) < N(L) we have C, (i) < Uy and
thus b centralizes Cg, (7).

We show now that b centralizes () .

Let ¢ € Q1 with ¢' = ¢1. Then [b,q] € Z(Q1) < Ay, s0

b,a] = [b,q]" = [b,q7] = [b,q] "
Hence [b, q] = 1 as required. The claim follows.

Claim 8. Z5(Qq) NU; = Z(Q1) x (Z2(Q1) N By), with both factors
non-trivial.

By w-invariance and the previous claim the factorization holds, and
as U is normal in () and properly contains Z(Q1), we have Z5(Q1) N
Ui > Z(Ql)

Claim 9. w inverts Q1/Us.

Let T, be the 2-torus of L containing w. By Lemmal6.12] T, central-
izes C¢(w). If w does not invert ); /U; then w centralizes some element
q of @1\ U;. Then d(q) is a torsion-free group, so d(q) < Cg(w). Hence
T, centralizes q.
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But the 2-torus 7; containing ¢ also centralizes d(q) and thus L
centralizes q. So g € N(L) N Q; = Uy, a contradiction.

The claim follows.

With this, the proof of the lemma is complete. [

Lemma 6.17. Let G, i, L, KL, t, and Ty satisfy Hypothesis|6.10. Let
w € I(L) invert Ty. Then

Q1 = U - (@1 NOF(Cg(wi))).
In particular, Q1 N OF(Cg(wi)) is not contained in N(L).

Proof.

Claim 1. @, = U, - Cg,(wi).

By Lemma [6.16] wi centralizes )1 /U;. By Fact 2.31], Cg, (wi) covers
(Q)1/U;. This proves the claim.

As w inverts Q1 /Uy, according to Fact [2.32] the group H = Cp, (wi)
decomposes as the product of two sets

Cy(i) x H™,
where H™ is the subset inverted by w (or, equivalently, by 7).
Claim 2. H- C OF(Cg(wi)).
By Lemma [6.5], part (3) applied to C&(wi), we have

lw, H™] < OF (Cg(wi))[w, Cr(ry(wi)].
Now
CN<L)(wz') = CL(wz') X CRL(U)Z') < CL(UJ) X IA{L.
Thus
(w, H7] < OF (Cg(wi)).
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Since w inverts H~ this gives the claim.

Hence

Co,(wi) = Cy (i) x H™ < (Q N N(L)) - OF (Co(wi))
— U, - OF (Ce(wi)),

and the result follows from Claim 1. ]

Lemma 6.18. Let G, i, L, KL, t, and T; satisfy Hypothesis|6.10.
Then OF(Cg(ti)) N K = 1.

Proof. By Lemma if we assume the contrary then OF(Cg(ti)) <
N(L). However this contradicts Lemma [6.17] O

Lemma 6.19. Let G, i, L, KL, t, and Ty satisfy Hypothesis|6.10. Let
w € I(L) invert Ty.
Then

Z(OF (Cg(wi))) N N(L) = 1.

Proof. By Lemma [6.18], OF(C(wi)) meets Ky, trivially.

As Z(OF (Cg(wi))) is w-invariant, it suffices therefore to consider
the group Z;, = Z(OF (Cg(wi)))NL, which is contained in the algebraic
torus of L containing w.

As Q1NOF (Cg(wi)) commutes with Z7 and (by Lemmal6.12) with
the 2-torus containing ¢, if Z; is non-trivial then Q; N OF(Cq(wi))
centralizes L, contradicting Lemma [6.17)] [

6.4. Case 1, continued. U; < ();. We continue the study of )1 and
eventually show that ()1 = Q.

Lemma 6.20. Let G, i, L, t satisfy Hypothesis |6.1(]. Let w be an
involution tnverting the algebraic torus of L containing t.
Let QF = Co,(wi). Then
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(1) Q1 =U;xQy.

(2) Q@ = Q1N OF(Cg(wi)).

(3) QF is abelian and inverted by i.

(1) i inverts By,

(5) Co (i) = Ar.

(6) Q1= (Q1NA) x (Q1N By) = [Q7, Ui
Proof. Let Bt = Cp, (7).
Claim 1. QF — B x (Q1 N OF(Co(wi))).

Recall that Q1 = Uy - (Q1 N OF(Cg(wi))), so

Q1 = (QF NU)(Q1 N OF (Cg(wi))).

We have Qf MU, = C,xp,(wi) = Bj and thus

[ =B/ (Q1NOF(Ce(wi))).

As OF(Cg(wi)) N Kz = 1 and the factors are normal in Q7 we
have

[ =B x (Q1NOF(Ce(wi))).

This proves the claim.
Claim 2. i inverts By, and Qf = Q1 N OF (Cg(wi)).

If B > 1 then Q] < Cg(B;}) < N(L) and hence Q1 < N(L), a
contradiction. So B;f = 1. Therefore i inverts B; (point (4)) and we
have Qf = @1 N OF(Cg(wi)), which is point (2).
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Claim 3. Cy,(i) = A;. (Point (5).)
Since Cq, (i) < Uy = A; x B, and i inverts B, this is immediate.
Claim 4. Qf is abelian, inverted by i and w. (Point (3).)

AsQiNK,=1and QF NL =1, we find Qf N N(L) = 1. So i
inverts Q7. Hence Q7 is abelian and w also inverts Q7 .
Claim 5. Q; = U; x Qf . (Point (1).)

We have Q1 = U;Q{ with U; <1Q;. Furthermore Qf NU, = B,” = 1.
The claim follows.

At this point we have covered the first five points in the statement
of the lemma.

Claim 6. Q) = (Q1 N A) x (1N By) = [Qy, U] = [Q7, AJ[QT, Bi].

As Q) < U, the first equation holds by w-invariance.

For the second, take =1 = quui, 9 = @uo with ui,us € U; and
q1,¢2 € Q7, and compute the commutator bearing in mind that U,
and Qf are abelian and Q] < U;.

[21, 2] = [qrua, qaua] = [qu, qeuo] " [u1, gaus] = [q1, qoua][us, qous];
(1, qeua] = [q1, u2][q1, g2]™ = [q1, ua);
[u1, qus] = [u1, us][uy, q2]"™* = [u1, gof;
[qru1, qoug] = [QI;UQHUI q2] = [q1, us) [QQ,Ul]
Q1 = [Q7, Ud].
Finally since U; = A; x By we find [Q7, U] = [Q, A/][Q7 , B;] This
proves the claim, and completes the proof of the lemma. [

Now we move on from ()1 to Q).

Lemma 6.21. Let G, i, L, t satisfy Hypothesis |6.1(]. Let w be an
involution tnverting the algebraic torus of L containing t.

Let Qf = Cg,(wi) and Q; ={q € Q; : ¢ = q'}. Then
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(1) Uy =Qy .

(2) Qr=U;-Qf and U;NQ} = 1.

(3) Qf is an abelian group inverted by i and w.

(4) If P is a (wi)-invariant subgroup of Q, then
P=(PNnU)-(PNQ/).

Proof. By Lemmas and U =A x B < Q.
Claim 1. Q; = Q; x Q/ as a product of sets.

This is Fact 2.32]
Claim 2. Q; =U;.

Bear in mind that the torsion in @, lies in A, (Lemma [6.15)).

Let ¢ € @), . Decompose (); with respect to the action of ¢; then
q = qrq_ with g, centralized by ¢ and ¢_ inverted by 1.

Now ¢4 € Cp,(i) = Ay, so w also inverts ¢;. Hence

¢ =q"=q ¢
q+q— = qYqq;
(q_)w% =q._.

If ¢ € U; then q € U;. Supposing the contrary, then, ¢_ has infinite
order and ¢_ € d(q-)°.

Now wq; is an involution of L and ¢- € Cg(wqy). By Lemma
the 2-torus of L containing wqg, commutes with ¢_. The 2-torus
containing t also centralizes q_. These 2-tori are distinct, so ¢ must
centralize L. Accordingly q_ € B; and g € Uj.

This proves the claim.

At this point, we have

Qi=U;-Qf; U;nQ =1.
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Claim 3. Q; is an abelian group inverted by i and w.
Since Q;” N U; = 1, we have Cy# (i) = 1, and thus ¢ inverts Q; . So
w does as well, and the group Q; is abelian.

Claim 4. If P is a (wi)-invariant subgroup of Q, then
P=(POU)-(PNQ)).
We have the decomposition as a product of sets with respect to the
action of wi:
P =P P*,

so the claim follows from the corresponding claim for Q). ]

Lemma 6.22. Let G, i, L, t satisfy Hypothesis[06.10.
Then the following hold.

(1) Z2(Q:) < Q1.

(2) Zo(Qi) N Ay = Z(Qy).
Proof. By Lemma we have A; < T; and Cy,(Q1) = Z(Q1) < A

We continue to work with the decomposition B
Qi=Q; -Qf =U;-Q/.
Ad 1. We have Z(Q;) < Cg,(Q1) < A; and hence Z(();) normalizes

U;. Thus Z5(Q¢) < @1, as claimed.

Ad 2. We know Z(Q;) < A;. We must show that Zo(Qr) NAr < Z(Qy).
Since A; commutes with Uy and U; = @), , it suffices to show that
Z5(Q;) N Ay also centralizes Q.
Let a € Z5(Q;) N A; and ¢ € Q). Then [a,q] € Z(Q;) < A;, and ¢
inverts Q) so
la,q) = [a,q)' = [a,¢7"] = [a,q]7".

So [a, q] = 1. This proves the claim. ]
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Lemma 6.23. Let G, i, L, t satisfy Hypothesis |6.10. Suppose that

Q1 < Q.
Then the following hold.

(1) Z(Q:) = Za(Qr) N Uy
(2) Q1 < Ay = Z(Gh).
Proof.

Claim 1. ZQ(Qt) N Ut = Z(Qt)

Suppose Z3(Q¢) NUr > Z(Q¢). Then Z5(Q;) meets B;. But Q) cen-
tralizes Z»(Qy), so Q; < Cg,(Z2(Q:) N B;) = U;. But then U, is normal
in @; and Q; = ()1, a contradiction.

Claim 2. Q) < A;

We know Q) = (Q4 1 A)) x (@4 1 B,
If Q] is not contained in A, then Q] meets B;. As Z5((Q;) centralizes
1, it follows that Z5(Q;) < U;. But then Z5(Q;) = Z(Q) and Q; is
abelian, a contradiction.

Claim 3. A; = Z(Q1).
We know Z(Q1) < A; (Lemmal6.16]) and we must prove the reverse

inclusion.
Since Q] < A; we have

[ T7At] S At-

Then for g € Q7, a € A; we find

[g,a] = [q,a)" = [¢"", a].

This then gives

%, a] = 1; la, d(¢%)] = 1; la, q] =
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Hence Q7 centralizes A;. Since Q1 = U;Qf with U, abelian it follows
that A; < Z(Q1). The claim follows.

This completes the proof. [
Lemma 6.24. Let G, i, L, t satisfy Hypothesis|[6.10. Then U; < Q.
Proof. We suppose on the contrary that

Q1 < Q4.
Let QQ = NQt(At)
Claim 1. Q1 < Q2 and Q2/A; is abelian, inverted by 1.

As At = Z(Ql) we have Ql S QQ.
Now Cy, (i) = Ay, so i inverts QQ2/A;. Thus Q2/A; is abelian.

Claim 2. A, = Z(Qs).

We have Z(Q2) < Z(Q1) = A;. We need to show A; < Z(Q2).
We have Q)2 = A;(QQ; with ()5 the subset inverted by i, so it suffices
to show that [A;, Q5] = 1.

This goes as before. For a € Ay, g € )5 we have

la,q] = la,q]' = la,q'] = la,q"'],

a=a’; la,q] = 1.
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Claim 3. (); = Q.

As A; is characteristic in )2, A; is normal in Ng,(Q2). It follows
that @5 is self-normalizing in Q);, so Q3 = Q.

Now we arrive at a contradiction. Since @y = Q2 we find Q) < A,
and hence @)y normalizes Uy, so

Q:Qla

in spite of our assumption to the contrary.
This concludes the proof. [

Corollary 6.25. Let G, i, L, t satisfy Hypothesis[0.10.
Then

Co,(wi) = QN OF (Cg(wi)).
Proof. Apply point (2) of Lemma |6.20] ]

6.5. Proof of Proposition [6.13. Going forward, the main items of
notation are the following.

Q= UO,T‘RL(FCG(t)); Ay = QN L= Cg,(i);
Q) = Co,(wi) = Qy N OF(Cq(wi));
Qi = Co,, (i) = Quy N OF (Ca(wi)),

with w € L inverting T;.
To this we add the following.

Notation 6.26. With G, i, L, t satisfying Hypothesis |6.10} fix t € L,
and let T} be the 2-torus of L containing ¢. Let w be an involution of
L inverting T}, and define the following.

A A

Aw = UO’TKL (CL(’LU)), R = UO”“KL (FCG(’LUZ))Aw
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Note that A4, < flw

Lemma 6.27. Suppose G is a simple L*-group of finite Morley rank

and odd type satisfying Hypothesis|6.10).
Then R is a nilpotent group with

R =(QF, Qi Au)
and
Cr(t) = Qf; Cr(tw) = Q,; Cr(w) = A,
Fach of these three groups is non-trivial.
Proof. We set
Ry = Up g, (FCq(wi)).

Recall that the torsion of Ry lies in A,
We have A,, < Cg(wi) so A, normalizes Ry and R is a connected
solvable group. R is in fact nilpotent by Fact [2.26]

Claim 1. <Qj,@§;u,flw> <R

As Qf and Q) are Uty -groups, Corollary [6.25 covers Q; and
Q. The group A, is included by definition.

Claim 2. Cp(w) = A,

It suffices to check that Cg, (w) < A,. As Cg,(w) < Cq(i) < N(L),
we find

Cr,(w) < Ty x KJ.

As Ry is t-invariant and Ry N K =1 (Lemma|6.18)), we find
CRO(’U}) == Ro M Tw.




L* GROUPS IN ODD TYPE: QUASI-THIN GROUPS, COMPONENTS 95

On the other hand by Fact [2.34] Cg, (w) is itself a UO,TRL—group, and

thus this intersection lies in flw.
The claim follows.

Claim 3. Cy(t) = Q; .

The group Cg(t) reduces to C,(t), so this is a UO7TKL—subgr0up of
FCg(t). That is,

Crlt) < Uy, (FCo(t)) = Qu.

As Co,(wi) = Qf, the claim follows.
Correspondingly, Cr(tw) = Q},.
Now by Fact the group R is generated by its subgroups

Cr(1), Cr(tw), Cp(w).

Only the final point (non-triviality) remains to be checked.

By our assumptions @} is non-trivial, and Q;ZU is a conjugate. Fur-
thermore A, contains A, and we know Z (Quw) < Ay. So the result
follows. O

Now we come to the proof of Proposition [6.13].

Proof of Proposition[6.15. Now G satisfies Hypothesis [6.4, and ¢ de-
notes an involution of L. The claim is that OFCg(t) N K = 1.
Suppose on the contrary that OFCg(t) N K7 > 1. Then by Lemma

6.6, Hypothesis applies to t. We take w € L inverting the torus
T; of L containing t.

Claim 1. There is a non-trivial connected subgroup X of Q; commut-
ing with a non-trivial connected subgroup Y of A,.

Consider the group R as in Lemma [6.27]
R=(Qf, Qv Au).
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with all three subgroups non-trivial.

The connected component of the center of R is generated similarly
by

Cory (1), Oy (tw), C gy (w),

where now some of these subgroups may be trivial.

However, as t and tw are interchangeable for our present purpose,
we may suppose that at least one of the groups C7 g (t) or Cp (w)
is non-trivial. Any central subgroup of R commutes with @, and with
A,,. Therefore this gives us either a non-trivial connected subgroup of
A, commuting with @, or a non-trivial connected subgroup of @Q;
commuting with Ay.

In either case, the claim follows.

But @; commutes with the 2-torsion subgroup 7; of T; (Lemma
6.12), and thus X commutes with T; and Y, forcing X < C(L), and
thus X < Q; N N(L) = 1, a contradiction. O

6.6. Case 2. Preliminaries.
Hypothesis 6.28 (Hypothesis and notation).
Hypotheses

G is a simple L* group of finite Morley rank and odd type satisfying
NTA,. We suppose that there is no component in £ of type SLs.

Notation

Let i be an E-involution.

L =FE:(Cq(i)), K = Cq(L), K = Cq(L,7).

o is maximal so that Uy ,(FCq(t)) £ N(L) for t € I(L).
For ¢,t commuting involutions in Cg(4) set

Qt = Uy (FCa(1)); Ay = QN L;
Q: (') = Cq,(t").
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Remark 6.29. In the context of Hypothesis [6.28], if ¢ is an involution of
L, we have the following.

(1) OFC¢(t) has maximal reduced rank at most r¢ and U,(FCq(t)) =
1 for p prime. (Lemma [3.23]).

(2) UFCg(t) is not contained in N (L) (Lemma [6.6).

By (1), OFCg(t) decomposes as a product of groups Uy, (FCgq(t))
and a central subgroup d(7T") with T" a Il-torus. By (1,2), o is well-
defined and is at most 7.

By Proposition [6.13| we have Q); N K; = 1. Furthermore, as Q is
w-invariant contains no involutions we find

Q:NN(L) = Ay x (QtﬁKL)
:At.

Also A; = Cy, (i) is a connected U ,-subgroup of the algebraic torus
T; of L containing t.

Lemma 6.30. Let G, i satisfy Hypothesis[0.28.
Then for s an involution in Cg(i) we have

[, Cg(s)] < OF(Ca(s)).

Proof. This follows from Lemma [6.5| since Ey;,(Cg(s)) is either trivial
or of type SLy and Cge () (i) covers the centralizer of i in the quotient
modulo OFCg(s). [

Lemma 6.31. Let G, i satisfy Hypothesis [6.28. Let t,w be distinct
commuting involutions in L, and suppose

C,(wi) < N(L).

Then wt inverts Qy and @y is abelian.
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Proof. We have
C’ét(wz) S Qt N N(L) — At

and Cy,(wi) =1, so Cp) (wi) = 1 and wi inverts Q.
Hence @), is abelian. O]

Lemma 6.32. Let G, ¢ satisfy Hypothesis[6.28.
Then for any involution s € Cq(i) with s # i we have

UF(Ca(s)) £ N(L).

Proof. Supposing the contrary, we have s = ¢t with ¢ an involution of L.
With w € L inverting Ty, by conjugacy we have UF (Cg(wi)) < N(L).
By Lemma [6.5 we find Cg(wi) < N(L) and then by Lemma wi
inverts (); and (); is abelian.

Therefore the decomposition of (); with respect to the action of i
can be written as

Q= Q (1) x Qf (w) = Ay x Q/ (w).

Here ¢ inverts Q; (w) and in particular [i, Q; (w)] = Q; (w). By
Lemma [6.30] we have

Q/ (w) < OF(Cg(w)).

But Q; (w) is a Uy s-group and so Q; (w) < Q.

If A; is non-trivial then A,, is non-trivial and both centralize Q;" (w),
so Qf (w) centralizes L and then Q; (w) = 1, a contradiction. So Ay, A,
are trivial and Q; = Q; (w) < Q,,. Hence Q; = Q,, is normalized by the
algebraic tori of L containing ¢ and w respectively, and L normalizes
Q-

But L cannot centralize ()¢, so L acts faithfully on @);. In particular
the root subgroups of L, which are copies of the additive group of the
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base field k, act faithfully on ¢);. This forces the characteristic of k£ to be
zero and the rank of the additive group (which is also its reduced rank)
to be at most ¢. But o is at most the reduced rank of the multiplicative

group of k, so this is a contradiction.
The result follows. ]

Remark 6.33. Our hypotheses on t € I(L) now apply to all involutions
of Cg(i) other than 4. In particular we have

QSON(L) = As.

In the case s = ti with t € L, A, is a subgroup of the algebraic torus
of L containing ¢.

Lemma 6.34. Take the hypotheses and notation as in Hypothesis[6.28.
Let s be any involution in Cg(i) other than i, and let V be a 4-group

in Cq(i) commuting with s and not containing s.
Then

(1) For v, € I(V) distinct, QF(v) is an abelian Uy ,-group in-
verted by v'.
In particular, QF (v) N QT (V') = 1.

(2) Qs = (@5 (v) : v e I(V)).
(3) If v € I(V)\ (s,) then Q7 (v) = Qs N Qy.
(4) Uy o(Kp) = 1.

(5) Qi=1.
Proof. By Proposition [6.13] we have

OF(Ca(s))NKp =1

for all such s.
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Ad 1. v inverts Q7 (v).

By Fact [2.34 the groups Q (v) are Up ,-groups.

Suppose first that i € (s,v). Then Qf (v) < Cp.(1) < Qs N N(L) =
As. But A, is contained in an algebraic torus of L inverted by the
elements of (V, s) \ (s,4), hence by v'.

Now suppose ¢ ¢ (v, s). Then Q7 (v)NN(L) = QF(v)NL < Cp(s,v),
and Cp(s,v) is finite. Since Cg (1) < N(L), this implies that the group
Q. (v) is inverted by ¢, and is abelian. Furthermore the elements of
I(V)\ {v} belong to (v, s)i and hence invert Q7 (v).

Ad 2. Qs = (QfF(v) : veI(V)).

This point is simply an application of Fact [2.44] but it should be
kept in mind.

Ad 3. Ifv e I(V)\ (s,i), then QF (v) = Qs N Q.

Evidently Qs N Q, < Qf (v).

Conversely, as Q (v) is inverted by 4, it follows from Lemma [6.30]
that Q7 (v) < F(Cg(v)) and thus Qf (v) < Qs N Q,.

This proves the claim.

Ad 4. Uy o(Kp) = 1.
Claim 1. Uy (K1) < OF(Kp).

Suppose X is a non-trivial abelian Uy ,-subgroup of K.

Let t € I(L) and let w € L invert the algebraic torus of L containing
t. Then X normalizes Q; (w) and as both X and Q; (w) are Up,-
groups, the group @Q; (w)X is nilpotent.

Let Z be the center of Q; (w)X. Since Z commutes with X we have
Z < N(L). By w-invariance

Z=(ZNL)x(ZNKy).

But ZNL < Qf(w)NL=1. Thus Z < K;. Now since Z commutes
with Q; (w) we find Q; (w) < N(L), and then @Q; (w) = 1. Thus

Qr = (Qf (1), Qf (wi)).



L* GROUPS IN ODD TYPE: QUASI-THIN GROUPS, COMPONENTS 101

If Cx(i) > 1 then similarly we get Q; (wi) =1 and Q; = Q; (1) <
N(L), for a contradiction. So i inverts X. In particular X < OF(K7p).
This proves the claim.

Claim 2. Uy,(FCgq(t)) commutes with Uy (K1) for s # o.

For s < o, as Uy,(Kr) normalizes FCq(t), Uy (K1) centralizes
U(LS(FCG(t)).

For s > o we have Uy s(FCq(t)) < N(L), so Uy s(FCg(t)) normal-
izes Uy, (K1) and hence centralizes it.

This proves the claim.

The group K normalizes Q; = Uy ,(FCq(t)). Let R be the group

QtUO,cr(KL)- A
Then R is normalized by K7, and by C}(¢), hence by Cg(t) NN (L).

Claim 3. R is normalized by OFCg(t).

Certainly R is normalized by Uy s(FCq(t)) for s # o, and R con-
tains @y = Up»(F'Cg(t)), so the claim follows.

So R is normalized by OFCq(t) - (Ca(t) N N(L)). By Lemma [6.5] it
follows that R is normalized by Cg(t), and thus R = Q.

But then Q; meets K7, a contradiction. Point (4) follows.

Ad5. Q; = 1.
As Qi < Ups(N(L)) and Uy, (L) is either 1 or L, we have @Q); <
Uo»(KL) =1 by the previous claim. O

Now we return to consideration of
A;=QsNL.
Lemma 6.35. Take the hypotheses and notation as in Hypothesis[0.28,

Let s € I(Cq(i)), s # 1 and set Ty = C(s).
Then Uy »(Ts) = As. In particular, Ay = Ag;.
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Proof. Let A% = Uy,(Ts). We argue as in the analysis of UO,J(IA(L)
above.

A* centralizes K. As A* lies in Cg(s) it centralizes Uy, (F(Cg(s)))
for r < 0. For r > o we have U, (F(Cg(s))) < C’R,(L)(s) =T, x K, s
also in this case A} centralizes Uy, (FCq(t)).

Now the group Q,A* is normalized by OF(Cg(s)) and by K, so
by C%(s). As it is a nilpotent Uj,-group, QA% < Qs and so A* <
Qs N L = A,. The result follows. ]
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SUMMARY
Taking t,w € I(L), s € I(Cg(i)) other than (possibly) i.

—Lemma [6.5] p. [73} Set H = C&(t) and H = H/OH.

1. T; x Sp, is a Sylow 2-subgroup of H.

2. H decomposes as H = Eu(Kp) * Hp with Hp a D-group.

3. H<SUF(H) - CR,(L)(t).

4. IfUF(H) < N(L), then H < N(L).

—Hypothesis [6.28, p. [06] G simple L*-group, odd type, with NTA,.
No &£-component of type SLs.

—Remark [6.29] p. 97 For ¢ € I(L) we have

(1) To(OFCq(t)) < ry; Upy(FCq(t)) = 1. (Lemma [3.23).
(2) OFCg(t) is not contained in N(L) (Lemma [6.6)).
—Lemmam p.[97 [i ] <OF(Cg(s)).
—Lemma [6.32] p. 98 UF C’G( )) £ N(L).

—Remark [6.33] -, p.99 Qs N N(L) = A,.
—Lemma[6.34], p.[99 s ¢ V, v,v' € V distinct.

(1) Qf(v) is an abelian Uj ,-group inverted by v'.
In particular, Q@ (v) N QT (V') =

(2) Qs = (QF(v) : v e I(V)).
(3) fve I(V)\ (s,i) then QF (v) = Qs N Q.
(4) Upo(Kr) = 1.
(5) Qi=1.
—Lemma [6.35], p. [101} Uy, (T,) = As.




104 JEFFREY BURDGES AND GREGORY CHERLIN

6.7. Normalizers of subgroups of ;. Revised 10/2022. Review.
Next we apply signalizer functor theory.

Lemma 6.36. Tuke the hypotheses and notation as in Hypothesis|[6.28.
Let s € I(Cg(i)), s #i. and set Ty = CL(s).
Then the following hold.

(1) Q;r(z) = AS — UO,U(TS)'

(2) As > 1.

Proof.

Ad 1. Qf (i) is a Uy o-group (Fact [2.34)).
We have

Qi) <Q,NN(L)=Q,NL=A4,.

So (1) follows by Lemma [6.35]
Ad 2. Suppose toward a contradiction that

As=1.

Then ¢ inverts ().
Also by Lemma [6.35 we have A; = Ay = 1, and as ); = 1 our
hypothesis becomes

A =1 for all involutions s € Cg(7).

Now take an elementary abelian 2-group A of 2-rank 3 containing
the involution ¢ and define 6 on I(A) by

0(s) = Qs.
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Claim 1. The function 0 defines an invariant nilpotent signalizer func-
tor on A.

We need to check the balance condition on A:
Qi(s) =QsNCq(s") < Qy.

As i inverts @, for all s € A, (Q,NCg(s")) = [i,Qs N Cq(s)] lies in
OF(Cg(s')). Furthermore Qf (') is again a Uj ,-group, so the balance
condition follows and the claim holds.

It follows that the signalizer functor 6 is trivial.

Qs = 1 for s an involution in Cg(1).

But this contradicts Lemma [6.32] O

Lemma 6.37. Take the hypotheses and notation as in Hypothesis[6.28.
Then we have the following.

(1) K1, has abelian Borel subgroups.

(2) 0°(Ky) = 2°(Ko).

(3) OF(Kp) = 1.

(4) KE is a D-group with KE/ZO(KL) of degenerate type.
(5) f(i has a connected Sylow 2-subgroup of Prifer rank 1.
(6) K = K is connected.

Proof.

Ad 1. Let H < K, be definable, connected, and solvable. Let ) =
F(Q:H). By Lemma Uo(Q) = 1. Hence Q commutes with Q). If
() > 1 this forces Q; < N(L), a contradiction.
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Thus F(Q:H) = Q; and H < Q; N H = 1. Hence H is abelian.
Ad 2. This is given by Lemma [2.29]

Ad 3. As Uy, (K1) =1 and OF (K1) < OF(Cg(t)), the group OF(Kp)
commutes with ();. Hence it is trivial.

Ad 4. By Fact 2.7 we have
KL = Ealg(KL) * KD

with Kp/Z°(Kp) of degenerate type.

We show that Ealg(KL) = 1. Let B be a Borel subgroup of Ealg(K7)
and U its unipotent radical. Then U < B’ < F(QB). As Uy (K1) = 1
the group U centralizes (Q;, and hence must be trivial. So Ealg(f( L) =1

Thus (4) follows.

Ad 5. This is immediate from (4) .

Ad 6. K, has the unique involution i so N (K1) < Cga(i). Thus K, =
K < Cq(i).

But Cg (i) is connected, and Cg(i) = L x K. So K, is connected.

[

Remark 6.38. It follows that a Sylow 2-subgroup of G has the form
St xT; with St a Sylow 2-subgroup of L and T a 2-torus containing i.

Lemma 6.39. Take the hypotheses and notation as in Hypothesis[6.28.
Then for s an involution which is not a PSLy-involution, Cg(s) is a
D-group.

Proof. We may suppose s =t or ti and w inverts T;. Then s, w are not
cotoral so w ¢ Cg(s). It follows that the Sylow 2-subgroups of Cg(s)
are connected. Thus with H = Cg(s) and H = H/OF(H), we have
Euy(H) =1 and the result follows. O
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Lemma 6.40. Take the hypotheses and notation as in Hypothesis[6.28,
Then Z°(Qy) is inverted by 1.

Proof. Supposing the contrary we have
ZO(Qt) N At > 1.
As t is conjugate to w in L we find

Z°(Qu) N Ay > 1.

Claim 1. Q;,, = 1.

The group @, is centralized by nontrivial connected subgroups of
A; and A, and hence by L, which must act trivially, forcing Q;,, = 1.

Thus w inverts ); and (), is abelian.

Let By = No,.(a,)- Writing By,(s) for Cp,,(s) we have

Here Byi(w) = Byi(i) = Aw. Accordingly B,;(t) or By;(tw) is
nontrivial, so by conjugacy both are nontrivial.

Now B,;(t)NA, is trivial and hence i inverts By,;(t). Hence By,;(t) <
Q);. Therefore B,;(t) is normalized by A;.

Claim 2. By,(t) centralizes A,
For b € B,;(t) and a € A, we have [b,a] € A,, and thus

[b,a] = [b,a]" = [bil,a]

and as usual [b,a] = 1.

This proves the claim.

As By;(t) centralizes A, and Ay, it centralies L, giving a contradic-
tion. ]
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Notation 6.41. Let G satisty Hypothesis [6.28]
We let T; denote the 2-torus of K.
For ¢, w commuting involutions, we set

Qtw = Qr N Qu;
Qi(w) = Cq,(w).

In the next lemma we will probably take t,w € L but it may be
useful to have it a little more generally.

Lemma 6.42. Take the hypotheses and notation as in Hypothesis[6.28.
Let t,w be distinct commuting involutions in Cg(i), distinct from i,
with w inverting Ay and conjugate to t. Then Q. = Qi(w) > 1.

Proof. Q;(w) is inverted by ¢ hence lies in Q. If Q;(w) is trivial then
w inverts )y and @); is abelian. But this contradicts Lemma [6.40 [

This last point is one to bear in mind as it will tend to be applied
without explicit mention.

Lemma 6.43. Tuke the hypotheses and notation as in Hypothesis[0.28.
Let t,w be distinct commuting involutions in Cq(i), distinct from i,
with w inverting A, and conjugate to t.

Then Nj (Qtw) = 1.

Proof. Assuming the contrary, then as (f,v) is conjugate to (v,t) we
find

let(Qt,v)a lev (Qt,v) > 1.

Hence L normalizes ¢, as well. On the other hand the reduced rank
of the additive group of the base field is bigger than ¢ and hence L
centralizes Q¢ ., giving Q)+, = 1, and a contradiction. []

Lemma 6.44. Take the hypotheses and notation as in Hypothesis[6.28.
Let B be a non-trivial subgroup (T;,t, w)-invariant subgroup of Q; in-
verted by i, with N (B) > 1. Then the following hold.
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(1) No(B)N L < T, (w).
(2) N&(B) = OF (N¢(B)) - N¢,;(B).
(5) Ca(B) = OF(Ca(B)) - Ny, (B).

(4) Uoo(Nc(B)) = Up o F(Ne(B)).
Proof. Let H = N&(B) and H = H/OF(H). By Fact [2.7 we have

H = FE.,(H) - Hp

with Ealg(H ) the inverse image of Eq,(H)
Ad 1. We have Nj (B) > 1, so if (1) fails then L normalizes B. As
rk(k) > o it then follows that L centralizes B, and B = 1.

Ad 2.
Claim 1. H is a D-group.

Suppose on the contrary that L; = Eg,(H) > 1. Then in view of
the structure of a Sylow 2-subgroup it is of type PSLsy. The 2-torus
T; acts on L; and centralizes at least one algebraic torus Ty of L;. If
Ty is the preimage in H then C7, (i) covers T;. The involutions of L,
are conjugate and L; contains a 4-group, so the involutions of L, are
conjugate to involutions in L. In particular an involution ¢; of Cfr, (%)
lies in L. Then Cy,(t14) covers Ly and we contradict Lemma [6.39)

This proves the claim.

It follows that [T}, H] < UF(H) (Fact 2.8). Hence C5;(i) covers H.
This gives (2).

Ad 3. This follows freom (1,2).

Ad 4.
We have

Uoo(H) < OF(H)Upo(Cu (1)) < OF(H)Upq(Nt,(B)).



110 JEFFREY BURDGES AND GREGORY CHERLIN

Let U = Uy, (H).
Claim 2. Uy, F(U) centralizes U N'T, forr # o.

For r < o, U centralizes Uy, F'(U).
Suppose now that r > ¢ and let U, = Uy, F'(U). Then

Ur = <C(C}T (t>7 C&, (w)7 CI(}T (tw)> .

Here the centralizers of w and tw meet T; trivially. Hence they are
inverted by i. Thus these groups lie in @), and (), respectively. But
then as r > ¢ they must lie in A,, or Ay,. But U cannot meet A, or
Ay, nontrivially, so we find Cy (w), Cy, (tw) = 1 and U, < C(t) with U,
inverted by w. But then w inverts UNr,(B) and hence U, centralizes
Nr,(B).

It follows that Uy ,(FU)Uy ,Nr,(B) is normal in U. But FU covers
the quotient of U by this subgroup and hence Uy, (FU) covers the
quotient (since U = U, (U). Thus U = Uy ,(FU)Up o Nr,(B). This is
then nilpotent, and hence contained in F'(N(B)).

This proves (4). O

Lemma 6.45. Tuke the hypotheses and notation as in Hypothesis[0.28.
Lett,w € L be involutions with w inverting T;. Let By, = Uy s N(Qi)-
Then By, is abelian and inverted by i.

Proof. Let By (i) be Cp, (7). By Lemma By (i) < Ty. As this is
a Uy ,-group and N}L(Qt,w) = 1 we find that 7 inverts B, ,,. Hence By,
is abelian. O

Lemma 6.46. Take the hypotheses and notation as in Hypothesis[0.28.
Lett,w € L be involutions with w inverting T;. Let By, = Uy o N(Qw)-
and let By, (t) = Biyw N Q.

Let Ay = Uy sNa,(Biw(t)). Then Ay > 1.
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Proof. Let H = Uy +Ng,(Biw(t)). If Cy(i) is trivial then H is abelian
and hence contained in B, for a contradiction.
So Cy (i) is a nontrivial Uy ,-subgroup contained in A*. O

Lemma 6.47. Take the hypotheses and notation as in Hypothesis[6.28.
Let t,w € L be involutions with w tnverting T;.

Then Qt,w = Qt,tw = Qw,tw'
Proof. Q. = Qi(w) = Qi(tw) = Q¢ 1, and similarly for Qy, - O]

Accordingly we might also use the notation @,y and, similarly,
Bt ,w), but we prefer the lighter, less symmetric notation.

Lemma 6.48. Take the hypotheses and notation as in Hypothesis
[6.28 Let t,w € L be involutions with w inverting Ty, and By, =
UO,JNG(Qt,w)- Then UO,JN(Bt,w> = Bt,w-

Proof. Let H = Uy, N (Byy). C(i) is generated by Cr(i,t), Cu(i,w),
and Cy (7, tw). and these groups are conjugate.
If Cy(i,t) is trivial then Cy(t) is abelian and contained in

UO,UCG(Qt,w) = Bt,w-

The same then applies to Cy(i,w) and Cg(i,tw), and H = By .
Otherwise, A} = Uy ,Nr,(Bi) is nontrivial, and A7 similarly. So
L normalizes Uy , N, (B ). So L normalizes By ,,. But the rank of the
base field of I’ is greater than o and then L centralizes B, ,, and hence
also Q¢ ), for a contradiction. O]

We can apparenty set the next point aside and head directly for the
final argument.

Lemma 6.49. Take the hypotheses and notation as in Hypothesis
[6.28 Let t,w € L be involutions with w inverting Ty, and By, =

UO,UNG(Qt,w) .
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Let H(t,w) be Uy s Ni(Byiw(t)) and Hy(t,w) the preimage in H(t, w)
Of UO,O'Z(H(t7 w)/Bt,w(t))
Then Hy(t, w) < Bya,.

Proof. By, centralizes By, (t) and hence lies in H (¢, w). Thus
[Bt,un Ho(t, w)] < Bt,w(t) < Bt,un

and Hy(t, w) normalizes By ,,. Thus Hy(t,w) < By . O

6.8. Existence of components of type SL;. We can now prove the
existence of components of type SLs in £.

Proof of Proposition [6.1. Supposing the contrary, we arrive at Hypoth-
esis and we consider a 4-group V = (t,w) contained in L.
With the notation of Lemma [6.46 we have

Aj = Uno(A7) < Na(Bru(t)).

On the other hand Uy ,Cq(Biw(t)) = Biw and thus A7 < Ng(Biw).
There is a conjugate subgroup A of Ng(By,,) and thus L normalizes
By . Then as usual L centralizes By ,, and we arrive at a contradiction.

]



L* GROUPS IN ODD TYPE: QUASI-THIN GROUPS, COMPONENTS 113

7. THE MAIN RESULTS

Now we will prove the main result, Theorem [I.1] and add some
further details about the structure of centralizers of involutions.
For the main result, this is largely a matter of assembling the

prior results, with some additional argument in the manner of [FW69,
Won69).

7.1. Theorem 1.1l

Lemma 7.1. Let G be a connected simple L* group of finite Morley
rank of odd type satisfying the condition NTAs, with Prifer 2-rank 2
and

mg(G) > 3.

Then then there is an SLo-involution (an involution whose centralizer
has an E-component of type Sls). For any such involution i, one of
the following applies.

(1) Euy(Ceq(i)) = Ec(Cq(i)) is of type SLg o SLy with components
conjugate in Cg (1), and Cg(i) disconnected;
or:

(2) Cq(i) is connected, contains a Sylow 2-subgroup of G, and has
the form L %9 Kj with L of type SLo and Ky of Prifer rank

1 and unique involution i; Eq (K /OF(KL)) is of type SLs.
Furthermore we have one of the following.

(2a) There are two conjugacy classes of involution. For t not an
SLy-involution, Cq(t) is a D-group.

(2b) There is one conjugacy class of involutions, and they satisfy
Ey(Cq(i)JOFCq(7)) = SLg %9 SLo,
(possibly with differing base fields).
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Proof. The analysis begins with Lemma (also subsumed under later
results): &£ is non-empty and consists of Priifer 2-rank 1 groups. Ac-
cording to Lemma [{.13], if Fg(C; (7)) has more than one component
for some involution 7, then it has the structure

SLQ *9 SLQ,

allowing for the possibilty of unrelated base fields. In particular there
is a clear distinction between SLs-involutions and PSLs-involutions,
when both types exist.

By Proposition [6.1], there are SLo-involutions.

By Lemma there are at most two conjugacy classes of involu-
tions.

By Lemma the possibilities associated with an SLy-involution
are as described. ]

Continuing, we divide the analysis according to the number of con-
jugacy classes of involution present.

Lemma 7.2. Let G be a connected simple L* group of finite Morley
rank of odd type satisfying the condition NTAs, with Prifer 2-rank 2
and

mQ(G) > 3.

Suppose that G has two conjugacy classes of invoution.
Then the following hold.

(1) The 2-rank of G is 4.

(2) One conjugacy class of involutions satisfies Eg(Cq(i)) = PSLo,
and the other satisfies Eg(Cq(i)) = Slo %9 SLo, the two compo-
nents of SLo %9 SLy are conjugate.

(3) The Sylow 2-subgroup is as in PSpy.
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(4) All components of centralizers of involutions have the same base

field.

Note that we have arrived at case (1) from the statement of Theo-

rem [L.1]

Proof. By Proposition one class of involutions consists of PSLy-
involutions, the other of SLy-involutions. (In particular, Case (2a) above
is eliminated.)

Then by Lemma [5.23] the SLy involutions satisfy Eg(Cg(i)) =~
SLs *9 SLy with components conjugate by an involution, and the Sylow
2-subgroup is as in PSp,. In particular the 2-rank is 4.

By Lemma [4.13] if 7 is a PSLy-involution then Fg(Cg (7)) is a single
component, of type PSLs.

This gives points (1-3). The various components of type SLy have
the same base field, and it remains to consider components of type
PSLs. We can take an involution swapping two compoments of type
SLs(k). Then we have PSLy over the same base field in the centralizer.

O

Lemma 7.3. Let G be a connected simple L* group of finite Morley
rank of odd type satisfying the condition NTAs, with Prifer 2-rank 2
and

Suppose that G has one conjugacy class of invoution.
Then Cg(i) is connected.

Proof. Suppose the contrary. Then by Lemma [4.18| E¢(Cg(7)) is of the
form SLs %9 SLo with the components conjugate. Now we argue more
or less as in [FW69] (with some overlap with [Won69]).

Claim 1. There is an element j € Cg(i) with 3> € (i) which swaps the
two components.
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Take j to be any element which swaps the two components Lq, Loy
and let

77 = ajasc

with a1 € Li, a9 € Lo, c € Cg(LlLQ),
We make two computations of (ja=1)?.

(jar")? = (j°a; Yay 't € Lid;
(jar")? = (a;') '(j%a;") € Lac,

so (ja;')? = ¢/ = c. and thus replacing j by ja;* gives j2 € Cg(L1Ly).

Let T be a maximal 2-torus of LjLs. Then Cg(T) is connected
and any 2-element of Cg(7T) lies in 7. Thus Cg(L1L2)/ (i) contains no
involutions. Hence jCg(LiL2) contains an element whose square lies
in (i), as claimed.

Now consider the group
S =T (w,j),

with w inverting 7" and commuting with j. This is a Sylow 2-subgroup
of Cg(i,t). We will show that (i) is characteristic in S.

The connected component of S is 7" and T (w) is the subgroup
acting trivially or by inversion on 7'. We consider the fourth powers of
elements of the coset (T (w))j.

Choose notation as follows. For elements of T' we write a = ajay € T
with a1 € Ly, as € Lo; we also write a = (ay,as) but must allow for
possible adjustments by 1.
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We have the two cosets T'7 and T'wj to consider. Then we have the
following.

(aj)* = aj’d’ = j*(maz, araz);  (aj)* = ((mas)’, [mras)?);
(ajw)” = a(jw)*a™

= j*(a1a5 ", i as); (ajw)* = ([ara3')?, [a1 'as]?).

In other words, the fourth powers run over a 2-torus containing ¢
and a 2-torus containing ti. If follows that (i) is characteristic in S.

From this it follows that S is self-normalizing in C(¢) and hence S
is a Sylow 2-subgroup of C(t). As the structure of a Sylow 2-subgroup
of Cg(1) is different, we find that ¢ and ¢ are not conjugate, giving a
contradiction.

This proves the lemma. [

Proof of Theorem [1.1. We have a connected simple L* group G of finite
Morley rank of odd type satisfying the condition NTA,, with Priifer
2-rank 2 and

mg(G) > 3.

By Lemma there are at most two conjugacy classes of involu-
tions.

If there are two conjugacy classes of involutions then Lemma
gives point (1) of Theorem [L.1]

Suppose therefore that there is one conjugacy class of involutions.
By Lemma the involutions are SLo-involutions and case (2b) of
that lemma applies. That is,

Eiy(C(i)/OFCa(i)) = SLy %5 SLo,

possibly with different base fields.
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The rest of clause (2) of Theorem [1.1]is then clear.
Thus in either case the relevant clause of Theorem [L1] is verified.
[

7.2. Continuation: one conjugacy class. We push the structural
analysis of centralizers of involutions a little further in the two con-
figurations presented in Theorem [I.1, We begin with the case of one
conjugacy class.

Lemma 7.4. Let G be a group of finite Morley rank satisfying Hy-
pothesis and having one conjugacy class of involutions. Let v be an
involution and let L be an E-component of Cq(i). Let H be a definable
proper subgroup of G containing L and having 2-rank at least 2.

Let L be the normal closure of L in H.

Then either L < E¢(H) or L = OF(L)- L

Proof. Let k be the base field of L and let L be the normal closure of
L in H. Then L/OF(L) is of type Gg, SL3, SLy %5 SLy, or SLy, with
base field k.

But if L/OF (L) is of type SLy %, SLy then L covers one of the com-
ponents and some element of H conjugates L to a group L* covering
the second component. Then the conjugating element may be taken to
lie in Cg(i) and this gives a contradiction. So the quotient L/OF(L)
is of type Go, SL3, or SLs.

L is a covering group of L/OF(L). Let Q = OF(L). If Q is trivial
then L < L < Eg¢(H).

So we assume that

Q > 1.

By Lemma [2.53], O(ﬁ) is a either a p-unipotent group, if the char-
acteristic of the base field k£ is p > 0, or else a Up,-unipotent group
with r = rk(k), if the characteristic is zero.
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Case 1. ); > 1.

By Fact Qi < E4y(Cq(i)). Then Q; normalizes L and so Q;
centralizes L. Hence E,;;,(C¢ (7)) has two components L, Ly of type SLo
and (); < Lo. Here the base fields of the components have the same
characteristic, and the same rank if the characteristic is zero.

If L/Q is of type Gy then O} (i) covers Eu,(Cg(i)) and we have a
contradiction as @Q; < Euy(Ce(7)).

Suppose next that ﬁ/Q is of type SL3(k).

The Sylow 2-subgroup of L has the form T (t;) where T is a 2-torus
with Qi(7T) = (i,j) and t; is an involution inverting a torus 7; of L
containing ¢ and swapping 2-tori containing j and 7.

In C(7) the torus T is a central prodict of 2-tori 77,75 from the
factors L, Lo and t; is the product of an element of order 4 in L which
inverts T} by an element of order 4 in T5. This element must centralize

(i, which is contained in a unipotent subgroup of L,. This is impossi-
ble.

Therefore we find L/OF (L) is of type SLy and L = Q - L.

Case 2. Q; = 1.

Suppose that E/Q is of type Gy or SL3 and (); = 1. Then the
involutions are conjugate and the claim applies to a 4-group in [A/,
showing that () = 1, a contradiction. Thus [A// @ is of type SLy and
L=Q-L. ]

The following is more or less found in the preceding, but we bring
it out.

Lemma 7.5. Let G be a group of finite Morley rank satisfying Hy-
pothesis and having one conjugacy class of involutions. Let ¢ be an
involution and let L be an €-component of C(i) with base field k. Let
H be a definable proper subgroup of G containing L and having 2-rank
at least 2.
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Let L be the normal closure of L in H and Q = OF(L). If L =

OF(L) - L and Cg(i) > 1 then Eg(Cg(i)) has two components of type
SLo whose base fields have the same characteristic, and, in the case of
characteristic zero, the same rank.

Proof. We review the relevant part of the previous argument. We set
Qi = Cg(i), which is p-unipotent if k haa characteristic p and is Uj,-
unipotent if k£ has characteristic zero and rank 7.

Then @Q; is a unipotent subgroup of Ey,(C¢(7)) commuting with L,
so if ); > 1 then it lies in a root subgroup of a second component of
E.,(C(i)). So the characteristics agree, the rank of the second base
field is at least the rank of k, and in characteristic zero the ranks
agree. [

In the same situation, if ¢ inverts () which is non-trivial and not
the natural module, one will arrive at the same conclusion regarding
the structure of Fu;,(Cq(7)).

Lemma 7.6. Let G be a group of finite Morley rank satisfying Hy-
pothesis and having one conjugacy class of involutions. Let v be an
involution and let L be an E-component of Cq(i). Let H be a definable
proper subgroup of G with L < Eq,(H).

Then either E¢(H) is of type SLs or H < Cg(1).

Proof. We suppose that Eg¢(H) is not of type SLs.

If Eu(H) is of type SLy or SLg %3 SLy then L is a component of
Euy(H) and H < N(L) = Cg(i).

So it remains only to eliminate the case in which E,;,(H) is of type
Go. With L the normal closure of L in H we then have

A

(%) L= Eu(H) = Es(H) ~ Gy.

In this case for i € L a central involution, C(i) = L; x K with
L; ~ Sl %9 SLy and K of degenerate type. Then K acts on Cg(t) for ¢
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an involution of L; and centralizes Cg(1,t), which contains a maximal
algebraic torus of Cs(t). So on the one hand K acts on Eg(Cq(t)) as
a subgroup of this torus and on the other hand K centralizes an ele-
ment w which inverts it. As K contains no involutions, K centralizes
E¢(Cg(t)). If follows that K centralizes Eg(H) and Eg(H) is normal-
ized by C(7), hence by I'y for V < L; a 4-group. So I'y < N(Eg(H)),
a contradiction.

This eliminates case (x) and completes the proof. O

Lemma 7.7. Let G be a group of finite Morley rank satisfying Hypoth-
esis and having one conjugacy class of involutions.

Let i be an involution and suppose that Eqy(Ca(7)) is of type SLg %2 SLo.
Then Cq(i) = Euy(Ca(7)).

Proof. We know that C(7) is connected. As the involutions are conju-
gate our assumption on Cg(7) applies to all involutions.

Let E; = E¢(Cg(i)) and factor C (i) as E; x K; with K; of degen-
erate type. For ¢ another involution of Cg(7), consider U = Ck, ().

Decompose Cg(t) similarly as F; x K;.

U acts on F; as a subgroup of degenerate type commuting with
an elementary abelian 2-group (i,t,w) of rank 3. Hence the action is
trivial and U < K;. So U commutes with F; and FE}.

As there is a four-group in E; with involutions conjugate over ¢, if
K; > 1 then we may suppose that U > 1. We let H = Cg(U). As H
contains Fj; and E; the only possible structure for E,,(H) is G, and
this must then be E¢(H).

But this was eliminated in Lemma, [7.6l O

We put the last few lemmas together.

Lemma 7.8. Let G be a group of finite Morley rank satisfying Hy-
pothesis and having one conjugacy class of involutions. Let ¢ be an
involution and let L be an E-component of Cg(7).
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Let H be a definable proper subgroup of G containing L and having
2-rank at least 2. Let L be the normal closure of L in H and () =
OF(L).

Then one of the following applies.

(1) Q=1 and L < Ey,(H).

(a) H< Cg(i), or
(b) Eqy(H) is of type SLs.

or
(2)Q>1and L=Q- L.

(a) i inverts Q, or

(b) Ca(i) = Euy(Cq(i)) = Eg(Cq(i)) has two components of
type SLo. Their base fields have the same characteristic and,
in the case of characertistic zero, the same rank.

Lemma 7.9. Let G be a group of finite Morley rank satisfying Hypoth-
esis and having one conjugacy class of involutions.

Let i be an involution. Suppose that Cg (i) has a component L of
type SLy with base field k of characteristic p > 0. Then Eu,(Cq(1)) is
of type SLo %9 SLy with both components of characteristic p.

Proof. Let Ki = Cei)(L), let Ly = Eqy(K/OF(Kp)). and let ky be
the base field of Ls. If ko has characteristic p then E¢(Cq(i)) has the
desired structure. So suppose the characteristic of k9 is not p.

Then a maximal p-torus P of Cg(7) has Priifer rank 1, lies in Ly, and
commutes with a maximal 2-torus 7" of C(7). Taking ¢ an involution
other than 7 in 7', since ¢t and 7 are conjugate it follows that P lies in
a conjugate Lo, of Ly contained in Cg(t). Then H = Cg(P) contains
L and a component of Cg(t) conugate to L.
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Referring to Lemma 7.8, we do not have H < Cg(i) or L = OF(L)-
L, so this leaves the possibility that E,,(H) is of type SL3, generated
by compoents of E; and E;. P then centralizes an involution of E,(H)
which lies in Cg(7) and inverts an algebraic torus of L. But viewed in
Ce (i) this involution cannot centralize P.

So this gives a contradiction, and the result follows. ]

Lemma 7.10. Let G be a group of finite Morley rank satisfying Hy-
pothesis and having one conjugacy class of involutions.

Let i be an involution. Suppose that C(i) has a component L of type
SLo with base field k of characteristic zero. Then one of the following
holds.

(1) Euy(Ceq(i)) is of type SLg*g SLo with both base fields k,ky of
characteristic zero and with to(k*) = To(k5). In particular

Eay(Ca(i)) = Ee(Ca(i)).

(2) Euy(Ce(i)) is of type SLy and To(k™) = rk(k2).

Proof. The group Eqy(C(i)/OF(Cg(i))) is of type SLg %9 SLy. We call
the base fields k, ko. Let p = Tto(k).

If k5 has caracteristic p then Eg(Cq (7)) has a component of char-
acteristic p and Lemma applies to give a contradiction. So both &
and ko have characteristic zero.

Case 1. tk(ks) > p.

Suppose first that rk(ks) > p. Then A,(Cq(i)) < Eg(Cq(i)) is
of type SLs*9 SLo. In particular the role of the two components is
symmetrical, so we may suppose To(ks) < To(k).

If 79(k2) = p we are done, so suppose To(k2) < p. We let T be a
maximal 2-torus of Cg(i) and T = Cp . i))(T)- Then Uy ,(T) < L.
Similarly Uy ,(T) is contained in a conjugate of L in Cg(j) for each
involution of T
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Hence H = Cg(Up,(T)) contains components of E,,(Ce(t)) for
each such involution ¢. Then by Lemma E.(H) is of type SLs.
Then as before, an involution which inverts T should centralize Uy, (T)
and we have a contradiction.

So this case is eliminated.

Case 2. tk(kq) < p.

Then we may argue similarly in terms of 7', T, and Uy, (T), though
in place of the components of E,,(C¢(7)) we must work with the inverse
images of the components of E;,(Cq(i)/OFCq(7)).

Case 3. tk(kq) = p.

Writing Ly for a normal subgroup of Ce,;y(L) covering Ey(Cey, ) (L)),
and minimal such, if OF(Ls) = 1 then we may proceed as above and
arrive at a contradiction. Otherwise, we have |Ealg(Cg(i)) = L and
the second alternative applies. ]

Lemma 7.11. Let G be a group of finite Morley rank satisfying Hy-
pothesis and having one conjugacy class of involutions.

Let i be an involution. Suppose that Cg(i) has a component L of
type SLo with base field k of characteristic zero. Then Eq,(Ca(7)) is
of type SLs %9 SLo with both base fields k, ky of characteristic zero and
with To(k™) = To(ks'). In particular

Eay(Ca(i)) = Ee(Ca(i)).

Proof. Let p = to(k*) and let k, ks be the base fields of the compo-
nents of £,,(Cq(i))/OFCq(i)). Let Ly be a normal subgroup of Cg (1)
covering E,;,(Ce(L)). We have to eliminate the case of Lemma
for which

rk(kz) = p

and OF(Ly) > 1 (a homogeneous Uy ,-group).
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We use the signalizer functor theory. Define (t) = Uy ,(OFCq(t)).
We need to check the balance condition

0(i) N Cat) < OFCalt)

for ¢t an involution in Cg(7).

In Cg(t) we have a conjugate L; of L. The involution ¢ acts on L;
like an element ¢; of order 4 and centralizes an algebraic torus T;. The
subgroup @ = 0(i) N Cg(t) acts on L like a Up ,-group centralizing i,
hence as a subgroup of T. If w is an involution in Cg(¢) inverting T;
then () is w-invariant and is hence a product (); X ()9 with @1 < T;
and (), centralizing L;.

Claim 1. ¢); = 1.

The centralizer H; of ); contains both L and a conjugate L3 of Lo
contained in L;. If (); > 1 then H; must fall under one of the cases
listed under (1) in Lemma [7.8 Hy < C¢(i) or Eqy(H) is of type SLs.

As the notmral closure of a Sylow 2-subgroup of H; contains L3,
we cannot have E,,(H;) of type SLs. So this forces Li < Cg(i). But
Lox centralizes j so this is impossible.

The claim is proved.

Claim 2. ) = 1.

At this point, () = (), centralizes L;. Suppose ) > 1. The central-
izer H of () contains L and L;, so again we find either H < C¢(4) or
E.4(H) is of type SL3. But L, is not contained in Cg (7).

So Egu,(H) must be of type SLs. In particular () centralizes the
normal closure of a Sylow 2-subgroup of H. Thus @) centralizes Lj.
But then L < E,,(H) and again we have a contradiction.

Thus the claim is proved, and with this, the balance condition is
proved. But then 6 gives a non-trivial nilpotent signalizer functor and
we have a contradiction. [
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Lemma 7.12. Let G be a group of finite Morley rank satisfying Hy-
pothesis and having one conjugacy class of involutions.

Let i be an involution. Then Cq(i) is of type SLg %9 SLo where the
base fields ki, ko of the two components have the same characteristic,
and in addition To(k;') = To(ky ). In parciular Cq(i) = E¢(Cq(i)).

Proof. Putting together Lemmas|(7.9)and [7.11], the structure of E£,,(Cg (7))
is as stated, and furthermore Eg(Cq (7)) = Euy(Ca(7)).
Then Lemma [7.7| applies. ]

One should perhaps prove rk(ky) = rk(ks) as well, at least in char-
acteristic zero, but it does not seem necessary. Having all components
be £-components seems like the main point (along with the fact that
two components occur in E,,(Cq(1))).

7.3. Continuation: two conjugacy classes. We now turn to the

case of two conjugacy classes, beginning with the configuration as de-
scribed by Theorem [I.1]

Hypothesis 7.13.
(1) G is a simple L*-group of odd type, satisfying NTA,.

(2) There are two conjugacy classes of involution, as follows.

(a) There is an involution ¢ with Eg(Cg(7)) =~ SLa(k)*2SLa(k),
and with the components conjugate by an involution.

(b) There is an involution ¢t with Eg(Cg(t)) ~ PSLy(k).

(3) The Sylow 2-subgroup is as in PSp,. In particular the 2-rank is
4.

Lemma 7.14. Let G be a group of finite Morley rank satisfying Hy-
pothesis and leet i be an SLo-involution of G. Then the following
hold.
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(1) i is the unique SLg-involution of C& (7).

(2) The PSLs-involutions are precisely the involutions lying in a
copy of PSLy in G.

(8) The PSLs-involutions are precisely the involutions lying in a
component of the centralizer of a PSLa-involution.

(4) For t a PSLa-involution, and Ly = Eu,(Cq(t)), the involu-
tions of Ca(t) are those of L (t). Those in L U {t} are PSLs-
wnvolutions and the rest are SLo-tnvolutions.

Proof.

Ad 1. The involutions in a given torus consist of one SLo-involution and
two PSLy-involutions. All the involutions in Cg(i) are co-toral with 4.
So apart from i they are PSLs-involutions and point (1) follows.

Ad 2. There is an involution in Cg(7) which lies in a copy of PSLsy, and
all PSLo-involutions are conjugate.

On the other hand if ¢ were to lie in a copy L of PSLs then there
would be an involution w in the centralizer of ¢ inverting the torus of
L containing ¢, and conjugate to ¢ in L. Such an involution would be
an SLo-involution and so cannot lie in CZ(7). It must then swap the
two components of Cg (7). But then the tori of C (i) inverted by w do
not contain <.

Thus point (2) follows.

Ad 3. This is more or less immediate from point (2). There are in-
volutions which lie in components of centralizers of PSLo-involutions.
Such involutions must be PSLs-involutions, and all PSLs-involutions
are conjugate.

Ad 4. This adds a bit more to the above.

Let s be an involution of Cg(t). Then s,t are co-toral. Let T be a
2-torus containing s, ¢. Then 7" is a maximal 2-torus of Cg(t) and hence
meets L; in a nontrivial 2-torus 77. Accordingly s € T (t) < L; (t). As
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we have seen the involutions of L U {t} are PSLy-involutions. On the
other hand there is an SLs-involution cotoral with ¢ which must then
lie in L - t, and all of the latter, apart from ¢, are connugate under the

action of L;. This completes the argument.
[

Now we argue in the vein of Lemma

Lemma 7.15. Let G be a group of finite Morley rank satisfying Hy-
pothesis [7.15. Let i be an involution and let L be an £-component of
Cq(i). Let H be a definable proper subgroup of G containing L and
having 2-rank at least 2.

Let L be the normal closure of L in H.

Then either L < Eg(H) is of type PSp, or L = OF(L) - L

Proof. Let k be the base field of L.

Then E/OF(f)) is of type PSp,, G, SL3, SLg %9 SLo, or SLg, with
base field k.

In the cases of Gy or SLj all toral involutions would be SLs-involutions,
and hence all involuitons would be SLo-involutions, a contradiction.

If ﬁ/OF(E) is of type SLs %9 SLy then L covers one of the compo-
nents and some element of H conjugates L to a group L* covering the
second component. Then the conjugating element may be taken to lie
in C(7) and this gives a contradiction.

So the quotient L/OF (L) is of type PSp, or SLs. In the latter case
L=0F(L)-L.

So suppose that L/OF(L) is of type PSp, and let Q = OF(L). This
is a p-unipotent or a Uj,-unipotent group with r = rk(k). For ¢ € L
an SLo-involution, C; (i) covers Fq(Cq(i)) and Cg(i) < Euy(Cal()),
which forces (); = 1. There is a 4-subgroup V in L whose involutions
are SLy-involutions . So Q = 1 and L < E.(H) is of type PSp,. O
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Lemma 7.16. Let G be a group of finite Morley rank satisfying Hy-
pothesis and let i be an SLa-involution. Then Cg(i) is of type
SL2 *9 SL2

Proof. We write Cg(i) = EK with E = E,,(Cs(i)) and K the cen-
tralizer of E. Let H = Cg(K).

For t # 4 an involution in E, K acts on the component L; =
E¢(Cq(t)) of type PSLy and centralizes a 4-group in L, so the action
is trivial and L; < H.

If K > 1 then in view of Lemma Eq,(H) must be of type
PSp,.

Now let ¢, £, be commuting involutions of Ey,(H), Ey = Eqy(Ca(te)),
and Ky = Ce,,)(Er). Then K, centralizes to, hence acts on Es, and
centralizes a 4-subgroup. Hence K acts trivially on Es, and K7 < K.
Thus K; = Ky. Taking a 4-group V in E,,(H ), the associated group
Ky is normalized by I'y, so I'y < G, and we have a contradiction.

This shows that K = 1. L]

Lemma 7.17. Let G be a group of finite Morley rank satisfying Hy-
pothesis[7.13. Suppose that t is a PSLa-involution of G commuting with
an SLg-involution i, and let E; = Eqy(Ca(i)), Li = Euy(Ca(t)).

Then Cg(Ly) = Cg,(Ly) is a 1-dimensional algebraic torus of E;.

Proof. Fix a maximal 2-torus 7" of F;. Take j an involution of N(7")
swapping the factors of E;. We may suppose that ¢ is the involution of
T in the diagonal subgroup with respect to j. Let K = Cg(Ly).

We may suppose that j € L;, replacing j by jt if needed. Then j
is a Weyl group element with respect to TN L; =T~ and TT < K.
Furthermore 5 commutes with K.

Then T = T% x T~ where T = C2(j) and T~ is inverted by j.
Also j acts on Ly, so T~ is a maximal 2-torus of L; and either j or jt
is a Weyl group element in L.
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As i € Cg(t) is an SLe-involution, ti lies in L;. Thus j and ¢i both
centralize K.

As j is a PSLg-involution, L; = E4,(Ce(j)) is the diagonal copy
of PSLy with respect to the action of j on E;. Here K acts on L; and
te L.

Furthermore the algebraic torus T; of L, containing ¢ lies in Cg(t)
and commutes with both 7" and the Weyl group element j of L;, so
T; < K and K acts on L; like T;.

Let Ky = C}(L;). Then

K = T, K,

where K centralizes L; and L;. Since i € L, (t), it follows that K
centralizes 7.

So K acts on E; like a subgroup of the algebraic torus containing
T'. But K, commutes with the Weyl group element of L; which inverts

T, and K| is connected, so K| is trivial.
Thus K =T, < L; < Ej. ]

7.4. Theorem [1.2. We may now conclude. We have two configura-
tions, one involving two conjugacy classes of involutions and 2-rank 4,
the other involving one class of involuations and 2-rank 3, with fairly
detailed information concerning the structure of centralizers of involu-
tions.

Proof of Theorem [1.3. The difference between the prior Theorem
and Theorem [1.2]lies in a more precise description both of E,(Ce (7))
and of the full centralizer C(7) in each of the two cases arising.

In the case of one conjugacy class of involutions the additional
information is found in Lemma [7.12

In the case of two conjugacy classes of involutions it is found mainly
in Lemma ?7?. For the further statements about the S Ls-involutions
and the PSLo-involutions one refers to Lemma [7.14]

[
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