7.2.

7.4.

V3 1+4/4—y? 5 5
(a)/ / x“y  drdy
y=—V3 Jo=1—1/4—y?

(b) The region D is symmetric with respect to the y-axis and the integrand is unchanged when x is
replaced by —z. So let DT be the half of D in the first and 4th quadrants. Then

1 y=+/4—(x+1)2
/ z2y? dA = 2/ 22y dA = 2/ / 2% dy dx
D D+ =0 Jy=—+/4—(z+1)2

y=+/4—(x+1)2 1 s
dx:2/ 202\/4 — (z +1)2 dx
=0

3
y=—\/4—(z+1)?

Let 2 +1=2sinf, de =2cosfdf, \/4 — (x + 1)?2 = 2cos . The integral equals

4/2(281n9—1)2-800339-2c089d9—64/2(4sin20—4sin9+1)cos49d9 ete.

s

6 6

Draw the region D. It is a triangle with vertices (0,0), (1.5,1.5), and (3,9).

(a) The line y = 1.5 separates D into two triangular regions E; and Es, each with a horizontal side.
The lower triangle F; is bounded on the left by y = 32 and on the right by y = x; the triangle F5 is
bounded on the left by 4y = 3z and on the right by y = 5z — 6. Thus,

1.5 py (y+6)/5
/xydA—/ xydA+/ xydA—/ / zy dx dy + / xy dz dy
D Eq Eo y=0 Jax=y/3 y=1.5Jax=y/3

(b) The line x = 1.5 separates D into two triangular regions Dy and Ds, each with a vertical side.
The left triangle D is bounded below by y = x and above by y = 3z; the triangle Dy is bounded
below by y = bx — 6 and above by y = 3z. Thus,

.5 3z 3 3z
/xydA: :z:ydA+/ TydA = / :cydydx—i—/ xy dy dzx
D D Dy =0 Jy=x r=1.5 Jy=5x—6

(c) Using (b),

/mydA /15< x;) dx+/;:1'5 (x(3§)2 —x(Sw;6)2> d

3
/ 422 dx +/ —82% + 302% — 18z dx
1.5

o

81 162 270 81 459
= 1624270 - 81+ — — = 4 = = ==
i 10 624210 =81+ 55—+ 4 = 15

i

+ (=22 + 1023 — 92%)




7.8.

7.10.

7.12.

7.14.

Let the change of variable u = u(x) be defined by u = 2y and v = y/z. Let D be the region in the
u, v-plane defined by 1 < v <2 and 1 < v < 2. Then D corresponds to D under the correspondence
u(x).

Solving u = zy and v = y/z for x and y gives the inverse correspondence x(u), namely uv = y2,

y = Vv, v = ufy = \/ufv.

The Jacobian of the inverse correspondence and its determinant are

\/ﬂ
ey 1|7 —o% 12 1
Dx — ’ = — uv \/’Ui d th - - - =
(u) o(u,v) 2 % % . det Dx(u) 4v v
Finally
2 2
/:J:deX:/u-]deth(u)]dgu:/ / — dvdu
D D u=1 Jov=1 2v
/2 uln2 3ln2
u=1 2 4
The curve is 72 = (r2 —rcos0)? = r?(r —cos §)2. Apart from the point at the origin, this is equivalent

to (r—cos#)? =1 or r—cosf = £1. Since r is always positive except at the origin, and since cos§ < 1
for all 0, this is equivalent to 7 — cosd =1, or r = 1 + cos .

The curve looks like a heart resting on its left side. The enclosed area D is described in polar
coordinates by 0 < 0 <27, 0 <r <1+ cosf. The area of D is

2 14cos @ 2m 1 3
/ dzx:/ / rdrd@z/ —(1+cosh)?df = =7
D 0=0Jr=0 9=0 2 2

As 0 goes from 0 to 2w, this equation traces out a figure eight, going from NorthEast (the point
(v2,V/2) at 6 = 7/4) to SouthWest (the point (—v/2, —v/2) at § = 57/4). The area of the enclosed

region D is
27 1+sin 20 27 1 3
/d2X:/ / rdrdez/ —(1 +sin20)?do = ~.
D 0=0Jr=0 9=0 2 2

Let u(x) be defined by u = 2y and v = 2%y. Let D be the region in the u,v-plane defined by
1<u<2and3<wv<4. Then D corresponds to D under the correspondence u(x).

Solving u = zy and v = 2%y for x and y gives the inverse correspondence x(u), namely = = v/u,
2
y = u®/v.

The Jacobian of the inverse correspondence and its determinant are

Detw = SEB ot L] dennew = -1
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7.16.

7.18.

Finally

2 4
4
/$yd2x:/u-|deth(u)|d2u:/ / udvdu:31n<>.
D D u=1Joy=3 U 2 3

The region D has two symmetric pieces, D; in the first quadrant and D5 in the third quadrant. The
integrand is unchanged by the double sign change x — —x and y — —y, so

/ (22 4+ 9%) d*x = 2/ z? + 2 d®x
D

D1

Define u(x) by v = 22 — y? and v = 2y and let D; be the region 0 < v < 4, 1 < v < 2 in the
u, v-plane.

The inverse transformation is messy but Dy (x) is easy to compute; it’s

20 -2y

Da) = |2 7

] . det Dy(x) = 2(2? + y?)
Therefore by the change of variable formula in reverse (tricky!)

/(m2+y2)d2x:2/ (x2+y2)d2x:/ |detDu(x)|d2x:/ 1d*u= areaof D; =4-1=4.
D Dy D, D

V is the union of 8 congruent pieces, one in each octant, whose overlaps have zero volume. Let V;
be the piece in the first octant, that is,

x2—|—y2§1, 24+ 22 <1, y2—|—z2§1, x>0, y>0, z>0.

Thus V; has a base in the z, y-plane which is the quarter-disk z? +y? < 1 in the first quadrant of the
x,y plane. Further, V; has vertical sides and a “roof” that is made up of the surfaces z = v/1 — 22
and z = /1 — 42, whichever is lower. Thus the roof is the surface z = v/1 — 22 where z > y, and
the surface z = y/1 — 32 where & < y. Let D; be the eighth-disk 2? +y? < 1,0 < y < z, and let Dy
be the eighth-disk 22 4+ y2 < 1, 0 < x < y. Therefore

vol. ofVlz/ \/l—deA+/ V1—y2dA.
D1 D2

The two integrals are done similarly; in fact they are equal, by symmetry. Let’s evaluate the first
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integral. Dividing D; into two pieces with the line 2 = v/2/2, we get

V2/2
/ \/1—x2dA:/ / \/1—x2dyd:c—|—/ / \/1—l’2dyd:E
D, V2/2

V2/2
\/l—xQda:—i—/ (1—2?)dx
0 V2/2
V2/2 1
1 3
:—g(l—x2)3/2 + <x—x3>
0 V2/2

11 1 2 1 11 1
_\/§)

S o+ +o—===
5273 7373 5 3205 2
Finally, vol. ofV:16/ V1—22dA=8(2—-V2)

Dy

7.20. (b) In cylindrical coordinates V is described by 0 < 6 < 2, 22 <pr<8—2% —2<2<2 The

volume is

1 2 5127
/ / / rdr dzdf = 27r/ —[(8 =27 — (2*)*] dz = 27T/ (32 —82%) dz = ——.
0= -2 Jr= z=—2 2 —2 3

(c) Use cylindrical coordinates. The two parts of the surface are defined by 0 <r <4 and 4 <r <8,
respectively. In each part, z runs from —2 to 2.

2

On the inner part 81, r = z° so z and # are convenient parameters.

X = (2,9,2) = (rcosf,rsinf, z), X(z,0) = (z%cosh,2*sinb, z).

0X 0X

X : oX _

Then G = 5 = (2zcos0,2zsin6,1) and S5 = 20 = (—2?sin6, 2% cos,0) and
8X 0X

v = (2zcos6,2zsinf,1) x (—z*siné, 22 cos 0,0) = (—2° cosf, —z*sin 6, 22°)

X X
Ha 4 H—z V1+ 422
So surf. area of S; = / / 221+ 422dz
0=

Similarly on the other piece X(z,0) = ((8 — 22) cos 0, (8 — 22)sin ¥, 2),

oxX ~o0X . 2\ o 2
2 X = (—2zcosf, —2zsinf,1) x (—(8 — z%)sind, (8 — z%) cos b, 0)
= (—(8 — 2%)cosh, —(8 — 2%)sin 0, —22(8 — 2?))

X X
|15 x5 | - - viva

So surf. area of Sy = / / — 22 W1+ 422dz
0=
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7.22.

7.24.

7.26.

7.28.

Adding the areas of S; and Sy, and substituting z = (1/2) tanu, dz = (1/2) sec? u du, gives the total
surface area:

2m 2 2 arctan 4
/ / \/1+422dz:47r/ \/1—1—422dz:27r/ sec’ u du = (4\/ﬁ+ln(4+\/ﬁ))
6=0. -2 0 0

N | —

The base of V is in the plane z = 0; the vertical sides are z = 0 (the y, z-plane) and 2z = y. The
“roof” is y + z = 2, which cuts the z,y-plane in the line y = 2. Thus the base of V is triangular,
with sides y = 2, y = 2z, and z = 0. Then

1 g2 2—y 1 2
/ xe*dV = / / / xe*dzdydx = / / z(e*7Y — 1) dydx
v =0 Jy=2z J2=0 =0 Jy=2x
1

= L:Ow(—GQ_y ~y) 2

1 2 2

5 3 e 3e —19
-3 2—2x ) d __Z_= D

/mzox( e ) de = —5 - g+ 12

2z

V is the region defined by 22 + 3% < 9 and 0 < z < 5. The base D of this region is the half-disk
y > 0 inside the disk 22 4+ y? < 9. The top of the region is z = y. Therefore the volume is the double

integral
™ 3 7r
/ydA:/ / rsin&-rdrd@z/ 9sin 6 df = 18.
D 9=0 Jr=0 0

(a) The plane containing the three points has equation 2z + y + 2z = 6. A parametrization is
X(x,y) = (z,y,3—x — (y/2)). The region of the parameter plane (z,y-plane) corresponding to S is
the triangle D with vertices (0,4), (1,0), and (0, 0).

From the parametrization X we obtain

00X 00X
81‘X8y (707 )X(077 /) (7/7)
S0 H% X %—);H = ||(1,1/2,1)]| = 3/2 is constant. Then

1 pd—dax 2 2
1821 — _
/ xyzdS = / zy(3—x— (y/2))(3/2)dA = / / Sy 62: 32y dy dz etc.
S D z=0J0

The circle (x — b)? + 2% = a? is revolved about the z-axis to form the torus, which therefore has the

equation (r —b)% + 22 = a2 in cylindrical coordinates. Using # and r as parameters, b—a < r < b+a,

0 < 6 < 2m, the top half of S is parametrized by
X(r,0) = (z,y,2) = (rcosf,rsinb, g(r)) where g(r) = \/a? — (r — b)2.
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Then noting that ¢'(r) = —(r — b)//a? — (r — b)? and eventually substituting u =r —b, r =u+b

dr = du,
X X
887 = (cosf,sinf, g'(r)), 880 (—rsiné,rcosb,0),
X X X X
88 839 (—rg'(r) cos@, —rg’(r)sin6,r) 8 8 H V(g ()2 +1=ra/\/a® — (r —b)?
r
b+a a
ua + ba
so area of S = 2 - area of top half =2 drd9—47r ——du
P /0 r=b—a \/Q 7’_ u:—a\/CLQ_'Ua2
au @ ab ‘
=4 ———du+4n ———du = 0+ 4wabarcsin(u/a = 472ab
4 o Va? —u? _avaZ —u? (/)7(1




