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0.1 Locally compact Hausdorff spaces

0.1 DEFINITION. A topological space (X,U) is locally compact in case every point of X has a
neighborhood with compact closure.

When (X,U) is locally compact, every neighborhood U of x contain another neighborhood of
x that has compact closure: Let V' be any neighborhood of z that has compact closure, and then
VNU CU and VNU CV which is compact.

For example, R™ is compact since for each x, Bi(z) is compact. Also, it is evident that any

compact space is locally compact. However, an infinite dimensional Hilbert space with its norm
topology is not locally compact: As we have seen, the closed unit ball — and thus any closed ball —
in such a space fails to be compact, and every closed neighborhood must contain a closed ball.

In a locally compact Hausdorff space, one can separate compact sets K and points y € K¢ as
follows: For each x € K, let V, be a neighborhood of x with compact closure, and let U, be a
neighborhood of y such that V,,NU,, = (), which is possible since X is Hausdorff. Then {V, : z € K}
is an open cover of K so that there exist {z1,...,2,} C K such that K C ug;lvxj =: V. let
U = Ui Us;. Since V C Uiy Va, which is compact, V' has compact closure, and since y ¢ Vy, for
any j, y ¢ V. In summary:

0.2 LEMMA. Let (X,U) be a locally compact Hausdorff space. Suppose K C X is compact and
y ¢ K. Then there exists disjoint open sets V and U such that K CV,y € U, and V is compact.

The slightly more elaborate result in the next lemma is fundamental.

0.3 LEMMA. Let (X,U) be a locally compact Hausdorff space. Suppose K C U C X with K
compact and U open. Then there exists an open set V' with compact closure such that

Kcvcvcu. (0.1)

Proof of Lemma 0.3. If y € U¢, then y € K¢, and using Lemma 0.2 we may choose for each y € U*¢
disjoint open sets V;, and W, such that K C V,, y € W, and 7y is compact. Since y ¢ 7y,

N Uenv,=0.

yeUe
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and each set in the intersection is compact. Therefore there exist {yi,...,y,} C U° such that
(| U°nV, =0.
7j=1,...n

Define V' = m;;lvyj which is open and contains K. Since V C H?ZIW]., which is compact and
disjoint from U¢, V is compact and V N U¢ = (), which is the same as V C U. O

The main feature of locally compact Hausdorff spaces that makes it possible to develop a rich
theory linking topology and integration for them is that locally compact Hausdorff spaces are rich
in continuous functions in the sense that we now explain. We shall write

K=<f

to mean that K is a compact subset of X, and that f is a continuous and compactly supported
function on X with values in [0,1] and with f(z) =1 for all x € K.
We shall write
f=u

to mean that U is a compact subset of X, and that f is a continuous and compactly supported
function on X with values in [0, 1] and that the support of f is contained in U.

0.4 THEOREM (Urysohn’s Lemma). Let (X,U) be a locally compact Hausdorff space. Suppose
K CcU C X with K compact and U open. Then there exists a continuous function f such that

K<f=<U. (0.2)

Proof. First, pick an open G with compact closure such that K C G ¢ G C U, which we may do
by Lemma 0.3. In the next step we construct a sequence of open sets {V;} indexed by the dyadic
rational numbers s in (0, 1) such that for each ¢t > s,

KcV,cV,cV,CG.

We proceed inductively. By what we have shown in the first step, there exists an open set V;
such that
KCVl/QC‘/l/QCG.

For the same reason, there exist open sets V; /4 and V3,4 such that
KCVEJ,/4CVE;/4C‘/1/2 and W/QC‘/&/4C‘/1/4CG.

Now an obvious induction argument provides the construction.
Having constructed our sequence {V;}, s ranging over the dyadic rationals in (0,1), we are
ready to define f: First, set V := X. Next, for x € X, define

f(z)=sup{s : x €V} .

If v € K, then z € V; for all s, and hence f(z) =1, and if z € G¢, then f(x) = 0. Hence the
support of f is contained in G, which is compact. Finally, we claim that f is continuous. It suffices
to show that for all A\, f~1((\, 00)) is open and that and f~!([\, c0)) is closed.
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First, we claim that
FH (w00 = | Vs
s>
which is open. To see this, note that if f(x) > A then for some s > \, z € V5, and so x belongs to
the union on the right. On the other hand, if x belongs to the union on the right, then x € V; for
some s > A, and then f(x) > A
Second, we claim that

T o) = Vs,

s<A
To see this, note that if f(z) > A, then for all s < A, z € V5, and hence x € V;, and so = belongs to
the intersection on the right. On the other hand, if x belongs to the intersection on the right, then
for all » < A, there is an s > r so that # € V5. Since V; C V;,, x € V;. and f(z) > r. Since r < ) is
arbitrary, f(z) > A. O

0.5 THEOREM (Continuous partitions of unity). Let (X,U) be a locally compact Hausdorff space.
Let K be a compact subset of X, and let {Uy, ..., Uy} be a finite open cover of K. Then there exist
functions g;, j = 1,...,n such that g; < U; for each j and such that K < Z?Zl gj-

Proof. Each z € K belongs to some Uj, and applying Lemma 0.3 to {z} C Uj;, we can choose an
open set W, with compact closure such that x € W, Cc W, C Uj. Since K is compact, we may
cover K by finitely many such sets {W,,..., Wy, }. Let Cy be the union of those W,, that were
constructed choosing W, C Uy. Then Cj is compact, and Cy C Uy, and K C Uy_,Cy.

By Urysohn’s Lemma, there exists f; such that Cy < fy < Uy. How consider the function

hi=1-J[a-#).
j=1

Clearly, h is continuous and 0 < h < 1. If z € K, x € C; for some j, and then f;(x) = 1 so that
h(z) = 1.
We next claim that

_ j—1
hﬁ+ZﬁH1ﬁm.
=1 k=1

To see this note that

n n n
Hlffj f1+ 1*f1 Hlffj 1*f1 Hlff] 5
j=1 j=1 j=2
and then apply the obvious induction argument.
Finally, we define
j—1
=f and gi=f][A-f) for j=1,...n-1.
k=1

Thus, h = 77, g; and g; < U; for each j. O
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0.2 Some spaces of continuous functions

Given a topological space (X,U), there are three natural normed vector spaces of continuous func-
tions:

0.6 DEFINITION (Spaces of continuous functions). Let (X, ) be a topological space. We define:

(i) Cc(X) is the normed vector space of continuous, compactly supported functions f on X with
values in C on which the norm, || - ||co, is given by || f|lcc = sup{ |f(z)] : z € X }.

(11) Co(X) is the normed vector space of continuous functions f on X with values in C such that
for each € > 0, there exists a compact set K. s such that |f(z)| < € for all = outside of K. The
norm is once again || - ||co, given by || f|lco = sup{ |f(z)| : z € X }.

(#ii) Cp(X) is the normed vector space of continuous functions f on X with values in C such that

| flloc =sup{ |f(z)| : * € X } < oco. The norm is once again || - ||oo-

When X is not compact, C.(X) is not complete, but if (X,U) is a locally compact Hausdorff
space, then it is dense in Cy(X) , and both Cp(X) and Cy(X) are Banach spaces.

0.7 THEOREM. Cy(X) equipped with the sup norm is a Banach space. If X is a locally compact
Hausdorff space, then the subspace C.(X) is dense.

Proof. Tt {f,} is a Cauchy sequence in Cy(X), then {f,(z)} is a Cauchy sequence in C. Hence the
limit lim, oo fn(x) exists for each x, and we define a function f by

f(z) = lim fulx) .

n—o0

Given the uniform convergence, it is easy to check, using an €/3 argument, that f € Co(X) so that
Co(X) is complete.

To see that C.(X) is dense, pick f € Co(X) and € > 0. Let K. be a compact set such that
|f(x)] < eforallz ¢ K.. Because X is locally compact, it is possible to find an open set U containing
K, such that U has compact closure. Then by Urysohn’s Lemma, there exists a continuous function
g with K < g < U. Then fg = f on K and and |fg — f| = |f|lg — 1| < |f| everywhere, so that
|fg — f| < eon K. In particular, || fg — flleo <€, and fg € C.(X). O]

0.3 Radon measures

Radon measures, are, roughly speaking, the class of Borel measures on a locally compact Hausdorff
space for which the measure theory and the topology are “nicely compatible”.

0.8 DEFINITION (Inner and outer regularity). Let (X,U) be a topological space. A Borel
measure p on X is outer regular in case for each Borel set E

w(E) =inf{ w(U) : ECU, U open } . (0.3)
A Borel measure y is inner reqular in case for each Borel set
w(E) =sup{ u(K) : K C E, K compact } . (0.4)

A Borel measure p is inner regular for open sets in case (0.4) holds for all open E. A Borel measure
is reqular if it is both inner and outer regular.
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0.9 DEFINITION (Radon measure). A Radon measure on a topological space (X,U) is a positive
Borel measure p on X such that u(K) < oo for all compact sets K C X that is outer regular and
inner regular for open sets.

The next results demonstrate the compatibility of the topology and the measure theory for
Radon measures.

0.10 THEOREM. Let (X,U) be a locally compact Hausdorff space, and let p be a Radon measure
on X. Then C.(X) is dense in LP(X, B, p) for all p € [1,00).

Proof. Since L' N L is dense in Lp for all p € [1,00), it suffices to deal with p = 1. We know that
integrable simple functions are dense in L'(u). Therefore, it suffices to show that whenever E is a
Borel set with p(E) < oo, for all € > 0, there exists f € C.(X) such that

/]f—lE]duge.
X

Since p is outer regular, there exists U open with £ C U such that u(U) < pu(E) + €. Since pu is
inner regular for open sets, there is a compact set K C U such that u(K) > pu(U) —€/.
By Urysohn’s Lemma, there exists f € C.(X) such that K < f < U. But then |f—1y| < lynke,
and so
1 = Lol < I1f = Tl + 1 — Ll < p(U\E) + u(U 0 K°) < 2

O

0.11 THEOREM. Let (X,U) be a locally compact Hausdorff space. Let pu and v be a Radon

measures on X such that
[ san= [ fav
X X

Proof. Let U be open, and let f < U. For all compact K C U, Urysohn’s lemma provides g with
K < g < U, and hence

forall f € C.(X). Then p=v.

u(r) < [ gdn= [ gt =u(0).

By the inner regularity of p on open sets, u(U) = sup{u(K) : K C U,K compact}. Hence
uw(U) < v(U) By symmetry, v(U) < u(U) so that u(U) = v(U) for all open U, and then by the
outer regularity of u and v, u(E) = v(E) for all Borel sets E. O

0.12 THEOREM. Let (X,U) be a locally compact Hausdorff space. Every o-finite Radon measure
@ oon X is regular.

Proof. Let E be a Borel set with u(E) < co. Pick € > 0. By the outer regularity of p, there is an
open set U such that E C U and p(U) < u(E) + e. For the same reason, there is an open set V'
such that U\E C V and u(V) < u(U\E) + € < 2e.

By the inner regularity of u for open sets, there is a compact set C' C U such that p(U) <
u(C) +e.
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Define K := C'N V¢ which is compact. By construction, every point € U that is not in E lies
in V, so that C N V¢ C E. Therefore,

w(K) > p(C) — p(V) = p(U) — 2¢ .

Hence u(K) < p(F) —2e¢, and since € > 0 is arbitrary, u(E) = sup{ u(K) : K C E, K compact }.

Finally, if u(E) = oo, there is an increasing sequence of sets F,, with u(E,) < oo whose union
is E and such that lim,_,~ u(E,) = co. By what was proved above, within each F,, there exists a
compact K, with pu(K,) > p(E,) — 1. Each K, is contained in E and lim;,, o p(K,) = oo O

0.4 The Riesz-Markov Theorem for locally compact Hausdorff spaces

Throughout this section, let (X,U) be a locally compact Hausdorff space. The spaces C.(X), Co(X)
and Cp(X) are more than topological spaces: They contain a distinguished cone of non-negative
elements: We say that a function f on X is non-negative in case for each z, f(z) € R, and f(x) > 0.
In this case we write f > 0.

Let L be a linear functional on C.(X). We say that L is a positive linear functional on C.(X)
in case

f=0 = L(f)>0.

Evidently. if f is real, L(f) is real, and |L(f)| < L(|f|). If f = g + ih where g and h are real,

IL(f)| = |L(g) + iL(h)| < L(|f]).
There is a close connection between the topology on C.(X) and the partial order structure on
Cc(X) induced by its cone of positive elements.

0.13 THEOREM. Let L be a positive linear functional on C.(X). Then for each compact K C X,
there exists a finite constant C'i such that

<K = [LU)I < Ckllfll -

Proof. The uniqueness is immediate from Theorem 0.11, and we turn to existence. By Lemma 0.3,
there exists an open set U with compact closure U such that K ¢ U C U, and then by Urysohn’s
Lemma, there exists a continuous function ¢ on X such that K < ¢ < U.

Then evidently || f|lccp — |f| > 0, and hence L(||f|lcc — | f|) > 0. Thus,

IL(AI < LS < L[ flloo®) = L) flloo -

Thus,
sup{|L()] = f1 < K[ flloo <13 < L(@)[ flloo -
We may take Cx = L(f), or, better yet, Cx = inf{L(f) : K < f }. O
To construct an example of a positive linear functional on C.(X), let ;1 be a Borel measure on

X that is finite on every compact set K C X. If f € C.(X), let K denote the compact support of
f- Then 0 < |f| < ||fllcolk, and since pu(K) < oo, f is integrable. Thus, we may define

Lu(f) = /X fdu
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which is therefore a linear functional on C.(X), and evidently it is positive.

The Reisz-Markov Theorem asserts that every example is of this type. Moreover, we shall show
that one consequence of the Reisz-Markov Theorem is that every Borel measure on X such that
u(K) < oo for all compact K automatically has certain regularity properties:

0.14 THEOREM (Riesz-Markov Theorem). Let L be any positive linear functional on C.(X).
Then there exists a unique Radon measure p such that

L(f) :/ fdp for all feC.(X) . (0.5)
X
Moreover,
w(U) =sup{ L(f) : f<U,feC(X)} (0.6)
for all open sets U, and
p(K) =inf{ L(f) : K< f,feC(X)} (0.7)

for all compact sets K.

Proof. Step 1: Use L to construct an outer measure p*. We define a set function p* on open subsets
of X by

pw(U) =sup{ L(f) : f<U,feC(X)}

for open sets U, and then on arbitrary subsets F of X by
p(E) =inf{ p*(U) : ECU, U open } .

It is clear that p*(0) = 0, and that if A C B, then p*(A4) < p*(B). Therefore, to show that p*
is an outer measure, we must show that for any sequence {E, },cn of subsets of X

w (U E) <Y (B .
n=1 n=1

Let E denote U2, E,,. It suffices to consider the case in which p*(E,) < oo for all n.
Pick any ¢ > 0. Then by construction, there exists an open set U, with E, C U,, and
p*(Up) < p*(Ey) + 27 "e. But then

EcU:= [j U, and iu*(Un) < iu*(En) +e.
n= n=

n=1

It therefore suffices to prove that

W) < S (U - (0.8)

To do this, consider any f € C. such that f < U. Let K denote the support of f. Then {U, } ,en
is an open cover of K, and so there exists a finite sub cover, which we may take to be {Uy,...,Un}.
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Let {hi,...,hn} be a partition of unity on K, subordinate to the open cover {Uy,...,Un}.
N

Then f =Y fhy and fhy <U, n=1,...,N. It follows that

n=1
N N 00
L(f) = ZL(fhn) < ZM*(Un) < ZN*(Un) :
n=1 n=1 n=1

Since, f € C. such that f < U is arbitrary, we obtain (0.8).

Step 2: Caratheodory o-algebra contains all open sets, and hence all Borel sets.
Let U be open, and let £ C X be arbitrary. We must show that

WHE) > pN(ENU) + i (ENUC) . (0.9)

Since p*(E) is the infimum of p*(V'), V open with E C V| it suffices to prove (0.9) when E =V,
where V' is open. We may also suppose that p*(V) < oco. Note that U NV is open. Hence for
any € > 0, there is an f < V NU so that L(f) > p*(V NU) —e. Let K denote the support of f.
Since K C U, U¢ C K¢ and so VNU¢ C VN K¢ which is open. Choose g < V N K¢ so that
L(g) > p* (VN K€ —e. Then f+ g has compact support contained in V' and since the supports of
f and g are disjoint, f + g < V. Therefore,

p (V)= L(f+g)=L(f) + L(g) > p*(VNU) +p*(VNU") - 2€.

At this point, we know that the Caratheodory o-algebra contains the Borel o-algebra B(X),
and that the restriction of p* to B(X) is countably additive. We define i to be this restriction.

Step 8: Compact sets have finite measure

Let U be any open set containing K such that U has compact closure. Such sets exist by
Lemma 0.3. By Urysohn’s Lemma, there exists an f € C.(X) such that U < f. Thus, if g < U,
g < f, and so L(g) < L(f), and hence u(U) < L(f) since g < U is arbitrary. Therefore, u(K) <
w(lU) < 0.

Step 4: p is inner reqular for open sets
Let K be compact. We claim that for K compact,

p(K)=inf{L(f) : K< f} (0.10)

Fix € > 0. Then there exists an open set U so that K C U and u(K) > u(U) — e. By Urysohn’s
Lemma, there exists a function f with K < f < U. Then L(f) < u(U) < u(K) + €. Since € > 0 is
arbitrary,

u(K) > inf{L(f) : K<f}.

Next, suppose that K < f. Then for any 0 < € < 1, Let Uc = {z : f(x) > 1=¢€}. Then U, is
open and has compact support, and K C U..

There exists a function g such that g < Ue and L(g) > u(Ue) — €. Note that f > fg > (1 —¢€)g.
Therefore

L(f) =2 (1 =€e)L(g) = (1 — )[u(Ue) — €] = (1 — ) [u(K) — ¢ -
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Since 0 < € < 1 is arbitrary, u(K) < L(f) whenever K < f. This completes the proof of (0.10).

Now let V' be open. Suppose (V) < co. Then for every € > 0, there exists a function f <V
such that u(V)—e < L(f). Let K be the support of f. By (0.10), there is a function g with K < ¢
such that L(g) < u(K) +e€. But since f <1x < g,

p(V)—e< L(f) < L(g) < p(K) +e.

The same sort of reasoning shows that if (V) is infinite, we can find compact sets in V' of arbitrarily
large measure.
Step 5: For f € Co(X), [y fdu = L(F).

It suffices to treat the case in which f takes values in [0,1]. For each ¢t € (0,1], define K; =
{z : f(x) >t}. Since f € C.(X), each K is compact Let Ky denote the support of f.

For any 0 < a < b <1, define f,5 = (f —a)+ Ab. Then for all 0 <t < a,

1
K —_— <1
b =< b_af[a,b] <

1
Therefore, for all open U with K, C U, u(Kp) < EL(f[a,b])#(U)~ By outer regularity,

P < 3 Do) < ()

Then for any n € N, f = Z fiG=1)/n,j/n)> and so L(f) = ZL (fi=1)/n.j/n])- Therefore,
j=1 j=1

n

"1
Z 1(Kjpn) < L(f SZg (j—1)/n)

Jj=1

Since lim, 0 (Z;;l %/‘L(Kj/n)> = lim, 00 <Z;L:1 %,u(Kj/n)> = [y fdu, the proof is complete.
O

0.15 DEFINITION (Radon space). A topological space (X,U) is a Radon space in case every
Borel measure on X that is finite on all compact sets is regular, and hence a Radon measure.

0.16 DEFINITION (Polish space). A topological space (X,U) is a Polish space in case it is
separable and homeomorphic to a metric space.

The term “Polish space” recognizes the work of a group of Polish mathematicians including
Kuratowski, Sierpinski and Tarski, who proved a number results pertaining to the concept. Note
that a Polish space is necessarily Hausdorff. Therefore, a locally compact Polish space is, in
particular, a locally compact Hausdorff space. For example, R" is a locally compact Polish space,
as is any Riemannain manifold.

0.17 LEMMA. Let (X,U) be a locally compact Polish space. Then every open set U in X is the
countable union of compact sets in X. In particular, X is the countable union of compact sets.
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Proof. Let p be a metric that induces the topology on (X,U), and let B(r, x) denote the open ball
of radius r > 0 about z € X. Since (X,U) is locally compact, for each x € X, there exists some

r >0 B(r,z) is compact . (It is not excluded that B(r,z) is compact for all » > 0; this is the case

in R", for example.) Define r;, = sup{r >0 : B(r,z) is compact}. If 0 < § < ry and p(y,x) < 6,

then for all » with 6 < r < r,, B(r —6,y) C B(r,z) and B(r,z) is compact. Hence r, > r, — 4.
Likewise, given the open set U and z € U define d, = sup{s > 0 : B(s,z) C U}. That is, d,

is the distance from x to U°. Just as above, one shows that if p(y,z) < ¢ < d,, then dy, > d, — 0.
Let {x,}nen be a dense sequence in the open set U. For n € N, define

Kn = B(mln{dxn + Txn}/27xn) .

Then K, is compact and contained in U. For any z € U, there is some n such that p(z,,z) <
imin{dw,rm}. Then r,, > %rm and d, > %dw, so that min{d,, + ry,}/2 > p(zn,x). It follows
that z € K,,, Since x € U is arbitrary, U = US2 | K. O

0.18 THEOREM. Let (X,U) be a locally compact Polish space. Then (X,U) is a Radon space.

Proof. Let u be any Borel measure on X that is finite on every compact set. Then each f € C.(X)
is integrable with respect to u, and hence f — [y fdu =: L(f) is a well-defined positive linear
functional on C.(X). By the Riesz-Markov Theorem, there exists a Radon measure v such that for

all f € Cu(X),
/de,u:/deV. (0.11)

Since by Lemma 0.17, (X, B, v) is o-finite, Theorem 0.12 then says that v is regular. We next show
that p and v agree on all open sets U.

Let U be open and write U = U;2 | K, where K,, is compact, which is possible by Lemma 0.17.
By Uryson’s lemma, for each n € N there exists f,, € Cc(X) such that Uj_; Ky, < f, < U, Then
define gy, := max{fi,..., fn}. Then g, T 1p.

We have seen that there is a monotone increasing sequence {g,}nen with g, 1 1y. By the
Lebesgue Monotone Convergence Theorem and (0.11),

wU) = lim [ gpdp= lim [ g,dv=v(U).

Hence p and v agree on all open sets.

Now let K be compact. By Lemma 0.3, there is an open set V such that K C V and V is
compact. It follows that v(V) = u(V) < co. Then since K = V\(V\K), and since V and V\ K are
both open

W(K) = p(V) = p(V\K) = v(V) = v(V\K) = v(K) .

Hence p and v agree on all compact sets. Let £ be any Borel set. Since v is regular,
v(E) =sup{v(K) : K C E,K compact } =sup{u(K) : K C E,K compact } < pu(E) .

Hence if v(F) is infinite, so is p(E). Suppose that v(E) < oo, and pick € > 0. By the regularity of
v, there exist K compact and U open such that K C E C U and v(U) — v(K) < e. Then because
p(K) =v(K) and p(U) = v(U), both p(E) and v(E) lie in the interval [v(K),v(K)+ €], and hence
\u(E) —v(E)| <e. Since € > 0, u(F) = v(E). Hence p and v agree on all Borel sets. O
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0.5 The Hahn-Saks Theorem

Throughout this section, (X, ) is a locally compact Hausdorff space, C.(X) denotes the real normed
space of continuous compactly supported real valued functions on X, and Cyo(X) denotes the real
Banach space consisting of all uniform limits of functions in C.(X).

The real vector spaces C.(X) and Cy(X) are ordered vector spaces: We say f > g in case
f(z) —g(z) > 0 for all . Let C/(X) and Cj (X) denote the sets of point-wise non-negative
functions in C.(X) and Cy(X) respectively. Then f > g in C.(X) if and only if f — g € CJ(X), and
likewise for the order in Co(X).

Our goal is to concretely identify the elements of the dual space (Co(X))" in terms of measures
on X. An element of (Co(X))* is positive in case L(f) > 0 wherever f is a non-negative function
in Cyo(X). Restricting such a functional L to C.(X), yields a positive linear functional on C.(X),
and then by the Riesz-Markoff Theorem, there is a Radon measure pr, on X and such that

L(f) = /X fdur (0.12)

for all f € C.(X).

0.19 LEMMA. Let L be a positive linear functional on Co(X), and let uy, be the Radon measure
on X such that (0.12) is valid for all f € Co(X). Then ur(X) < ||L||, and hence (0.12) extends by
continuity to all of Co(X).

Proof. Since pp, is inner regular on open sets, there exists an increasing sequence {K,},en such
that pr (Ky) 1 pr(X). By Urysohn’s Lemma, for each n there exists f,, € V.(X) such that K, < f,.

Then s () < [ fudps = L(J) < L] =
X
Suppose that L € (Cop(X))* can be written as the difference of two positive linear functionals,
L=1L—Ly. (0.13)

Then by Lemma 0.19, there are finite Radon measures p and po such that for all f € Cy(X),

o) = [ faw = [ san. (0.14)

Define v = u1 + po, which is also a finite Radon measure. Evidently p1 and po are absolutely
continuous with respect to v, and hence there exist non-negative functions hy,hy € LY(X,B,v)
such that dpy = hidv and dps = hody. Define hy := hy — hq A ho and hy := hy — hq A ho. Let
A={z : hiAhg(z) = hi(z)} and observe that hi(z) = 0 for all z € A, while hy(z) = 0 for all
x € A¢. Then since h; — hy = 711 — %2, (0.14) becomes

L(f) = / Fhidy / Fhody = / F(hy — ha)dv . (0.15)
X X X
Define measures dji; := Eldu and fig := %zdu. Then 11;(A) = 0 and p2(A€) = 0 so that gy and

o are mutually singular. Since any Borel measure that is absolutely continuous with respect to a
Radon measure is itself as Radon measure, ;17 and g are also Radon measures.
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*

In summary, if there exists a decomposition of L € (Co(X))* as the difference of two positive

elements of (Co(X))", then there exists a pair of mutually singular finite Radon measures p4 and
p— such that for all f € Cy(X),

L(f)—/){fdﬂ+—/){fdﬂ—- (0.16)

Such a decomposition is necessarily unique: Let A be a Borel set such that py(A) = 0 and
p—(A¢) = 0. Pick € > 0, and then h € C.(X) such that such that [|[h — 1alp1(xBu +u ) < €
Without loss of generality, we may assume that 0 < h < 1. Then for any 0 < g < f in Cy(X), by
the choice of h,

L(g) = L((1—h)g)+ L(hg)
(1 —h)gdpy — /X (1 —h)gdp— + /X hgdpuy — /X hgdp—

(1= h)gdpy + [ flloce

IA
———

(1= h) fdpiy + [ flloce < /X Fdpay + 2|/ fllsoe

This shows that
sup{ (g) s 09 <1< [ fau (0.17)

On the other hand,

= |

X

(= mfdps [ =mfdu = [ fuy =20 fle

Since 0 < (1 — h)f < f, equality holds in (0.17) and therefore, the linear functional f — / fdpy

X
is uniquely determined by L under the assumption that (0.16) with g4 and p— mutually singular.
Then by Theorem 0.11, py is then uniquely determined by L. We have proved:

0.20 LEMMA. Let L € (Co(X))* have a decomposition as the difference of two positive linear
functionals as in (0.14). Then there is a unique pair of mutually singular Radon measures pii, ji—
such that (0.16) is valid for all f € Co(X), and moreover, py is determined through L by (0.17).

It is now a simple matter to show that, in fact, every L € (Co(X))" can be written as the
difference of two positive linear functionals as in (0.14). The identity (0.17) gives us a candidate
for the components of the decomposition:

0.21 LEMMA. Let L € (Co(X))*. For f € Cq (X), define

Li(f)=sup{ L(g) : 0<g<f}. (0.18)

For general f € Co(X), define
Li(f) = La(fs) = La(f-) - (0.19)
where fi and f— are, respectively, the positive and negative parts of f. Then Li(f) € (Co(X))",

and both Ly and L_ .= L — L are positive, so that L = L1 — L_ s a decomposition of L into the
difference between two positive linear functionals.



EAC May 1, 2017 13

Proof. We first show that for f1, fo € CJ(X), Li(fi+f2) = Li(f1)+Li(f2). First,let 0 < g1 < f3
and 0 < go < fo. Then 0 < g1 + g2 < f1 + fa2 so that Lo (f1 + f2) > L(g1 + g92) = L(g91) + L(g2)
Taking the supremum over g1 < fi and g2 < fo yields Ly (f1 + f2) > Li(f1) + L+(f2).

Fix € > 0, and choose g € Cf (X) with 0 < g < f1 + fa so that Ly (f1 + f2) < L(g) + €. Define
gi=fiNgand go =g —¢g1. Then 0 < g1 < f1, 0 < g9 < fo and g1 + g2 = g. Therefore

Li(fi+ f2) < L(g) +€ < L(g1) + L(g2) + € < L (f1) + Ly(f2) + €.

Since € > 0 is arbitrary, Ly (f1 + fa) < Li(f1)+ L+(f2). Together with what we proved above, this

shows Ly (f1 + f2) = L+(f1) + L+(f2).

To see that L, as extended to all of Cp(X) by (0.19), is additive, we observe that if f = g1 — g2
and f = hy — hy are two ways of writing f € Co(X) as a difference of two elements in Cy (X), then
g1 + ho = h1 4+ go. By what was proved above,

Li(g1) + Ly(h2) = L (g1 + h2) = Ly (b1 + g2) = L (h1) + L1(g2) »

and hence
Li(g1) = Ly(g2) = Ly (h1) — Ly (he) - (0.20)

Therefore, one can replace the specific decomposition f = fi — f_ in (0.19) by any other decom-
position of f into the difference between elements of Cy (X), and the result is the same. Then for
f,9€C(X), f+9=(fr+g+)— (f- +9g-) is one way of f + g as the difference of elements of
Co (X)),

Li(f+9) = Ly(f++9+)—Li(f-+9-) = (Lt (f+) =L+ (f-))—(L+(9+)—L+(9-)) = L4 (f)+L+(9) -

This together with the evident fact that L4 (af) = aL,(f) for all &« € R and f € Cy(X) shows that
L is a linear functional.
By (0.19) and then (0.18) that

|L4ll = sup{Z(f) : 0< <1} <sup{L(g) : 0<g<1}<||L] .

Thus, Ly is a bounded linear functional and It is evident from (0.18) that L (f) > 0 for all
f € Co(X), so that it is also positive.

Finally, defining L_ = L4 — L, we have that for all f € Cj (X), L_(f) = L+(f) — L(f) > 0
since Ly (f) > L(f). Hence L_ is a positive linear functional. Since L = L, — L_, this shows that
every element L of (Co(X))" can be written as the difference of two positive linear functionals on

Co(X). O

0.22 LEMMA. Let L € (Co(X))*, and let i, pu— be the unique pair of mutually singular Radon
measures on X such that (0.16) is valid for all f € Co(X). Then

JLI| = g () + (X)) - (0.21)

Procf. For all § € Co(X) with oo < 1, 10| < [ 17l + [ 17ldi < e (X) + - (X). On
X X
the other hand, let A be a Borel set such that u4(A) =0 and p_(A°) = 0. Pick € > 0, and then
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h € C¢(X) such that such that [[h — (1ac — 1a)|lz1(x,B8,us +u_) < € Without loss of generality, we
may assume that —1 < h < 1. Then

Ll= 2 = [ hdue - [ nape
X X

> /X(lAc —1a)dpy — /X(lAc —1a)dp— —2e = py (X) + p—(X) — 2¢ .

Collecting results from the lemmas, we have proved:

0.23 THEOREM (Riesz Representation Theorem for ((Co(X))*). Let (X,U) be a locally compact
Hausdorff space. Then for each L € ((Co(X))™ there exists a unique pair of mutually singular finite
Radon measures py and p— such that (0.16) is valid for all f € Co(X) and such that the norm
|IL|| of L is given by (0.21).

A number of consequences of this theorem deserve further discussion. We begin with a definition:

0.24 DEFINITION. A signed measure on X is a real valued function u on the Borel o—algebra
of X such that there exist two positive finite Borel measures 1 and ps such that for all Borel sets

E, u(E) = u1(E) — us(E).

The set of signed measures is evidently a real vector space. (Complex measures are defined in
the analogous way, and would constitute a complex measure space.) We denote the real vector
space of signed measures on X by M(X).

For a bounded Borel function f, define the integral fX fdu by / fdu :/ fdu —/ fdus.
X X X

This gives us a continuous linear functional L on Cy(X) where L(f) = | fdu. Theorem 0.23 then

b'e
gives us the existence of uniquely determined positive Borel measures py and p— that are mutually
singular — i.e., supported on disjoint sets — and such that

w(E) = py(E) — p—(E)
for all Borel sets F in X.
0.25 DEFINITION. For any signed measure p, the positive measure |u| given by
|l = by + -
is called the total variation measure of p, and and the function p — ||u||Tv where
[ellrv = p (X)) + p—(X)
is called the total variation norm of u.

It is easy to see from our analysis above that

HuHTv:sup{/deu \ Fecu(x) . —1st1} ,
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and from this the Minkowski inequality is easily seen to hold, so that || - | v is actually a norm, as
the name indicates.

We know that the dual of a Banach space is complete in the dual norm, and so M(X) is
complete in the total variation norm. Moreover, the map L — pu4 — p— where gy and p_ are
related to L as in Theorem 0.23 is evidently an isometric isomorphism of (Co(X))* onto M(X).

The Banach space Cy(X) is not reflexive expect when X is very simple. As long as there exists
a single Borel set E that is not both open and closed, we may define a linear functional on M by

Ap) = () = /X Lpdy

Clearly A is linear and
IAE)| < |pl(E) < [ul(X) = llplrv

so A is indeed bounded, and so is an element of (M(X))*. But if there were a function g € Co(X)
for which A(p) = [y gdp for all p € M, we would have g(x) = 1g(x) for all « since the point mass
0, that concentrates unit mass at x belongs to M for each x € X. But since F is not both open
and closed, 1g is not continuous.

0.6 Wiener measure

In this section, €2 denotes the set of continuous functions w : [0,00) — R such that w(0) = 0. We
equip 2 with the topology of uniform convergence on compact subsets of [0, 00). This makes it a
Frechét space, and in particular, a Hausdorff space. However, 2 is not locally compact. For each
t € [0,00), let X; denote the evaluation functional X¢(w) = w(t). Let F be the o-algebra on
generated by the Xy, t > 0. Wiener measure is a probability measure vy on (£, F) such that if
FEq, ..., E, are Borel sets in R, and 0 < ¢; < --- < t,, a particle performing “Browninan motion”
starting from z at time ¢ = 0 is in E; at time t; for each j = 1,...,n with probability

vw({fwe rw(t;)eE;, j=1,....,n})=

/ H Yi;—t;—1(Tj—1 — xj)dzy - -dwy,  (0.22)
E

1X-XEnp j=1

where 7¢(z) is the Gaussian probability density used to define the heat semigroup, ¢y := 0 and
xo := 0. (We restrict ourselves to one dimension only to keep the notation simple. Everything we
say in this section about “Brownian motion” in R extends readily to Brownian motion in R" for
any n € N.)

The formula on the right side of (0.22) for the probabilities of such events follows from Einstein’s
work on Browninan motion in 1905, in which he related Brownian motion to diffusion and the heat
equation. Einstein’s precise explanation for Brownian motion in terms of molecular collisions — at a
time when the very existence of atoms and molecules was still a matter of dispute — made it possible
to determine Avogadro’s number, the number of atoms of hydrogen in one gram of hydrogen, by
making observations through a microscope of pollen-sized particles undergoing Brownian motion.
This was actually done in 1908 by Jean Baptiste Perrin, and he was awarded the Nobel prize
in 1926 for his experimental work. Einstein received the prize in 1921 for his theoretical work.
A simplified version of Einstein’s formulae, leaving out the constants that make it possible to
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determine Avogadro’s number by looking though a microscope, says that the probability that a
Brownian particle starting at 0 at time ¢ = 0 is in F; at time ¢; is given in terms of the heat kernel

Ye(z —y) by .
/ H ,Ytj—tj—l(xj—l - .'E])dl’]_ T dxn (023)
E

1X-XEp j=1
where ¢y := 0 and zp := 0, which is the formula on the right side of (0.22). For example if n = 2,
this reduces to, using the Fubini-Tonelli Theorem,

/E1 (@) </E2 Ver—ta (& = y)dy> dz .

The inner integral gives the probability of the Brownian particle making a transition from x to Fs
in time t9 — t1, and 7y, () is the probability density for the Brownian particle making a transition
from 0 to z in time ¢;. The composite formula is justified on account of the increments of the
motion being “statistically independent”.

We shall not go further into the physical origins of the formula on the right side of (0.22), but
turn to the mathematical question of whether or not there exists a probability measure vy on (2,
the infinite dimensional “path space” for the Brownian particle, such that (0.22) is valid.

The sets of the form {w € Q@ : w(t;) € Ej, j=1,...,n } are very special in F, and the
existence of a countably additive probability measure (2, F) that assigns the specified probabilities
to these sets is far from trivial. It is therefore somewhat amazing that Norbert Wiener constructed
the measure vy on (2, F) in 1923, well before Kolmogorov had even given his measure-theoretic
formulation of probability theory.

In this section we give a proof of Wiener’s Theorem due to Edward Nelson that makes use of
the Riesz-Markov Theorem, and the regularity of the measures that it provides. There are two
main parts to the proof: In the first part, we embed 2 into a compact Hausdorff space, and use
the formula on the right hand side of (0.22) to define a positive linear functional on C(X) = C.(X).
The Riesz-Markoff Theorem then provides a regular Borel probability measure pux on X. In the
second second part, we show that Q is a Borel set, and that py (2) = 1. We then obtain vy by
restricting py to Q. It is in the course of the proof that py (€2) = 1 that we make essential use of
the inner regularity of py to deal with the fact that continuity of a function w from [0, c0) into R
depends on the behavior of w at uncountably many points.

This is not the only way to construct Wiener measure, and indeed Wiener’s paper predates the
work of Markoff on which this approach depends. However, it is flexible and powerful, and can be
used to construct many other measures on “path spaces”. It will be clear that very little specific
information about the heat kernel is used in the proof.

Our first task, which is essentially notational, is to recast the formula (0.23) in terms of a
probability measure on R™. Let S be an arbitrary finite subset of distinct elements t; of (0, 00)
arrange in increasing order: S = {t1,...,t,} with ¢t; <t;4q for j=1,...,n — 1.

Given such a set S, define a measure y, g on R" by

n
dpz,s = H’ytj_tj_l(xj_l —xj)dxy - -day, . (0.24)
j=1
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where ¢y := 0 and z¢ := x. (We need the more general formula in which x( is arbitrary and not set
equal to 0 for reasons that are explained below.) For example, if S = {t1,t2}, then

Afte g1,y = M (T — 21))y(71 — 22)d21d2s (0.25)

Integrating first in zo, and then in x; and using the fact that fR ~vt(x)dz = 1 for all ¢, one readily
sees that i, (4, 1,} 1 a probability measure. The same reasoning shows that for all S, u; g is
a probability measure. For Borel set £ and Fo, u%{tl,tQ}(El x E3) is the probability that the
particle, initially at x, is in E; at time ¢, and then in Fy at time 9. Likewise,

,Ux,{tl,...,tn}(El X oo x Ep)

is to be thought of as the probability the particle, initially at x, is in Ej; at time t; for j = 1,...,n.
Notice that if some E; = R, the condition that the particle is in E; is vacuous given that the
particle must be somewhere in R. This corresponds to an important consistence condition of the
family of measures {1, 5} indexed by the finite ordered sets S Let S = {t1,...,t,} and for some
j=1,...,n,let S := S\{t;} ordered as above.

Let E4,...,E, be n Borel sets in R. Let £ = E; x - x E,, and let £’ be the Cartesian product
of {E1,...,E,}\{E;} taken in the order induced by the subscripts. Then since

/R%_tjl (@j—1 = Y r—s (Y — 25)dy = y;—t;, (Tj—1 — 75)
doing the integration over the x; first on the left we find that in case F; = R,

Mz S (E) = Hz,S" (E,) . (0'26)

There is another important relation satisfied by these measures, this times with x and .S both being
variable. Let S = {t1,...,t,} be given, n > 2. Let 1 <k <n — 1 be given and let f be a bounded
Borel function on R* and let g be a bounded Borel function on R" %, Let S’ = {t1,...,#} and let
S" :={tk+1,--.,tn}. Then doing the integral over xp1,...,z, first, we find that

- fxr, ..o 2h)9(Tptt, - p)dpte,s = /Rk f(z1,...,xk) (/Rn_k 9(Tpt1y- s xn)dﬂmk,s”> dpz s
(0.27)
In probabilistic terms, one may regard the functions X; : (z1,...,2,) = 25, j = 1,...,n as
“random variables” on the probability space (R",B, i, s). The product structure in (0.27) can
then be interpreted as saying that “given Xy, the future variables Xyi1,..., X, are statistically
independent of the past variables’Xy,..., Xp_1.” This is the Markov property. In what follows
we do not need to know precisely what “given X3’ means; it involves the notion of conditional
probability. We shall only make direct analytic use of the factorization identity (0.27). However, it
would be a grave injustice not to at least mention mention in passing the Markov property at this
point. For our purposes, the Markov property of the measure p, s is precisely the factorization
formula (0.27) relating it to the measures p, g and piz, g7

0.26 THEOREM. There exists a unique probability measure vy on (Q, F) such that if ¢ is any
function on R™ and S = {t1,...,tn}, 0 <tog < --- <ty, then

/Q p(wtr) - (b)) iy () = / D@1, )b gy -

n
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Proof of Theorem 0.26. Let R denote the one-point compactification of R, and let X denote the

R)[0,00)

Cartesian product (R) with the product topology. Then by Tychonov’s Theorem, X is a

compact Hausdorff space. The general element w of X is an arbitrary function from [0, c0) into R.
Let A denote the set of all functions f on X of the form

flw) = ¢(w(tr), ..., w(tn)) (0.28)

for some n € N, some S = {t1,...,t,}, and some bounded continuous function ¢ : R” — R. Then
A is an algebra consisting of continuous functions on X which contains the constant function 1 and
separates points. By the Stone Wierstrass Theorem, it is dense in C(X).

We now define a linear functional L on A by

L(f) = /R A1y n)dpto g4, 00} (0.29)

where f and ¢ are related by (0.28). Any given function in .4 has many different representations of
the form (0.28) since one can always enlarge the set {t1,...,%,} but then have ¢ depends trivially
on the inserted coordinates. Because of the consistency relation (0.26), the right hand side of
(0.29) is independent of the choice of the representative. Hence f — L(f) is a well-defined linear
functional on A, and evidently when f € A is given by (0.28), f(w) > 0 for all w if and only
if o(x1,...,2,) > 0 for all z1,...,z,. Therefore, since each p, g is a probability measure, L is
positive on A, and for all f € A, |L(f)| < ||f]lco- Thus L has a unique extension by continuity from
the dense sub algebra A to all of C(X), and evidently this extension, still denotes by L, is positive
with ||L|| = 1.

We may now invoke the Riesz-Markov Theorem to assert the existence of a unique regular Borel
measure gy on X such that L(f) = / f(w)dpw (w) for all f e C(X).

X

The proof will be completed by showing that €2 is a Borel set in X, and that up (Q2) = 1.
Whether w € X is continuous or not depends on the behavior of w at uncountably many values
of t. The fact that up is regular, specifically inner regular, will be crucial for estimating the
probabilities of sets depending on the behavior of w at all of the uncountably many points in an
interval [a, b] in terms of sets depending on the behavior of w at only finitely many points in [a, b].

For €, > 0, define

o, 8) == sup / () dy = / vs(y)dy (0.30)
0<t<d J|z|>e || >e€

It is easy to see that as § | 0, p(€,0) = o(d). In fact, p(e,d) = 0(d6™) for any n € N, and even that is
not all. However, all we shall use is that p(e,d) = 0(d). The rest of the proof is broken into several
steps.

Step 1. Let €,6 > 0. Let 0 < t1 < --- < t, with ¢, — t; < . Define
A={w : |w(t1) —w(t;)] >€e forsomej=2,....,n}

We show in this step that uw(A) < 2p(e,6/2), independent of n. This is based on the Markov
property. Define
B:={w : |w(t1) —w(ty)| > €/2}
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and then for j = 2,...n, define
Cji={w : |w(t1) —w(tj)| >€e and |w(ti) —w(t;)| <e for i<j—1}

and
Dj:={w : |w(tj) —w(ty)| > €/2} .
Note that if w € A, there is some least value of j such that |w(t1) — w(t;)| > €, and then, if
wé¢ B, j<n-—1,and |w(tj;) —w(t,)| > €/2. That is,
n—1

A:BU(CJHDJ) .
j=2

Note that 1¢; can be written in the form 1¢; (w) = p(w(t1), ... w(tj—1)) where  is the characteristic
function of an open set on R7~!, and that 1¢;, can be written in the form 1¢;(w) = ¥ (w(t;), w(tn))
where ¢ is the characteristic function of an open set on R?. Then by the Markov property (0.27)
and the definition of uyy,

pw (Cj N D;) = (1, mj-1) V(@) n)dfte; (1,15} ) Ao b1, 05} (0.31)
]RQ

Ri—1

Since

[t i,y = [ s ()de < plef2,0).
R? |z|>e/2

(0.31) yields pw(C; N D;) < p(e/2,0)pw (C;). Then since the sets C; are mutually disjoint,
pw (Uj_,Cj) < 1. Thus, pw(A) < pw (B) + p(€/2,0) < 2p(e/2,).
Step 2. Fix €¢,0 > 0. Fix a < b € [0,00) with b — a < §. Define the set

E(a,b,e) :=={w :|w(s) —w(t)| > 2¢ for some s,t € [a,b]} .

In this step we show that uw (E(a,b,€)) < 2p(e/2,0).
To do this, let S be a finite subset of [a,b], and define

E(a,b,e,S) :={w :|w(s) —w(t)| >2¢ for some s,teS}.

Note that each E(a,b,€,S) is open, and E(a,b,€) is the union of all of the E(a,b,¢,5) as S
ranges over all finite subsets S of [a,b]. Since uyp is regular, for all n > 0, there is a compact
set K C E(a,b,€) such that uw (K) >C E(a,b,e) —n. Since the sets of the form FE(a,b,e€,S),
S C [a,b] finite, are an open cover of K, there exists a finite sub-cover. But any finite union of
sets of the form E(a,b,€, S) is again of this form. Hence there exists a finite S, C [a,b] such that
pw (E(a,b,€,Sy) > pw(E(a, b, €). It follows that

puw (E(a,b,e) = sup{uw (E(a,b,e,S) : S C la,b] finite } . (0.32)

Now for any finite set S = {ti,...,t,} if for some 1 < i < j < n, |w(t;)) — w(t;)| > 2¢, then
either |w(t1) — w(t;)| > € or |w(t1) — w(t;)| > €. Hence the bound proved in Step 1 implies that
NW(E(C% b,E,S) < 2p(6/2¢5)
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Step 3. Fix ¢,6 > 0 with 1/6 € N. Let k € N. Define
F(kye,0) :={w : |w(t) —w(s)| >4e for some t,s€[0,k]}.

In this step we show that pw (F(k,¢€,0)) < 2kp(e/26)/0.

To do this, write [0, k] as the union of k/§ subintervals of the form [(j —1)d,j], j =1,...,k/d.
If we F(k,e,0), |w(t) —w(s)| > 4e for some s,t in the same or adjacent intervals. But that means
that |w(u) — w(v)| > 2¢ for some u,v belonging to one of these intervals. Thus, w belongs to
E((j —1)d,j6,¢€), as defined in Step 2, for some j = 1,...,k/d. This proves the desired bound.

Step 4. We complete the proof. A function w : [0, co] — R is continuous with w(0) € R if and only
if its restriction to each [0, k], k£ € N is uniformly continuous, meaning that for for all € > 0, there
is a d > 0 so that |w(s) —w(t)| < 4e whenever |s —t| < §. That is, w is continuous if and only if for

ﬂ UFC(k,e,(S) ,

e>06>0

each k € N, w belongs to

and F'(k,e,0) is defined as in the previous step. Moreover, we can restrict ¢ and J to be the
reciprocals on positive integers so that the intersection and union are countable. Since each F'(k, €, J)

0= ﬂ ﬂ UFC(k:,e,cS),

keNe>06>0

is open, in X,

is a Borel set. It follows that 2¢ is a countable union of sets of the form ﬂ F(k,e,0) and
>0

nw (m F(kv€76)> = 1§£NW(F(]C’€75)) =0

6>0

by the estimate of Step 3 since p(e,d) = o(d). Thus  is a Borel subset of X, and py (2) = 1. We
define vy to be the restriction of uy to Q. O

0.7 Functions of Bounded Variation

The class of functions of bounded variation on an interval I C R was introduced by Camile Jordan
in 1881 in an investigation of the point-wise convergence of Fourier Series. The notion turns out
to be quite useful in many contexts, and we shall give a modern development of the theory that
readily admits generalization to functions on open sets in R™, which is crucial for many modern
applications. However, first we recall the classical definition:

0.27 DEFINITION (Bounded variation). Let I be an interval in R. Let P; denote the set of all
ordered sets {xg,z1,...,2,} C I, n € N, with z;_1 < z; for all j = 1,...,n. For any real valued
function h defined on I, define

TV (h;I) =sup{ > |h(x;) = h(zj-1)] : {xo,x1,..., 20} €Pr p . (0.33)
j=1

A function h : I — R is of bounded variation on I in case TV (h;I) < oc.
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0.28 EXAMPLE. Let h be continuously differentiable and such that the derivative A’ is integrable

on an interval (a,b). Then for any {zo,>1,...,2Zn} € Pqp),
n n x; b
> Ihtey) eyl =32 [ Wy < [ s
j=1 g=117%i-1 ¢

and hence TV (h; (a,b)) < fab |W/(z)|dz. In fact, it is not hard to show that actually equality holds
in this inequality.
However, functions of bounded variation need not be continuous. Consider for example the
function f on R defined by
0 <0
h(z) = { v

1 z>0.

Evidently TV (h,R) = 1. More generally, any monotone non-decreasing function has bounded
variation on any interval on which it is bounded.

We shall soon we that every bounded variation function on any interval [a, b] is the difference of
two monotone non-decreasing functions; this is the Jordan decomposition. The Jordan decomposi-
tion is closely related to the Hahn-Saks decomposition of a signed Borel measure into its positive
and negative parts. This means that any function of bounded variation is measurable, and in
fact, has left and right limits (which need not be equal) at every point. In particular, functions of
bounded variation are measurable. In the modern development presented here, we shall deduce the
Jordan Decomposition from the Hahn-Saks decomposition, but we need to know from the outset
that functions of bounded variation are at least measurable, which we show after proving a simple
lemma that will be useful again.

0.29 LEMMA. Let € > 0. Let h be a real valued function defined on the interval [c,d]| such that
TV (h,[c,d]) < e. Let h be the linear interpolation of h between ¢ and d, That is, for any X € [0, 1]
define x) = (1—XN)c+Ad, and h(zy) = (1 —A)h(c) + Ah(d). Then |h(x)—h(z)| < € for all z € [c,d].

Proof. By hypothesis, for any = € (¢,d) |h(x) — h(c)| + |h(z) — h(d)| < TV (h,[c,d]) < e. By the
convexity of ¢ — |t

[h(zx) = (L= A)h(c) = A(d)] < (1= A)[h(zx) = h(e)] + Alh(zx) — h(d)| < €.

O

Then next simple observation to make is that if b < ¢ < d, TV (h;[b,d]) = TV (h;[b,c]) +
TV (h;[c,d]). This may be iterated in the obvious way.

0.30 LEMMA. Let m denote Lebesgue measure on R. Let h be a real valued function defined on
the interval [c,d] such that TV (h,[c,d]) < oco. For each € > 0 there is a piecewise linear function
he and a Borel set E C [c,d] with m(E) < € such that for all x € [c,d] N E°, |h(x) — he(z)| < € and
|h(z) — he(x)| < TV (h,[c,d]) for all x € [a,d]. Moreover, TV (he,[c,d]) < TV (h,]c,d])

Proof. Choose k € N such that TV (h;[c,d]) < e. Then choose n so large that k(d — c)/n < e.
Divide [c,d] into n closed intervals {I; : j =1,...,n} of equal length, with consecutive intervals
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n
overlapping at endpoints only. Since ZTV(h; L) =TV (h;[c,d), TV (h;I;) > 3TV (h;1;) for
=1
at most k values of j. Let FE be the dnion of any such intervals, and then by the choice of n,
m(E) < e. On each I; not included in F, h is uniformly within € of its linear interpolation between
the endpoints {xo, ..., x,} of the intervals of I; according to Lemma 0.29. Thus if we define h¢ be
the linear interpolation of h at the endpoints of the intervals I, j = 1,...,n, |h(z) — he(x)| < € for
x ¢ E. Finally, it is clear that since h, is linear between x;_; and z; for each j =1,...,n,

TV(he) = |h(a; — h(zj-1)| < TV (h,[c,d]) .
j=1

O

0.31 Remark. Given any real valued function h on [c, d] such that TV (h, [c,d]) < oo Lemma 0.30
provides a sequence of continuous functions converging to h in measure on [c,d], and hence h is
measurable on [c, d].

In what follows, (a,b) denotes any open interval in R. In particular, it is not excluded that either
a = —00, b = oo, or both. Let C}((a,b)) denote the set of continuously differentiable real-valued
functions with compact support in (a, b). Then C((a, b)) is dense in C.((a,b)). This is easily shown
by convolving f € C.((a,b)) by a smooth probability density supported in some sufficiently small
interval [—4, ¢]. In fact, the same argument shows that C2°((a, b)), the set of infinitely differentiable
real-valued functions with compact support in (a,b), is dense in C.((a,b)). For f € Cl((a,b)), let
f! denote the derivative of f. Throughout the rest of this section, B denotes the Borel o-algebra of
(a,b), and m denote Lebesgue measure on (a,b), though we shall often write integrals with respect
to Lebesgue measure using dx in place of dm.

Now let h be a real-valued function on (a, b) with TV (h; (a, b)) < oo. In particular, h is uniformly
bounded on (a, b), and so if both a and b are finite, h is integrable with respect to Lebesgue measure
m since it is also measurable by the remark following Lemma 0.30. If either a = —o0 or b = oo this
need not be the case, and then we further suppose that h is integrable. The next lemma leads to
the modern characterization of functions of bounded variation.

0.32 LEMMA. Let h be an integrable real-valued function on (a,b) with TV (h;(a,b)) < co. Let
p denote the finite Borel measure on (a,b) that is absolutely continuous with respect to Lebesgue
measure on (a,b) with Radon-Nikodym derivative h. That is, du = hdz. Define L € (Co((a,b)))”

by ,
L) = [ s (0.34)

Then for all f € CL((a,b)),
IL(f)] < TV (h;[a, b)) fllso - (0.35)

Proof. Let f € C}((a,b)), and let [c, d] contain the support of f. Let ¢ > 0. By Lemma 0.30, there
exists a piecewise linear function he on [c, d] such that |he(z) — h(x)| < TV (h,[c,d]) for all x € [, d]
and such that |h.(z) — h(x)| < € outside a set E with m(FE) < e. Therefore,

b b
L(f') = / f(@)he(z)dz + / F(@)(h — he(()dz
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and hence
b d
‘L(f’)— / f(@)he(x)dz| < / @)k - he((z)|dz

1 oo / b= (@) + /E h = he((x)|dz

)

IN

IN

ellflloo(d — c+ TV (R, [c,d])) -

Then if {zg,...,x,} denotes set in Pie.q) such that he is the linear interpolation of h through
{z0,...,x,}, integration by parts yields

[ rendaas

" h(zg) — h(x_y) [T -
= [0 R [T gy < e 3 ) — b))
i J J—1 Tj—1 —
7j=1 J 7j=1

Combining the last two estimates, |L(f")| < TV (h;[a,b])| fllocc(1+€(d—c)+TV (h,[c,d])). Since
€ > 0 is arbitrary, (0.35) is proved. O

The construction in the previous lemma show how integrable functions of bounded variation
give rise to a special class of linear functionals L on Cy((a,b)): Those for which there exists C' < oo
such that for all f € Cl((a,b))

1L < Clifllos - (0.36)

We shall soon see that every such functional L Cy((a,b)) arises in this way: There is a unique inte-
grable function h of bounded variation on (a,b) such that L(f) = f(mb) fhdzx for all f € Cy((a,b)).
In the course of proving this, we shall obtain further information about the class of functions of
bounded variation. We begin with a lemma that provides a crucial “generalized integration by

parts” formula.

0.33 LEMMA. L € (Co((a,b)))* be such that for some C < oo and all all f € CL((a,b)), (0.36)
is valid. Then there exists a unique pair of signed Borel measures p and v on (a,b) such that for
all f € Col(a,b))

L= [ ra (0.37)
(a,b)
and for all f € CL((a,b))
L(f) = — / fdv . (0.38)
(a,b)
Moreover, ||v||Tv < C, and for all f € CL((a,b)),
fldp = — fdv . (0.39)
(a,b) (a,b)

Proof. Direct application of the Riesz Representation Theorem for (Co((a,b)))”, provides the signed
measure p such that (0.37) is valid. Next, note that C!((a,b)) is dense in Cy((a, b)) in the uniform
norm, and the functional f — L(f’) is linear since differentiation and L are both linear. It
is bounded on the dense subspace Cl((a,b)) by (0.36), and hence it extends by continuity to a
linear functional M on all of Cy((a,b)) and || M|, < C. Now a second application of the Riesz
Representation Theorem for (Co((a,b)))” provides the signed measure v such that (0.38) is valid.
Finally, (0.39) follows directly from (0.37) and (0.38). O



EAC May 1, 2017 24

0.34 EXAMPLE. Let h be a continuously differentiable function on (a, b) such that f: |W (x)|dz =
C < 00. Define

b
L(f) = /f W) f ()da (0.40)

for all f € C.((a,b)). Then, integrating by parts, for f € C1((a,b)),
b b
L) = [ @) @)e = [ @) (0.41)

b
and hence |L(f")| < C||f|lco so that (0.36) is satisfied with C :/ |W/(x)|dz. Moreover, in this
a

case the measure v is evidently given by
dv = —h/(z)dx .

We may regard —v as the “generalized derivative” of the bounded variation function h even when
h is not differentiable.

0.35 LEMMA. Let L, C, p and v be as in Lemma 0.33. If b < oo, then the limits

12%1 - Cu(c, b) =: h(b) and lclﬁbl - a,u(c, b) =: h(a) (0.42)
exit and 1
@], IhO)] = 3— llullTv +C . (0.43)

Proof. Let f be a C! function that monotonically increases from 0 to 1 such that f’ has support
contained in [a/,¥'] C (a,b). For each ¢ € (V,b) define

(@) r<e
fC(m)_{l—x/(b—c) c<x<b.

While f. does not belong to C}((a,b)), it is easy to approximate f. by a sequence {g.x}ren of such
functions that converge uniformly to f. and whose derivatives converge at each = to

f(x) — bl ()

—c
and are uniformly bounded in absolute value by max{| f/||cc, (b — ¢)~1}. Applying (0.39) to ger

and taking the limit k¥ — oo, we obtain

)f’du _ M - — fedv . (0.44)

(ab b—c (a,b)

By the Lebesgue Dominated Convergence Theorem,

lim fedv = fdv, (0.45)
b J(a,b) (a,b)
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and since the integral on the left hand side of (0.44) is independent of ¢, the first limit in (0.42)
exists. Moreover, for each ¢ and k, [L(g,, ;)| < Cl|gnklloc = C, and hence for all c,

P 11((c, b))
(a,b) b—c

<C. (0.46)

-1

Moreover, f can be chosen so that ||f'|| is arbitrarily close to (' — a)™", and we may take V/

arbitrarily close to ¢. In particular, if a = —oo, we can choose f with || f’||o is arbitrarily close to
0. Then (0.46) yields
c, b _
HEDN < (¢~ ay e +
—c
and this proves (0.43) for h(b). The statements involving h(a) are valid by symmetry. O

0.36 LEMMA. Let L, C, u and v be as in Lemma 0.353. If b < oo let h(b) be defined as in
(0.42), and if b = oo, define h(b) = 0. Let f be any C*((a,b)) function with f'(z) > 0 for all x and
limg, f(x) =0 and || flloc = limgpy, f(z) < co. Then

)

/ f@:—/'fw+mwmu. (0.47)
(a,b) (a,b)

Proof. Note that || /|| 1) = ||l oo (m)- Since f(z) = [ f'(y)dy, making a change in f’ that has
a small L'(m) norm results in a change in f that is correspondingly small in the uniform norm.
We may therefore suppose without loss of generality that f’ has compact support in [a’, V'] C (a,b).
By homogeneity, we may assume that || f|lcoc = 1. In case b < 0o, we may then proceed as in the
last lemma, and then (0.42), (0.44) and (0.45) yield (0.47).

In case b = oo, pick € > 0. Since v is a finite Radon measure, by increasing b’ as necessary, we
may suppose that v((b,b)) < e. Let g € C((a,b)) be such that ¢'(z) = f'(z) for z < ¥, and such
that |¢'(x)| < € for > b’, which is easy to do since (b',b) = (b',00). Define g(z) = [ ¢'(y)dy, and
note that for z <V, g(x) = f(z), and we may arrange that ||g — f|lcc = || f]|cc- Then by (0.39),

fldp = / g'du — / g'du
(a,b) (a,b) (b,b)
= — / gdv — / g'du
(a,b) (v',b)

= [ g [ (g [ g
(a,b) (b,b) (v',b)

/ g'dv
(6',b)

)

Now note that / (f —g)dv| < || flleov(¥',b) and < ¢€|lv|rv. Thus, recalling that
(b,b)

[vllrv < C,
/ f’du—i—/ fdv
(a,b) (a,b)

)

< e[| flloo +C) -

Since € is arbitrary, the identity (0.47) is proved. O
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0.37 THEOREM. L € (Co((a,b)))" be such that for some C < oo and all all g € CL((a,b)), (0.56)
is valid. Let p and v be the unique signed Borel measures on (a,b) such that (0.87) and (0.38) are
valid for all f € Co((a,b) and all f € CL((a,b) respectively.

Then p s absolutely continuous with respect to Lebesque measure. Let h denote the Radon-
Nikodymn derivative of p with respect to Lebesgue measure so that by the Lebesgue Differentiation
Theorem, at almost every x,

h(z) = lim wl(@,y) . (0.48)
ylo y—1x
Then there is a preferred representative of the a.e. equivalence class of h such that (0.48) is valid
for every z € (a,b), and with this version of h,

TV (h;(a,b)) < C', (0.49)

and for alla < x <y < b,
h(z) = h(y) = v((z,y]) - (0.50)

In particular, h is right continuous and has a left limit at each point x € (a,b).

Before giving the proof, we recall a basic measure theoretic result that we shall use. Let A
denote the half-open interval algebra which consists of all finite disjoint unions of sets of the form
(¢,d] with a < ¢ < d < b or of the form (c¢,b) where a < ¢ < b. By a standard application of the
Monotone Class Theorem, for every positive Radon measure A on R and every Borel set F, for each
€ > 0, there is a set A € A such that A\(FAA) < e.

Proof. Let = p+ — p— be the unique decomposition of p into a different of mutually singular
finite (positive) Borel measures, and let |u| = py + p—, and likewise define vy and v_ in terms of
v. Let m denote Lebesgue measure and note that |u| + m is a Radon measure.
Let E be a Borel set such that p_(E) = 0 and pu4(E€) = 0. Then for any € > 0, there exists
A, € A such that
(|u| + m)(EAAL) < €.

Now let F' be any Borel subset of E and suppose that p (F) > 0. For € > 0, let B € A be such
that u(FAB) < e. Then since F' C E, 1gla, = (1 —1p)la, +1p(la, — 1g) + 1p. It follows that

(lul +m) (BN A, — F) < 2 . (0.51)

n
Since BN A, € A, it can be written in as BN A, = Z(Cj,dj}, where ¢; < dj < co < -+ <dp. At
j—1
the cost of another €, we may assume that ¢; > —oo and d,, < co, which is automatic in case a and

b are finite.
Now for j =1,...,n choose disjoint open intervals U; such that [¢;,d;] C U; and such that
> (ul+m)(U;) < (lul +m) (BN A +e, (0.52)
j=1

which is possible by the outer regularity of ;| +m. For each j, choose [¢;,d;] < g; < Uj, and define

g:=>"9;. Define f(z) =/ > 9i(y)dy.
a =1
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Then
Hf||oo<2'm ) <e+m(BNA)<3e+m(F). (0.53)

Also, with U := ﬂ?lej,

Tz (BN A) — ().

By (0.52), p—(U) < p—(Ac) + € < 2¢e. By (0.51), pt(B N Ae) > ugp(F) —e. Altogether, using
Lemma 0.36 together with the positivity of f,

py(F) < 3e+/ fldu
(a,b)

< Bet /( S+ hO
< B+ (CH+ RO o -
Combining this with (0.43) and (0.53), we have
i (F) < 3¢+ (2C + (b— a) 1) (3¢ + m(F)) .

Since € > 0 is arbitrary, uy(F) < (2C + (b — a)7||u|[rv)m(F). and then since F is arbitrary,
this proves that p is absolutely continuous with respect to Lebesgue measure, and then using
the Lebesgue Differentiation Theorem that the Radon-Nikodymn derivative h satisfies ||hllce <
20 + (b a) ullrv.

For the final part, given any a < x < y < b, for n sufficiently large that and y — 1/n > x, define
the “ramp function” f, approximation of 1., by

n(t —x) r<t<z+1/n
fut) =141 r+1/n<t<y
l—-n(t—y) y<t<y+1/n

and f,(t) = 0 for all other t. Notice that lim, oo fn(t) = 1(3,4)(t) for all t. Though f is not in
C}((a,b)), a simple approximation argument such as we made in the proof of Lemma 0.35 shows
that (0.39) is nonetheless valid and therefore

np((z — 1/n, ) — npu((y — 1/n,y) / fud

Taking the limit n — oo, we obtain h(y) — h(z) = v((x,y]). It now follows that when a < zp <
n

n

e <D Y |h(ag) = bz y_Z\u zj1,24]) < vty O

0.38 COROLLARY. Let h be integrable on (a,b) and suppose that TV (h;(a,b)) < co. Then in
the a.e. equivalence class of h there is a preferred representative, also denoted by h, such that h is
right continuous and has a left limit at each point x € (a,b). Moreover, h is the difference of two
monotone non-decreasing right continuous functions h = hy — h_.
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Proof. The first part is a direct consequence of Lemma 0.32 and Theorem 0.37. Let v be the signed
measure associated to h as in Theorem 0.37. Let v = nus —v_ be the Hahn-Saks decomposition of v
into its positive and negative parts. Then since for alla < z < b, h(z)—h(a) = v—_((a, z])—v4((a, z]).
Define hy(z) = h(a) + v_((a,x]) and define h_(x) = vy ((a, z]). O

0.39 DEFINITION (BV((a,b))). The real normed space BV ((a,b)), called the space of BV
functions on (a, b) is the vector space of real integrable functions h on (a, b) such that TV (h; (a,b)) <
oo. For h € BV ((a,b)), let © = hdz, so that by Lemma 0.32 and Lemma ?7?, there is a signed Borel
measure v with |[v|rv = TV (h;(a,b)) < oo, and such that (0.39) is valid for all f € Cl((a,b)).
Then we define the BV norm of h as

hllBY = [[”ll L1y + Vv = el + v [ITy (0.54)
By the uniqueness in Lemma 0.33 and the linearity of (0.39), the map h +— v is linear, and
so it is evident that || - [[gy is a norm on BV ((a,b)). To see that BV ((a,b)) is complete in this
norm, Let {h, },en be a Cauchy sequence in BV ((a,b)). Then {hy,}nen is also a Cauchy sequence
in L*((a,b), B,m) and so there exist h € L'((a,b), B,m) such that lim, o0 [|n — hl[11(,) = 0. For
each n € N, let u, be the signed Borel measures such that
f'hpdr = — fduy,
(a,b) (a,b)
for all f € Co((a,b)).
Since the space of signed Borel measures on Cy((a,b)) is, like every dual space, complete, and
since by the definition of the BV norm {v, }nen is a Cauchy sequence in the total variation norm,
there exists a signed measure v such that lim,,_, ||vn, — v||Tv = 0. It follows that

f'hdx = — fdv
(a,b) (a,b)
for all f € Cy((a,b)), and hence h € BV ((a,b)) and limy,_, ||, — h||Bv = 0.
There is in fact a better way to see that BV ((a, b)) is a Banach space: It turns out the BV ((a, b))

is the dual of another Banach space. Let Y be the Banach space of of all pairs (fi, f2) with
f1, f2 € Co((a, b)) and with the norm

115 F2)lly = [l filloo + [ f2lloo -

The dual space Y* is the space of all pairs (u1, pe) of signed Borel measures on (a, b) with the norm

1(u1s p2)lly = llpallry + llpzllvv -

Now let Z be closure of the subspace of Y consisting on (f1, f2) with f1, f2 € C1((a,b)) and f; = —f}.
The annihilator of Z is the subspace of Y* consisting of pairs (u, ) such that

fldu = fldv (0.55)
(a,b) (a,b)

for all f € C}((a,b)). By Theorem ??, (11, v) belongs to the annihilator of Z precisely when p = hdx
where h € BV ((a,b)), and then p is the unique signed measure associated to h such (0.55) is valid
for all f € C}((a,b)), and in this case

hlBy = llullTv + vV = [[ (1t V) [y -
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Since Z is a closed subspace of a Banach space Y, the annihilator of Z in Y* is the dual of Y/Z
by a general result in the theory of Banach spaces. Therefore, BV ((a,b)) is the dual of Y/Z. By
the Banach-Aloglu Theorem, the unit closed ball in BV ((a, b)) is compact in the weak-* topology
induced on BV ((a,b)) by Y/Z.

The space BV ((a,b)) is not separable: For each y € (a,b), let hy, be the step function with
hy(x) =1 for y > x and hy(z) = 0 otherwise. Then for y # z, ||hy — h.||Bv > 2.



