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Huber [7] in 1957 showed that a complete open surface whose negative part of
the Gaussian curvature is integrable is conformally a closed surface with finitely
many points deleted. This result has inspired a lot of extension in various
geometric settings.. In conformal geometry, the celebrated work of Schoen-
Yau [10] studied the developing map of a locally spherical manifold of positive
Yamabe class. They showed that the developing map is one-to-one into the
sphere, and the complement of the image has small Hausdorff dimension. As a
consequence, the original manifold is a quotient of a Kleinian group. It is our
purpose to consider further extensions to the CR setting.

We begin with a pseudo-hermitian manifold whose conformal Laplacian is a
positive operator, a CR invariant notion. The CR conformal Laplacian

Ly =—Ay+cuR,

is paired with the Webster scalar curvature in the associated curvature equation
for conformal change of contact form 6 = 426,

Lou = RuQ+2/Q—2,

where () = 2n+2 denotes the homogeneous dimension. Similar to the conformal
case, the analysis of this equation becomes non-trivial when the operator is
positive. On the other hand, when the operator is positive, much is known
about the geometry and analysis of the manifold. For example, in the case where
the CR structure is locally spherical and the CR Yamabe invariant is positive,
the development map can be shown to be injective and the complement of its
image is small [3]. In the following, we localize the analysis to a neighborhood
of infinity and derive an analytic result about the size at infinity, assuming the
scalar curvature is largely positive, assuming suitable size control of the negative
part of the scalar curvature.

Theorem 0.1. Let (M™,0,J) be a compact pseudo-hermitian manifold. Let
Q = 2n + 2 be the homogeneous dimension. Let S C M be a closed set. Let D
be a bounded open neighborhood of S. Let
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be a conformal contact form on D\S such that the corresponding pseudo-Hermitian
metric is complete near S. Assume

R~(0) € L@ (D\S,dVy) N LP (D\S, dVy)

for some p > Q/2, where dVy = 0 A (d9)™; and R~ (0) = max{—R(0),0}, where
R(0) is the scalar curvature coming from the contact form 0. Then the Hausdorff
dimension satisfies

Q-2

dlm'H(S) < 5

The notion of Hausdorff measure and dimension is that in [1](cf. Chapter 13).

Remark: In a recent paper, Guidi-Maalaoui-Martino [6] construct contact
forms of constant positive scalar curvature on S?"+1\ S2k+1if kb < (n — 2)/2.
This is a partial converse to our result.

Lemma 0.2. Let p be a non-negative Radon measure on a complete pseudo-
Hermitian manifold (M, 0,J). Assume p is absolutely continuous with respect
to the measure 6 A (d9)™. Define,

7 ={reM:lim_ou(B(z)r % =+o00}

for any d € [0,Q). Then,
Hqa (GTF) =0,

where Hq is the Hausdorff measure of dimension d.

Proof. We adapt a proof from the book by W. Ziemer [11]. Assume for every
x € A, where A is some Borel set, we have

iﬁhwﬁg%@D>A>O
T
Then 3C = C(d); such that
H(A) > CNHq(A) (0.1)

where H4(A) is the d-dimensional Hausdorff measure of A. We may assume
1(A) < 400 or else there is nothing to prove. Choose € > 0. Let us choose U
open, U D A, u(U) < 400, which we can as p is a Radon measure, and A a
Borel set. Let G be a family of closed balls B,.(x) C U such that for x € A

(B (x))

p >AN0<r<e/2.

We may extract from G a disjoint sub-family F C G such that if F* is a finite
sub-family of F, one has

Agu{B,Bef*}u{E:éef\f*}



where B is a ball concentric with B, and radius 5 times that of B. This is
proved as Cor. 1.3.3 [11] and the proof is unchanged for us. Thus by definition

o(B) " 5(B) "
5e < d
wrw < 3 () ot (%
BeF* BeF\F*
where §(B) is the diameter of B. Since F C G and F is disjoint, we have

> (5(2B>>d <OX Y u(B)

BeF BeF
<O 1u(U) < +oo.

>, ()

BEF\F*

Since the remainder

can be made arbitrarily small, we get
H3E(4) < O ().

By the definition of Hausdorff measure we obtain (0.1).
For some fixed point zg € M, define for p(z, xg) the pseudo-hermitian metric,

p(Br) 1},

A, = {x cp(x,20) < mylim, g o -
Then A,, is bounded and so y (A,,) < +o00. Using (0.1)
c

Thus, Hq (An) < 400, and we conclude that Hg (Am) = 0, since d < @, that
is the 6 A ()™ measure of A, is zero. As p is a Radon measure, the absolute
continuity of u, with respect to 6 A (df)™, implies p (A,,) = 0. Hence, by (0.1)
again, we have H4 (4,,) = 0. Since

A=UA,,
we conclude Hg (A) = 0. Our lemma follows by setting A = G°. O

We next prove an intermediate result on the Hausdorff dimension prepara-
tory to proving our main theorem. To do so, and for the main theorem, we
need:

Lemma 0.3. Let (M,0,J) be a compact pseudo-hermitian manifold. Assume
the background scalar curvature satisfies R(6) < 0. Let S C M be a closed set
and D an open neighborhood of S, which is small, i.e. vol(D) < e. Let 6 =
u@70 be a conformal contact form in D\S. Assume R~ () € L? (D\S,dVy) ,p >
% and R~(0) = max{—R(),0}. Then if the pseudo-hermitian manifold (M, 0,J)
is complete, we have

u(z) = 400, as x — S.



Remark: The hypothesis R(f) < 0, can be dropped. However, in our applica-
tion, we can arrange R() < 0 by taking connected sums of M with manifolds
with very negative Yamabe constants, so we assume this as it simplifies the
proof. We use the Moser iteration argument in [2] and ideas in [8].

Proof. We first observe for f € C§°(D\S), we have

</D\S fIQzdevé> a < C{/D\S (‘ngf +R(é)|f|2> dvé} (0.2)

for some ¢ > 0. The expression above is a conformal invariant and so we may
replace 6 by 0 and we simply show (0.2) for 6. By the Sobolev inequality

Q-2

Q
2Q 2
(/ |f|Q'2dV9> <c/ Vo f|” dVy (0.3)
D\S D\S

We write the right side as

[ (%l v mons?) avi- [ r@iseav,
D\S D\S

where

Q-2

20 Q 2/Q
(/ R(f))fIQdVe> < (/ Iflde9> (/ |R§dVa>
D\S D\S D\S

Q—2

2Q Q
<e / F13% v,
D\S

Thus from (0.3), we get

Q-2

Q—2
Q Q
2Q_ 2 2Q
(/ |f|Q2dV9> <cf (1901 + RUP) dve+ ¢ (/ 1713 d%)
D\S D\S D\S

(R=2)
P

From the last inequality (0.2) follows. Next write 6 = e “f. We re-write
this as § = e~ S w) = @20, Thus,

Q-2

—angv + R()v = R(O)va+2 < 0.

This gives A
— coAv + RY(0)v < R~ (O)v (0.4)



Our goal is to apply the Moser iteration method to (0.4) with (0.2), and conclude
a local L bound on v, where v@=2 = ¢~ 5%, The L® bound we want to

prove is

Q-2
2Q
2Q
N < Q-2 A .
||’U||L°°(Bf/2(a:g)) X4 </Bf|U|Q ZdV9> (0 5)

with the normalization
/ oA=L (0.6)
BY{ (z0)

Here Bf is a unit ball in the metric of 6. Now

2Q _@-2?% 29
lv|@=2dV; =e” 5 @-2%e

=0 A (dO)" = dVj.

«@

=23y A (dg)"

So from (0.5)
Q=2

70
A < . .
[vll o (B2 pa0)) S c </Bf(xo) dV9> (0.7)

But 0 gives rise to a complete metric. So if xyg — S, the volume of the ball
BY(z0), as measured in the background metric , must go to zero. So as x — S,
the right hand side of (0.7) must go to zero. Thus v(z) — 0 as x — S. This
means w(x) — +oo as x — S. This proves our lemma if (0.5) holds. To prove
(0.5), we multiply (0.4) by n%v” where 0 < 1 < 1, is a cutoff function supported
in an open set U C D\S, which we can ultimately take to be a unit ball. Then
we integrate with respect to dVj; with the normalization (0.6). We get after
integration by parts, and Cauchy-Schwartz:

cnﬂ/ n2|v2v|2vﬁ*1dvé+/ R (O)n*vPav,
U U
— /A C
</R (9)n2vﬂ+1dvé+5/ V20T dv;
U U
This yields,

4en 2 |ob, Bt
<ﬁ+1>2/U" vie

2 ~
AV + / R (0> av,
U

</R_(é)nQU’BHdVé—&—%/U|V77|2vﬁ+ldvé. (0.8)

Now
B+1 B+1

Vg (an) :nva 2 —i—v%an.

Using above in (0.8) we get after rearranging terms,

B 190 (o= avs TN Te
e ISt ) i [ i
cB

~ 2
) 0
< [ RO U 9] o ray



ﬁﬂ) , we get using 8 > 1,

~ 541 2 1 2 R
/ ‘Vg (nv%)‘ vy + (5’%)/ RY(O)n*vPT1av; <
U U

Multiplying by

(B+1)2/R (Oyro+iay, + CED /’ve
U

5 P Vv, (0.9)

Since

) s [ i
U U
</ ‘Vg (nv%)rd‘/@ﬂL/ RF (O dv;,
U U

on applying (0.2) to (0.9), we have

Q-2

b1 |5 B 512
(/ n oz dV@) < c/ ’Vgn‘ UBHdVé
U U

+1)2 A
+7¢:(55 ) /UR @O)y*o?av;.  (0.10)

We need a gain in L? norms to iterate via Moser, and for this we now use our
hypothesis that R~ (0) € L?P (D\S, dVé), for some p > @Q/2. Using Holder on
the second term on the right in (0.10)

< B ( /U R(é)?dvé); < /U (P11 dvé)l/q.

Since p > 2, and X —|— = =1, it follows that ¢ < o3 . Thus by hypothesis, we
have
Q-2 1
29 77 2q a
o ol
U U
o2
+/ ]vgn\ VP av;. (0.11)
U

Now by Holder’s inequality and the normalization in (0.6),

<2 s 1/q
/‘vzn’ VPV, < [/ (‘vgn‘ ot ) qdvé} .
U

Using the above in (0.11) and taking the square root we obtain

()7 <ol T

with 2¢ < QQ—% The gain in exponent allows the iteration to proceed to conclude
(0.5). O



We use the previous lemma to prove:

Lemma 0.4. Let (M,0,J) be a compact pseudo-hermitian manifold with scalar

curvature R < 0. Let S C M be a closed set and D an open neighborhood of S.
~ 4

Let 0 = ue=20 be geodesically complete in D\S. Assume that

R™(0) € L%z (D\S,dV,) N LP (D\S, dVj)

for some p > %; R~ () = max{—R(A),0}.

Then, the 2 -capacity of S is zero and the Hausdorff dimension of S satisfies
dimH(S) < Q — 2.
Here the Hausdorff dimension and capacity is in the sense of [1] (also see [5]).

Proof. Recall the scalar curvature equation

Q+2

—cuApu = —Ru + R (0)ua—= —R™ ()ud—: (0.12)

in D\S. Now by Hélder,

2Q

Q+2
2Q
/ R (D) u&2dv, < R=(§)atzus2dV, |  Vol(D)%@ < +oo,
D\S D\S

(0.13)

where Vol(D) is with respect to 8. The expression in (0.13) is finite by hypoth-
esis. Next, under the hypothesis of our Lemma 0.3, we have

u(z) = +oo,x — S.
Using this fact above, define the test function
{6, u>a+p.
Ua,p =

u—a, u<a+p.

and set
Pa,p = ta,p — B+ B(1—n)
where 7 is a cut-off function that is equal to 1 in a neighborhood of S. Define

Yo={z€D:u(z) >al.

We note that if § is sufficiently large, then u, g € (0,6] in Y, and

bpap=0on{zeD:ux)=alU{zeD: u>a+p}
Note that

Vbqba,/g = Vbua,g — [3Vb7], Vbu = Vbua,g where Vbuaﬁ 75 0.



We multiply (0.12) by ¢4 s and get after integration by parts, using as dVj the
volume element 6 A (df)™,

cn/ vbu.qu&a,gdvg:/ o (fRquR(é)u%)dVg.
S

o

n [ Vstasl? Vo =5 [ (ea¥ou- Vit (~Ru+ BOuER) (1~ mav
S >

Q+2

- /z (—Ru + R(é)u%) (B — ta.5) Vs +/ R (0)u (8 — o) dVs.
’ ’ (0.14)

Using (0.13), R < 0,uq,3 € (0,8] and the location of the support of 1 — 7, we
easily see the right hand side of (0.14) is bounded by C3, where C depends on
a,n but not on 5. Thus by Lemma 0.3,

L)

if 8 — oo. Thus Cap,(S,D) = 0. Using Cor. 4.6 in [5], we conclude the
Hausdorff dimension of S satisfies dimy S < @ — 2. O

2
<c¢/8 =0,

Our goal is now to improve Lemma 0.4. To do so we first prove:

Lemma 0.5. Given that u satisfies (0.12) the scalar curvature equation and
the hypothesis on R~ (é) of Lemma 0.4 is satisfied and R < 0, where R is the
scalar curvature of the background contact form 6. Then zfé = ¥ (@=2)¢ s
geodesically complete near S C M, S closed, we have that —Ayu is a Radon
measure and — Abu\s > 0. We restrict our attention in this lemma to D, an

open neighborhood of S.

Proof. We begin by proving that if

2 Q+2

—coApu=—Ru+ RT(0)ud 2 — R-(Buds = f

in D\S, then f € L'(D). Consider the function.

t, t< s,
a,(t) = < increasing, t € [s, 10s],
2s, t > 10s.

We observe that o, € [0,1],a” < 0, since a(s) can be selected to be concave.
Then
— Apas(u) = =2 (u)|Vul? + o (u) (—Ayu) (0.15)



Then for s > max{u(z) : x € dD}, and by recalling that A, = 22" X2, we
have by Green’s theorem and where v is the outward unit normal,

/ —Aporg(u)dVy = Z/ (v, X3) as(u)do
oD

On 0D, as(u) = u by construction of a,(t) and choice of s. Using (0.15) above,
we get

(v, X;)udo = —/ cna (u )|Vbu|
D
+/ ol (u) [~Ru — REWEE 1 B @] vy, (0.16)
D
Note that o/ < 0 by construction, and —Ru > 0 by hypothesis. So from (0.16),
A~ Q2 n A QF2
/ ol (u) (R"‘(H)ufi?*2 - Ru) < —an/@/, Xi>uda+/ R~ (Q)ue—2dVjy.
D i=1 D

By hypothesis we saw using the Holder inequality in the previous lemma,

/ (é)uQ 2dVy < +oo.
D

Thus, from Fatou’s lemma, letting s — +o0,

| (R

This proves f € L*(D). Next, from (0.15) again, since o <0,

/|AbaS —cn/ ag(u)\VbuF
D

+ / o, [—Ru+R+(é)u% + R (f)us
D

Ru) dVy < +oc. (0.17)

i}dve

Using the identity (0.16) again and replacing the integral ¢, [}, —a¥(u) Vpul?
above via (0.16),

2n
Apas(u)] < cp / v, X)) udo
[ secr<ads [ o
+2/ ol (u) <R+(0)u8f§ fRu) dVeJFQ/ Rf(é)u%dvg
D D

Using (0.17) and (0.13) again, we get

/ |Apas(u)] < +o0.
D



This for ¢ € CY(D),

|<*Abas (u)v ¢>| -

/Aas(u)(b’
D
< H¢||C°(D)/D|Abas(u)|.

We now have,

(Apu, @)

/ Vou- VoddVy, & e Ch(D)
D

= lim Oé; (u)Vb . ngb dVa

S§— 00 D
= tim (~Apa(u).0).
Thus
n A Q+2 Q+2
<—Abu,¢>|<c{z / (v, Xi)udo]| + / Rw)wuwdve}wnco(m.
— lJop D

Thus —Ayu is a Radon measure. We now show that it is a non-negative Radon
measure. Let ¢ > 0,¢ € C3°(D), then we have from above,

cn{—Au,¢) = lim cn/D(—Aas(u))cédVg

§—00

= lim [ —cpo(u) |Vyul® ¢dVy

+ lim [ o (u)(—Ru)pdVy

S5— 00 D

+ lim [ o (u)R(é)u%(deg

S5— 00 D

We can drop the first term on the right above since o/ < 0 and so

Cn(—Au, ¢) > — </ | —Ru+ R()ud | d%)
supp ¢\S

The integral on the right hand side is finite from above, and so since

/ dVy — 0,
supp ¢\ S

with [|¢[|copy = 1, we get
—/ | —Ru+ R(O)ud2 | dVy — 0
supp ¢\ S
and so — Ayulg > 0. O

10



Remark: We note that —Au = f, f € L'(D), and so our Radon measure is
non-negative and absolutely continues with respect to the volume measure dVjy.
Next from Lemma 0.4, dimy(S) < Q — 2 < Q. Thus Lemma 0.2 applies.

Let Q C M be a bounded, open set. Let A be a non-negative Radon measure
on M. We define for p the metric distance,

a2 N du(y)
Ry (a:)—/QW,O<a<Q.

Let £ C Q2. We define
Definition 0.6. The capacity
C*(E,Q) =inf {u(Q) | RY%(x) > 1,Vx € E}.

Let us look at a coordinate patch U of M, and there we may assume that
UNM is Heisenberg with a dilation structure d5. We assume E C 2 C U. Then

Lemma 0.7. Set Ay = {6x(x): x € A}. Then
C* (Ex, Q) = A\97°C*(E,Q),a € (1,Q].

Proof. For a non-negative Radon measure p, define a Radon measure p* asso-
ciated to p for all Ay C Qy by setting:

e (Ax) = p(A).

Then ()
R (65 (x)) = Wy
w” (r(@) /m p(Ox(z),y)9 "
_ / dp(y) _ yo-Q / dp(y)
o p(0x(),0x(y) 7" o p(z,y)9"
= \*"CRY(x).
So,

C* (Ex, ) = inf {u* () 1 R (W) > 1,Ve € B}
=inf {u(Q) : A* PRI (z) > 1,Vz € E}
= A9 %inf {A*"Cpu(Q) : A 9RO (2) > 1,Vz € E}
= \¢72C¥(E, Q). O

Lemma 0.8. Let xg € M be a fized point. Consider a metric ball By (x¢). In
this metric ball we can assume M is Heisenberg if r < ro for ro small, and so
we have scaling like in the previous lemma. Then for a > 0,

C* (0B2 (%0) , Bsr (w0)) = co > 0.

11



Proof. Let us take the surface measure on B, (z0), given by do = 0 Ael A--- A
e?"~1 see [4]. Then for z € OB, (0)

R®B(x) > mo >0, B=Bs, (20)-

o

d
[
9B, (z0) P(T,Y)

Thus by definition:

1
C®(0B,,B) < — < +ox.
mo

Thus our capacity is finite. We want to prove that it is non-zero. We claim
that we can find p € 9B, () such that for any finite non-negative measure p
on Bs, (z9), we have

11 (Bs(p) N Bs, (20)) < cnpt (Bsy (o)) s97 (0.18)

for all s > 0. Note that if s is sufficiently large s > 100, then (0.18) is obvious.
Let us normalize u(Bs, (x0)) = 1. Assume (0.18) is false. Then for each
q € 0B, (%), 3rq > 0 such that

1 (qu (q) N Bs, (mo)) > cor;’?_l. (0.19)

Then {B,,(q)} is a covering of 9B, (). Using Vitali’s lemma, we may find a
disjoint sub-family of balls

{qu (ql) g 7B7"qk (qk)} g5 € aBT (1’0) )

such that
{B3T1 (ql) gty B3T‘q1 (T(h)}

covers 0B, (xp). The metric family of balls satisfy the doubling property (cf. [9]).
By disjointness and by (0.19),

k
-1
) <
j=1

k
— i=

p (Bri, (2)) 0 By (a0)) < (Bar (20)) = 1. (0.20)

Now consider the surface measure introduced in [4]. As the situation is locally
Heisenberg, we observe § Ael A---Ae?"~1 = do scales under Heisenberg scaling
5)\7

(@A A AT =X A A AT (0.21)

0B, (z0)] = / do
OB, (z0)

k
< Z ‘337-,,_7. (¢j) N OB, (x0)

j=1

So

12



Using (0.21), we get
|aBT(x0)| < C«ng—l |8B7 ($0)| :

We have a contradiction to (0.20) if ¢ is large enough. So our claim is proved.
We can now prove our lemma. For a € (1,Q), and p chosen to satisfy (0.18),

du(y)
ROL‘»B5T(IO) P :/
! ) p(p,y)9—«

4 dp
——— = T copt (Bsr)
. AQj<p(p,y)<23+1}ﬁB5r(mg) p(p,y)?
4

j=—00

= > 279 (Byssi (p) N Bsy (o)) + copt (Bsr (20)).

j=—oc0

Using (0.18), we get

4
R P3r(@0) () < e (Bs, (20)) Z 27~ 4 cop (Bsy (20)) -

j=—o00

Since a > 1,
Rﬁ’B5T(x°)(p) < e (Bsr (z9)), ¢1 > 0.

Thus by definition, and recalling p(Bs,-(z¢)) = 1, we have
C® (0By, Bsy (z0)) > % >0. O
Definition 0.9. Let E C M,p € M. We say F is a-thin at p for a € (1,Q) if
3 C (ENwl(p), 2 (p)
e (e (83245(?),32—#1@)(1))

i>1

< 400,

where § > 0 is small and
W (p) = {z: p(a,p) € [27°6,27"H10] },
Q) (p) = {w: plz,p) € (27716,2777%5) }.

Thus Q2(p) D w?(p) is the doubled annuli.
The last lemma that we need is

Lemma 0.10. Let (M™,0,.J) be a complete pseudo-hermitian manifold, and let
w be a finite Radon measure absolutely continuous with respect to 6 A (d6)™ on
a bounded domain G C M™. Let S C G, with S compact. Assume that the
Hausdorff dimension satisfies the condition dimy S > d. Let a € (1,Q) and
a < Q — «a. Then there exists p € S and E C S, that is a-thin at p, such that

/ du(y) C
¢ p(x,y)9= = pla,p)@-ad
for some constant C, and for all x € Bs(p)\E, for some ¢ > 0.

13



Remark: In Lemma 0.5, we showed that under the hypotheses, we have
—Apu = f =K,

and f € LY(D), so in our application y is indeed a finite Radon measure that
is absolutely continuous with respect to 6 A (df)™.

Proof. By hypothesis, there is some ¢ > 0, such
Hd+5 (S) = +OO,

since the Hausdorff dimension of S is greater than d. Thus, by Lemma 0.2,
there is a point p € S such that

= [ (Br(p))
Thus,
1 (B (p)) < Crite, (0.22)
where r is small. Next
du(y)
R (z) = / — 0.23
()  p(z,y)<= (0:23)

Let 7o be fixed and i > ig + 2. We decompose (0.23)

d d d
ANB, g2, PT:Y) By igr2,\@ P(T:Y) ai p(z,y)
=I+11+1II

where we recall
Q5 ={y:plpy) € (277716,27725) },
wy = {x :p(p,x) € (2715,2’”15)}.
Clearly for z € wd C Q,

3

o) CE7)T )

X (2_i06)Q—a (2_1-06)Q—a p(p7 iE)Qfozfd
C(O{, 6) i07 Q)

p(p, )@=’

since d < @ — . We estimate II by cutting in annuli. We sub-divide II further

into two pieces; an inner piece and an outer piece. The inner piece of II is
estimated by

(0.25)

X

B —i—1
By_io1y(p) P(TY)97 7 (2-i-1¢)

14



The outer piece of IT we cut into annuli

§ /B du(y)_

= By 2y 0\By i () P Y) O

<e ZM (By—k+25(p ).

Q—«
kZ() k(;

Using (0.22) with € = 0 and (0.26).

i—1 —k, d
5
m<ed (2 ) .
=2k 9T (27im15)@
C
S b p@ad (027)

We estimate III. Define

Ef‘ =<zxé€ wg : / 7du(y) > \2i(@-a=d) L
s plz,y)9

where A > 0 is fixed. By the definition of capacity (u is a “trial” measure)

) < ()
ce (E Q ) 2\2i(Q—a—d) "
By (0.22), N
) < )T

By Lemmas 0.7 and 0.8, we have

C*(0Bg-is, By—it15) = ¢ (272'5)627(1 ,c> 0.

Thus N
e RS DILAE
7,>’Lo Ca 882 15,32 z+15 )\ Z>7,0
Thus if z ¢ |, E} = E, and z € w}
Mg A-2i@ed g o 0.28
pla,p)@—od (0.28)
Collecting the estimates for I, II, III, ie. Eqgs. (0.25), (0.27) and (0.28)
/ du < c
o plz,y)97 = pla,p)?-e?’
if v ¢ B =B 0
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We now prove the main theorem.

Proof of Theorem 0.1. By taking a connected sum of M with a manifold of very
negative Yamabe constant M, M#M; can be assumed to have background
scalar curvature R < 0. By Lemma 0.5, for S C M and S closed,

—Apyu = pin D,

where D is some neighborhood of S, and p is a finite, Radon measure that is
absolutely continuous with respect to § A (df)™. Thus we have, via Green’s
representation,

w = /D Gz, y)du(y) + h(z), (0.29)

where h is harmonic with respect to Ap. Now

0<G(z,y) < ————.
(:9) plx,y)@—2

(cf. [1,9]). Thus from (0.29),
du(y) .
ule) < /D pla.y)@2 .
= R>P(z) + h(x). (0.30)

By contradiction assume Hausdorff dimy(S) = d > % We know that d <
Q@ — 2. Hence, from Lemma 0.10 and (0.30), there exists p € S such that

< C
S S T
We obtain,
u(z) 2 < ZQ,H (0.31)
p(z,p)” a2
Set 2 2—d 2d
,o2Q=2-d) _, < 1.
Q-2 Q-2

Thus the curve length can be computed using (0.31) and using the metric
6 =ua=2g
we obtain the metric distance to the singular set is bounded by

< ds
il

This shows M\S is not complete, which is a contradiction. This ends the
proof. U
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