LATTICES ON PARABOLIC TREES

Lisa CARBONE AND DENNIS CLARK

ABSTRACT. Let X be alocally finite tree, and let G = Aut(X). Then G is a locally compact
group. A non-uniform X -lattice is a discrete subgroup I' < G such that the quotient graph
of groups I'\\ X is infinite but has finite covolume, and a non-uniform G-lattice is a discrete
subgroup A such that A\G is not compact yet has a finite G-invariant measure. We show
that if X has a unique end and if G contains a non-uniform X-lattice, then G contains a
non-uniform G-lattice if and only if any path directed towards the end of the edge-indexed
quotient of X has unbounded index.

0. Notation and main results

Let X be a locally finite tree and G = Aut(X). Then G is naturally a locally compact
group with compact open vertex stabilizers G, x € VX ([BL], (3.1)). A subgroupI' < G
is discrete if and only if T', is a finite group for some (hence for every) z € VX.

Let p be a (left) Haar measure on G. By a G-lattice I' we mean a discrete subgroup
I' < G = Aut(X) such that I'\G has a finite measure p(I'\G). We call I' a uniform G-
lattice if T'\G is compact, and a non-uniform G-lattice if T'\G is not compact yet u(I'\G)
is finite.

A discrete subgroup I' < G is called an X -lattice if

Vol(T\\X) := > T
zev(\x) ' *

is finite, a uniform X -lattice if T\ X is a finite graph, and a non-uniform lattice if T\ X
is infinite but Vol(I'\\ X) is finite.
When G is unimodular, p(G) is constant on G-orbits, so we can define ([BL], (1.5)):
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(0.1) Theorem ([BL], (1.6)). For a discrete subgroup I' < G = Aut(X), the following
conditions are equivalent:

(a) T is an X-lattice, that is, Vol(T'\\X) < oo.
(b) T is a G-lattice (hence G is unimodular), and u(G\\X) < occ.

In this case:
Vol(I'\\X) = p(T\G) - p(G\\X).

In [BCR| we prove the ‘Lattice Existence Theorem’, namely that G contains an X-
lattice if and only if G is unimodular and pu(G\\X) < oco. In particular, it is shown in
[BCR] that if G is unimodular, u(G\\X) < oo, and G\X is infinite, then G contains a
(necessarily non-uniform) X-lattice I', which is a uniform G-lattice. In [CR1], we show
that if X has more than one end, and if G contains a non-uniform X-lattice, then G
contains a non-uniform G-lattice. Here our main result is the following:

(0.2) Theorem. Let X be a locally finite tree and let G = Aut(X). If X has a unique
end and if G contains a non-uniform X -lattice, then G contains a non-uniform G-lattice
if and only if any path directed towards the end of the edge-indexed quotient graph has
unbounded index.

Let I' be a non-uniform X-lattice. Then the diagram of natural projections

commutes. By Theorem (0.1), ' is a G-lattice. To determine if I" is uniform or non-
uniform in G, we use the following:

(0.3) Lemma ([BL], (1.5) (8)). Letx € VX. The following conditions are equivalent:

(a) T is a uniform G-lattice.
(b) Some fiber p~(pa(z)) 2 T\G/G, is finite.
(c) Ewvery fiber of p is finite.

It follows that if G\X is finite, then T' is a uniform (respectively non-uniform) X-
lattice if and only if T" is a uniform (respectively non-uniform) G-lattice. Conversely,
the assumption that X has a unique end implies that G\ X is infinite. To construct a
non-uniform G-lattice, our task is to construct a discrete group I' with I'\ X infinite,
Vol(T'\\X) < oo, and some (hence every) fiber of the projection p infinite.

Locally finite trees with a unique end are called parabolic ([BL], Ch 9). Let (A,7) be
an edge-indexed graph in the sense of ([BL], Ch 1). We say that (A,7) is parabolic if

X = (A,i) is a parabolic tree.
Theorem (0.2) will be deduced from the following result about edge-indexed graphs.
Here we follow the notations and terminology of Section 1.



LATTICES ON PARABOLIC TREES 3

(0.4) Theorem. Let (A,i) be a parabolic tree with finite volume. Then there is a cov-
ering p : (B,j) — (A,1) of edge-indexed graphs with infinite fibers such that (B, j) has
finite volume if and only if (A,i) contains a ray with unbounded index.

As a corollary of Theorem (0.4) we have the following:

(0.5) Theorem. Let (A,i) be an infinite parabolic tree with finite volume. Then there
exists a (necessarily non-uniform) X -lattice I' < G4 4y which is a non-uniform G4 ;)-
lattice if and only if (A,i) contains a ray with unbounded index.

(0.6) Corollary. Let X be a locally finite parabolic tree, G = Aut(X), p a (left) Haar
measure on G, and H < G a unimodular closed subgroup acting without inversions with
projection py : X — A = H\X, and edge-indexed quotient (A,i) = I(H\\X). Assume
that H = G4y and that p(H\\X) < oo. If X has a unique end, and H\X is infinite,
then there exists a (necessarily non-uniform) X -lattice ' < H which is a non-uniform
H-lattice if and only if any path directed towards the end of the edge-indexed quotient
graph of X has unbounded indez.

We call a lattice on a parabolic tree X a parabolic X -lattice. By ([BL], Ch 9), for
xo € VX, a parabolic lattice I' is the infinite ascending union of the vertex stabilizers ',
as x approaches the end € of X along the unique path from xg.

The following gives an infinite tower of coverings with infinite fibers and finite volume
over an edge-indexed graph that admits a lattice:

(0.7) Theorem. Let (A,i) be a parabolic tree with finite volume. If (A,7) has a covering
p: (B,j) — (A,i) with infinite fibers and finite volume, then (A,i) has an infinite
sequence of coverings:

(Bo,jo) =% (B1,j1) 2 (Ba, ja) 2+ ... —  (A,d)

with infinite fibers, and there exists ag € VA, by € V By with po(b)) = ag for 1l =1,2,...
such that
Voly,(Bi,j1)) — Volg,(Ai) < o0, asl— oo.

Hence we obtain an infinite ascending chain of closed subgroups of Aut(X):
GBojo) = Gy = GBago) = - = G,

l(wit(l)z ;LOSation as in (1.5)), and non-uniform G a ; -lattices I'y with 'y < G, j,),

In Section 1, we outline the basics of parabolic edge-indexed graphs and a method for
constructing (parabolic) X-lattices. In Section 2, we prove Theorem (0.4) in the case
that (A,7) is a parabolic ray. In Section 3, we prove Theorem (0.4). In Section 4, we
prove Theorem (0.7).
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1. Constructing parabolic X-lattices

Let (A,i) be an edge-indexed graph in the sense of ([BL], Ch 2). We say that (A4,1)

is parabolic if X = (A,i) is a parabolic tree (as in ([BL], Section 9)), that is X has a
unique end denoted e. It follows that (A, %) is an infinite tree with a unique end denoted
€a. Moreover, in (A, i) we have

(1) i(e) =1 for every e € EA directed towards €4.

We choose e € EA to be positively oriented if e is directed towards the unique end €4
of (A,1).

A parabolic edge-indexed tree (A, i) is automatically unimodular in the sense of ([BL],
(2.6)), and has bounded denominators in the sense of ([BL], (2.6)). If follows ([BK], (2.5))
that a parabolic edge-indexed tree (A, i) automatically admits a finite (faithful) grouping;
that is, there is a graph of finite groups A = (A, A) such that i(e) = [Agye : aeAe] for
every e € EA, where a, : Ae — Apye.

Let (A,i) be a parabolic edge-indexed tree. For e € F A, we put

(2) Ale) = X&)

For an edge path v = (e1,...,e,) in A, we put A(y) = A(ey)...A(e,). Fix ag € VA,

and let v be the unique path from ag to a € VA. We denote A(~) by A—a. Following
ao

([BL], (2.6)), we define the volume of (A,i) at ag € V A:

, 1

(3) VOlaO (A, 7/) = Aa/

aeVA (——

VA (Rar)
For a; € V A, we have ([BL], (2.6)):
A
Vola, (A,i) = A—Z(l)Volao(A,i),
so the condition
Vol(A,i) < oo

defined by Vol,,(A,i) < oo, is independent of the choice of ay.
It follows that if (A,d) is a parabolic edge-indexed tree of finite volume, then (A, 1)
admits a finite (faithful) grouping A of finite volume, where

1
VOZ(A) = mVOlao (A, Z)
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Hence (A,7) admits a non-uniform X-lattice I' = m1(A,ag) for ap € VA. We call a
parabolic edge-indexed tree of finite volume a parabolic lattice tree.
A covering of edge-indexed graphs ([BL], (2.5))

p:(B,j) — (4,4)

is a graph morphism p : B — A such that for all e € EA with dy(e) = a and b € p~1(a),
we have

(4) ite) = Y i)

feng)(e)

where pg) : EP(b) — Eg'(a) is the local map on stars EF(b) and Eg'(a) of vertices
beVBandaecVA (cf [BL], (2.5)). If be VB, p(b) =a € VA, then we can identify

P

(A,i,a) = X = (B, j,b)

so that the diagram of natural projections

X
PB pA
/ N

B X A

commutes.
Given (A,1) let X = (A, ) with projection p(4 ;) : X — A. Let G = Aut(X) and let

(5) Gy = 19€G|puiog=nuat

Then G 4,4 is a closed subgroup of G = Aut(X) ([BL], (3.3)).
If (A7) is a parabolic lattice tree and A is a finite faithful grouping of (A, 1) of finite
volume, then ([BL], (3.3)) for ag € VA we have:

(6) r = 7T1(A, ao) S G(A,i)~

Moreover, if p: (B, j) — (A,1) is a covering, then:

() G(pj) < Ga-
(b) For ag € VA, by € VB with p(by) = ag, we have the Bass-Rosenberg volume
formula ([R)):

VOlbo (Bﬂj) = VOlao (Avl) X VOl(B,j)(pil(a())x

where

_ 1
Volg j(p~'(a0)) = Z NI
bep—1(ag) (A—bo)
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2. Parabolic lattice rays

In this section, we prove Theorem (0.4) in the case that (A, i) is a parabolic lattice
ray.
(2.1)  We recall that if (A,7) is a parabolic edge-indexed tree, then i(e) = 1 for every
edge e directed towards the end €4 of (A, 7).

(2.2) Definition. A parabolic lattice ray (A,i) is an edge-indexed graph of the form:

(4,1) =

&
O O
1 q 1 Q2 1 a3 1 g 1 ds 1 ..

with almost all g > 2.

We shall refer to the terminal vertex ag as the initial vertex of (A,1).

Let (A,7) be a parabolic lattice ray, let X = (A,1), and let G = Aut(X). Then (A, 1)
has a finite grouping of finite volume and hence gives rise to a non-uniform X-lattice. We
seek a covering p : (B,j) — (A, i) such that (B, j) has infinite fibers and finite volume.
This will give rise to a non-uniform G-lattice.

(2.3) Lemma. Let (A,i) be a parabolic lattice ray. Then any covering p : (B,j) —
(A,i) of edge-indexed graphs is an edge-indexed parabolic tree.

Proof. Let p: (B,j) — (A,i) be a covering. It is clear that (B, j) is a tree. Moreover,
for ap € V A, the local fiber above

(Eé(ak)v 7’) =

{ ©
O ®

0 1

looks like:

(EF (br).5) =
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where p(by) = ay, and since p : (B,j) — (A, 1) is a covering, we have

G +ah+-+d, = q.

Furthermore, since p is a covering, for every f € p~!(ex) we must have j(f) = 1 for every
k=1,2,.... Any vertex by in the fiber p~!(ag) above ap must be a terminal vertex. It
follows that any infinite reduced path from by is a sequence (f1, fo, f3,...) of edges with
j(fr) =1 for each k. Hence (B, j) is parabolic.]

(2.4) Coverings of parabolic lattice rays.

Let (A,7) be a parabolic lattice ray. Let p : (B,j) — (A,i) be a covering of edge-
indexed graphs. It follows from Lemma (2.3) that (B, j) is of the form:
(B,j) =

1. 2. 1. S3.
(T24) (T24) (T3.) (T3 )
by b2 bs by
1 1 1 1
M1 | Mes, N31 || Mas,
O O O
1 - 1 03-N3 1
3 bg bg
where
ng > 0 for each k£ > 1,
Ng1 + -+ + ngs,, = ny for each & > 1,
and we have chosen a ‘base-ray’ in (B, j), say with vertex sequence b3, b9, .... For each
k>1,let b}c, ..., byF be the vertices at distance 1 from bg other than b2—1 and b2+1' For
k > 2, to each vertex bf,f, Ik =1,..., s is attached a finite (possibly empty) ‘dominant-

rooted edge-indexed tree’, denoted (T,i’“,j). (For Iy = 1,...,s1, (T{*, ) is necessarily
empty since bll1 is necessarily a terminal vertex) , where ‘dominant-rooted’ is defined as
follows: Let (T, 7) be a finite edge-indexed tree, and suppose that (7', j) is attached to
an edge-indexed graph (A, i) at a vertex v € VI'NVA. We will refer to the vertex v as
the root of (T,7). We call (T, j) dominant-rooted if all edges pointing towards the root
have index 1.
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Let v € VT. The height ht(v) of v in T is defined to be the length of the (unique)
redeuced path in T from the root vy to v. Let

k' = max,eyr ht(v).

For each vertex x at height 1 < s < k, let ¥7 be the sum of the indices of edges
emanating from .

Let ¢1,...,c, € Zso. We say that a finite edge-indexed tree (7,j) is (c1,...,c)-
regular if the following conditions hold:

(a) (T,7) is dominant rooted.
(b) All terminal vertices in VI' — {vp} have height k.
(c) For all vertices x at height s, 1 < s < k, we have:

X7 = ¢
(2.5) Lemma. Letcy,...,c, € Zso and let (T,7) be a (cy,...,c)-reqular tree with root
vo. Then:
k—1s—1
VOZUO (ij) = 1+ Z H Ck—1-1
s=11=0

for each k > 2.

Proof. We use induction on k£ > 2. For k = 2, we have:
(zéaj)::

for some r1,...,7ry, with
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Then
VOZUO(T27j) = 1+r1+"'+7at2
14+ ¢
1 s—1
= 1+ Z H Co_1—1-
s=11=0
Assume that for some k£ > 3 and for each (cy,. .., cx—1)-regular tree (T;_1,7j) we have
k—2s—1
(1) Vict o= Vol (Tee1,d) = 1+ > []ew-1-1-1
s=11=0
Then
1. b .
Tz ) (Tiea )
where (T}, 7),...,(T¢*,,7) are (c1, . . ., cx—1)-regular trees and therefore (by induction)
have volume V. _;.
Then
Ti+ o+ Ty = Cr—1,
thus
RNCY
Vi = Voly(Tk,j) = 14mVici+-+7ry, Vi
- 1+V]€_1(7”1+“'+7’tk>
= 1+ Viicp
D k—2s—1
= 1+ce[l+ Z H Clh—1)—1—1]
s=11=0
k—1s—1

1+ Z H Cr_1—1.0

s=11=0
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As a corollary, we observe that the trees (T, j) of (B,j) as in (2.4) satisfy the
hypothesis of Lemma (2.5) for (¢1,...,¢,) = (¢1,--.,qn), and therefore have volume

—1s—1

k—1
L+ Z H qr—1—1-
s=1[=0

(2.6) Corollary. Let (A,i) be a parabolic lattice ray, let p : (B,j) — (A,i) be the
covering as in (2.4) ‘Coverings of parabolic lattice rays’, and let Vi be as in Lemma
(2.5). Then

1+ Vk (ng1 + -+ -+ Nksy, )]
Q1 - Tbl Q2 - n2) (Qk - nk)

Voly(B,j) = 1+Z

1 +ank]
= 14+
Z Q1 - n1 Q2 - n2) (Qk - nk)

Proof. Immediate from (2.4) ‘Coverings of parabolic lattice rays’ and Lemma (2.5). [J

(2.7) Lemma (Decreasing covolume). Let (A,i) be a parabolic lattice ray, and let
p:(B,j) — (A,i) be a covering. Choose a base-ray in (B,j), say with vertex sequence
b9, 09,03, . ... If for some k > 1, we have:

(Eg (b6),5) =

Nk || ks,

ak - 1
bi

for some ny such that 1 < ny < qi, and for ngi1,...,nks, satisfying
Ng1 + -+ + Nks, = Nk,

then:
(i) Voly(B,j) decreases if we replace (EB(bE),4) by:
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gc-1 1
bR

that is, if we replace ny by 1.
(ii) Voly (B, j) decreases if we replace (EB(bE),7) by:

0
by
N O

O 1

that is, if we replace ny by 0.

Proof. Immediate from Corollary (2.6). O

(2.8) Theorem (Canonical reduction of covering). Let (A,i) be a parabolic lattice
ray with initial vertex ag. Let p’ : (B',j") — (A, i) be a covering of (A,i). Then (B',j)
has a canonical ‘reduction’ (B, j) such that
(i) (B,j) is a covering of (A,1).
(ii) If (B',j") has infinite fibers then (B, j) has infinite fibers.
(iii) If by € ppr (ag), then there is a verter by € pg'(ag) such that

Voly, (B,j) < Voly, (B, 5.

Thus (B, j) has finite volume if (B’,j") has finite volume.

Proof. The canonical reduction of (B’, j') is defined as follows: Let a; € V' A and suppose
E{(ar) = {eka,ers} where i(er,) = qr and i(ery) = 1, that is, e, points towards ag
and eg, points towards the unique end of (A,i). Choose a base-ray in (B’,j) with
initial vertex bj, and let (fi, f3,...) be the edge sequence of the base-ray of (B’, ;') with
fl=b_1,t=1,2....

For k > 1, let b} € p'~"(ay) be the unique inverse image of aj, along the base-ray of
(B’,j"). Then as in (2.4) (‘Coverings of parabolic lattice rays’) we have

EP(b,) == FZ (}) U{fla> Fin )

where f;, and f;, are on the chosen base-ray, f;, points towards the initial vertex of the
base-ray and f;, points towards the end, with

7' (fra) = ak — 1
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i'(fiw) = 1,
and /
Fy (by) = {fllfbfllc%"'fl/csk}a

with

7' (fe1) =

7' (fr2) = 12

j/(fllfsk) = Nksy,
say, where

Ng1 + N2 + -+ + Ngs,, = Nk-

We define the canonical reduction (B, j) of (B’,j’) as follows. The (edge-indexed)
graph (B, j) will be a parabolic edge-indexed tree. Let (f1, f2,...) be the edge sequence
of the base-ray of (B, j). For each t = 1,2,... we set

ilfe) =1
i(f) = a@—1, ifn,>0in (B, j),
Gt if n, =01in (B’,j').

To each vertex by, on the base-ray of (B,j) such that |EF (b)) > 2 in (B',j") we
attach a ‘branch’ to by of the form:

1
o o o o O by
1 ap 1 2 1 Ok-1 1 1] g1
1
O byy

By construction, (B, j) is a covering of (A,4). It is clear that (B, j) has infinite fibers
if and only if (B’,j’) has infinite fibers. Further, using Lemma (2.7)(i) (‘Decreasing
covolume’), we can easily check that

VOlbO (B,j) < VOl% (B/,j/).
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Therefore, if (B’, j’) has finite volume, (B, j) also has finite volume. [J

We will sometimes use the fact that the canonical reduction (B, j) has a distinguished
base-ray, and we will refer to this as ‘the’ base-ray of (B, j).

(2.9) Corollary. If the canonical reduction (B,j) of (B’,j') has infinite volume, then
(B’,7") has infinite volume.O

(2.10) Remark. We may apply the Bass-Rosenberg volume formula (1.6 (b) and [R]):
Voly, (B, j) = Vola, (A, i) x Volp ;1 (p~ " (a0))

where ag = p(by), to compute the volume of the canoncial reduction (B, j).
This yields the following:
(2.11) Lemma. Let (A,i) be a parabolic lattice ray with initial vertex ag:
(A,i) =

% & ) & &y 23

O O O O 0 O
1 q 1 Q2 1 a3 1 da 1 Js 1 ...

with almost all g > 2. Let p' : (B',j") — (A,i) be a covering of (A,i). For the canonical
reduction (B, j) of (B',j") we have

q1q2 - - - qg—1
A(f)A(f2) - A(fr)

Volgj(p~ ' (an)) = 1 + >
kst A(fr)<qn

where (f1, fa,...) is the edge sequence of the base-ray of (B,j), (hence 1 = j(f1) =

J(f2) = ... ), and so A(fx) = 7(fx)/i(fr) = j(fr). Let by € pg'(ag) denote the initial
vertez of the base-ray of (B,j). We have Voly, (B, j) < oo if and only if
Z 4192 - 'Qk:—l_ < co.]

kst A(f)<an 3(f1)3(f2) - 3(fx)

(2.12) Ray classification theorem. Let (A,7) be a parabolic lattice ray with notation
as in Lemma (2.11). Then (A,i) has a covering p : (B, j) — (A,i) with infinite fibers
and finite volume if and only if the sequence {qi}3, is unbounded.

Proof. Suppose that the sequence {gx}72 ; is bounded. That is, suppose that there exists
N such that g, < N for each k£ > 1. Asume that we have a covering p’ : (B', ;') — (A4,1)
such that (B’,j’) has infinite fibers. We show that (B’, j’) has infinite volume.

Let (B,j) be the canonical reduction of (B’,j’) and let p : (B,j) — (A,i) be the
induced covering of (A,4). Let by € pz*(ao) be the initial vertex of the base-ray of (B, j).
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By Lemma (2.11), we have Vol (B, j) < oo if and only if

L q1q92 - . - qk—1
Si= X XA AU

kst A(fr)<qk

= Z 1 G2 qk—1 1
b ot A< AU AR) T A1) Alfr)
< 0Q.

Since A(fr) < g < N for each k > 1, we have

L el 72 qk-1
s> L% |
N Ay ot a00<ar A(f1) A(f2)  A(fr-1)

but A(f) < g for each k > 1, so

Hence
1 o0

Conversely, suppose that (A,i) has unbounded index. We construct a covering p :
(B,j) — (A, i) with infinite fibers and finite volume.

We choose the least k such that g > 1. For [ = 0,...k we define bg,...,br to be
vertices of B, with p(b;) = a;, and for [ =0,...,k — 1, we define:

(E()B(bl)ﬂj) = (E(Sq(al)ai)'

We define (EZ (by,), 7) to be:

The vertices by, . .., by become part of the base-ray of (B, j). To construct the desired
covering (B, j) of (A,i), we imitate the construction of the canonical reduction of a
covering of (A,i). We construct a branch denoted By from the vertex by on the base-ray
of the form:
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1
bY O o o! o! O b,
1 ar 1 a2 1 O-1 1 1] ge-1
1

Let b9 be the terminal vertex of the branch By, other than by. Then b) € pgl(ao). By
Lemma (2.11), we have:

q192 - - - k-1
(fA(f2) - A(fr)

Vi, :=Volg j(by) = X

(2.13) Branch vertices.

Next we choose agyn, € VA such that

which is possible since the sequence {gx} is unbounded. We define by1, ..., bgtn, to be
vertices of B, with p(bg+1) = agy1, L =1,...,n9. For i =1,...,n9 — 1, we choose

(ES (brta), §) = (B (a1, 9).

We choose (EB (bgin,), ) as follows:
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The vertices bgy1,...,bk+n, also become part of the base-ray of (B, 7). We construct a
branch denoted By, from by, of the form:
(3)
Bk‘—l—no =
1
0
bk+no G C O O l bk+n 0
1 a 1 2 1 Ok - 1 1 Gy - 1
fk+n0
1
bk+n0 -1

Let b% e be the terminal vertex of the branch By, other than by. Then

S pg (ao). Let (fi, f2,. .-, futno) be the edge sequence of the base-ray constructed
so far. By Lemma (2.11), we have:

._ (10 _ 4142 - - - Gk+no—1
Vk+n0 = VOZ(B7])(bk+n()) A(fl)A(fQ) o A(fk+n0)

_ 9192 - - - Qk—1 o k41 -+ - Qk4no—1 1
A(f)A(f2) - ACfR) 7 A(frg1) - - A(frgno—1) Af (ktno)

— Vg JEE Qk+no—1 1

= Vikax .

qdk+1 Qk+no—1 9k+no—1
qk

Qk—i-no - 1

qk
< Vi—
2q

2

We iterate the definition of (B, j) in this way, repeating the construction from (2.13),
for each [ =1,2,..., choosing by, for n; > n;_;, such that

Qk+nl - ]- > 2qk+’nl_1'
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(This is possible, as the sequence {gx } is unbounded). We choose vertices bx1pn, ;- - - bk+n,

which will become part of the base-ray of (B, j), with p(bk4n, ;) = Qktny_ys- -« P(Oktn;,) =
Qk+n,, and we choose

(B§ (bktni—r), ) = (Bg (@t ), )

(E()B(karM*l)vj) = (E(I)L‘(aker*l)vi)'

We choose (EE (bgin,), ) as follows:

1
qk+nI i L
bk+nI
For each | = 1,2,..., we construct a branch denoted By, from b4y, with terminal
vertex bg ny other than bg:
(4)
Bk—!—m -
1
bO O O raY
k+n| O qv qzvl vl 1 bk+n|
1 11 o ey -1 Oy -1
fk+n|
1
bk+n| -1

For each l = 1,2,... we have:
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Vk—|—nz L= VOZ(B,j)(ngrnl)
q192 - - - 9k+n;—1

T AMAS) - Alferm)

(1:4) Vk ( qk ) ( Qk+no ) ( Qk+n, ) (qk+n(1—1) )
Qk—l—no - 1 Qk—i-nl - 1 Qk—i-ng - 1 Qk—i-nl - 1

since we branch only at vertices byyn,, brtng,---

( gk ) ( Gk+ng ) ( qk+n, ) q’f'i‘n(l—l)
< Vi | — e | /———
2q,€ 2Qk+no 2q1~c+n1 2(]k+n(l,1)

It follows that:
VOZ(BJ-)(p_l(ao)) = VOZ(B,j)(bg> + VOZ(B,j)(b2+nO> + VOZ(B’j)(bg_,_m) + ...
Vi Vi
< Vi + _k + -k + ...

2 22
< 00.

By construction, (B, j) is a covering of (A,7), and (B,j) has infinite fibers, since the
sequence {qx} is unbounded.O

3. Parabolic lattice trees

In this section we prove Theorem (0.2) in the case that (A,4) is a parabolic lattice
tree. We seek a covering p : (B, j) — (A, i) with infinite fibers and finite volume. This

—_~—

gives rise to a non-uniform G-lattice, where G = Aut(X), X = (A,1).

Fix a terminal vertex ag € V A and let (Ag, i) = (ag, a1, az, ... ) be the (vertex sequence
of the) path from ag to the end e4. Then we may view (A,i) as a ‘decoration’ of the
chosen base-ray (Aop,7). That is, (A4,i) =

(T1. 1) (T2.0) (T3.0) (Tg.0)
o b 5 } !
2 a & a a

where (T}, 1) is a finite (possibly empty) dominant-rooted edge-indexed subtree attatched
to ay € VA()

(3.1) Lemma. Let (A,i) be a parabolic lattice tree and (Ap,i) a chosen base ray of
(A,i). Let po : (Bo,j) — (Ao,1) be a covering and let (B, j) be obtained by attaching
the finite dominant-rooted edge-indexed subtree (T, 1) (specified above) to every vertex in
pgi(ak). Then p: (B,j) — (A1) is a covering.

Proof. Obvious. [
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Let (A, ) be a parabolic lattice tree. Choose (Ag,7) = (e1,e2,€3,...) to be a base-ray
of (A,7). By Theorem (2.12),

(Ap,1) has a covering with infinite fibers and finite volume if and

only if the sequence {qi = i(€x)}reo s unbounded.
(3.2) Decorated cover of a base-ray of (A4,1).

We assume that (A,7) has a base-ray with the sequence {g; = i(€x)}72, unbounded,
and let p' : (B’,5') — (Ao, 1) be a covering of the base-ray (Ag,i) with infinite fibers
and finite volume. We construct the canonical reduction (By, j) of (B’,j’) as in Theorem
(2.8). Then (By,j) has infinite fibers and finite volume. At every vertex ay in V Ay is
attached a (finite, possibly empty) dominant-rooted edge-indexed subtree, called (T}, 7).
We now construct a covering of (A, i) by ‘decorating’ (By, j). We attach a copy of (T, 1)
to each by, in p~!(ay), and call the resulting edge-indexed graph (B, j). The following
theorem shows that this gives the desired covering of (A, 7).

(3.3) Theorem. Let (A,i) be a parabolic lattice tree. Fix a terminal vertex ag of (A, 1)
such that the path (e, ea,...) from ag to the (unique) end of (A,1) has unbounded index.
Then there is a covering p : (B,j) — (A, 1) with infinite fibers and finite volume.

(3.4) Remark.

The following example shows that a parabolic lattice tree may have unbounded index,
however, every path directed towards the end of the edge-indexed quotient has bounded
index.

(Avi) =
o (o) 0] (0] o
1 1 1 1 1
3 4 5 5 " 6 7
o o) ) (o)
1 1 1 1 1
1 1 1 1 1
O O O O O O
1 2 1 2 1 2 1 2 1 2 1 ..

Proof of (3.3). Let (Ap,i) = (e1,€e2,...) be a base-ray of (A,7) and let py : (By,j) —
(Ao, ) be the covering of (Ag,i) with infinite fibers and finite volume as in (3.2). Let
p:(B,j) — (A,i) be the decorated covering of (B, j) as in (3.2). Let by € p~!(ag) be
the distinguished initial vertex of the base-ray of (B, j).

By Lemma (3.1), we readily see that (B,j) is a covering of (A1), since (By,j) is a
covering of (Ag,i). Clearly

(B, j) has infinite fibers <= (Bjy,j) has infinite fibers.



20 LISA CARBONE AND DENNIS CLARK

Using the Bass-Rosenberg Volume Formula ([R]), we compute the volume of (B, j):
Vol (B, j) = Vol(ag)(A,i) x Volp jp~ ' (ao).

The volume at a single vertex b in the fiber p~1(ag) depends only on the indices along the
unique path from by to b, and these indices are unchanged by decorating (B, 7). Hence
it follows that

VOZ(Bo,j)p_l(GO) = VOl(B,j)p_l(ao).
Since (By,j) has finite volume, so does (B, j).0
(3.5) Remark.

Let (A,i) be a parabolic lattice tree. The fact that (A,4) has a unique end implies
that

some ray of (A,7) has bounded index
if and only if

every ray of (A, ) has bounded index.

(3.6) Lemma. Let p : (B,j) — (A,i) be a covering of edge-indexed trees, and let
bo € (B,j). Then if p~*(ag) = bg, we have Volyp,(B,j) = Vola,(A,i). O

This lemma is a special case of the Bass-Rosenberg volume formula and was discovered
independently in [CE] in the case that (A,7) and (B, j) are edge-indexed trees.

(3.7) Theorem. Let (A,i) be a parabolic lattice tree. If every path towards the end of
(A, i) has bounded index, then (A, i) has no covering with infinite fibers and finite volume.

Proof. Fix a terminal vertex ag of (A,7) and let (a1, aq,...) be the vertex sequence from
ap to the unique end of (A,7). Assume that there is a covering p : (B, j) — (A, i) with
infinite fibers and finite volume. Traversing the path v = (a1, as,...), we consider the
preimages p~!(ay), p~(az), ... forr > 1, and [ > 1. Let b’. € p~1(a,). Let T, be a finite
(possibly empty) subtree attached to a,.. We have

deg(ar) = ¢-1t+1+s,

where ¢,_1 is the index of the incoming edge to a, along the chosen base-ray and s, is
the sum of the indices of edges in T, emanating from a,. Then p&l(aT) looks like
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oy
T
€1 f
a
where
j(f(r—l)l) +oot j(f(r—l)s) = i(ET—1> = Qr—1,

and Y is a covering of T.

We replace Y;! by a copy of T, called T', and by Lemma (3.6) (and the fact that the
trees V! and T, are dominant rooted), this does not change the volume of (B,j). We
‘prune’ the finite subtrees 7%, for r > 1, from (B, j) and call the resulting edge-indexed
graph (By, jo). We claim that there is a covering pg : (Bo,j) — (Aq, ). For a, € V Ay,
we have the local picture:
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where _ _
j(f(r—l)l) +-- +j(f(r—1)s) = i(Ee—1) = g1,
and hence pq is a covering.
Repeating this for every | = 2,3,... and for each r = 2,3,... we obtain a covering

(B’,7") of the base-ray (Ag,%) to which finite trees T, are attached to each a, € V Ay.
Moreover
(B',7') has infinite fibers and finite volume

<~
(B, j) has infinite fibers and finite volume.

However, (Ap,7) has bounded index by hypothesis, so by Theorem (2.12), the coverings
(B’,7") and (By,j) cannot exist. Hence there can be no covering p : (B,j) — (A,1)
with infinite fibers and finite volume. [J

(3.8) Corollary. In the notation of Theorem (3.7) and its proof we see that a covering
p:(B,j) — (A,1) with infinite fibers and finite volume induces a decoration (B',j") of
a covering po : (Bo,j) — (Ag,1) with infinite fibers and finite volume of the base-ray
(Ag,1).

As a corollary to Theorems (3.3) and (3.7) we obtain:

(3.9) Theorem. Let (A,7) be a parabolic lattice tree. Then (A,i) has a covering
p:(B,j) — (A, i) with infinite fibers and finite volume if and only if (A,i) contains a
ray with unbounded index.[]

In private communication, G. Rosenberg observed the following:

(3.10) Lemma (G. Rosenberg). Let (A,i) be a parabolic edge-indexed tree with unique
end €. Let (e1,es,...) be an infinite path towards €. Set a; = Jpe1 and q = i(e). Note
that i(ex) = 1. Let p : (B,j) — (A,i) be a covering of edge-indexed graphs (thus
(B, j) is a parabolic edge-indexed tree with unique end €). Let (f1, f2,...) be a lifting of
(e1,€2,...) and set by = Opf1 (so p(by) = ao) and g, = j(fx) (again, j(fr) =1). Then

we have
Voly,(B,j) = (H 3—’“) Voly, (A, ).

je1 Ik

(c¢f. Corollary (2.6) and Lemma (2.11). This is a generalization of Lemma (2.11) to
parabolic lattice trees).

Proof. : Since A is a tree, every edge is separating. For each n € Zso, let (A2,14)
and (AL, i) be the two connected components obtained by removing the separating edge
ent1, Where we assume that (AL, ) is the connected component that contains the end of
(A, 7). Let a, = Opens1. Then (A% i, a,) is a (finite) dominant rooted edge-indexed tree.
Similarly, for each n € Z>o, let (BY,j) and (B),j) be the two connected components
obtained by removing the separating edge f, 11 in (B, j), where we assume that (B, j)
is the connected component that contains the end of (B, 7). Let b, = 0yfnt+1. Then
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(B2, j,by,) is also a (finite) dominant rooted edge-indexed tree, and for each n € Zxo,
Pn =Dpl(Boj) : (BY,j) — (A}, 1) is a covering of edge-indexed graphs with p~ ! (an) = by.
Hence by the Bass-Rosenberg volume formula, we have:

Voly, (B%,5) = Vol (AY,4).

The change of base-point formula ([BL], (2.6)) gives:

Voly, (By,j) = (H a“k) Voly, (B3, j)

k=1
= Vol,, (A?L, i)

= (H qk) Volg, (A2, 4).

k=1
So

Voly, (BS,j) = <H ?j_k> Vola, (A2, 4).

Taking the limit as n — oo, we get:
Voly, (B,j) = (H N—’“> Vola, (A,i).0

(3.11) Remarks.

(1) gk < g

(2) If p has infinite fibers, then we must have g < g for infinitely many k.

(3) Although the g, depend on the choice of lifting, the finiteness of the infinite
product does not. Also, the gx are bounded (not necessarily uniformly) for some
ray in (A, i) if and only if the g5 are bounded for every ray in (A4,1).

At the time of publication, G. Rosenberg observed that the lemma can be applied
to give an alternate proof of Theorems (2.12) and (3.3). We give Rosenberg’s proof of
Theorem (3.3) below (Theorem (3.12)).

Let (A, i) be a parabolic edge-indexed tree. We say that (A,d) has the bounded ray
condition if for some, hence every, ray (ey, es,...) towards the unique end of (A, 1), there
exists an N > 0 (which may depend on the chosen ray) such that i(e,) < N for all
n=12....

(3.12) Theorem (G. Rosenberg). Let (A,i) be a parabolic tree with finite volume. If
(A,i) does not satisfy the bounded ray condition, then there is a covering p : (B,j) —
(A, 1) with infinite fibers and finite volume.

Proof. Let (e1,es3,...) be aray of (A,i). Let g, = i(€ex). Since {qx} is unbounded, there
exists a subsequence {qx, } which grows exponentially, that is, g > cqg, for some
c>0.

n+1
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We fan (A,i) at each ey, to create a cover (B,j) which has a lifting (f1, fa,...)
of (e1,ez,...) with j(fy ) = i(€x,) — 1 for k, in our subsequence. (This process is
described in detail in the proof of Theorem (2.12) for parabolic rays, and Theorem (3.3)

for parabolic trees.) Then (B, j) has infinite fibers. Moreover for basepoints ag € V A
and by € VB:

Voly, (B,j) = (ﬁ Z—’“) Volg, (A,d)

which converges since {gx, } (and hence {qr, — 1}) grows exponentially. [J

4. Towers of coverings with infinite fibers and finite volume

Let (A, i) be the following parabolic lattice ray:

(A,4) =
24 & ) & & 23
O O O O e} O
1 qa 1 g2 1 g 1 g4 1 a® 1 ..

with ¢ > 2. Since (A,4) has unbounded index, we may use the technique of Theorem
(2.12) to construct a covering p : (B,j) — (A, %) such that (B, j) as infinite fibers and
finite volume. For g > 3, the resulting covering looks like:
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7
g1 1

We set (Bo,jo) = (B,j), and we use Lemma (2.7)(ii) (‘Decreasing covolume’) to
modify (By,jo) to obtain coverings (By,j;) for [ = 1,2,... of (A,i) with infinite fibers
and finite covolume, but smaller covolume than (By, j). We set
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(B1,J1) =

LISA CARBONE AND DENNIS CLARK

1
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and (Bg, j2) =

and so on. In this way, we obtain an infinite sequence of coverings:
(Bo,Jjo) — (B1,j1) — (B2, j2) — ... — (A1)
with infinite fibers and
Voly, (Br,j1)) — Volg(A,i) < o0, asl— oc.

(For ¢ = 2, our covering p : (By, jo) — (A, ©) has branches off the base-ray of (By, jo)

only at odd vertices by;_1, l = 1,2, ..., since our method for constructing such coverings
relies on a sequence of vertices {a;} in VA with ¢;+1 — 1 > 2¢;, and this is not true for
consecutive terms of the sequence ag,aq,... when g = 2.)

We have the following:
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(4.1) Theorem. Let (A,i) be a parabolic lattice tree. If (A,i) has a covering
p: (B,j) — (A,1) with infinite fibers and finite volume, then (A,i) has an infinite
sequence of coverings:

(Bo,jo) =% (B1,j1) =% (Ba, ja) 2 ... —  (A,i)

with infinite fibers, and there exists ag € VA, by € V By with po(b;) = ag forl =1,2,...
such that
Voly,(Bi,j1)) — Volg,(A,i) < o0, asl— oo.

Hence we obtain an infinite ascending chain of closed subgroups of Aut(X):

IN

G(Bo,jo) < G(thl) < G(B2,j2) < G(Av’iﬁ
(with notation as in (1.5)), and non-uniform G4 ;)-lattices I'y with I'y < G(p, ;,),
1=0,1,2....

Proof. Fix a terminal vertex ag € V A, and let (e1,es,...) be the unique path from ag
to the end of (A,1), a base-ray for (A,1), denoted (A’,i). Corollary (3.8) shows that a
covering p : (B ,5) — (A, i) with infinite fibers and finite volume induces a ‘decoration’
(B, j) of a covering p’ : (B’,j') — (A’,i) with infinite fibers and finite volume of the
base-ray (A’,1).

Let (B, ") be the canonical reduction of (B’, j') as in Theorem (2.8), and set (B}, j') =
(B',j"). Let (bj,b,...) denote the vertex sequence of the base-ray of (B}, j5). Suppose

that (B, jj) has branches By, By, , By, --., as defined in Section 2, (2), (3), (4), at

: Y / TN
vertices by, by, by, --- along the base-ray of (By, jj):
/A
(BO7JO> =
B'k B'k+n() B'keny
1 1 1
O O O O O O O O
1 a; 1 O -1 1 Omng-1 - 1 Oeny -1
b'o b'4 b'k blk+n0 blk+n1

We define the covering pf, : (By), ji) — (B1,Jj1) by ‘collapsing’ the branch B; onto the
base-ray:
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/ -/ _
(B1,J1) =
B'k+n0 B'k+n1
1 1
O O O O O O O O
1 a1 1 Ok 1 qk+n0-1 1 qk+nl-1
b'o b'y bk blk+n0 blk+n1

We define an infinite sequence of coverings p;_, : (B;_y,j5,_,) — (BJ,j]), for | =
2,3,... by collapsing branches By, onto the base-ray. Since (B]_;,j;_,) has infinite
fibers, (B, j;) has infinite fibers, for each 1 =1,2,....

Moreover, it is clear that

Vole(Bl',j’) —  Volg,(A')i) < oo, asl— oc.

By ‘decorating’ the sequence of coverings p;_; : (B]_,j;_1) — (B}, 7;), for | = 2,3, ...
with finite subtrees, as in (3.2), we obtain a sequence of coverings

(Bo, jo) == (B1,j1) = (Ba, j2) == ... —  (A9)
with infinite fibers, and it follows easily that
Voly (B, ji) —  Volg,(A,i) < oo, asl— oo.

The existence of the infinite ascending chain of closed subgroups of Aut(X)

G(Bo,jo) < G(Bla.jl) < G(B27j2) < ... = G(A,i)
follows from (1.6) (a).

Finally, each (By, j;) admits a finite faithful grouping, denoted B;, I = 0,1,2,... which

gives rise to a non-uniform lattice

Fl:ﬂ'l(Bl;bl)SG(Bl,jl), l:0,1,2,...,

for by e VB, 1=0,1,2,.... O
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(4.2) Question. Let (A,i) be a parabolic lattice ray with unbounded index, let
p (B, j") — (A,i) be a covering with infinite fibers and finite volume, and let (B, j)
be the canonical reduction of (B’,j') as in Theorem (2.8):

(B,j) =
Bk Bk+n0 B|<+n1
1 1 1
o O O O O O O O
1 a 1 Ok -1 1 Gktng-1 - 1 Qk+np-1
bo by by bicen g Biceny

Forl=1,2,... letp;—1 : (Bi—1,51-1) — (By, ji1) be the sequence of coverings obtained in
Theorem (4.1), with (B, jo) = (B,j), and let G(p,_, j,_,) be the corresponding sequence

P

of closed subgroups of Aut(X), for X = (A,i). Is it true that
G(Bz g T G(B(zf1),jz—1) X Aut(Thn,_,)

where Tyyn,_, is a lifting to X of the branch By, _, at the verter byyn, , (withn_ =
0)?
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