L? Spaces and related Banach Space Theory for Math 502

Eric A. Carlen?
Rutgers University

March 6, 2017

Contents

1 Convex Functions 1
1.1 Continuity and lower-semicontinuity of convex functions . . . . . . . ... ... ... 1
1.2 Convex functionson R . . . . . . . ... 2
1.3 The subgradient of a convex function . . . . . . . .. ... ... L. 4
1.4 The Legendre Transform . . . . . . . . .. .. . 6

2 [P norms and their close relatives 9
2.1 The LP norm and Holder’s Inequality . . . . . . . . . .. ... oo . 9
2.2 Orlicz norms . . . . . . .. e 11
2.3 Duality in Orlicz spaces . . . . . . . . . . e e 14

3 Uniform convexity and uniform smoothness 15
3.1 Uniform convexity . . . . . . . . e 15
3.2 First applications of uniform convexity . . . . . . . .. .. ... ... L. 16
3.3 Uniform smoothness . . . . . . . . . . . . . e 19

4 Uniform convexity and smoothness in LP spaces 24

1 Convex Functions

1.1 Continuity and lower-semicontinuity of convex functions

1.1 DEFINITION (Convex Function). A function ¢ on defined on a convex subset C' of a real
vector space X with values in (—oo, 00| is convez in case for all z,y € C and all A € (0,1),

Az + (1 = A)y) < Ag(x) + (1 = N)o(y) (1.1)

and ¢ is strictly convex in case this inequality is strict for all x # y and all A € (0,1). A convex
function ¢ on X is proper in case ¢(z) < oo for at least one x € X.
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1.2 DEFINITION (Epigraph). Let ¢ be a function from some set X to (—oo,00]. The epigraph
of ¢, Epi(¢), is the subset of X x R consisting of points (z,t) such that f(z) > ¢t. Note that
Epi(¢) = 0 if and only if ¢(z) = oo for all z.

1.3 LEMMA. Let (X,0) be a topological vector space. Then a function ¢ on X with values in
(—o0, 0] is convex if and only if Epi(¢) is convex, and is lower-semicontinuous if and only if Epi(¢)
18 closed in the product topology.

Proof. This is elementary and is left to the reader. O

Let (X, 0) be a topological vector space, and let ¢ be a convex function on X. Then Epi(¢)
is convex, and since the closure of a convex set is convex, Epi(¢) is closed and convex. Define a
convex function ¢ by

_ - {2} x RN Epi(¢) = 0
o oo

: (z,t) € x € Epi(¢)} otherwise .

Then ¢ is a lower-semicontinuous convex function such that ¢(z) < ¢(x) for all z. By construction
and by Lemma 1.3, ¢ is the largest (in the usual ordering) lower-semicontinuous convex function
that is dominated by ¢ pointwise. The function ¢ is called the lower-semicontinuous reqularization

of ¢.
1.4 EXAMPLE. Define ¢ : R — (—o00,00] by

0 ze(-11)
o(x) =<1 =ze{-1,1}  Then ¢(x)= {
o zd[-1,1].

1.2 Convex functions on R

We first focus on the important special case in which the vector space X is simply R. In this case
the set C on which ¢ is finite is an interval. We may consider ¢ as defined on all of R by setting
¢(x) = oo for x ¢ C. In what follows, when we speak of a real-valued convex function on C' C R,
we shall always assume that ¢(z) = oo for z ¢ C.

1.5 THEOREM. Let ¢ be a real valued convexr function on an interval C C R. Then ¢ is
continuous on the interior of C. Moreover, for a,b,c,d € C

b—a=d—c and a<c = ¢0b)—¢a) <o(d) —o(c) . (1.2)

That is, the increment of ¢ over an interval increases as the interval is translated to the right.
If ¢ is strictly convez, the inequality in (1.2) is strict. Conversely, let ¢ be any function that is
continuous and finite on an open interval C, and is such that (1.2) is valid for all a,b,c,d € C.
Then ¢ is convex.
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Proof. We first prove (1.2) Note that b, ¢ € [a, d], and hence for some \, 5 € (0,1), b = Aa+ (1 —\)d
and ¢ = fa + (1 — B)d. Solving for A and 3, we find

d—b

d—a’

A=1-8=

Since A\=1—-0,b=Xa+ (1 —A)d and ¢ = Ad+ (1 — N)a. It now follows from the definition of
convexity that

¢(0) < Ap(a) + (1 =N)¢(d)  and  ¢(c) = Ap(d) + (1 = A)d(a) .

Adding these two inequalities yields ¢(b) + ¢(c) < ¢(a) + ¢(d), with strict inequality if ¢ is strictly
convex, and this proves the first assertion, and evidently if ¢ is strictly convex, all of the inequalities
are strict.

Fix any @ in the interior of C; we shall show that ¢ is continuous at a. For any b € C, b # a,
use a telescoping sum expansion to write

n

M®—¢m%:§:P<w+®—@i>—¢(a+®—aﬁ;1)]. (1.3)

j=1

Choose 6 > 0 so that a £0 € C. By (1.2), for b = a + 9, the first term in the sum is the

least, and hence ¢(a + §/n) — ¢(a) < $la+9) — ¢la) Likewise, for b = a — J, the same reasoning
n

yields 20 =020 < ) _ (0~ 3/m). Again by (12). 6(a) — d(a ) < bla+/n) - 6(a).
Altogether,
o) =00 =9) g0y — gla— /) < ola+ 8n) - o(a) < LEFD=0D gy

Taking n — oo, we conclude lim,, o ¢(a — 0/n) = ¢(a) = lim, o0 d(a + 5/n).

We now claim that limg, ¢(x) = ¢(a). Suppose that limsup, , #(x) > ¢(a). Then for some
€ > 0, there is an infinite sequence {t,, }men contained in (a,a + §) such that lim,, o0 t,,, = @ and
d(tm) > ¢(a)+e for all m € N. Choose n so that ¢p(a+d/n) < ¢(a)+¢€/2. Then there exists m € N
such that t,, € (a,a+4d/n) and thus X € (0,1) such that t,, = Aa+ (1 —A)(a+3d/n). Then ¢(t,,) <
Ap(a) + (1 = A)(d(a) + €¢/2) < ¢(a) + /2. This contradiction shows that limsup,, ¢(z) < ¢(a).

Next, suppose that liminf, |, ¢(z) < ¢(a). Then for some € > 0, there is an infinite sequence
{tm}men contained in (a,a + §) such that lim,, o0ty = @ and ¢(t,,) < ¢(a) — € for all m € N.
Choose n so that ¢(a + d/n) > ¢(a) — €¢/2. Choose n € N so that ¢(a + J/n) > ¢(a) — €/2, and
a+d/n < t;. Choose m so that t,, < a+ d/n. Then a + d/n € (tm,t1) and there exists A € (0,1)
such that a + d/n = Ay, + (1 — AN)t1. Then ¢(a+ 5/n) < Ap(tm) + (1 — XN)(o(tm) < ¢(a) — €/2.
This contradiction shows that liminf,, ¢(x) > ¢(a).

Altogether, we have shown that ¢ is right continuous at a. We could repeat the same analysis
to show that ¢ is also left continuous at a, but observe that the function (x) := ¢(2a — x) is
convex and finite on an open interval about a. (Epi(¢) is just the reflection of Epi(¢) about the
vertical line z = a). By what we have just proved, v is right continuous at a. But then since ¢ is
the reflection of ¢ about x = a, ¢ is left continuous at x = a. Altogether, the continuity of ¢ is
proved.
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For the converse, let <y € C and X € (0,1). We must show that when (1.2) is valid for all
a,b,c,d € C, then p(Ax + (1 — N)y) < Ap(x) + (1 — X\)¢(y). By the continuity of ¢, it suffices to
do this when A is a dyadic rational; i.e., A = k/2" for some k,n € N with k£ < 2". For n = 1, note
define z = (z + y)/2 and note that

300) + 00 — 0 (5 ) = 5 60~ 0()) - § (6~ 9(0)) > 0

because y — z = z — x. That is, when (1.2) is valid for all a,b, ¢, d € C, then

oAz + (1 = A)y) < Ad(z) + (1 — N)d(y) (1.5)

for all ,y € C'and A = 1/2.

This is the first step of an inductive proof that the same is true whenever A = j27™, j.m € N
and j < 2™. We suppose that this has been shown whenever m < n.

Now fix A = j/27" € (0,1). Let k,¢ € N such that k+ ¢ = j and k,£ < 2"~ 1. (If j is even take
k=+¢=j/2, and if j is odd, take k to be the integer part of j/2.) Then for all z,y,

_ e+ (2" =gy 1 <k::r+ (2n! - k)y> +1 (£x+ (2t —K)y) (L6)

Az + (1= Ny o 5 51 5 5=l

Since (1.5) is true for A =1/2,

n—1 _ n—1 _
0+ (1 — Ay) < %¢ <kx+(;_1 k:)’u) +%¢ <m~+(;_l z)y> .

By the inductive hypothesis,

5 (k:x + (2"t —k)y

k 2"t —
on—1 ) = on—1 d)(x) +

T_j(ﬁ(y)

and likewise with ¢ in place of k. Using these inequalities in (1.6) shows that (1.5) is valid for
A = 527", completing the inductive proof. O

1.3 The subgradient of a convex function

1.6 THEOREM. Let ¢ be a real valued convex function on an interval C' C R. For all a,b,c € C,
a<b<c,

o) — ¢(a) | 4(b) — #(a)

c—a b—a

| (17)
If ¢ is strictly convez, the inequality in (1.7) is strict.

Proof. Because ¢ is continuous, it suffices to consider rational values of b — a and ¢ — a. Choosing

. . k m
a common denominator n, we can write b —a = — and ¢ — a = — with m > k. Define a sequence
n n
{a;} by

aj—¢<a+i>—¢<a+j;1) .
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By (1.2), this is an increasing sequence, and hence,

o(b) — d(a)  d(a+k/n) —d(a) 1<
n k}}zgaj

b—a k -

¢(c) — ¢(a) 1 ¢ S 1 &
Likewise, T, - n p— ;aj . Since a; increases with j, z ;aj < o~ ;aj for m > k.
This proves (1.7). By theorem 1.5, if ¢ is strictly convex, then aji1 > a; for all j, and then there

is strict inequality in (1.7). O

Let ¢ be convex on R and finite on C', For each s € C°, define

ooy o P58+ h) —(s) o _ i O8) —¢(s —h)
ol (s) = hlg& A and o”(s) = hlféi b . (1.8)
The limit defining af’i exists by (1.7), and then limit defining o? also exists by (1.7), but applied

to the convex functions ¢(—s). We refer to ai(s) as the right derivative of ¢ at s, and to o2 (s) as

the left derivative of ¢ at s. If is clear from Theorem 1.5 that in general, af(s) > af(s). Evidently
¢ is differentiable at s if and only if ai(s) = 0% (s), so that in this case, ¢/(s) = af(s) = o%(s)
represents the slope of ¢ at s. Since the left derivative of ¢ at s is minus the right derivative of
t — ¢(—t) at t = —s, we may economize in the formulation of the following theorem by referring

only to right derivatives.

1.7 THEOREM (One-sided Derivatives). Let ¢ be a convex function on R that is finite on an
interval C. for all a,b € C°, a < b.

0% (a) < o? (b) (1.9)
and for all s € [af(a),ai(a)],
b(b) < 6(a) + 5(b— a) . (1.10)
Moreover, if ¢ is strictly convex, then both of these inequalities are strict. Finally, for all a € C°,
ai(a) = Ii)nf O'i(b) and 0% (a) = sup O'i(b) . (1.11)
>a b<a

In other words, O'i 1§ a right-continuous non-decreasing function, and o? is a left-continuous non-

decreasing function.

Proof. By Theorem 1.5, for all 0 < h < b —a, ¢(b) — ¢(b — h) < ¢(a + h) — ¢(a). Dividing by h
and taking the limit h | 0 yields (1.9).
Next, by the telescoping sum identity (1.3) and Theorem 1.5 to obtain, for b > a,

¢(b) — ¢(a) = n(p(a+ (b —a)/n) — ¢(a)) . (1.12)
Multiplying by 1 = (b —a)/(b — a), yields

¢la+ (b—a)/n) — ¢(a)
(b—a)/n

¢(b) = ¢(a) + (b—a)
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Taking the limit n — oo yields ¢(b) > ¢(a) + af(a)(b —a).

For b < a, (1.3) and Theorem 1.5 yield

¢(a) — ¢(b) < n(¢(a) — ¢(a — (a—b)/n)) . (1.13)
Multiplying and dividing by —1 = (b —a)/(a — b), yileds
¢(a) — ¢(a—(a —b)/n)
(a—b)/n

Taking the limit n — oo yields ¢(b) > ¢(a) + 6% (a)(b — a). Therefore, for any s € [0? (a), Ui (a)],
(1.10) is valid.

Next, for a € C°, choose ¢ > 0, and then h > 0 so that aﬁ(a) +e> (¢(a+ h) — ¢(a))/h. By

the continuity of ¢, there is a § > 0 so that (¢(a+h) — ¢(a))/h+€> (p(a+ 0+ h) — dp(a+0))/h.
Therefore,

¢(b) < ¢(a) + (b—a)

0%(a) +2¢ > (p(a+ 0+ h) — dla+0))/h > 0% (a+0)

The fact that for all 6 > 0, af’i (a) < ai(a(;) is an immediate consequence of (1.9). This proves the
first identity in (1.11). The second is proved in the same manner. O

Theorem 1.7 has the following interpretation: Let ¢ be convex and finite on an open interval
C CR. Then for all 7y € C, and all s € [¢° (a), af(a)], the affine function h(x) = s(x — zo) + ¢(x0)
satisfies h(x) < ¢(z) for all =, with h(zg) = ¢(zo): The graph of h, a line, lies below the graph of
¢ but touches it at the point (x, #(zp)). Such a line is called a supporting line for the graph of ¢.

It is evident that the maximum ¢ V ¢a(z) = max{¢1(z), p2(z)} of two convex functions ¢1, ¢2
is convex, and more generally, if C is any set of convex functions, then

V é(z) =sup{é(z) : ¢ €C}
¢eC
is convex.

Affine functions are evidently convex. For any function % on an open interval C, convex or
not, define Ay, to be the set of affine functions h such that h(xz) < +)(z) for all x € C. Define the
function

conv(1)(z) = sup{o(x) : ¢ € Ay}

By what has been explained just above, conv () is a convex function satisfying conv(¢)(z) < 1(x)
for all z. It is the largest such function: If ¢ is a convex function such that ¢(z) < ¥ (x), then at
every xg, there is a supporting line to the graph of ¢ at xy, and hence the linear function h whose
graph is this supporting line belongs to Ay. This implies that ¢(xo) < conv(z))(xg). Moreover, the
supremum of any set of continuous functions is lower semi-continuous, so that conv(v)(x¢) is also
lower-semicontinuous. The function conv(v) is called the convex envelope of ¥. Evidently every
proper, lower-semicontinuous convex function is its own convex envelope. This simple fact has an
important consequence.

1.8 THEOREM (Jensen’s Inequality). Let (2, M, 1) be a measure space with p(2) = 1. Then
for all real valued convexr functions ¢ on R, and all measurable function f, the negative part of
o(|f|) is integrable, so that [ (| f|)dp is well defined, though it may be infinite. Moreover,

¢( / !f!du> < [ o (1.14)
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and if ¢ is strictly convex there is equality if and only if

= d 1.15
for almost every x.

Proof. Let a := [, |f|du. By (1.10), (| f(x)]) > qﬁ(a)—koi(a)(]f(a:)]—a). Integrating this pointwise
inequality yields (1.14). If ¢ is strictly convex, this pointwise inequality is strict wherever | f(z)| # a,
and hence the inequality (1.14) is strict unless |f(z)| = a almost everywhere. O

1.4 The Legendre Transform

Let ¢ be a convex function on a closed interval [a, b] where a = —oo and b = oo are allowed, and ¢
is finite on (a,b). Define

¢:=limo? (z) and d = lim aﬁ(m) . (1.16)
zla z1h

By Theorem 1.7, both limits exist, though we may have ¢ = —oco or d = oo (or both). Fix y € R
and consider the function x — xy — ¢(x).
Suppose that y € (¢, d). Define

zo(y) = sup{z : o%(z) <y} and z1(y) = inf{x : Uﬁ(x) >y}, (1.17)
and note that —oo < zo(y) < z1(y) < oo. By (1.11),

o%(wo(y)) <y and ol (x1(y) >y (1.18)

Thus, for all > z1(y),

yr — o) < yai(y) +y(z —21(y) — o(z1(y) — o (21(y)(z — 21(y))
= yz1(y) — d(21(y)) + [y — oL (21(¥)](x — 21(y)) -

By (1.18), [y — 0% (21(y))](= — z1(y)) < 0, and therefore yz — ¢(x) < ya1(y) — ¢(21(y)).
Similar reasoning shows that for all x < zo(y), yx — ¢(x) < yzo(y) — ¢(xo(y). Therefore,

suplye — o(e)} = max {yo— é(x)} < oo (1.19)
zeR x€[xo(y),z1(y)]

using the fact that ¢ is continuous. Define a function ¢* on R with values in (—o0, 0] by

¢"(y) = sup{yx — ¢(x)} . (1.20)

z€R

As a supremum of affine functions, ¢* is convex and lower-semicontinuous, and by (1.19), ¢*
is finite on the interval (¢,d). Now observe that if ¢ is finite only at a single point zp, and

sup,er{ye — ¢(x)} = yro — ¢(z0) for all y € R.

1.9 DEFINITION (Legendre Transform). Let ¢ be convex and finite on a non-empty interval
C. The Legendre transform ¢* of ¢ is the function defined by (1.20), which is proper, convex and
lower-semicontinuous. A pair of proper lower-semicontinuous functions ¢ and ¢ such that ¢ = ¢*
and hence ¢ = ¥* is called a dual pair of convex functions. (Note that, by definition, if ¢ and ) are a
dual pair of convex functions, they are not only convex, but also proper and lower-semicontinuous. )
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1.10 EXAMPLE. For 1 < p < oo, define ¢p(x) = p Yz[P. Note that ¢, is continu-
ously differentiable with ¢/,(x) = |z[P~'sgn(x) which is strictly monotone increasing. Hence
limgpoo af’i(w) = limgjoo @p(7) = o0, and limg| o?(z) = limg| o ¢,(2) = —00. Thus, ¢ is
strictly convex, and ¢, will be defined on all of R. To compute it, note that for all Then for ally € R,
the function x — xy — ¢(x) is continuously differentiable, and its derivative is y— |z|P~'sgn(x), and
hence the unique mazimum occurs where & has the same sign as y, and |z| = |y|*®=Y. Evaluating
xy — ¢p(x) as this x, we find

6 (y) =y e _ Lywie-y P b
g p p

Hence if we define q =p/(p — 1), we have that

1 1
-+-=1 and ) = dq - (1.21)
p q

Since the relation (1.21) is symmetric in p and q, (¢;)* = ¢p. We shall soon see that this is no
cotncidence.

1.11 EXAMPLE. Now consider the two limiting functions ¢1(x) = limp1 ¢p(z) = |z|, and

boo() = limpps ¢p(x), so that
0 zel-1,1]
Goo(T) 1= (1.22)
oo x¢[-1,1].
Both ¢1 and ¢oo are lower-semicontinuous convex functions. (In fact, ¢1 is even continuous.) Fiz
y € R, and note that yr —¢(x) = (ysgn(x)—1)|z| < (ly| —1)|z|, with equality when sgn(x) = sgn(y).
It follows that sup,cr{yr — ¢1()} = Poo(y) -
By the Fenchel-Moreau Theorem, it follows that ¢%, = ¢1, but this is also easy to check from
the definition: Fix x € R, and note that xy — ¢oo(y) = xy for ly| < 1 and vy — doo(y) = —00 for
ly| > 1. Hence

Po(x) =sup{zy : |y| <1} =] .

1.12 DEFINITION (Subgradient). Let ¢ be a convex function on R that is finite on an interval
C. For z € C, the subgradient of ¢ at x, O¢p(x), is the set of numbers s such that

¢(y) = ¢(x) + 5(y — x)

for all y € R. In other words, s € d¢(x) if and only if the line with slope s that passes through
(x,¢(x)) is a supporting line for ¢. If ¢(z) = oo, we define d¢p(x) = 0. For A C R, define

06(A) = | ) 9¢(x) . (1.23)
€A
1.13 LEMMA. Let ¢ be a convexr function on R that is finite on in a interval C. Then for all
z€C° d¢(z) = [0°(2), Uﬁ(:z:)] In particular, for x € C°, 0¢(x) # 0.

Proof. This follows immediately from (1.10). O



EAC March 6, 2017 9

1.14 THEOREM (Young’s Inequality). Let ¢ be a proper convex function, and let ¢* be the
Legendre transform of ¢. Then for oll x,y € R,

zy < ¢(x) + ¢™(y) - (1.24)
Moreover, there is equality in (1.24) if and only if y € 0¢(z), and in this case, x € 0p*(y).

Proof. The inequality (1.24) is an immediate consequence of the definition (1.20). Suppose for
some xo, Yo € R, zoyo = ¢(z0) + ¢*(yo0), so that necessarily ¢*(yo) < oo. Then by (1.24), for all
r €R,

é(x) + ¢*(yo) — Yo > d(x0) + ¢* (yo) — Zovo ,

Therefore, ¢p(x) > ¢(x0) + yo(x — x¢), which shows that yg € dp(xg). Conversely, if yo € dp(xp),
then by definition, ¢(z) > ¢(w0) + yo(x — wo) for all z, and hence

Toyo = ¢(wo) + yor — ¢(x) -

Taking the supremum over z, we find xoyo > ¢(xo) + ¢*(yo). Together with (1.24), this proves that

zoyo = ¢(x0) + ¢" (yo)-
Likewise, when xoyo = ¢(x0) + ¢*(yo), for all y € R,

d(x0) + " (y) — 20y > ¢(w0) + ¢*(¥0) — oo ,
and ¢(z9) < 00, so that ¢*(y) > ¢*(yo) + zo(y — yo). Therefore, zo € 09" (yo). O

Suppose that ¢ and ¢* are both continuously differentiable. For instance, this is the case when

é(x) = p~tz|P, p € (1,00), so that ¢*(y) = ¢ t|y|?, ¢ = p/(p—1). Then for all z,y, dp(z) = {¢' ()}
and 0¢*(y) = {(¢*)'(y)}. Then the statement about cases of equality in Young’s inequality says
that

(6] (¢(x)) == and (") W)=y .

In other words, the functions ¢’ and (¢*)" are inverse to one another. For the dual pair in Exam-
ple 1.10, this can be checked by simple computations..

1.15 THEOREM (Fenchel-Moreau Theorem). Let ¢ be a proper, lower-semicontinuous function
on R and let ¢* be its Legendre transform. Let ¢** be the Legendre transform of ¢*. Then

=9 . (1.25)

Proof. Let (a,b) be the interior of the interval on which ¢ is finite. Let (¢, d) be be given by (1.16).
Let « € (a,b) and y € 9¢(x). Then ¢(z)+¢*(y) = zy, and € 9¢*(y). Then by Young’s inequality
applied to the pair ¢* and ¢**, zy = ¢*(y) + ¢**(x), and

d(z) +¢"(y) = 2y = ¢"(y) + 0™ (2) .

This proves that at all points of (a, b), ¢(x) = ¢*(z). Since both functions are lower-semicontinuous,
they both agree on [a, b]. O



EAC March 6, 2017 10

2 LP? norms and their close relatives

2.1 The L? norm and Holder’s Inequality

2.1 DEFINITION (LP(Q2, M, p)). Let (2, M, ) be a measure space. For 1 < p < oo,
LP(Q, M, 1) consists of the equivalence classes, identified under equivalence almost everywhere,
of measurable functions f such that |f|? is integrable. The LP norm is the function f — |[/f]|,

1= ([ 17van) " (2.1)

As we have already observed, the function ¢ — t* is convex on [0,00), and hence for f,g €
LP(Q7M’/,L)’ x e Q?

where

f ()| +[g(=)]|” _ 1 1

LSS NS A MLl e p — D

: < U@+ Slg)]

This shows that |f + g|? is integrable whenever |f|P and |g|? are, and thus LP(Q2, M, u) is closed
under vector addition. It is also evidently closed under scalar multiplication, and thus is a vector

space over C. The next inequality will allow us to show that the LP norm is, in fact, a norm on
this vector space.

2.2 THEOREM (Hélder’s Inequality). Let (2, M, 1) be a measure space. Let 1 < p,q < oo, with

1 1
—+ —=1. Let f and g be functions on (Q, M, u) such that |f|? and |g|P are integrable. Then fg

1s integrable, and

IR (22)
There is equality in (2.2) if and only if for almost every x,
gl f @)* = £ 1G9 ()P . (2.3)

Proof. If either [, |f|9du = 0 or [, [g[Pdu = 0, then (2.2) is true for trivial reasons. Therefore,
suppose that both integrals are strictly positive.

Apply Young’s inequality with the dual pair ¢, and ¢4 = ¢;, from Example 1.10. By (1.21), for
any a > 0, and all z € Q,

1 gl q —pl 2)|P
[f(@)llg(x)] = (alf(z)]) <alg($)\> <a 5|f(9«“)| +a plg( )| (2.4)
with equality only in case

alf(2)] = ¢p(a” g(@)]) = a' Plg(x)P~" . (2.5)

Integrating both sides of (2.4),

1 /1 1 1
/\fg!duﬁaq </ Iflqdu> +a™? (/ Igl”du> = a’= || flIF +a"P =g} - (2.6)
Q q.JQ P Ja q p

We now choose the value of a so as to make the right hand side as small as possible. A simple
calculus exercise shows that the best choice is a = Hqu_l/p||g||}g/q. With this choice of a, (2.6)
becomes (2.2), and (2.5) becomes ||g||§/q|f(a:)| = || fllqlg(x)[P~1, and raising both sides to the gth
power, we obtain (2.3). O
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Consider any non-zero f € LP(Q,M,u), 1 < p < oo, and let ¢ = p/(p — 1). By Hélder’s
inequality, for all h € L9(Q, M, p) with || k||, = 1,

»ce( /Q hfdu> < /Q Bl < £l |

and there is equality in the second inequality if and only if || f|[b|(x)|? = ||h||2] f(x)|P = | f(x)|P for
almost every . In this case, [h(x)| = || f|lp *|f(z)[P~!. There will be equality in the first inequality

if and only if R(h(z)f(x)) = |h(x)||f(x)| almost everywhere. This forces that

g(z) = ||l f (@) [P~ sgn(f(x)) ,

almost everywhere. (The signum function, z — sgn(z) on C is defined by z € C, define sgn(z) =
z/|z| for z # 0, and sgn(0) = 0.)

2.3 DEFINITION. For 1 < p < o0, ¢ = p/(p — 1) define the function D, mapping
LP(Q2, M, 1)\{0} to the unit sphere in L1(2, M, 1) by

Dy(f) = IF1l, PP~ sen(f) - (2.7)
[ = Dp(f) is called the gradient map for reasons that will become clear.
Altogether, we have proved:

2.4 THEOREM. Let 1 <p<oo,q=p/(p—1). Forall f € LP(Q, M, 1),

I =sup{ ([ Bran) « ne @ Mol =1 | (2.8
Moreover, the supremum in (2.8) is a mazximum, and when f # 0, the unique maximizer is h =
Dy(f)-

2.5 THEOREM (Minkowski’s Inequality). Let 1 < p < oo, ¢ = p/(p — 1). For all f,g €
LP(Q, M, p),
1f +9llp < 1 fllp + llgllp (2.9)

and there is equality if and only if either f =0, or else g is a non-negative multiple of f.

Proof. We may suppose that neither f = 0 nor ¢ = 0. By Theorem 2.4,

If+gll, = /QDp(f +9)(f +g)du = /QDp(f +g)fdu+ /Q Dy(f +g)gdp < || fllp + llgllp -

There is equality if and only if D,(f + g) = Dp(f) = Dp(g). The second equality forces sgn(f) =
sgn(g) and |f[P~! = a|g|P~! for some a > 0, and hence |f| = a'/®=D|g|. O

It is easy to prove that for 1 < p < oo, LP(, M, 1) is a complete metric space, and hence a
Banach space. In fact the proof is very much like the one we have already given for completeness
of L?(2, M, 11), and it extends to a much wider class of norms that we now introduce.
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2.2 Orlicz norms

Throughout this section, let (€2, M, 1) be a given measure space, and define L°(Q, M, 1) to be the
vector space of measurable complex valued functions f on €2, identified under almost-everywhere
equivalence.

2.6 DEFINITION. An Orlicz function ¢ is a convex lower-semicontinuous function on R such
that is symmetric (¢(—z) = ¢(z) for all z), with ¢(0) = 0, ¢(1) < oo with 1 € 9¢(1), and
lim 4o ¢(2) = 0o0. For any Orlicz function ¢, define

By = {f € Lo, M, ) /Q¢><rf\>dﬂ < <z><1>} -

Define Ly to be the subspace of L°(Q, M, ;1) spanned by By.

Let ¢ be an Orlicz function. The ¢ is non-negative. Indeed since ¢ is convex and even,
#(0) < 1(¢(z) + ¢(—x)) = ¢(z), Hence 0 is a minimizer for any symmetric convex function, and
since ¢ is a Orlicz function, ¢(0) = 0. Evidently the z-axis is a supporting line for the graph of ¢,
and so 0 € 9¢(0).

Let ¢* be the Legendre transform of ¢. We claim that ¢* is also an Orlicz function. First,
¢* is evidently proper, symmetric and lower semicontinuous. Since 0 € d¢(0), the conditions for
equality in Young’s inequality give us 0 = ¢(0) 4+ ¢*(0), so that ¢*(0) = 0. Also, since 1 € d¢(1),
the conditions for equality in Young’s inequality give 1 = ¢(1) 4+ ¢*(1), so that ¢*(1) is not only
finite, but ¢*(1) € [0,1], and 1 € 9¢*(1). Finally, since 1 € 9¢*(1), ¢*(y) > ¢*(1) + (y — 1), and
hence limyo ¢*(y) = 00. Summarizing, we have:

2.7 LEMMA. Let ¢ be an Orlicz function, and let ¢* be its Legendre transform. Then ¢* is also
an Orlicz function and

P(1)+9¢*(1)=1. (2.10)

2.8 EXAMPLE. Let 1 < p < oo, and let ¢p(x) = p~tz[P, which is easily seen to be an Orlicz
function since it is continuously differentiable at x =1, and ¢,(1) = 1, showing that d¢,(1) = {1}.
A measurable function f belongs to By, if and only if

1 1
IR
PJa p
and hence [ € By, is and only if ||fll, < 1. Thus, By, is precisely the closed unit ball in

LP(Q2, M, p1). Therefore, Ly, = LP(Q2, M, ). As we have seen in Ezample 1.11, ¢7 = ¢oo where
$oo is defined in (1.22). Then ¢oo(1) =0, and hence

/ boo[ 1)1z < oo (1)
Q

if and only if oo (| f|) = 0 almost everywhere, and this is the case if an only if the essential supremum
|l flloo of f belongs to [0,1]. The subspace of L°(2, M, ) of functions with || f|lc < 0o defines the
space L(2, M, 1), and hence L=(2, M, ) = Ly . In particular, each LP space, 1 < p < oo is
an Orlicz space. We now introduce Orlicz norms which will turn out to be the LP norms on the LP
spaces.
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2.9 LEMMA. Let ¢ be any Orlicz function function. Then By is a balanced conver subset of
LY(Q, M, 1), and Ny=orBy = {0}.

Since By is absorbing in Ly by definition, the function f — || f||4 in Lg given by
| fll¢g =inf{r >0 : ferBy } (2.11)
is a norm on Ly called the Luzembourg norm on L.
2.10 EXAMPLE. Continuing with Ezample 2.8, it is clear that || - [[g, = || - ||-

2.11 LEMMA. Let ¢ be a Young’s function. For all f € Ly,

% (\\f\\¢> du < (1) (2.12)

and for all non-negative measurable functions f and g,

f<g = |lflls <lglle (2.13)

Proof. The definition (2.11) is equivalent to

£l = inf{t >0 /ng <‘{’> dp < ¢(1) } . (2.14)

|f
Hence for all n € N, / ¢ (
o \fllg+1/n

and the lower-semicontinuity of ¢.

Next, since ¢ is monotone on [0, ), for all ¢ > 0, / ) (E) dp < / <|g|> dp. From this
Q Q
and (2.14), we obtain (2.13).

> dpu < ¢(1), and then (2.12) follows from Fatou’s Lemma

The next theorem shows that when ¢ is an Orlicz function, (Lg, || - ||¢) is complete, and hence
is a Banach space. By what has been shown in the examples above, this extends the Riesz-Fischer
Theorem from L? to LP for all 1 < p < 0.

2.12 THEOREM (Completeness of Orlicz spaces). Let ¢ be a Young’s function, and let (2, M, )
be a measures space, Let (Lg,|| - ||¢) be the Orlicz space associated to ¢ and (2, M, ). Then
(Lg, || - |l¢) is a Banach space, and from every Cauchy sequence { fn}nen in Ly, one may extract a
subsequence that converges almost everywhere.

Proof. For each k, pick ny so that j, ¢ > ny = || f;j — folls < 27%. Without loss of generality, we
may suppose that nii1 > ny for each k. For N € N, define the function Fy(z) by

Fy(z) = |fo, (@ |+Z\fnk+1 = fu ()] -
By Minkowski’s inequality,

N N
HFNH¢> < an1H¢ +Z ank+1 - fnkH¢> < an1H¢ +227k < ”fn1H¢>+ L.

k=1 k=1
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x < ¢(1). Define F(z) = limy_o0 Fn(x). Since ¢
Q

F Fy
is lower-semicontinuous, ¢ ( (z) ) 1m 1nf ¢ ( (:U)), and then by Fatou’s Lemma,
c

/Q¢ (F(j)> dz < I%n_jglof/ﬂgb (FNC(@) dz < ¢(1) .

Hence || F||4 < ¢, and since limyoo ¢(t) = 00, F' is finite almost everywhere.
Next define f by

Let ¢ = || fu,ll¢ + 1. By (2.14), gi)(
<l

fla) = Hm fo, = fr + D (faeer = fn) -
k=1

where the sum on the right converges absolutely wherever F' is finite; that is, almost everywhere.
Since |f| < F, f € Ly by Lemma 2.11.

By the definition of the subsequence {fy,};jen, for all k& € N, / b <|fnz Jrg|

5% > du < ¢(1).

. . . . . |f_fnk| . . ‘fng fnk| )

Again since ¢ is lower-semicontinuous, ¢ [ ———= | < liminf ¢ , and by Fatou’s
2k {—00 2=

Lemma once more, ||f — fn, [lo <27

lim — =0.
Tim | fu — o
Since the sequence is Cauchy, we have this convergence along the whole sequence as well. O

2.3 Duality in Orlicz spaces

Let ¢ be an Orlicz function, and let ¢* be its Legendre transform. Any such pair of Orlicz functions
is called a dual pair of Orlicz functions. Associated to such a pair of Orlicz functions is the pair of
normed spaces (Lg, || - [|¢) and (Lg«, || - ||¢*)-

What is the relation between L;Z and Lg«? The first step towards answering this question
provided by the generalized Hélder inequality:

2.13 THEOREM (Generalized Holder’s Inequality). Let ¢, ¢* be any dual pair of Orlicz functions.
Then for all functions f € Ly and g € Ly«, fg is measurable and

(2.15)

There is equality in (2.15) if and only if

o <M¢> di=o) wd [ (II%L) d= (1) , (2.16)

9() 7))
lolls- 8¢( Hf\|¢> (2.17)

for almost every x.

The following lemma will be useful here and elsewhere:
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2.14 LEMMA. Let ¢ be a Young’s function. Then for all a,b > 0, sis the function ¢, defined
by ¢ap(s) = bo(as). Then
t
) =00" ( — | .
it =0 (1)

Proof.
0%a(0) = supts = bo(a)} = sup {b 5 as — botas) = b0 (1) -
O

Proof of Theorem 2.13. By Young’s inequality applied to ¢,; with a,b > 0, we have from
Lemma 2.14 that

st < bp(as) + bo* <ch)>

for all 5,2 > 0, and there is equality only if t € O¢,p(s) Then for any f € Ly and g € Ly-,

« (gl
/Q\fg\duéb/ﬂcﬁ(\aﬂ)dwrb/gqs <ab> dp

By Lemma 2.11, / 10) (|f|> dp < ¢(1) and / o (|g|> dp < ¢*(1). Choosing a =
o \Iifls o \Tolle
b= 1 £llgllglls-, we obtain

1
1£llg

and

/Qlfgldﬂ < [Ifllollgllg= (2(1) +¢*(1)) = [Ifllollglle-

where we have used the fact that 1 = ¢(1) + ¢*(1) since 1 € 9¢p(1). There is equality if and only
if (2.16) is valid and equality holds in the application of Young’s inequality at almost every z,
which means that [g(x)| € O¢qp(|f(x)]). Then since s € dd, p(t) if and only if % € 0¢(at), there
is equality in (2.15) if and only if (2.17) is valid. O

Suppose that ¢ and ¢* are a dual pair of Orlicz functions. For all g € Lg-, define the linear
functional L, on Ly by

Ly(f) = /ngdu : (2.18)
which is well-defined by Theorem 2.13, and in fact, by Theorem 2.13,

1Lg(D < 1 F ol

Therefore, L, € L;, and
1Zgllzs < lgller -

Thus, the mapping g — L, is a linear contraction from Lg- into LZ‘). It is not hard to show that
is is injective, at least when p has the property that every measurable set with positive measure
contains a measurable set with finite positive measure. One might hope that this map would also
be surjective under these same mild conditions. In that case, by the Open Mapping Theorem, it
would be a Banach space isomorphism, and thus we would identify Lz) with Lg«. But then the
same argument would identify LY. with Ly~ = Ly, and we would have that the natural injection
of Ly into L;s* would be a Banach space isomorphism, i.e., that Ly would be reflexive. This is not
true in general: It fails for ¢1 and ¢, but it is the case for ¢,, 1 < p < co. The key to this and
other issues lies in the notion of uniform convezity, to which we now turn.
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3 Uniform convexity and uniform smoothness

3.1 Uniform convexity

The unit ball of any normed vector space V is convex, though it need not be strictly convex, which
would mean that for all unit vectors v and v in V,

lu—v|| >0—= |[(u+v)/2]] < 1. (3.1)

Indeed, strict convexity fails for L'(M, M,u) and L (M, M, ), even for a two-point measure
space.
To see this in L'(M, M, i), take any two non-negative unit vectors u(x) and v(x). Then of

course
1

1 1
=3 /M(u(x) +o(z))dp = 5 /M u(w)dp + o /Mv(m)dM —1

To see this in L>°(M, M, p), take any two u(z) and v(z) to be the indicator functions of two

U+ v
2

measurable sets with different, non-zero measure. Then u(x) and v(z) are both unit vectors in
L>®(M, M, 1), as is their average, (u+ v)/2.
In some normed spaces however, a uniform version of strict convexity holds, and this has

significant consequences.

3.1 DEFINITION (Uniform convexity). Let V be a vector space with norm || - ||. The modulus
of convezity of V is the function dy defined by
5V(e):inf{1— ”;U’H : o — w| <2e} (3.2)

for 0 < e < 1. We say that V is uniformly convez in case dy(€) > 0 for all 0 < e < 1.

If there is no ambiguity as to which space V' is under consideration, we just write d(€) in place
of dy(€¢). Then, by definition, in case V' is uniformly convex, for all 0 < € < 1 there is a d(¢) > 0 so
that for all unit vectors v,w,

o — w|| > 2¢ = H”;“’H <1-6(e) , (3.3)

which is indeed a uniform version of (3.1). The logically equivalent implication

v+ w

H >1—6() = v —wll < 2 (3.4)

will be used frequently in what follows.

By what we have seen just above, neither L'(M, M, u1) nor L (M, M, 11) is uniformly convex.
It turns out, however, that for 1 < p < oo, LP(M, M, p) is uniformly convex. This is easy to show
for L?(M, M, 11), and we begin with that:

For any f and g in we have the parallelogram identity || f — gll3 + ||f + gl3 = 2|13 + 2]|g]I3-
Take f and g to be unit vectors. Divide through by 4 to obtain

2+Hf_g 2
9 2

_ A1+ llgll3
) 2

=1.

f+yg
2
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2

Therefore, i’ 1-— Hf;g . For any number a with0 <a<1,y/1—a<1-—a/2,and
2 2
hence,
2
f+y Sl_luf—g ,
2 |, 2 2 |,

Since f abd g are arbitrary unit vecotors, this gives us the exact modulus of convexity for

L?(M, M, i1), namely
Sre(e) =1—V1—-e2> -, (3.5)

| =

3.2 First applications of uniform convexity

3.2 THEOREM (Convergence of norms plus weak convergence yields strong convergence). Let V'
be a uniformly convex normed space. Let {f,} be a weakly convergent sequence in V with 1 < p < oo,
and let f be its limit. Then {f,} is strongly convergent if and only if || f|| = limp—eo || full-

Proof. 1f { f,,} is strongly convergent, it must converge strongly to f, and we have already observed
that it must be the case that ||f|| = lim,— 0 || fr|l-

The converse is more subtle, and it is here that uniform convexity comes in. If f = 0, the strong
convergence is obvious, so we may suppose that this is not the case. Then, dividing through by
|| fIl, we may assume that || f|| = 1. Since limy, oo || fr|| = || f]] = 1, we may delete a finite number
of terms from the sequence to arrange that || f,|| # 0 so any n.

Consider the sequence {g,} where

_ S/lfull + F
n = .
2
Since limy, 0 || fnll = | fI| = 1, {gn} also converges weakly to f. By the weak lower semicontinuity
of the norms,
lim inf [lgal] > | f]l = 1. (3.6)
n—oo
But by Minkowski’s inequality,
Sall/lfnll + 11
1 = Ifall/] ;Lll (FARS lgnll (3.7)
and then combining (3.6) and (3.7),
lim [[gn] =1. (3.8)
n—oo

Now use the uniform convexity, and in particular (3.4):

‘anH/anH 111 H s
. >

lgall = ] (&) = s Ifall = £ < 2

This together with (3.8) shows that

Tim ||/l fall = Il =0

But

U= £l = 1 = Fu /Il + Gl = P < W /Il = A1

Hence it follows that lim,_, || fr — f|| = 0. O
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Our next application is very important: It is the generalization of the Projection Lemma to
general uniformly convex spaces.

3.3 THEOREM (Projection Lemma for uniformly convex spaces). Let V' be a uniformly convex
Banach space, and let K be a non-empty, closed convex set in V. Then there exists a unique
element of minimal norm in K. That is, there exists an element v € K with

[ofl < flwll

for all w € K with w # v. Moreover, {vp}nen 15 any sequence in K such that lim,_,« ||vs| = ||v]|,

lim;, o0 [|on, — || = 0.

Proof. Let D = inf{||w|| | w € K}. Let {v,}nen be any sequence in K with lim, o ||v,| = D. If
D =0, lim,, .o v, = 0. Since K is closed, this means 0 € K, and this is our unique element of
minimal norm. Therefore, assume that D > 0.

Normalize the v,, to obtain unit vectors, as needed for the application of uniform convexity. Let

Up, = U/ ||vn||. For large n, we have that u, ~ v,/D since limy_, ||vk|| = D. Indeed, adding and
subtracting,
U :iv —i-iD_anHv
"D Dlul "

Therefore, for any m and n,

1 ||vp +vm Up + Um D — ||Un|| D — vaH

=l - Uy — VU,

Dl 2 2 2Dfuall " 2DJunl

Un+umH ([[lvnll = D) + (lvm|l — D)
= 5 + 9 .

Now by the convexity of K, (v, + vy,)/2 € K and hence ||(vy, + vim)/2]| > D. Therefore,

1 Ul = D)+ (il = D)

un+um“

2

Then by (3.4), for all € > 0, (||v,]| — D) + (Jlom|l — D) < 26(€) = ||un — uml|| < 2¢. Therefore, since
lim,, 00 [|Un]| = D, {un tnen is a Cauchy sequence. Since V' is complete, {uy, }nen converges in norm
to w € V, and this implies that {v, }nen converges in norm to v := Du. Since K is closed, Du € K,
and since ||ul| = 1, ||v]| = ||Du|| = D. This proves the existence of an element v of K with minimal
norm, and that lim, ., v, = v.

To prove the uniqueness, let ¥ also be in K with ||9|| = D. Define v,, = n for n even and v, = 0
for n odd. By what we proved above {v, },en converges, and hence © = v. O

Recall that for any normed space V', and any v € V, there exists an f € V* with || f||. = 1 and
f(v) = ||v||. This is a consequence of the Hahn-Banach Theorem. However, given f € V*, there
may or may not be any unit vector w in V such that f(u) = ||f]|«, as we have seen in the case of

V =C([0,1]) with the uniform norm. If V' is uniformly convex, things are much better.

3.4 THEOREM (Uniform Convexity and Unit Normal Vectors). Let V' be a uniformly convex
Banach space, and let f be any non—zero linear functional in V*. Then there is a unique unit vector
vy €V so that

flog) = 1f1l -
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Moreover, the function f +— vy from V* to V is continuous f # 0, and in fact, for all non zero
f[geVr,
If =gl <2[[fll<dv(e) = lloy —vgll <2€. (3.9)

The vector whose existence is asserted by the theorem is called the unit normal vector at f for
reasons that will soon be explained.

Proof. Let K be given by

K={veV : flo)=|fl+}-
K is closed, convex and non—empty. By the projection lemma, K contains a unique element v of
minimal norm. Note that

1f1l = f(o) < N Flllvll
so [jv|| > 1.
Now we prove an upper bound on ||v||. For any ¢ with 0 < € < ||f]|«, there is a unit vector w
with |f(w)| > ||f]|« — e. Multiplying w by a complex number of unit magnitude, we can assume

that f(w) = |f(w)|. Now define v = LL{”’;w Then v € K, and since w is a unit vector,
w
|« S«
o) = Ml ol H_ .
f(w) =l —e
Since v is the element of K with minimal norm, we have 1 < |jv| < ”}”"ICH* for all e with 0 < e <
«— €

|| fll+. This means that ||v|| = 1, and vy = v is the vector we seek.

Since vy is uniquely determined, the function v + vy is well defined. We now show that it is
continuous.

Let f and g in V* be given, and let vy and v, be the corresponding unit vectors in V. Then

If + gllllvg +vgll > R((f +g) (v +vg))
= R(f(vy) + fvg) + glvy) + g(vg))
2([[ £l + llgll) + R (f(vg) + g(vy) — f(vf) — g(vg))
2/ £l + llgll) = R((f — 9)(vy — vg))
21 f + gl = IIf = gllllvy — vgll -

v

(3.10)

Dividing through by 2||f + g||« we get
(Hf — 9H*>

If + gll«

If |[vf — vgl|l > 2¢, 1 — [[(vg +vg)/2|| > (€), and since ||(vf —vg)/2|| < 1 in any case,

If = gl > )
(2||f|!*—|!f—g\l* 20

d(e) d(e) . .
— glly > 2 « H — gl 2 " — . D h
o0 1 = gl 2 527l Hence | gl < 1220l = oy — vyl <. Discading the

d(€) in the denominator, we obtain (3.9), which quantifies the continuity of f — vy at all f #0. O

Uf — Y

2

o[t
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3.3 Uniform smoothness

Let V be a normed space with norm || - ||. The derivative gives the “best linear approximation”
to a function.We say that a functional F' on V is Frechét differentiable at u € V in case there is a
linear functional ¢f, € V* so that

Flu+w) = F(u) = lru(v) + of[|v]])

or, in other words, if
|F(u+v) — F(u) — lru(v)]

=0, (3.11)

where the limit is taken in the norm sense.

There is another notion of differentiability, corresponding to the usual directional derivative. A
functional F' is said to be Gateauz differentiable at u € V in case for there is a linear functional
lry € V* so that for each v € V,

F(u+tv) — F(u) = tlp(v) + o(t)
or, in other words, if

lim |F'(u+ tv) — F(u) — tlpy,(v)]

v—0 t

=0. (3.12)

Clearly, if a functional F' is Frechét differentiable, then it is Gateaux differentiable, and the
two derivatives coincide. However, there are functionals that are Gateaux differentiable, but not
Frechét differentiable.

To check differentiability from the definition, you have to know the derivative ¢, which is
somewhat inconvenient. There is, however, a necessary condition for differentiability that can be
stated solely in terms of F itself. If F' is Frechét differentiable at u, then for any v,

Flu+wv) = F(u) = lru(v) + of||v]])

and
Fu—v) = F(u) = =lpu(v) + o([[v]]) -

Summing, the terms involving /f, cancel, and we have
Flu+v)+ F(u—wv)—2F(u) = o(||v|]) .

In particular, a necessary condition for Frechét differentiability the norm functional on a Banach

space is that
u—+v

2

U —v
2

= l[ull = o([Jv]]) -

This brings us to the following definition:

3.5 DEFINITION (Uniform Smoothness). Let V' be a Banach space with norm ||-||. The modulus
of smoothness of V' is the function py (7) defined by

U+ TV

2

uUu—TV

2

i) =]

1l = ol = 1} (3.13)



EAC March 6, 2017 21

for each 7 > 0. Then V is said to be uniformly smooth in case py (1) = o(7), i.e., if

lim pv(7)
7—0 T

=0. (3.14)
When there is no ambiguity as to which space V' is intended, we write p(7) in place of py (7).

It is easy to see that uniform smoothness fails for L'(M, M, u) and L>®°(M, Mpu), even for a
two-point measure space, while L?(M, M, p1) is uniformly smooth. This is left as an exercise. In
fact, it is a good exercise to compute the moduli of smoothness for these spaces. The results are:

(1) When V = LY(M, M, i), Sy (¢) = 0 and py (1) = 7.
(2) When V = L*(M, M, p), Sy (e) =1 — V1 =€ and py(7) = VI+ 72— 1.
(3) When V- = L>®°(M, M, pn), dy(e) =0 and py (1) = 7.

The next theorem gives the relation between uniform convexity and uniform smoothness. Before
stating it, we introduce the notion of a dual pair of Banach spaces.

3.6 DEFINITION (Dual Pairs). A dual pair of Banach spaces is a pair of Banach spaces V' and

W with norms || - ||y and || - ||w respectively, and a bilinear form (-,-) on V' x W so that for all
veV,

[olly = sup{ [{v,w)| : [lwlw <1} (3.15)
and

[wllw = sup{ [(v,w)] = vy <1} (3.16)

The primary example is that in which W = V*, and
(v,w) = w(v) .

Then (3.16) holds by the definition of the norm on V*, while (3.15) holds by the Hahn-Banach
Theorem, which asserts the existence of a w € V* with [|w| =1 and w(v) = ||v]|.

When V and W are a dual pair, there is a map from V into W* which assigns to v the linear
functional

By (3.16), and the definition of the dual norm || - ||,

[ fwlls = llwllw -
Hence the map w +— (-, w), which is clearly linear, is also an isometry.

However, it need not be the case that its image is all of V*. In summary,

e WhenV and W are a dual pair, W may be identified with a subset of V* through the isometric
linear transformation
w = (-, v) .

Howewver, it is not necessarily the case that every f € V* is in the range of this transformation.

We now prove that when V' and W are a dual pair the moduli of smoothness and convexity of
the one space can be determined from those of the other.
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3.7 THEOREM (Lindenstrauss—Day Theorem). Let V' and W be a dual pair of Banach spaces.
Then W is uniformly smooth if and only if V is uniformly convex. Moreover,

pw (1) = Os<1i[<)1{ er —dy(e) }. (3.17)

Before giving the proof of Theorem 3.7, we give three simple but important applications.

3.8 THEOREM (Uniqueness and continuity of unit tangent functionals). If V' is a uniformly
smooth Banach space, then for each non-zero v € V, there exists a unique unit vector f, € V* such

that f,(v) = ||v||. Moreover, the map v — f, is continuous in the norm topologies.

Proof. The Hahn-Banach Theorem tell us that the linear functional f, exists; the points to be
shown are the uniqueness and the continuity. By the Lindenstrauss-Day Theorem, V* is uniformly
convex. If f, and g, were two distinct unit vectors in V* such that f,(v) = g,(v) = ||v||, then
$(fo+ gv)(v) = [|v]| but ||f, + goll« < 1, which is impossible. O

3.9 THEOREM (Differentiability of the Norm). Let V' be a uniformly smooth Banach space.
Then the norm on V is continuously Frechét differentiable at all v # 0 in V, and the derivative is
given by R (fy), where f, is the unique unit vector in V* with f,(v) = ||v||

Proof. Since V* is uniformly convex, for each v € V, there exists a unique unit vector f, € V* so
that f,(u) = ||u||. Hence,

[o+w] = forw(v +w) SR (forw(v)) + R (forw(w)) < 0]l + R (forw(w)) .

On the other hand,

o+ wll =R (fo(v+w)) =R (fo(v) + R (fo(w)) = [[v]| + R (fu(w)) -
Altogether,
0 < flo+wll=lv] =R (fo(w)) <R (forw(w)) = R (fo(w)) < [[forw = foll«[[w] -
Hence [[[v + w]| = [|[v]| = R (fo(w))] < | fo4w = foll«[w] = o(|w]]) by Theorem 3.8. O
Now let V' be a Banach space, and let V* be the dual space of linear functionals on V', and
let V** be the dual space of continuous linear functionals on V*. We have seen that in case
V = L?(M,S, i), V* can be identified with V, and so V** can as well.

This is a rather special circumstance. However, it is frequently the case that V** = V. Let V'
be a Banach space, and consider the isometric mapping v — L, € V** where

for all f € V*. Recall that V is called reflexive in case the image of this mapping is all of V**,
which we express by writing V = V**.

3.10 THEOREM (Millman). A uniformly convexr Banach space is reflexive.
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Proof. By the Lindenstrauss—Day Theorem, V** is uniformly convex. For any unit vector L € V**,
and any € > 0, pick a unit vector f € V* so that L(f) > 1 — € which is possible by the definition
of the || - |4+« norm. Since V is uniformly convex, there is a unit vector v € V with f(v) = 1. Let
L, be the corresponding element of V**, given by L,(g) = g(v) for al g € V*. We then have

L+ L, L L, L+ L,
H + 2M2(+>(f)21_6
2 . 2 2
L— v
It follows that H < sup {s : Jy==(s) <€/2 }. O
*k 0<s<1

Proof of Theorem 3.7. We will use f and g to denote elements of W, and u and v to denote
elements of V. We will leave subscripts off the norms as this convention makes it clear which norm
is intended.

The first step of the proof is to show that

pw (T) + 0v(e) > Te (3.18)

for all 7 > 0 and all 0 < e < 1. To see this, fix any such 7 and e. Take any v and v in V with
Jull = ol = 1 and [Ju— v]| > 2e.
Since V and W are a dual pair, for any 1 > 0, there are unit vectors f and g in W with

utw u—v
(o) 2 |50 0 a2 |1
Then
pw(r) > | LT84 | L2
2 2
=z ((f+79)/2,0) +{(f —79)/2,v) =1
= (filut+v)/2) +7(g,(u—0)/2) -1
> u—;—v I Kl 1oy U+UH+7’€_1_277
(3.19)
U+ " .
Hence pw (1) + (1 o ) > 7¢ — 2n By the definition of dy, and the fact that n > 0 is

arbitrary, this proves (3.21).
The second step is to prove an upper bound on py. To do this, fix any 7 > 0 and any unit
vectors f and ¢ in W. Fix any n > 0, and choose unit vectors u, and v, in V with

(f+79)ur) = [f+79ll—=n and  ((f—79),v-) = (|f —7gll =7 . (3.20)
Then
f+T1g f—1g (f +79)ur)  ((f—7g),vr)
I N e [ e B
_ <f7 Ur + UT> <g, Ur — UT> Ur + U7 Ur — VUr
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Now define €, := Yr — %1 o that 0<er<1and ’ Ur + <1 -0y (er). Therefore,
(nyg‘jLHf;Tg‘q) <rer —oy(er) + 1. (3.21)
By the definition of py, pw (1) < 7€ — 0y (e;) + 1 < sup { er — dy(e) } + 1. Since n > 0 is arbi-
0<e<1

trary, this proves that py (7) < supg<.<1{ €7 — dv(€) }, and together with the lower bound (3.21),
this proves (3.17).
Now suppose that W is uniformly smooth, and consider € € (0,1). By (??), or even (3.21),

Te

dv(€) > sup{er — pw(7) }. Since pw (1) = o(7), there is a 7. > 0 so that pw(7e) < g Therefore,
7>0

>0,

€Te

and since € > 0 is arbitrary, V' is uniformly convex.
Now suppose that V' is uniformly convex. It follows from (3.17) that for any 7 > 0

Therefore, if we define ¢, = inf{e > 0 : dy(¢) > 7}, then e, > 0, and fore; < e <1, e—0y(e)/7 <0,

and hence 5 5
sup {e— v(©) } = sup {e— v(©) } <eé€r.
0<e<1 T 0<e<er T

Since lim;|p e — 7 = 0, W is uniformly smooth. O

4 Uniform convexity and smoothness in L” spaces

In any Hilbert space, in particular L2(Q, M, 1), we have the parallelogram identity:

2
+Hf g
) 9

_ A+ gl

Hf+g
2 2

2
2

If f and g are unit vectors, this yields

< 1_Hf_g
9 2
Lo
and hence 6y2(¢) > €

There is a close analog of the paralleleogram law in LP(2, M, u), p > 2: Recall that for counting
measure, ||f|l, > || f|lq for p < ¢, while for any probability measure, ||f|, < |/f]|; for p < g.

Therefore, for all a,b > 0,
o\ 1/2 - a2 42 1/2 ) aP 1 P 1/p
N 2 - 2 '

< o

2

2

)

Hf+g
2

o 1/2
<1_1 f-9
- 2 2

2

p 2

a—>b
2

a—>b
2

a+b
2

a+b
2
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Next, for all z,w € C, and all p > 2,
|2+ wl” + |z —w’ < |z + |w][” + [[2] = |w[] .

f(@) +g@)|" ‘f(fﬂ) —9@)|" _ f@) + lg(@)[”
2

Combining, we obtain, Integrating in x

2 - 2

yields Clarkson’s inequality:

_IfIB+ Nl

f+yg
2 = 2

i H) -4
2
p

P
P
If f and g are unit vectors, this becomes
<<va—g
» 2
1

Orp(€) > =€P .
Lp()_p

Hf+g ?

2

1/p
P _
) <1_1V9
- 2

p p p

Thus we see that

Uniform convexity for 1 < p < 2 is more subtle, and the result is somewhat surprising: It turns
out that for 1 < p < 2,

-1

b e .
2

Notice that the exponent is 2, as in the Hilbert space case. However, as p decreases towards 1, the

(5Lp (6) Z

constant (p — 1)/2 decreases to zero. Both the exponent 2, and the constant (p — 1)/2 are best
possible, and both have significant implications. The result is can be obtained from a result of
Hanner, who ezactly computed é1»(€) for all 1 < p < co. The final remark in his 1955 paper is (in
slightly different notation) that

Sin(e) = ]%162 + O, (4.1)

which certinaly shows that 07»(e) is bounded below by some multiple of 2. The fact that the
remainder term is positive and may be droped, yielding the asserted lower bound, may be folklore,
but appears in work by Ball and Pisier in the 1990’s. They used Hanner’s exact computationof dz»
and controlled the sign of the remainder term in (4.1). However, the sharp bound may be proved
directly, as we now explain.

Let f and g be simple functions of the form

n

f@) =) zlax) and  g(z) =) wils(z),
j=1

J=1

where for each j, zjw} is not real. This guarantees that z; + tw; # 0 for any real ¢, and thus for all

z €Ul Aj, and all t € R, f(x) +tg(x) # 0. Define

Y(t)=|f+tgll; and  g¢=

)

p
2
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so that [|f + tg|2 = Y1/4(t). Differentiating twice,

e+l = 2 (1 1) Y2y g Sy ey
a g2 = (= - 2
dt2 p q \¢ q
> lyl/qfly//
q

A simple calculation yields Y (t) > p(p — 1) / |f + tg|?72|g|>dp. To this we apply the reverse

Hélder inequality, which says that for 0 < < 1and s =r/(r—1), whenever a; > 0for j =1,...,n,
and b; >0 for j=1,...,n,

1/

T
n n n
. . r S
doahi = (Y >
=1 =1 j=1

1/s

d2
The result is that, for all ¢, @Hf +tgll2 > 2(p — 1)|gl|2. Let ¢"(t) > 2c for all ¢, and define

o(t) :==(t) +ct(l —1t) .

Then ¢ is convex, and thus

1 1
0(1/2) < tp(())—;—go() 7 that is,  9(1/2) +§ < W ‘
We conclude that with f and g as above,
I£1Z + 11f + gll3

p—1
Hf+W%@+—ZﬂWﬁS 5

The simple function approximation is now easily removed.
Now let v and v be vectors in LP space, 1 < p < 2, and let f = v and ¢ = v —u. Then

2
+((@-1)
p

u-+v
2

U—v
2

2 2 2
_ Ml + el

p_ 2

If w and v are unit vectors, the right hand side is 1, and this implies

2
u—+v

2

u—"v

2

Sl_p;l
» 2

)

p

which proves that

-1
Orr(€) > P 5 €.
We now have the following result:

4.1 THEOREM (Uniform convexity of LP, 1 < p < 00). For any measure space (M, M, ) and
any LP(M, M, 1) is uniformly convex. For 1 < p < 2, one has the bound

-1
Spole) > pTé (4.2)

while for 2 < p < 0o, one has the bound

Sin(e) > ;ep (4.3)
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Proof. In the discussion just above, we have proved the bounds on uniform convexity, and the left
halves of (4.2) and (4.3). O

We are now give two proofs of the Riesz Representation Theorem for LP, 1 < p < oo.

4.2 THEOREM (Riesz Representation Theorem for LP, 1 < p < oo). Let (M, M,u) be any
measure space. Let 1 < p < oo, and let ¢ = p/(1 — p). Then the map from LY into (LP)* given by
g — @g where

olf) = [ fodu.  ser,
M
is an isometry from L7 into (LP)*.

Before giveing our two proofs, let us take stock of what has been dealt with, and what remains
to be dealt with. We have already seen, as a consequence of Holder’s inequality, that for every
g € LY, [lpgllzry- = llgllg, and hence g +— ¢4 is an isometric map into (LP)*. It remains to be
shown that this map is onto (LP)*. We now give two proofs of this.

First Proof of Theorem 4.2. Let 1 < p < co. Let V' be the range of the mapping g — ¢4 in (LP)*.
Since the map is an isometry, and since L? is complete, V' is a closed subspace of (LP)*. If V is
a proper subspace of (LP)*, there exists a non-zero ¢ € (LP)*\V and then by the Hahn-Banach
Theorem, there is an L € (LP)** such that

L(p) = el ey #0, (4.4)

and L(p,) =0 for all g € LY.
However, by Millman’s Theorem, since L? is uniformly convex, it is reflexive, and so there exists
an f € LP so that

L) =9(f) forall ¢ e (L) .
Therefore, for all g € L4, since ¢4 € V,

0= L(gg) = 9(f) = /M ofdu.

||f||p=sup{ [ afan ||g||q=1} ,

it would follow that | f||, = 0, and hence L = 0. This is contradicts (4.4), and hence V is not a
proper subspace of (LP)*. O

But since

Second Proof of Theorem 4.2. Let 1 < p < oco. Since LP is uniformly convex, for each ¢ € (LP)*,
there exists a unique f, € LP with f, € LP and ¢(f,) = ||¢||(zr)-.- Then, for any g € LP, the
fo g

1o +tgllp
If we assume for the moment that ¢ — || f, + tg||, is differentiable at ¢ = 0, then

d fo+tg
0=—¢ <‘P)
dt !!f@+tg\lp

function t — ¢ < ) has a maximum at ¢ = 0.

d
= Replg) = llellzr)- ;1 fo + tally
t=0 t=0
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By the convexity of z — |z|P, for all 0 < ¢t < 1 and all z € M,

|[fe(x) +tg(2) [P — [ fp(2)” _
; <

[fo(2)l” = [fp(z) = 9(z)[P < [fo(2) +9(@) P = [fo(2)]P .

Then, since |f, — g|?, |f, — g|? and |f,|? are all integrable, The Dominated Convergence Theorem
yields us

lim
t—0 M t

o) + o) = eIV, [ ) 0P = P,

t—0 t

Now one easily computes that for all x,

o @) 9@ ~ 11, @)
t—0 t

= RIfel"?fo(a)g(2) -

Thus, for all g € L9, we have

Re(g) = ¢l (2o /M RIf o2 ()9 () dps

Substituting g by ig, we obtain the same result for the imaginary part, and hence
00) = lellasy [ 1572 Fo@ala)an

It is now easily checked that |f,[P~2f, is a unit vector in L%, and hence ¢ is in the range of our
isometry into (LP)*. But since ¢ is an arbitrary element of (LP)*, we see that our isometry is onto
(LP)*. O

Next, as a consequence of Theorem 4.1 the Lindenstrauss-Day Theorem ,we obtain the following
result:

4.3 THEOREM (Uniform smoothness of LP, 1 < p < o0). For any measure space (M, M, n) and
any LP(M, M, 1) is uniformly smooth. For 1 < p < 2,one has the bound

1 2
< — 4.
pre(T) < 2(p—1)T , (4.5)
while for 2 < p < oo and g =p/(p — 1), one has the bound

pre(T) < =72 (4.6)

|

Proof. The uniform smoothness follows directly from Theorems 3.7 and 4.1. To obtain (4.5) use
(3.17) to deduce

prr(7) < sup {er —dra(e) } .
0<e<1

Then by (4.2) and a simple calculation, one obtains and (4.5). The proof of (4.6) is similar. O



