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1. A CONJUGACY THEOREM

In affine algebraic groups, maximal tori are conjugate. We will prove a
similar conjugacy theorem in the larger category of groups of finite Morley
rank. Groups of finite Morley rank occur in model theory, both pure and ap-
plied, as an appropriate generalization of the class of algebraic groups (over
algebraically closed fields). They are groups equipped with a rudimentary,
yet nonetheless powerful, notion of dimension applying to all definable sub-
sets; in the algebraic case, a suitable notion of dimension is obtained by
taking the geometric dimension of the Zariski closure.

While the class of groups of finite Morley rank is broader than the class
of algebraic groups, being for example closed under the formation of finite
products (which allows examples of “mixed characteristic”), the two classes
seem to be closely related; the question raised by Zilber and the present
author as to whether every simple group of finite Morley rank is algebraic
remains open. A considerable body of work has developed with regard to
this Algebraicity Conjecture, in the course of which certain abstract notions
of unipotence and semisimplicity have come to play an increasing role. By
general consent, a definable divisible abelian group is referred to as a torus
in this context; however, under this definition the additive group of a field of
characteristic zero is a torus, and for this and related reasons complications
arise. A better behaved notion of torus runs as follows.

Definition 1. A good torus is a definable divisible abelian group with the
property that every definable subgroup is the definable closure of its torsion
subgroup; or equivalently, every definable section contains torsion.

Every algebraic torus (with algebraically closed base field) is a good torus
in this sense; so are abelian varieties, but we tend to concentrate on the affine
category. An outstanding open problem is whether the multiplicative group
of any field of finite Morley rank is a good torus. This is widely believed to
be false, a possibility which enormously complicates our theory. However,
it does hold in positive characteristic, as a consequence of work of Frank
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Wagner [4], cf. [1, Lemma 3.11]. For this reason, the theory of good tori
has found substantial application in work on the Algebraicity Conjecture
for groups of “even type” (which corresponds to characteristic two in the
algebraic case). They have a number of agreeable properties, notably a
number of rigidity properties. The simplest of these is the following, which
follows simply from the fact that the torsion subgroup of each order in T is
finite.

Lemma 1 (Rigidity I). Let T be a good torus, and H a connected definable
group normalizing T. Then H centralizes T.

The following more substantial rigidity property was introduced and ap-
plied in [1], where however the formulation was more technical (cf. §§2,3
below).

Lemma 2 (Rigidity II). Let T be a good torus of finite Morley rank, and F
a uniformly definable family of subgroups of T'. Then F is finite.

Here, a uniformly definable family is the natural generalization of an
“algebraic family” to a model theoretic context. We will introduce a third
rigidity property here, which may be combined with the two foregoing to
prove the conjugacy theorem mentioned at the outset.

Theorem 1 (Conjugacy Theorem). Let G be a group of finite Morley rank.
Then any two maximal good tori in G are conjugate.

The reader who is familiar with algebraic groups and unfamiliar with
groups of finite Morley rank may possibly wish to review the formal defini-
tions given as axioms in [3]; alternatively, he may simply note that the proof
given here is valid in algebraic groups and uses only the notion of good torus
and the most rudimentary properties of the notion of dimension. Such con-
jugacy theorems are valuable in the study of groups of finite Morley rank,
in much the same way they are used in finite group theory. In this context
we have several conjugacy theorems similar to those used in finite group
theory: a Sylow theorem for the prime two, and Hall and Carter theorems
for connected solvable groups. It would be very useful to have conjugacy of
maximal tori, and Borel subgroups, as well, but these are unfortunately tied
up with the problematic side of the theory.

The proof of the Conjugacy Theorem runs as follows. We begin with the
second rigidity lemma, which we prove for the reader’s convenience. We
then derive another rigidity lemma, with a very similar flavor.

Lemma 3 (Rigidity III). Let G be a group of finite Morley rank, and let H
and T be definable sections of G with T a good torus. Then any uniformly
definable family of homomorphisms from H to T is finite.

Using this, we can derive a “generic covering” result; methodologically
this is close to, but weaker than, a conjugacy theorem, and results of this
type are often used in model theory either as a step toward a conjugacy
theorem or as a substitute for such a theorem.
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Lemma 4 (Generic Covering). Let G be a connected group of finite Morley
rank, and T < G a good torus. Let H = N&(T) be the connected component
of the normalizer of T. Then the union of the conjugates of H in G is
generic in G (i.e., the dimension of its complement in G is less than the
dimension of G).

There is a curious, though simple, interplay between non-genericity and
genericity in the proof of such results. As G is connected, it is sufficient to
prove in the above that |JHY has full dimension in G. Now the disjoint
union of the conjugates of H (indexed by cosets N(H)\G) has the correct
dimension, so it is necessary that the overlap between conjugates is not too
large, and this is expressed by the following, which is really the proof of the
Generic Covering Lemma.

Lemma 5 (Nongenericity). Let G be a group of finite Morley rank and
T < G a mazimal good torus in G. Let H = N&(T). Then the intersection
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18 nongeneric in H.

Now we may sketch the proof of the Conjugacy Theorem.

We begin with two maximal tori 71,75 < G, and we proceed by induction
on the dimension of G. If G is centerless, we consider the associated groups
H; = N°(T;) (or what is the same, C°(T;), by the first Rigidity Lemma).

By generic covering, H; and Hs have conjugates which meet nontrivially,
so we may as well suppose H; and Hs meet nontrivially, and fix a nontrivial
h in the intersection. Then 77,75 < C(h) < G and we can conclude by
induction.

If G has a center, we can make a reduction of the problem. We distinguish
two cases. If the center is infinite, we factor it out, lowering the dimension,
and apply induction, which reduces our claim to the nilpotent case. If it is
finite, we also factor it out, after which our first case applies.

2. THE DETAILS

The previous section was written in a language which was intended to
be taken in a model theoretic sense, but could be specialized without harm
to the language of algebraic geometry. In the present section, where we
will be more precise, we adopt the language of model theory. The general
reference [3] serves as a guide to that language in the context of groups
of finite Morley rank. The following points should be noted at the outset.
They are all covered in [3], and illustrate but do not exhaust the elementary
properties on which we rely.

(1) The rank (in Morley’s sense) of a definable set X is denoted rk(X);
this is what we have called the “dimension” in the previous section.
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(2) A definable group is said to be connected if it has no proper definable
subgroup of finite index. Every definable group X has a unique
definable connected subgroup X° of finite index.

(3) A definable subset X of a definable connected group G is said to be
generic if rk(X) = rk(G), or equivalently rk(G\ X) < rk(G). If G is
not connected, the two conditions are not equivalent, and genericity
would be defined by the former condition, but it is best to avoid the
term in that case.

(4) Associated to a definable set X of rank r is a degree d, defined as the
largest number such that there are d disjoint definable subsets of X,
all of rank r. A set of degree 1 may be thought of as “irreducible
in the top dimension”; and the degree is the number of irreducible
components in this sense. The number of components is well-defined,
but the components themselves are not (they are, however, well-
defined up to sets of lower rank).

(5) Any subset X, definable or not, in a group of finite Morley rank G, is
contained in a unique smallest definable subgroup of G. This group
is called the “definable hull” of X and is denoted d(X).

(6) If H is a definable subgroup of a group G of finite Morley rank,
and moreover the rank and degree of H coincide with the rank and
degree of G, then H = G.

One subtlety that has been glossed over in the previous section is the
possibility of replacing a particular group of finite Morley rank by an ele-
mentary extension, just as algebraic groups are really functors rather than
individual groups. The point requires some attention, as it is not clear a
priori that a formula defining a good torus in one group of finite Morley rank
will necessarily define a good torus in an elementary extension. One might
call a torus absolutely good if it remains good under elementary extensions.
A technical lemma shows that good tori are absolutely good; we will give
this later. If one wishes to avoid such technicalities, one should take “good”
to mean “absolutely good” throughout.

From the general theory of good tori, the following points will be helpful.

Fact 1. Let G be a connected group of finite Morley rank, and T a good
torus, also of finite Morley rank.

(1) The torsion subgroup of T is countable (and the torsion of fized order
is finite; in other words, T has finite Prifer p-rank for each p).

(2) G has a unique minimal definable normal subgroup K for which G /K
18 a good torus.

The second point is not usually stated in that precise form. It is a combi-
nation of the descending chain condition for definable subgroups of G with
an elementary property of good tori: a definable connected subgroup of a
finite product of good tori is a good torus.

We begin with a proof of the second Rigidity Lemma, as the method is
instructive.
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Rigidity II. Let G be a group of finite Morley rank, T a good torus in G,
and F a uniformly definable family of subgroups of T.
Then F is finite.

Proof. The torsion subgroup of 1" is countable and each definable subgroup
of T is determined by its intersection with the torsion. Hence |F| < 2%,
and by saturation F is finite. U

This saturation argument is a form of the Compactness Theorem; in the
algebraic context it says that any algebraic set which remains of bounded
cardinality after arbitrary extension of the base field is 0-dimensional. A
combinatorial argument that avoids saturation is given in §3.

Rigidity II1. Let G be a group of finite Morley rank, and H and T definable
sections, with T a good torus. Let F be a uniformly definable family of
homomorphisms from H to T.

Then F is finite.

Proof. We may suppose that the group H is connected, as any homomor-
phism h : H — 7T is determined up to finitely many possibilities by its
restriction to H°.

Let K be the minimal normal definable subgroup of H such that H/K is
a good torus. Then K is contained in all the kernels ker (h) for h € F. So we
may suppose K =1 and H is a good torus. Then any h € F is determined
by its restriction to the torsion of H. Hence |F| < 2% and by saturation it
follows that F is finite. ([

The following is a more abstract version of the nongenericity theorem
stated in §1, where we write F in place of the family explicitly mentioned
at that point. (Compare the proof of the Generic Covering Theorem, fol-
lowing.)

Nongenericity. Let H be a connected group of finite Morley rank, T a
mazimal good torus of H. Suppose T is central in H. Let F be a uniformly
definable family of subgroups of H, none of which contain T .

Then the union |JF is not generic in H.

Proof. We may suppose without loss of generality that the intersections
X NT for X € F are independent of X. Then after passing to a quotient,
we may suppose that X NT =1 for X € F.

Now suppose |J F is generic in H. Let V be a coset of T in H such that
V N JF is generic in V. We may suppose that g € V N |JF is chosen to
minimize the rank and degree of the definable closure d(g).

Then for gt € VN F, we have d(gt) < d(g)xT, and d(gt)NT = 1. Hence
the projection m : d(gt) — d(g) is injective, and by the choice of g, also
surjective. It follows that the group d(gt) is the graph of a homomorphism
hs : d(g) — T. Furthermore, if gt € X € F, and we set X = X N (d(g) x T),
then as d(gt) < X and X NT = 1, the same considerations show that
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d(gt) = X. Thus the family of homomorphisms {h; : gt € |JF} is uniformly
definable, and hence finite.

On the other hand, for X € F, we have |V N X| <1, and hence VN{JF
is finite, contradicting the genericity. O

Generic Covering. Let G be a connected group of finite Morley rank, T a
good torus in G, and H = C°(T). Then \JHC is generic in G.

Proof. We may suppose that T' is a maximal good torus in G.

We show first that H is almost self-normalizing in G (that is, N°(H) =
H). AsT < Z(H), T is the unique maximal good torus of H. So N°(H) <
N°(T)=C°(T)=H.

Now let F ={HNHY:g€ G\ N(H)}. It suffices to show that |JF is
not generic in H, as the conjugates of H \ |JF are pairwise disjoint. We
apply the previous lemma. Suppose T' < H N HY. Then as TY is central in
HY and is a maximal good torus of HY, we have T' < TY, hence T' = TY9 and
H = HY. So the previous lemma applies to F. O

Conjugacy Theorem. Let G be a group of finite Morley rank. Then any
two mazimal good tori of G are conjugate.

Proof. We proceed by induction on the rank of G. We may suppose that G
is connected. Let T1,T5 be two maximal good tori of G.

Suppose first that G is centerless. Let H; = C°(T;). As |JHE is generic
in G for i = 1,2, we may suppose Hy N Hy # 1. Let h € (H; N Hy)*. Then
T1,T5» < C(h) and we may conclude by induction.

Suppose that G has a finite center. Then G/Z(G) is centerless [3, elemen-
tary|, and the first case applies. Furthermore, 77 and T, map to maximal
good tori in the quotient G/Z(G). So after conjugating we may suppose
T2 S (T1 : Z(G))O = Tl, and thus T2 = Tl.

Finally, suppose that G has an infinite center, and let G = G/Z(G). Let
T be the preimage in G of a maximal good torus of G containing 7). Then
by induction we may suppose that 75 < Ty. But 1y is nilpotent, and from
the structure of nilpotent groups of finite Morley rank it follows that 77 and
Ty are central in Tl, so by maximality 1o = T1. ([

The following corollary is useful [2].

Corollary. Let G be a group of finite Morley rank, and F a uniformly
definable family of good tori in G. Then the tori in F fall into finitely many
conjugacy classes under the action of G.

Proof. Let T be a maximal good torus in G. Every torus in F is conjugate
to a subtorus of T', so we may as well suppose that every torus in F is a
subtorus of T'. In that case F is finite by the second Rigidity Lemma. [J

This last result, and the main result of the paper, simplify the analysis
of [2], which in its first form involved similar arguments applied in more
special cases. The first author of that paper has also contributed a number
of useful comments to the present paper.
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3. APPENDIX: DEGREES OF VIRTUE

In its original formulation, Lemma 2 was stated for good tori in Np-
saturated groups. This is sufficient for applications as one may work with
an Ng-saturated elementary extension of any given group, but in this case
we are dealing with the tori which we have called absolutely good, that is,
good in any elementary extension. This issue can be eliminated entirely
by showing that good tori remain good in elementary extensions; oddly, in
order to prove this we have to reverse the natural sequence of ideas, and
first prove the second rigidity lemma without saturation.

Lemma 6. Let T be a definable subtorus of the group G of finite Morley
rank, with T good relative to G. Let F be a uniformly definable family of
subgroups of T, defined in G. Then F is finite.

Proof. We work without saturation, and hence proceed more combinatori-
ally. Furthermore we generalize the hypotheses slightly: we will not require
T to be connected, just abelian, with T° a good torus, and we allow T to
interpreted in GG, not necessarily a subgroup.

Let T be chosen of minimal rank and degree allowing a counterexample
F. We may also suppose that the Morley rank r and Morley degree d of
the elements of F is fixed. Note that 7' ¢ F, and that the elements of F
are infinite (otherwise, they are all finite, and then of bounded order, which
forces F to be finite).

We choose Ty < T definable and maximal so that T is contained in
infinitely many groups in F. This is done as follows. For any Tp < T
contained in infinitely many groups in F, let Ty denote the intersection
of those groups. Then Ty belongs to F, the collection of intersections of
elements of F, and is itself contained in infinitely many elements of F.
Again, F is a uniformly definable family, and hence satisfies a bounded
chain condition, in particular an ascending chain condition. Let Ty € F be
chosen maximal so that T is contained in infinitely many members of F.
Then this will do.

Now replace T' by T'/Ty. So we may suppose that any nontrivial subgroup
is contained in only finitely many groups in F. Now for A € F as A # T it
follows from our initial minimization that the family F4 = {XNA: X € F}
is finite. On the other hand, only finitely many elements of F meet A in a
fixed nontrivial subgroup. So all but finitely many elements of F meet A
trivially.

Fix Ay € Fand let /1 = {X € F: XN A} = 1}. Recall that Ay
is infinite and hence 7k(T/A;) < rk(T). By induction, the family F; =
{(X+A1)/A; : X € Fi} of subgroups of T'/A; is finite, so there is an infinite
uniformly definable subfamily F5 C F7 so that X + A; is independent of X
for X € F»; notice that the sum X + A; is direct.

Now fix Ay € F5 and let A = Ay & Ay. Then for B € F, we have
A=A ®B. Let F) = {X € Fo : XN Ay = 1}, which contains all
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but finitely many subgroups in F». Then for B € F}, the projection maps
from B to Ay and As are injective, and in view of the equality of ranks
and degrees, they are isomorphisms. So B is the graph of an isomorphism
op: A — As.

Now consider the family ¥ = {0511032} of automorphisms of A; for
By,By € F), with By # Bs. For 0 € ¥ let A, be the fixed point set of
o on Aj. Then A, is a uniformly definable set of subgroups of A1, so by our
initial minimization there are finitely many such subgroups A,.

Now for any finite subgroup C < Aj, there are only finitely many homo-
morphisms from C' to Ao, so there must be some o € ¥ which acts trivially
on C. It follows that one of the sets A, contains all the torsion of A1, and as
T is good in G, A, = Ay, in other words, o acts trivially on Aq, contradicting
the definition of 3. This contradiction completes the argument. ([l

Proposition 1. Let G be a group of finite Morley rank, G* an elementary
extension, T a torus defined in G and good in G, and T* its canonical
extension to G*. Then the following hold.

(1) Any G*-definable subgroup of T* is definable with parameters in G.
(2) T* is a good torus in G.

Proof.

1. Let A < T* be a definable subgroup of 7% in G*, and let ¢(x,g) be a
definition of A, where g € G*. Let Xz = ¢[G, g] for g € G, and let Fy be
the uniformly definable family

{Xg : g8 € G, Xg is a subgroup of T}

As T is good in G, the family F, consists of finitely many groups, and this
fact is expressed by a first order sentence with parameters in G. Interpreted
in G*, it says that the corresponding family in G* also consists of finitely
many groups, with the same definitions. In particular our original group A
is one of these, and our claim follows.

2. Let A* < T* be definable in G*, and suppose that B* is any definable
subgroup of A* which contains the torsion of A*. We claim that B* = A*.

By the first point, A* and B* are the extensions to G* of definable sub-
groups A and B of T in G, respectively. Now as G* is an elementary exten-
sion of G and the torsion of fixed exponent in A is finite, the groups A and
A*, as well as B and B*, have the same torsion. Thus A and B have the
same torsion, and as A is good, we have A = B, hence in the elementary
extension A* = B*. O

In another direction, Borovik has suggested the following.

Definition 2. A torus T of finite Morley rank is decent if its quotient by
the Frattini subgroup is a good torus.

Here the Frattini subgroup ®(7) is the intersection of the connected max-
imal proper definable subgroups, and is characterized by the condition: if
T = ®(T)A with A connected, then T' = A.
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Some conditions equivalent to decency are the following: (1) 7T is the de-
finable closure of its torsion subgroup; (2) Any nontrivial definable quotient
of T contains torsion.

While decent tori may not necessarily have the same rigidity properties as
good tori, they do satisfy Rigidity I, and they also satisfy the nongenericity
lemma, because it can be reduced to the case of good tori:

Extended Nongenericity. Let H be a connected group of finite Morley
rank, and T a mazimal decent torus of H. Suppose T is central in H. Let
F be a uniformly definable family of subgroups of H, none of which contain
T

Then the union | J F is not generic in H.

For the proof, pass to H/®(T') and apply the previous version.

The derivation of the conjugacy theorem from this result proceeds as in
the case of good tori. This refinement may possibly be useful in the study of
groups of degenerate type, as the absence of decent tori would restrict the
torsion considerably.

REFERENCES

[1] T. Altinel and G. Cherlin. Simple L*-groups of even type with strongly embedded
subgroups. J. Algebra 272:95-127, 2004.

[2] T. Altinel and G. Cherlin. Limoncello. Submitted.

[3] A. V. Borovik and A. Nesin. Groups of Finite Morley Rank. Oxford University Press,
1994.

[4] F. Wagner Fields of finite Morley rank. J. Symbolic Logic, 66:703-706, 2001.



