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LOCAL VERSION OF COURANT’S NODAL DOMAIN
THEOREM

SAGUN CHANILLO, ALEXANDER LOGUNOV, EUGENIA MALINNIKOVA
& DAN MANGOUBI

Abstract

Let (M™, g) be a compact n-dimensional Riemannian manifold
without boundary, where g = (g;;) is C'-smooth. Consider the
sequence of eigenfunctions uy of the Laplace operator on M. Let
B be a ball on M. We prove that the number of nodal domains
of uy that intersect B is not greater than

Volume, (B) n
——=k+ Cs%
! Volume, (M) e

where C;, Cy depend on M. The problem of local bounds for
the volume and for the number of nodal domains was raised by
Donnelly and Fefferman, who also proposed an idea how one can
prove such bounds. We combine their idea with two ingredients:
the recent sharp Remez type inequality for eigenfunctions and the
Landis type growth lemma in narrow domains.
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1. Introduction

Let (M™,g) be a compact Riemannian manifold without boundary
and with C'-smooth gij- The spectrum of the Laplace operator on M
is discrete. There is a sequence of eigenvalues

0=M\ <)\2§/\3...
that tend to co and a sequence of (real) eigenfunctions uy such that
Aguk + Apup = 0.

Our enumeration of eigenvalues is non-standard. We start with A\; =
0 and w1 = 1 on M. The nodal domains of u; are the connected
components of M \ Z,,, where Z,, is the zero set of uy (Z,, is called
the nodal set of uy). The Courant nodal domain theorem states that the
k-th eigenfunction wug has at most k nodal domains. If the multiplicity
of an eigenvalue is more than 1, one may enumerate the eigenfunctions
corresponding to this eigenvalue in any order. Our main result is the
local version of Courant’s theorem.
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Theorem 1.1. Consider a ball B = {x € M : dy(x,x0) < r} with
center at xog € M and radius r < ro(M). For any eigenfunction uy, the
number of connected components of B\ Zy, that intersect %B (the local
number of nodal domains in B) is not greater than

Volume, (B)

n—1
———Lk+ Cok n
! Volumeg (M) e ’

where C1,Cy depend only on (M, g) and are independent of k and B.

The main issue addressed in this paper is why a nodal domain cannot
be very long and narrow. A local bound on the volume of a nodal domain
is proved in Theorem 1.2.

The starting point is the idea due to Donnelly and Fefferman [7]
that one can use growth estimates for eigenfunctions to prove the local
bounds for the volume and for the number of nodal domains. Donnelly
and Fefferman showed in [7] that if B is a ball of radius 1/y/Ax, then
the number of connected components of B\ Z,, that intersect a twice
smaller ball with the same center is at most C (M )k, where C,, is an
explicit constant strictly bigger than 1, which depends on the dimension
n only. Donnelly and Fefferman conjectured that C, can be improved
to 1 (like in the Courant theorem). The constant C,, was improved by
Chanillo and Muckenhoupt [5] and then by Lu [19], and by Han and Lu
[13]. The arguments involved subtle versions of covering lemmas and
improvements to BMO bounds for log |ux|. However the improved C,,
was still bigger than 1. In this work we don’t use the language of BMO
norms, and argue in terms of closely related Remez type inequality. We
discuss growth estimates of eigenfunctions in Section 2.1.

In the proof of Theorem 1.1 we combine the idea of Donnelly and
Fefferman with two ingredients. The first ingredient is the sharp Re-
mez type inequality for eigenfunctions, which is related to a (resolved)
conjecture by Landis on a three balls theorem for wild sets. The second
ingredient is Landis type growth lemma for eigenfunctions. The lemma
and the conjecture by Landis are independent statements. These two
ingredients give two estimates of growth, which however compete with
each other. Our local bound on the number of nodal domains on scale
1/V ) is Ck%, which is better than Ck. The bound Ck follows from
the idea of Donnelly and Fefferman and the sharp Remez type inequal-
ity for eigenfunctions. The improvement from Ck to Ck%(log k)yn—t
is obtained using the local volume bound for nodal domains proved in
Section 3.1. The proof uses one more tool due to Landis, which is dis-
cussed in Section 2.2. This approach is similar to the one in [20], where
estimates on the volume of a connected component of By, -\ Z(ux) are
obtained under the additional assumption that the Riemannian metric

is real-analytic. Finally, the sharp bound Ck™ follows by adding the
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argument of Fedor Nazarov in Section 3.2. This sharp bound is new for
spherical harmonics.

We would like to mention that in dimension two there is an alternative
approach due to the elegant idea of A. Eremenko (see Appendix), which
however is two-dimensional only.

Our local bound on the number of nodal domains is sharp. When
the dimension n = 2, one may consider the unit sphere in R? and the
restriction on S? of the homogeneous harmonic polynomial u(z,y, z) =
R(x + iy)™. Tt is a spherical harmonic with A\ < k < m?, whose nodal
set consists of m circles intersecting at the poles. Let x be the North
pole. Then the number of nodal domains intersecting a geodesic ball
B,(z) on S? is = Vk. This example generalizes to higher dimensions,
see [20, Proposition 7.1]. On the other hand, consider an eigenfunction
on the standard n-dimensional flat torus, T' = (R/Z)", of the form

n
w1, ...,Ty) = H sin(2mrma;).
j=1

The corresponding eigenvalue is A, =< k%™ =< m2. The nodal domains

are m" cubes on the torus. If B is a ball of radius » > C/m, then the
number of nodal domains intersecting B is < (rm)"™ < kr™.

Notation. By B, (x) we will denote a ball with center at z and radius r
in local coordinates on M. So B,(x) can be identified with a Euclidean
ball and the symbol | B, (z)| will be used not for the volume with respect
to the metric g, but for the Euclidean volume of B,(z) in local coor-
dinates. Note that these two volumes are comparable. By B we will
denote a Euclidean ball in local coordinates on M, whose radius and
center are not specified, and B, will be used for any ball of radius r.
By ro,c,c1, ca, ... we will denote small constants and by C, C', ... large
constants that may depend on (M, g), but are independent of A. In
local coordinates we always assume that the operator A, is uniformly
elliptic with bounded derivatives of the coefficients g;;.

It is more convenient to argue in terms of Ay rather than in terms
of k. The Weyl law states that )\Z/ ? ~ ck. Theorem 1.1 follows from
the next theorem.

Theorem 1.2. Let u be a Laplace eigenfunction with eigenvalue
A\ > 2 on a closed Riemannian manifold (M", g), where g is C'-smooth.
Given a ball By, in local coordinates, consider the connected components
Q; C By, of Bay/Z, that intersect B,. Then for all Q;, we have

T,n

(\f)\log A)nil

€] > ¢min | A7/2,
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Furthermore the total number of ; is not greater than
ONY2r" 4 CA'T
REMARK 1.3. The assumption A > 2 is just to ensure log A > 0.

REMARK 1.4. The local bound on the number of nodal domains is
consistent (on the heuristic level) with the upper bound in Yau’s con-
jecture (see [17, 25]) on the volume of nodal sets:

H"Y(Z,) < CVA,

where H"~! denotes (n — 1) dimensional Hausdorff measure. If Yau’s
conjecture is true, then one may expect that the average number of
nodal domains intersecting a ball of radius 1/v/\ (average with respect
to shifting the center of the ball along the manifold) should be constant
(see [17, 24]). If we fix r and let A be very large, then the number of
nodal domains in B, should be not more than C(rv/A)". The heuristic
obstacle in both questions is the same: why there cannot be many nodal
domains that are long, twisting and narrow.

Acknowledgements. We are grateful to Mikhail Sodin and Fedor
Nazarov, who read the draft of the text and helped to improve it. The
preliminary version of the text proved a non-sharp local bound for the
number of nodal domains. Fedor Nazarov suggested an argument that
removed extra logarithms and made the statement sharp.

This work was completed during the time A.L. served as Sloan Fellow
and Packard Fellow. E.M. was partially supported by NSF grant DMS-
1956294 and by the Research Council of Norway, Project 275113. D.M.
was supported by ISF grant no. 681/18.

2. The main tools

2.1. Remez type inequality for eigenfunctions. We note that this
section is not self-contained. The first main ingredient of this paper is
the Remez type inequality for eigenfunctions. The complete proof of
this inequality is contained in the lecture notes [16, 18] and we decided
not to include it here.

Let u be a Laplace eigenfunction with eigenvalue A on a closed Rie-
mannian manifold (M™, g), where g is C'-smooth in local coordinates.
Donnelly and Fefferman [6] proved the following growth estimate for
Laplace eigenfunctions (in [6] it is formulated for C'*°-smooth metrics,
but only C'-smoothness of gij is actually needed, see Appendix):

(1) sup |u| > ce CVA

sup [ul
15 5
for any ball B C M and the twice smaller ball %B C M with the same
center.
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REMARK 2.1. The recent works [2, 8, 9] on the distribution of L?
mass of eigenfunctions imply that for two-dimensional surfaces with
negative curvature, one can improve Cv/A in (1) to o(v/\).

In [7] Donnelly and Fefferman raised a question on the distribution
of values of the eigenfunctions. One of the simplest versions of their
question is the following. Let C' be a large constant and normalize the
eigenfunction u so that sup,;|u| = 1. Can |u| be e=CVA

of M (is it possible that the set where |u| < e~CVX has measure at least
half of M)?

The answer (see [16, 18]) is that it cannot happen if C is large enough
(depending on (M, g) and independent of \). This question is related
to the Landis conjecture [14, p. 169], which states that if h is a solution
to divergence type equation

small on half

div(AVh) =0

in a ball B, where A is an elliptic matrix-valued function with smooth
coefficients, then the following version of three balls inequality for wild
sets holds.

Let K be a closed subset of 3B with positive volume |K| > 0. There
are constants o € (0,1) and C > 0, which depend only on A and |K],
such that if |h| <ein K and |h| <1 in B, then

1
|h| < Ce® in §B.

The proof of the Landis conjecture is presented in the lecture notes [16].

Finally, the Remez type inequality for eigenfunctions (see [16, 18])
states that for any ball B in local coordinates on M and any set £ C B
with positive volume, we have

@) supul > ¢ (
E

— sup |u

where ¢, C' > 0 depend on M.

2.2. Weak maximum principle and a version of Landis’ growth
lemma.

Lemma 2.2 ([15, p. 24]). Let h be a solution to
div(AVh) =0 in B1(0) C R",

where A is an elliptic matriz valued function. Let r € (0,1). Assume
that a domain Q C By(0) contains the origin and u is zero on 0QNB,(0).

If
2]

< €o,
1B, (0)]
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where cg > 0 is a sufficiently small constant depending on the ellipticity
constant of A, then

[u(0)] < — sup |ul.
100 on B, (0)
We note that the maximum principle does not hold for Laplace eigen-
functions and it creates some obstacles. However for narrow domains a
version of the maximum principle holds.

Corollary 2.3. Let u be the Laplace eigenfunction on M with eigen-
value X. Consider a ball B, (in local coordinates) with center at x and
radius p < 1/vV/X. Let Q be a connected component of B, \ Z, that
contains x. If

< €o,
B
where cg > 0 is sufficiently small, then
u(@)] < 1 supll.

Proof. We will use the harmonic extension of eigenfunctions. Con-
sider the function h(z,t) = u(x) exp(v/At) on M x R equipped with the
Riemannian metric of the product. A direct computation shows that h
is harmonic in M x R. Consider a ball B on M x R of radius p with
center at (z,0). Denote Q x (—p, p) by €. Note that

1N B
| Bl
If ¢g is small, then by Lemma 2.2

S(gC@

1
)| = 1 O)] < 75550 Il = 355 5 -

100 q.e.d.
Definition. We will say that an open set €} is cg-narrow on scale %
if
20 B, /VA |
— VA <0
’B1/ﬁ‘

for any ball By, x of radius 1/v/A with center in €.

Lemma 2.4 (A version of weak maximum principle). Let B be an
open ball in local coordinates on M with radius r < 1o, and let u be the
Laplace eigenfunction on M with eigenvalue \. Suppose that an open
set 2 C B is cg-narrow on Scale % and u = 0 on 02N B. If ¢y is
sufficiently small (smallness depends on M and is independent of \),
then

sup\u| <3 sup |ul.
oQNOB
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Proof. WLOG, assume supgongp [u| = 1. Consider the harmonlc
function h(z,t) = u(x)exp(vV/At) on M x R. Let Q = Q x (— \F \F)
and let  : R — [0, 1] be a positive continuous function such that

_ 11
1= on [l
e 7(t) =0 for t with [¢| > 2 f

Consider a harmonic function A in Q such that h(z,¢) = h(z, t)n(t)
on 8Q. We note that i vanishes on the top and on the bottom of the
boundary of the cylinder Q. The zero sets of eigenfunctions satisfy the
exterior cone condition (see Appendix), so 2 and Q also satisfy it. Hence

the Dirichlet problem in Q is solvable, h exists and by the maximum
principle

sup |h| = sup | = sup |  sup  exp(VAt) =
o9 -7
Let Zyuq: be a point in © such that |u(2pae)| = supq |u|. We may

assume Ty, € . Denote (Zyqaz,0) by Timasz. Note that

QN Bﬁ(immﬂ
> <Cec
B_1_(Ema)] ’

and h — h is zero on 9N {— \1F ~t < ﬁ} If ¢ is sufficiently small,
then by Lemma 2.2 applied to h — h, we have
1

W (Emaz) — M(Emaz)| < 100 sup |h —hl.
Al )

Since || < e in Q, we have

1

(7 L Wl = et ——g——e/?|p,

[A(Fmaz)| < +100+100 QX{_SE) 7}| = e+100+100€ [A(Fmaz )]
2V 272V A

Thus |u(Zmaz)| = | (Emaz)| < 3. q.e.d.

Lemma 2.5 (A version of Landis growth lemma). Let u be the
Laplace eigenfunction on M with eigenvalue \. Suppose that an open
set ) C B, is cy-narrow on Scale % and uw =0 on OQN B,.. If ¢ is
sufficiently small and

1Bl =

then

sup |u| < e sup |ul.
BT/2ﬂQ QNB,
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Proof. Let xy be the center of B,. By B, we will denote the ball
with center at xg and radius p (in local coordinates on M). Define the
monotone function

M(p) = sup |ul.
QNB,
Let x, € 0B, N} be a point such that
lu(zp)| = sup |ul.
o0

By the weak maximum principle
M(p) < 3fu(z,).
Define £ = Ae, where A is a large constant to be specified later. We

will show that if p + &ér < r and if

|Q N Bp+ér \ Bp—efr‘ < co,
‘Bér,

then

1 -
[ulay)| < 7o M(p -+ Er)

Indeed, if &r < 1/v/A we may apply Corollary 2.3 to Bz (z,), and if
&r > 1/\f)\ we may use the fact that €2 is cg-narrow on scale 1/\5 and
apply Corollary 2.3 to Bl/ﬁ(mp). Hence

M(p+ér) > 10|u(z,)| > 3M(p).

Consider the numbers py, = r/2+ kér such that py € (r/2,7). The total
number of such k is K < 1/&. If at least half of py satisfy M (pg+1) >
3M (pr), then we are done. If for at least half of £ we have M (pr11) <
3M (px) (and therefore (2N By, ., \ By, _,| > coé"|B;|), then

\mzqﬁKw42@ﬁ4wm>w4wﬁih«:i»L

Thus it cannot happen that for at least half of k£ we have M (pg41) <
3M (px)- q.e.d.

3. Proof of Theorem 1.2

3.1. Local bound for the volume of nodal domain. Consider any
connected component €2 of By, /Z, that intersects B,. We may assume
that €2 is cp-narrow on scale %, otherwise | > ¢;A~™/2 and there is

nothing to prove. Let x € B, N2 and define € > 0 by
3) Q] = "B, ja()].

Our goal is to show that & cannot be too small in terms of A\. For any
p € (r/4,r], we have
20 B, ()]
| Bp()]

n—1
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Since z € ) and ) is open

QNB
M = 1 for sufficiently small p.
By ()]
Consider the interval (rg,r) such that
20 Bp(@)] _ 4
By ()|
for all p € (19, 7) and
QN B,
(4) | n 0(.7))| _ n—1
| Bro (2)|

Note that 0 < r9 < r/4. We may assume that
2Rl <y < 270y

for some integer ko > 2 and € < 1/2. For every integer k € [0, ko, we
can apply growth Lemma 2.5 in By &,.(z) to obtain

(5) sup Jul <emF sup ul,
QQBQ_]'_LF(:E) QOBQ_]'T(:E)

and by multiplying (5) for j = 0,1, ..., kg — 1, we have

c3
T\ &
sup |ul < <—> sup |ul
QN By () r QNBy(z)
and therefore
To =
(6) sup Ju < (%) sup Jul.
QNByy (z) r By(z)

By the Remez-type inequality (2) and by the choice of ry described by
(4), we have

sup |u| =
Br( )

Q BT B,
— VAL <| N Bry( > <| > sup |u| >
| By (z | B, Bu ()
T

Cf+1 (- 1)Cf< O)C\f

r

\90&4@)0

sup |u >c<
- B, ()

QNBr (z

sup |ul.
By (z)

So .

2 > cfﬁﬂg(nq)cﬁ (LO

r

(7) )
Recall that =2 ir If % > /A, then
= VX
()7 < ()™
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and therefore

which yields

1 cq
log — > —.
elog 2 A
The last inequality implies
1
eE>c5—— ifA>2
- 5ﬁlog)\
Thus by (3)
n
€] = ¢

(ﬁlog A)nil.

3.2. Local bound for the number of nodal domains. We follow
the argument suggested by Fedor Nazarov. All misprints, bad notation
and presentation are on the authors.

Denote by K the number of connected components €; of B, \ Z,
that intersect a twice smaller ball B, with the same center and are cy-
narrow on scale \%}\ The number of €2;, which are not cy-narrow on
scale -~ (and therefore have volume at least c;A~"/2) is bounded by

VA
CA\"/2r" . We want to show that K cannot be too large and we argue
by assuming the contrary and arrive to a contradiction. Let ¢ = a/ VA
and assume that K > 2"72/e"~!. The number a > 0 will be a small
constant depending only on (M, g). Each ; intersects B, so there is a
point z; in €; N B,.. Since

> 194 N Br(xi)| < [Bal,

there are at least %K domains ; such that W < % and therefore
(7) |Ql N BT’(:U’L)| n—1
|Br(z:)]  —
Denote by S, the set of domains €2;, which are cy-narrow on scale %
and
Q; N By—j,.(x;
(8) 1€ 0 By-ir(24)] <"t forje{0,1,...,m}.

|Bo-ir(xs)|  ~
The number of elements in Sy satisfies |So| > K — K/4 by (7). Fix
m > 0, and consider only €2; € S, and forget about the rest of ;. Let
p =1r2"". Using (8) and applying growth Lemma 2.5 for By, (z;) for
j€40,1,...,m}, we have

SupQZﬂBP/Q(mi) |U’ < p/2 C/S
supp, |u] —\ 2r '

9)
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By Remez type inequality (2) applied to U(€;NB,(x;)), where the union
is taken over §2; € S,,,, we have

. <CZ 12N Bp/z(:vi)l>0ﬁ _ SUPU(QUNB, 3 (@1) |ul
| Bay | supp,, |ul

So

(2100 Byl N (2)"
‘BQT| — \4r
and therefore

Z |Ql N Bp/Q(xz)’ CVA P c/e—Cnv/x
clc < (—) .
’Bp/z‘ 4r

Since € = a/VA < 1/V/)\, we have
>IN Bp/2(fl'i)‘ <, ( ) )cs/a Ry
1B,
So the number of ; € S,, with
2% N B, o ()|
B2 ()]

is not greater than K4 ™72, So |S;, \ Sm+1] < K4 ™2, Note that
Sm+1 C Sm- Thus for each S, the number of Q; € S, is at least

K=Y K47 >K/2
j

However
[€2i 0 Bp(i)|
| By ()]
The number of €; is finite by the volume bound proved in Section 3.1.
So Sy, should be empty for m sufficiently large and the contradiction is
obtained.

= 1 for sufficiently small p.

Appendix

In this section we gather several facts that we used in the proof, and
which are well-known to specialists, but the assumption on the metric
in the references is C*°-smoothness in place of Cl-smoothness (or it is
not clear whether it is C' or C*). Unfortunately, the exposition is not
self-contained, and the complete proof uses several exterior nontrivial
facts.

Let u be a non-zero solution in By (0) to the second order linear elliptic
equation:

Z &(aij@ju) + Z bjﬁju +cu = 0,
i,J J
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where (a;;) is an elliptic matrix with Lipschitz coefficients, and b;, c are
bounded.

Garofalo and Lin [11, 12] proved a powerful monotonicity formula
for solutions of such equations, which implies the three balls inequality:

«Q 11—«
(10) suplu] < C [ sup u (supru) |
B 1B 2B

where B is ball such that 2B C B;(0), and C > 0, o € (0,1) depend
only on the ellipticity constants, on the Lipschitz constant, and on the
L norm of the lower order terms.

Cone condition for nodal sets. Assume that (a;;) is the identity
matrix at the origin. The monotonicity formula of Garofalo and Lin
implies (after some work, see [21]) that u can be well approximated
by a harmonic polynomial near the origin. The story of approximation
properties of elliptic equations at a point with higher order zero goes
back to the works of Bers [1], and Caffarelli and Friedman [3]. The
formal statement is that there is a non-zero homogeneous harmonic
polynomial P of some degree n, such that
u(z) = P(x) + off|").

For homogeneous polynomials one can inscribe a cone with vertex at 0
in every nodal domain so that |P(x)| > c|z|™, ¢ > 0, in this cone. As
the corollary of this fact one may conclude the following.

Let u be the Laplace eigenfunction on (M, g), where g = (g;;) is C-
smooth. Let €2 be a nodal domain of v and a point zg € 9€2. Then
there is an open truncated cone in 2 with vertex at zg. It implies the
exterior cone condition as well. We refer to [10] for the question and
estimates (in terms of the eigenvalue) on how large the spatial angle of
the cone is.

Doubling condition for eigenfunctions due to Donnelly and Fef-

ferman. Consider a ball B in local coordinates on M. Then a version
of three balls inequality holds for eigenfunctions:

o 11—
(11) sup |u| < CeCVA (sup |u]> <sup |u|> if 2B C B.
B ip 2B

Inequality (11) can be reduced to (10) by the harmonic extension, i.e.
considering a harmonic function h(x,t) = u(z)exp(v/At) on M x R.
Donnelly and Fefferman proved (11) in a different way by Carleman
inequalities. They used compactness of M to show that iterations of
(11) (see the argument in [6], page 162, after formula (1.5)) imply

(12) sup |u| > ce OVA sup |u|
5 b
for any ball B on M.
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Eremenko’s lemma ([20]). Let u be a harmonic function on the
plane. The doubling index of v in a ball B is defined by

supsp |ul

N =log .
supp |ul

Then every nodal domain of u in 2B that intersects B has area at least

NLJFO and therefore the number of nodal domains that intersect B is not

greater than CN + C.

The proof of Eremenko’s lemma is an elegant two-dimensional ar-
gument that is using the fact that log|Vu| is subharmonic. The log-
subharmonicity property is not true in higher dimensions.

References

[1] L. Bers, Local behavior of solutions of general linear elliptic equations, Comm.
Pure Appl. Math., 8, 473-496, 1955, MR0076043, Zbl 0066.08101

[2] J. Bourgain, S. Dyatlov, Spectral gaps without the pressure condition, Ann.
of Math., 187, 825-867, 2018, MR3779959, Zbl 1392.37065

[3] L. A. Caffarelli, A. Friedman, Partial regularity of the zero-set of solutions of
linear and superlinear elliptic equations, J. Differential Equations, 60, 420—
433, 1985, MR0811775, Zbl 0593.35047

[4] R. Courant, D. Hilbert, Methods of Mathematical Physics, Vol. 1, Wiley-
Interscience, 1953, MR0065391, Zbl 0053.02805

[5] S. Chanillo, B. Muckenhoupt, Nodal geometry on Riemannian manifolds,
J. Differential Geom., 34, 85-91, 1991, MR1114453, Zbl 0727.58048

[6] H. Donnelly, C. Fefferman, Nodal sets of eigenfunctions on Riemannian man-
ifolds. Invent. Math., 93, 161-183, 1988, MR0943927, Zbl 0659.58047

[7] H. Donnelly, C. Fefferman, Growth and geometry of eigenfunctions of the
Laplacian, In Analysis and partial differential equations, Lecture Notes
in Pure and Appl. Math., vol. 122, Dekker, New York, 635-655, 1990,
MR1044811, Zbl 0699.58063

[8] S. Dyatlov, L. Jin, Semiclassical measures on hyperbolic surfaces have full
support, Acta Math., 220, 297-339, 2018, MR3849286, Zbl 1404.28010

[9] S. Dyatlov, L. Jin, S. Nonnenmacher, Control of eigenfunctions on surfaces
of variable curvature, arXiv:1906.08923

[10] B. Georgiev, M. Mukherjee, Some remarks on nodal geometry in the smooth
setting, Calc. Var. Partial Differential Equations, 58, paper no 93, 2019,
MR3948283, Zbl 1415.58019

[11] N. Garofalo, F.-H. Lin, Monotonicity properties of variational integrals, A,
weights and unique continuation, Indiana Univ. Math. J., 35, 245-268, 1986,
MR0833393, Zbl 0678.35015

[12] N. Garofalo, F.-H. Lin, Unique continuation for elliptic operators: a
geometric-variational approach, Comm. Pure Appl. Math., 40, 347-366, 1987,
MR0882069, Zbl 0674.35007

[13] X. Han, G. Lu, A geometric covering lemma and nodal sets of eigenfunctions,
Math. Res. Lett., 18, 337-352, 2011, MR2784676, Zbl 1244.58013



62

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

22]

23]

24]

[25]

S. CHANILLO, A. LOGUNOV, E. MALINNIKOVA & D. MANGOUBI

V. A. Kondratiev, E. M. Landis, Qualitative theory of second order linear
partial differential equations, Partial differential equations — 3, Itogi Nauki i
Tekhniki. Ser. Sovrem. Probl. Mat. Fund. Napr., 32, VINITI, Moscow, 99—
215, 1988, MR1133457, Zbl 0656.35012

E. M. Landis, Some problems of the qualitative theory of second order el-
liptic equations (case of several independent variables), Uspekhi Mat. Nauk,
18:1(109), 3-62, 1963; Russian Math. Surveys, 18:1, 1-62, 1963, MR0150437,
Zbl 0125.05802

Logunov, Alexander; Malinnikova, Fugenia. Lecture notes on quantitative
unique continuation for solutions of second order elliptic equations, Harmonic
analysis and applications, 1-34, IAS/Park City Math. Ser., 27, Amer. Math.
Soc., Providence, RI, 2020, MR4249624, Zbl 07362610

A. Logunov, E. Malinnikova, Review of Yau’s conjecture on zero sets of
Laplace eigenfunctions, Current Developments in Mathematics 2018, Intern.
Press of Boston, 179-212, 2020, Zbl 1453.35052

A. Logunov, E. Malinnikova, Quantitative propagation of smallness for so-
lutions of elliptic equations, Proceedings ICM — Rio de Janeiro, Vol. III,
2409-2430, 2018, MR3966855 Zbl 1453.35061

G. Lu, Covering lemmas and an application to nodal geometry on Riemann-
ian manifolds, Proc. Amer. Math. Soc., 117, 971-978, 1993, MR1160304, Zbl
0803.35006

D. Mangoubi, The volume of local nodal domain, J. Topol. Anal., 2, 259-275,
2010, MR2652909, Zbl 1211.58020

A. Naber, D. Valtorta, Volume estimates on the critical sets of solutions to
elliptic PDEs, Comm. Pure Appl. Math., 70, 1835-1897, 2017, MR3688031,
Zbl 1376.35021

N. S. Nadirashvili, Uniqueness and stability of continuation from a set to the
domain of solution of an elliptic equation (Russian), Mat. Zametki 40, no. 2,
218-225, 1986, MR0864285, Zbl 0657.35045

N. S. Nadirashvili, Estimating solutions of elliptic equations with analytic
coefficients bounded on some set, Mosc. Univ. Math. Bull. 34, No. 2, 44-48,
MR0531646, Zbl 0433.35006

F. Nazarov, L. Polterovich, M. Sodin, Sign and area in nodal geometry of
Laplace eigenfunctions, Amer. J. Math., 127, 879-910, 2005, MR2154374,
Zbl 1079.58026

S. T. Yau, Problem section, Seminar on Differential Geometry, volume 102
of Ann. of Math. Stud., Princeton Univ. Press, 669-706, 1982, MR0645762,
Zbl 0471.00020

DEPARTMENT OF MATHEMATICS - HILL CENTER RUTGERS
THE STATE UNIVERSITY OF NEW JERSEY

Piscataway, NJ, 08544

USA

E-mail address: chanillo@math.rutgers.edu

SECTION DE MATHEMATIQUES
UNIVERSITE DE GENEVE
GENEVE, GE, 1211

SUISSE



LOCAL VERSION OF COURANT’S NODAL DOMAIN THEOREM 63

DEPARTMENT OF MATHEMATICS
PRINCETON UNIVERSITY
PriNcETON, NJ, 08540

USA

E-mail address: 1log239@Qyandex.ru

DEPARTMENT OF MATHEMATICS
STANFORD UNIVERSITY
STANFORD, CA, 94305

USA

E-mail address: eugeniam@stanford.edu

EINSTEIN INSTITUTE OF MATHEMATICS
THE HEBREW UNIVERSITY
JERUSALEM, 9190401

ISRAEL

E-mail address: dan.mangoubi@mail.huji.ac.il



	1. Introduction
	2. The main tools
	2.1. Remez type inequality for eigenfunctions
	2.2. Weak maximum principle and a version of Landis' growth lemma

	3. Proof of Theorem 1.2
	3.1. Local bound for the volume of nodal domain
	3.2. Local bound for the number of nodal domains

	Appendix
	References

