LATTICES ON NON-UNIFORM TREES

Lisa CARBONE AND GABRIEL ROSENBERG

ABSTRACT. Let X be a locally finite tree, and let G = Aut(X). Then G is a locally compact group.
We show that if X has more than one end, and if G contains a discrete subgroup I' such that the
quotient graph of groups I'\\ X is infinite but has finite covolume, then G contains a non-uniform
lattice, that is, a discrete subgroup A such that A\G is not compact, yet has a finite G-invariant
measure.

0. Notation, preliminaries and results

Let X be a locally finite tree, and G = Aut(X). Then G is naturally a locally compact group
with compact open vertex stabilizers G, x € VX ([BL], (3.1)). A subgroup I' < G is discrete
if and only if ', is a finite group for some (hence for every) x € VX.

Let p be a (left) Haar measure on G. By a G-lattice we mean a discrete subgroup I' < G =
Aut(X) such that I'\G has finite measure pu(I'\G). We call I a uniform G-lattice if T'\G is
compact, and a non-uniform G-lattice if T'\G is not compact yet has finite invariant measure.
Let H < G be a closed subgroup. We may also refer to H-lattices, that is, discrete subgroups
I' < H such that I'\ H has finite measure.

A discrete subgroup I' < G is called an X -lattice if

Vol(T\\X) :== )~ !

zeV(T\X) IUal

is finite, a uniform X -lattice if T\ X is a finite graph, and a non-uniform lattice if T'\ X is infinite
but Vol(I'\\ X) is finite.

Bass and Kulkarni have shown ([BK]) that G = Aut(X) contains a uniform X-lattice if
and only if X is the universal covering of a finite connected graph, or equivalently, that G is
unimodular, and G\ X is finite. In this case, we call X a uniform tree. In case G\ X is infinite
we call X a non-uniform tree.

When G is unimodular, (G,) is constant on G-orbits, so we can define ([BL], (1.5)):

HOWX) = Y

zeV(G\X) WG
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(0.1) Theorem ([BL], (1.6)). Let H < G be a closed subgroup with compact open vertex
stabilizers. For a discrete subgroup I' < H, the following conditions are equivalent:

(a) T is an X-lattice, that is, Vol(T\\X) < oo.

(b) T is an H-lattice (hence H is unimodular), and p(H\\X) < co.

In this case:
Vol(T\\X) = pu(T\H) - p(H\\X).

In [BCR] we proved the ‘ Lattice ezistence theorem’, namely that G contains an X-lattice I if
and only if G is unimodular and p(G\\X) < oco. In particular, it is shown in [BCR] that if G is
unimodular, u(G\\X) < oo, and G\ X is infinite, then G contains a (necessarily non-uniform)
X-lattice I'. However, I' turns out to be a wuniform G-lattice. Here our main result is the
following:

(0.2) Theorem. Let X be a locally finite tree with more than one end, and let G = Aut(X).
The following conditions are equivalent:

(a) G contains a non-uniform X -lattice.
(b) G contains a non-uniform G-lattice and p(G\\X) < co.

If X is uniform, then (a) = (b) is automatic (in light of Lemma (0.3) below), and the
question of the existence of a non-uniform (X- or G-) lattice is answered in [C1]. If X has
only one end, in [CC] we show that if G contains a non-uniform X-lattice, then G contains
a non-uniform G-lattice if and only if any path directed towards the end of the edge-indexed
quotient of X has unbounded index. We are thus reduced to proving Theorem (0.2) in the case
that X is not a uniform tree (we call X non-uniform in this case), and has more than one end.

Let T' be a non-uniform X-lattice. Let H < G be a closed subgroup with compact open
vertex stabilizers. Then the diagram of natural projections

X

pr PH

/ N\
Nnx % H\X

commutes. By Theorem (0.1), I" is an H-lattice. To determine if I" is uniform or non-uniform
in G, we use the following:

(0.3) Lemma ([BL], (1.5.8)). Let x € VX. The following conditions are equivalent:

(a) T is a uniform H-lattice.
(b) Some fiber p~Y(pu(x)) X T\H/H, is finite.
(c) Ewvery fiber of p is finite.

It follows that if G\X is finite, then I' is a uniform (respectively non-uniform) X-lattice
if and only if T" is a uniform (respectively non-uniform) G-lattice. However in this work, we
assume that X is not uniform, that is, G\ X is infinite. To construct a non-uniform G-lattice in
this case, our task is to construct a discrete group I' with I'\ X infinite, Vol(I"'\\ X) < oo, and
some (hence every) fiber of the projection p infinite.
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We can now establish the implication (b) = (a) of Theorem (0.2). Let I' be a non-
uniform G-lattice. From Theorem (0.1), I" is an X-lattice. From Lemma (0.3) some fiber of

M\X -5 G\ X is infinite. We claim that T'\ X is infinite. If G\ X is infinite, then I'\ X must be

infinite. Assume then that G\ X is finite. Since some fiber of I'\X > G\ X is infinite, '\ X
must be infinite, and we are done.

In the case that G\ X is infinite, the implication (a) = (b) of Theorem (0.2) will be deduced
from the following results about ‘edge-indexed graphs’(see Theorem (9.5)). Here we follow the
notations and terminology of Sections 1 and 2. Further, we say that an edge-indexed graph

—_~—

(A, 1) is parabolic, if X = (A, 1) is a parabolic tree, that is, X has only one end.

(0.4) Theorem. Let (A,i) be an infinite, unimodular edge-indexed graph with finite volume.
If (A,i) contains an arithmetic bridge B with n > 2 edges, or if every ramified edge is sepa-
rating and (A,1) is not parabolic, then there is a covering p : (B,j) — (A,i) of edge-indezed
graphs with infinite fibers such that (B, j) is infinite, unimodular, has finite volume and bounded
denominators.

Theorem (0.4) is proven in section 7. Theorem (8.2) and Theorem (8.3) obtain the conclusion
of Theorem (0.4) in the case that there is a ramified non-separating edge. As a corollary of
Theorem (0.4) we have the following:

(0.5) Theorem. Let (A,7) be an infinite, unimodular edge-indexed graph with finite volume.
If (A, 1) contains an arithmetic bridge 3 with n > 2 edges, or if every ramified edge is separating
and (A, 1) is not parabolic, then there erists a (necessarily non-uniform) X -lattice I' < G a5,
which is a non-uniform G4 ;)-lattice.

We refer the reader to section 1 for the definition of the group G4 ;. (The terminology
‘G(a,)-lattice’ is justified since G4, is a closed subgroup of G ([BL], (3.3)). Concerning
existence of arithmetic bridges, we have the following:

(0.6) Theorem. Let (A,i) be a unimodular edge-indexed graph. Let e € EA be an edge with
A(e) = ¢/d, and p a prime number such that p|d. If e is not separating, then (A,1) contains an
arithmetic bridge B of n > 2 edges with ramification factor p, such that e € (3.

(0.7) Corollary. Let X be a locally finite tree, G = Aut(X), p a (left) Haar measure on G,
H < G a unimodular closed subgroup acting without inversions, py : X — A = H\X, and
(A,i) = I(H\\X). Assume that H = G (44 and that u(H\\X) < oo. If X has more than one
end, and H\X is infinite, then there exists a (necessarily non-uniform) X -lattice T' < H, which
18 a non-uniform H -lattice.

When (A, i) is finite, Theorems (0.4), (0.5), (0.6) and (0.7) were proven in [C1] under some
additional assumptions, natural to the setting there. Corollary (0.7) is a generalization of
Corollary (0.9) in [BCRJ.

In section 1, we outline the basics of edge-indexed graphs and a method for constructing X-
lattices. In section 2, we introduce the notion of an arithmetic bridge in an edge-indexed graph.
In sections 3-6, we give some constructions with edge-indexed graphs containing arithmetic
bridges. The material in sections 2-6 is taken from [C1] and adapted to infinite edge-indexed
graphs, but is included here for reference.
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In section 7, we prove Theorem (0.5) in the case that (A, ) contains an arithmetic bridge 3
with n > 2 edges, and in section 8, we prove Theorem (0.5) in the case that (A,1%) is has more
than one end, considering separately the cases where every ramified edge is separating or else
there is a ramified non-separating edge. In section 9, we prove Theorem (0.6), the existence
theorem for arithmetic bridges and deduce Theorem (0.2) and Corollary (0.7). In section 10 we
exhibit an infinite tower of coverings with infinite fibers and finite volume over an edge-indexed
graph that admits an X-lattice and contains an arithmetic bridge with n > 2 edges.

1. Edge-indexed graphs and constructing X-lattices

An edge-indexed graph (A,i) consists of an underlying graph A , and an assignment of a
positive integer i(e) > 0 to each oriented edge e € EA. Our underlying graph A will always be
assumed to be locally finite. We assume that all indices i(e) are finite. If i(e) > 1, we say that
e is a ramified edge. Otherwise, we say that e is unramified.

Let (A,7) be an edge-indexed graph. For e € F A, we put

i(e)
Ale) = —.
For an edge path v = (e1,...,e,) in A, we put A(y) = A(er) ... Aep).
We say that (A, 1) is unimodular if A(y) =1 for all closed paths v in A.
Now assume that (A,7) is unimodular. Pick a base point ag € V A, and define, for a € V A,

Aa

Nao(a’) = A—(]JO(

= A(~) for any path v from ag to a) € Q.

For e € FA, put
Na, (o(€))
ife)

Following ([BL], (2.6)), we say that (A, ) has bounded denominators if

Nao(e) =

{Ny,(e) | e € EA}

has bounded denominators, that is, if for some integer D > 0, D - N, takes only integer values
on edges. Since
B Aa()

Na - —Na )
1 Aa1 0

this condition is independent of ag € V A.
Following ([BL], (2.6)), we define the volume of an edge-indexed graph (A, ) at a base point
ag € VA:

Volay(4,1) = 3 Nl(a) S (%).

acvVA~ %0 acV A
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We have ([BL], Ch. 2)

Vola, (A7) = i—Z;vozao(A,i),

so the condition

Vol(A,i) < oo,
defined by Vol,,(A,i) < oo, is independent of the choice of ay.

Moreover, (A, i, ag) admits a covering tree X = (A4,14,a9) with a projection
p(A,z‘) X — A

([BL], (2.5)). We put G = Aut(X) and G(a,) = {9 € G | pa,iy© g = Pa,i}- Then G4, is a
closed subgroup of G with compact open vertex stabilizers ([BL], (3.3)).
We explain the notion of a covering of edge-indexed graphs ([BL], (2.5)),

Here p : B — A is a graph morphism such that for all e € EA, dy(e) = a, and b € p~1(a), we
have
ile)="» i),
Fepg,(e)

where p) : EF (b)) — Eg'(a) is the local map on stars EF(b) and Eg'(a) of vertices b € VB
and a € VA (c¢f. [BL], (2.5)). If b€ VB, p(b) = a € VA, then we can identify

—_ e/~

(A,i,a) = X = (B, j,b)

so that the diagram of natural projections

X
PB pPA
/ N\

B X A

commutes. Hence G (g ;) < G(a,)-

Let A = (A, A) be a graph of groups, with underlying graph A, vertex groups (Ag)aecv 4, edge
groups (A. = Ag)eccrpa and monomorphisms ae: Ae — Ag,e. A graph of groups A naturally
gives rise to an edge-indexed graph I(A) = (A,4) whose indices are the indices of the edge-
groups as subgroups of the adjacent vertex groups: that is, i(e) = [Agye @ @eAe], which we
assume to be finite, for all e € FA.

Given an edge-indexed graph (A, 1), a graph of groups A such that I(A) = (A, 1), is called a
grouping of (A,i). We call A a finite grouping if the vertex groups A, are finite and a faithful

grouping if A is a faithful graph of groups, that is if 71 (A, a) acts faithfully on X = (A, a).
We can now describe a method for constructing X-lattices. We begin with an edge-indexed

graph (A, 7) which determines X = (A, 4, ag) up to isomorphism. We have the following:
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(1.7) Theorem ([BK], (2.4)). Let (A,i) be an edge-indezed graph. Then (A, i) admits a finite
faithful grouping A = (A, A), if and only if (A, 1) is unimodular, and has bounded denominators.

Assume that (A,7) is unimodular and has bounded denominators (which is automatic if A
if finite). By Theorem (1.7), we can find a finite (faithful) grouping A of (A4,7) and a group
I' = m1(A, ap) acting (faithfully) on X. Then we have

(i) T is discrete, since A is a graph of finite groups.
(ii) T is an X-lattice if and only if

Vol(T\\X) = Vol(A)(:= > |ja| = |ja|voza(A,z')) < 0.

(iii) I is a uniform X-lattice if and only if A is finite.
(iv) T is a non-uniform X-lattice if and only if A is infinite.
(v) T <Gra-

We will say that a subgroup H < G = Aut(X) is saturated if H = G4 ;) where (A,i) =
I(H\\X).

2. Geometric and arithmetic bridges in
indexed graphs

In this section, following [C1], we recall the definition of an arithmetic bridge in an edge-
indexed graph.

(2.1) Definition ((p,q)-geometric bridge). Let p,q € Z~o U {oc}. Let A be a connected
locally finite graph (finite or infinite). We say that 5 C EA is a (p,q)-geometric bridge for
A if:

(i) B# @, B is oriented, BN = @,
(ii) A\(BUB) has p+ q connected components, Ay, As,... Ay, B1,Bs,... DBy,
(iii) for every e € B we have Ope € Sy = A1 U A U---UA,, the source of f and 01e € Tz =
B1UByU---U By, the target of (3,
iv) the source Sz of B does not contain any target vertex, and the target Tz of 3 does not
B B
contain any source vertex; that is, for every v € Ay UAyU---UA,, v # Oie for any

e € B, for everyv € BiUByU---U By, v # Ope for any e € B:

A (1,1)-geometric bridge 8 will be called a geometric bridge.

(2.2) Definition ((p,q)-arithmetic bridge). A (p,q)-geometric bridge 3 for A is called a
(p,q)-arithmetic bridge for (A,i) if there exists a positive integer d > 1 such that d | i(e)
for every e € 3, say i(e) = dig(e).

We call d the ramification factor of 5. A (1,1)-arithmetic bridge will be called an arithmetic
bridge: Our objective is to prove the following:
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(2.3) Theorem. Let (A,i) be an infinite, unimodular edge-indexed graph with finite volume. If
(A,i) contains an arithmetic bridge 5 with n > 2 edges, then there is a covering p : (B,j) —
(A,1) of edge-indexed graphs with infinite fibers such that (B,j) is infinite, unimodular, has
finite volume and bounded denominators.

We prove Theorem (2.3) in Section 7 after describing some constructions with edge-indexed
graphs in Sections 3-6.

3. Changing the ramification factor of an
arithmetic bridge

In this section, we show how one may modify a unimodular edge-indexed graph containing
an arithmetic bridge in such a way as to preserve unimodularity.

(3.1) Construction ([C1], (4.2.1)) (Changing the ramification factor of an arithmetic
bridge).

If (A,7) is an indexed graph with arithmetic bridge § of ramification factor d, then we
can make [ an arithmetic bridge of ramification factor d’, for any positive integer d’ > 0, by
!

d
replacing dig(e) by d'ip(e) for each positively oriented edge e of 5. We write (E)ﬁ for the new
arithmetic bridge.

(3.2) Lemma ([C1], (4.2.2)) (Changing the ramification factor is unimodular). If
(A,17) is a unimodular edge-indexed graph with arithmetic bridge 3, then the indexed graph (A,i")
/

obtained from (A, i) by replacing 3 by (%)ﬁ is also unimodular.

Proof. Let E*(8) be the set of positively oriented edges of 3. For ¢ € EA we define a new
indexing i’ (e) as follows:

i'e) = ile), if e ¢ E(B),

d'ig(e) = %i(e), if e € ET(B).

i(e) i’ (€)

For e € EA, set A(e) = )’ and A'(e) = ) Then for any e € EA, we have:
, d .
Ne)= (5)Al), e BH(A),
d/
() a), ze B4 (9),

Ale), e ¢ 5.

Let v be a (sufficiently long) closed path in A with initial (and hence terminal) vertex in
the connected component Ag. Then v crosses back and forth between Ay and A;, each time
traversing an edge of (3, returning finally to Ag.
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It follows that + traverses 3 and B an equal number of times, say r times. Thus:

i) = (& yram)

= A (7)
=1, since (A,7) is unimodular.[]

4. Gluing unimodular subgraphs along connected intersections

In this section, we use a technique from [C1] for ‘gluing’ together unimodular edge-indexed
graphs in such a way that unimodularity is preserved.

(4.1) Lemma ([C1], (4.3.1)) (Gluing unimodular subgraphs along connected inter-
section). Let (A,i), (Ap,i), and (A1,i) be indexed graphs such that (A,i) = (Ap,i) U (A1,1),
and Ao, A1 and Ag N Ay are connected. If (Ao,i) and (A1,i) are unimodular, then (A,i) is
unimodular.

Proof. Observe that (Ap N Aj,7) is unimodular since it is a subgraph of a unimodular edge-
indexed graph ((Ag, ) or (A1,17)).

Let v be a (sufficiently long) closed path in A = Ay U A; with initial (and hence terminal)
vertex ag in Ag N A;. Then v crosses back and forth between Ag and Aq, say n times, each
time passing through Ay N Ay, returning finally to ag in Ag N A;.

Suppose that the j-th time y passes through AN A, v passes through a vertex a; € AgNA;
(there are n such vertices ay,...,a,). Foreach j =1,2,...,n, let 7, be a closed path initiating
at a; € Ag N Ay, passing through a;_1 € Ag N Ay, and remaining entirely in Ag N A;. Since
(Ag N Ay, 1) is unimodular, we have A(ayna, i (v;) = 1.

Fort=1,2,and s =0,1,...,n,let ’yfsfasﬂ denote the sub-path of v initiating at a, € AgNAy,
passing through A; and terminating at as1q1 € Ag N Ay. Fort = 1,2, and s = 0,1,...,n, let
'ygsasﬂ denote the subpath of (the closed path) «; initiating at a; € Ag N A; and terminating
at as41 € AgNA;.

Consider the closed path 7' based at ag € Ag N A;:

A A A A A
’Y/ = 7a01a1 Y1 7a1Oa2 "2 Vazlas BECEEE F}/O«nl—lan “In - FYG:QO'
Then A(y') = A(y) since 7/ is obtained from ~ by inserting closed paths v;, j = 1,2,...,n
between as and asy1, s =0,1,...,n (and we have Aayna, () =1, 5 =1,2,...,n).
Moreover, 7' can be expressed as a product of paths 7' = o102 ... 07 such that ¢; is contained
entirely in either Ag or A;; namely
A 1
01— 7a01a1 *Yaiao
1 A 2 1
02 = Yapay * 7&10(12 *Yasay * Yaiao

_ 1 2 Al 3 2 1
03 = Yaga: ~ Yaras " Vasas " VYaszas * Vasar " Vaiag
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Then each o09; is a closed path through Ay based at ag € Ag N Ay, each 02541 is a closed
path through A; based at ag € Ag N A1, and therefore:

Aa(y) =Aa0)
= A141 (Ul)AAo (02) SR AAO (O-l)
—1,

since (Ag, i) and (Aq,i) are unimodular. [J

5. Open fanning of arithmetic bridges

In this section, we use a technique from [C1] to modify a unimodular edge indexed graph
(A, i) with an arithmetic bridge (3, in such a way that we preserve unimodularity, and obtain a
new arithmetic bridge with a different ramification factor.

(5.1) Construction ([C1], (4.4.1)) (Open fanning of arithmetic bridges I).

Suppose that (A,7) is an edge-indexed graph containing an arithmetic bridge § with ram-
ification factor d. The open fanning of B in (A,i) is the edge-indexed graph (B, j) obtained

1
by replacing § by d copies of p B; B1,... 04, such that each positively oriented edge e of (3; in

(B, j) has index ig(e), for L =1,...d.

We observe that p : (B,j) — (A, i) is a covering of indexed graphs. When [ consists of a
single (ramified) edge, the open fanning of 3 in (A4, ) coincides with the notion of ‘open fanning
of a separating edge’ in ([BL], (7.2)). In this case, the edge § with its ramification index m is

replaced by m copies of — 3, each with index 1.
m

(5.2) Construction ([C1], (4.4.3)) (Open fanning of arithmetic bridges II).

We shall also consider the following modification of open fanning:
Suppose that (A,i) is an edge-indexed graph containing an arithmetic bridge 8. Rather

than fanning open the arithmetic bridge  with its ramification factor d into d copies of p 0,

1 —1
we obtain an indexed graph (B, j) by replacing 3 with g+ = Eﬂ and g~ = dTB Thus each
edge e of Bt has index ig(e), and each edge e of 3~ has index (d — 1)ig(e). We observe that

p:(B,j) — (A,i) is a covering of indexed graphs.
The following lemma indicates that the process of open fanning preserves unimodularity:

(5.3) Lemma ([C1], (4.4.4)) (Open fanning is unimodular). Let (A,i) be a unimodular
edge-indexed graph containing an arithmetic bridge 3. Then the open fanning (I and II) of 3
in (A,1) is unimodular.

Proof. Let (A,i") and (A,i") denote the indexed graphs obtained by changing the ramfication
factor of § from d to 1, and from d to d — 1 respectively. By Lemma (3.2) (Changing the
ramification factor is unimodular), (A,d') and (A,d"”) are unimodular.
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The open fanning (I) of 3 in (A, ) (see (5.1)) is an indexed graph (B, j) obtained by ‘gluing’
d copies of (A,i") together along the connected subgraph Ag. Similarly, in open fanning (II)
(see (5.2)), we glue (A,i") and (A,i") together along the connected subgraph Ay. By Lemma
(4.1) (Gluing unimodular subgraphs along connected intersection), the result of open fanning
(I) (5.1) or open fanning (II) (5.2) is unimodular.]

6. Indexed topological coverings

In this section, we use a technique from ([C1], Section 4) for constructing coverings of edge-
indexed graphs by taking topological coverings of the underlying graph, and lifting the indexing
in such a way that the projection is index preserving. The resulting indexed topological covering
will automatically be unimodular, and an edge-indexed covering of the original indexed graph.

(6.1) Definition (Indexed topological coverings).

Let p: B — A be a graph morphism. If i : FA — Z is an indexing on A, we can lift it
to an indexing j = iop on B so that p : (B,j) — (A,1) is index preserving: i(p(f)) = j(f)
for each f € B. If (A, 1) is unimodular, then so also is (B, j). In fact, if v = (e1,...,e,) be a
closed path in (B, j), then

Ap,j)(7) = Aas)(p(7y)) since p is index preserving.

Since p() is closed and (A4, i) is unimodular, we have A4 ;)(p(7)) = 1, and so A j(v) = 1.
We call a graph morphism p: B — A a topological covering if the local map:

Py Eo(b) — Eo(p(b))

is bijective, for every b € VB.
If (A,i) and (B, j) are indexed graphs, and p : B — A is an index preserving topological
covering, then p : (B,j) — (A, 1) is a covering of edge-indexed graphs.

7. A covering with infinite fibers for an edge-indexed graph
with an arithmetic bridge

We are now able to prove:

(7.1) Theorem. Let (A,i) be an infinite, unimodular edge-indezxed graph with finite volume.
If (A,i) contains an arithmetic bridge 5 with n > 2 edges, then there exists a (necessarily
non-uniform) X-lattice I' < G4 4), which is a non-uniform G 4 ;)-lattice.

The terminology ‘G4 ;)-lattice’ is justified since G4 ;) is a closed subgroup of G ([BL], (3.3).
Theorem (7.1) follows immediately from the following:
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(7.2) Theorem. Let (A,i) be an infinite, unimodular edge-indexed graph with finite volume. If
(A,i) contains an arithmetic bridge 5 with n > 2 edges, then there is a covering p : (B,j) —
(A,1) of edge-indexed graphs with infinite fibers such that (B,j) is infinite, unimodular, has
finite volume and bounded denominators.

Proof of Theorem (7.2). The proof follows the proof of Theorem (4.1.6) in [C1], adapted to
infinite edge-indexed graphs. For convenience, we represent (A, ) schematically as follows:

dig(ey) i(e)

(Ai)= " (Aoi) Ri((B])=dig(B]) (A1)

dig(en)

i(&n)

(7.3) We assume that § has n > 2 edges. In fact the number of edges of 3 may be infinite. We
choose two edges e; and e, of 3, and we let [3] = B — {e1, e, }. We have schematically denoted
the indexing of [3] as ‘i([5]) = dig([B])’; more precisely, i(e) = dig(e) for every e € [3].

(7.4)  We form a 3-fold topological covering p: A3 — A and lift the indexing i 4 to an indexing
(i o p) on Az such that p is index preserving. We also denote this indexing on Ag by i. Then
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by (6.1), (As,4) is unimodular and p: (As,7) — (A, 1) is a covering of edge-indexed graphs.

(Agi) =
ai a ag ay 23
€7 i Agr,i
(ep=doter) 13 (Aarl) i(én) e;‘T i(en) (Aorl)
i(e)=dig(ep)
€1Rr
i(67)

i DNG =)

i([B1]1)

e i([Bs1) i(en)
i
([ﬁS]) €nRr
- o o i(en)=dig(en)
i(ep)=dip(en) i(én) ] i(e1) i(ep) .
€nB (Agii) €8 (Aogsi)
by b b3 by bs

We have denoted the three copies of 3, as 31, (B2, B3 and the corresponding copies of Ag and A,
as Aor, Aor, Ao, Air, Air, A1 where the lower labels ‘T7, ‘B’, ‘R’, ‘L’; ‘top’, ‘bottom’,
‘right’, ‘left’, respectively, signify the position in the schematic diagram of (As,i). The vertex
and edge labels are suggested by the notation. We observe that 3, (2, and 3 are each
arithmetic bridges for (As, ).

Observe that the paths from a; to as and by to bs, are both liftings of closed paths in (A, 1),
and since p is index-preserving:

Aas _ Abs
Aal N Abl B

since (A, ) is unimodular.

7.5) We form a new indexed graph R(O),i from (As, 1) as follows: we open fan 3; to ‘4=L3,’
0 d
and %51’ (that is, we apply ‘open fanning II’ (5.2)) to [ which is an arithmetic bridge in
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(Ag,i) from AOR to Ag — {61 U AIT}) :

(RyO.i) =

3o a a ag ay as

err© A i ;
©, © Agr©);
@Dige)  i(&p) (Arr ) i) ef iter) Aor®:)

e @ -

ioer)

i(ep)=dip(ey)
er©

i[B])

i(é1)

_ (A5O,)
i([82]) "

(B5]@

i(&n)
erO
i(en=di(en)

i[Bs1)

i([Ell)\‘

|- O
@ Digten) ) ) i(e1) .
€ner© (A180.0) e (Aos@,i)

bo by by b3 by b

eel® iy

By Lemma (5.3) (Open fanning is unimodular), (R(()O),i) is unimodular. We observe that:

Aas i(er) ‘ Aa,.5)03 ‘ dig(en) ' Aagpas  d

Aaq (d — 1)2'0(61) A(Al’i)ag Z(a) A(Ao,i)a4 d—1
by unimodularity of (A, ). Similarly,

Abs d

Aby d—1"

Moreover, the projection p: (Rgo),i) — (A, 1) is a covering of edge-indexed graphs.

We observe that [2] U eg(}% U 65% is an arithmetic bridge in (R(()O),z') from
0 0 0 0
By —{[B] Ve Uenn U AR}

to Agg;)i. Next, we form a new indexed graph (R, ), from (R(()O), i), by changing the ramification
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factor of the arithmetic bridge [f2] U eg% U 6;022 in (R(()O)J) from d to 1 (using (3.1)):
(RO =
) a a ag ay ag

(0)
errr (Ar®)) _ eqO (Aot}

@Diger) i)

i(el):i o(el)
er®

i(er)

_ A,
TN A

i(en)
er©
i(en)=ip(en)

i((Bs1)

Q - »
(d-Dyiglen)

i(en) i(eg) itep) ]
€sr® (A1s0) YoepO (Aos©,i)

bo by b, b3 by bs

and by Lemma (3.2) (Changing the ramification factor is unimodular), (R(?),4) is unimodular.

The notation [23,,,](®) denotes [31] with its ramification factor changed from d to 1, [%2 31 g] ©
denotes [1] with its ramification-factor changed from d to d-1. The upper label (0) signifies
that [231] and [4151x] belong to R(); the lower labels ‘L’ and ‘R’ denote ‘left’ and ‘right’

respectively.
(7.6) For k=1,2,3,... let (R™ i) be the following edge-indexed graph:

(R®K),))=
agk+1 agk+2 agk+3 agk+4 agk+5=a4(k+1)+1
e A7k €k Agr®,i
oo™ ) (Arr®) G T (oD
- O O—OS—OF
ioler) io(er)
Yeu® er=gy (k+1)
Cap+1 g (o) e Cak+57CA(k+1)+1
¥ (Ay () (ARK),=(Aq k+Di)
d dak+57da(k +1)+1
Ak +1 i(&n) i (k+1)
e ® er®=g, (k+1)
| ioen) ) R N N - N C— N iolen)
(d-1)|0(en)enB(k)l(en) (As,i) i(&1) e ® i(eg) (Aos),i)
bak+1 b 4k-+2 bay+3 bgy+a b4k +57ba(k+1)+1
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where the lower labels ‘T’, ‘B’, ‘L’, ‘R’ on edges egk), e,(zk) and graphs Agk), Aék) indicate ‘top’,
‘bottom’, ‘left’ and ‘right’ respectively and signify the position within R*).

For each k = 1,2,3,... the ‘rectangle’ (R™*), i) has as its ‘top’ a path from asp,1 t0 @aprs
which coincides with the path from a; to as in (R(®),4), a path from byx;1 to byrys which
coincides with the path from b; to b5 in (R(O), i), and paths from a4x11 t0 byr1 and a5 to
barys each of which coincide with the path from as to bs in (R(®),4). Therefore,

Aagpys  Abyrys d
Aagpr1  Abgpr  d—1
Abgr11  Absgys

Aaspyr  Daapgs’

and it follows easily that (R*) i) is unimodular.
(7.7)  We construct an infinite indexed graph from (R(®) i) and (R™) i), k = 1,2,3,... by

an infinite sequence of gluings: we identify the edges egc;% and 67(10})% and the subgraph Ag(})% of

(R {) with e(llL) and eq(llL) and AglL) of (RWM ), respectively.

For k£ = 1,2,3,... we identify eglj:g and e;’?} and Agl;g of (R™) i) with eglzﬂ),eg?l) and
AgkLH) of (R¥+1) ), respectively.

We denote the resulting indexed graph by (R(>) 7). We refer the reader to fig 4.10.2 in [C1]
for a detailed schematic diagram. By (7.3), the indexed graph (R(?),4) is unimodular, and by
(7.4), (R™ i) is unimodular, for k = 1,2,3,.... Moreover, we have glued (R(®,3) to (R, 14)
and (R 4) to (R 1) i) respectively, for k =1,2,3,... along connected subgraphs:

k k+1 k k+1 k k+1
el =eliyualy) = A U el = ey

We apply Lemma (4.1) (Gluing unimodular subgraphs along connected intersection) to verify
that the indexed graph (R(°®),4) is unimodular.
We compute in (R(>), ) for each s =1,2,3,...

ACL43+1 _ ( d )5 _ Ab4s+1
Aal d — 1 Abl ’
AC45-|—1 _ ( d )s Z(E)
Aa1 o d —1 io(el) ’
Ad4s+1 . d s Z(a)

Abl _(d—l) ’io(ﬁn).

Since d > 1, it follows easily that (R(>),4) has finite volume. We observe, however, that
(R(*) i) does not have bounded denominators.[]

(7.8) Lemma (Adjoining an edge). let (A,i) and (Ag,i) be indezed graphs such that (A,1)
is obtained from (Ao, i) by attaching an edge e to vertices a,b € V Ag. If (Ag,1) is unimodular

and
AAOb B Z(_)

Ay,a ife)
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then (A, i) is unimodular.

(AJi)=

Proof. Obvious.[]

The lemma extends easily to adjoining a set of edges satisfying the hypothesis of the lemma.
We fix the following notation: for k =1,2,3,...

d—1

[ P 52T](k) denotes [B2] with its ramification

factor changed from d to d-1,

1
[852R](k) denotes [B2] with its ramification

factor changed from d to 1,

[ﬂg](k) denotes [(3].

The upper labels (k) indicate the k-th rectangle. The lower labels ‘T’ ‘R’ denote ‘top’ and
‘right’.

(7.9) Next we construct an indexed graph (B~, ;™) from (R(*) i) as follows: for k = 1,2,3, ...
we adjoin:

1
[3623]("3) to (R(OO),Z') from A(Ok% toAE’B,
d—

1
o Par]™) to (R, i) from AR oAl

[

[85]%) to (R i) from Ag% to Agg.
We refer the reader to Fig (4.11.2) in [C1] for a detailed schematic diagram of (B™,j™).
(7.10) Proposition. The indexed graph (B~,j~) is unimodular and has finite volume.
Proof. By (7.7), the indexed graph (R(°®),4) is unimodular. For k = 1,2,3,..., Let e €
[5523](’“) we attach
doe to (R ) at a € A(Ok%,
dre to (R i) at be AN
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Let ‘é( —AAb

b)’ denote with all occurences of d changed to 1. Then

Aaa

and thus by Lemma (7.8) (Adjoining an edge), the result of adjoining [é Bar]*) is unimodular.
Let e € [2LB7]*) we attach

doe to (R 4) at a € A(Ok%,
dre to (R i) at b e Agl;)

Aab

Let ‘41 (242)" denote 2, with all occurences of d changed to d-1. Then

AQ

Agpeob  d— 1(AAb)
AR(oo)a_ d "Aja

d (e
)
G

(d — 1)io(e)
—R(c) (e)
(e

By Lemma (7.8) (Adjoining an edge), the result of adjoining [%ﬁzz’](k) is unimodular.
Let e € [35]%) we attach

Ope to a € Agg,
Oietob e Ag%).

Then ' '
AR(oo)b _ A b —, Z(E) . j_(é)
Apera  Aaa ile) 7 j(e)

and by Lemma (7.8) (Adjoining an edge), the result of adjoining [33]®*) is unimodular.
Since the result of adjoining [éﬂz]{](k), [%BQT](k), [35]*) is unimodular for k =1,2,3, ...
it follows that the resulting indexed graph (B~,j~) inherits finite volume from (R(*) 4).00
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(7.11) Remark. The indexed graph (B~,j~) does not have bounded denominators.

(7.12) Proposition. There is a morphism q: (B~,57) — (A, 1) which is a covering of indexed
graphs.

Proof. Recall that for the arithmetic bridge 5 C EA, [§] denotes § — {e1,e,} C EA. For
j=1,23and k=1,2,... [ﬂj](k) C EB~ denotes the j-th copy of [3] in R*).
We define a morphism ¢: B~ — A:

q ’Ag(;)Ag%), iAl
a(el)) = e
q i, 0 [B1L] @ — 8]

g ) = e,

qlefy) = e
q (g, p) " 1B17] @ —= (5]

() = en

for k=1,2,3,...

k =
q |A§?:A§T) — Ay

q A(k) —>N A
’ 4(<)k) 07 0
q A IA(kB) —>N A
| ((31;3) 0 1
q A :A(kB) — A
’ gl;) 1 1

k =
q |A§’“L):A§L) — A
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TR RN
—[B2r]*)
d
d—1 o~
qlq—1) :[%@T]W — (]
T [

]

q |1y 00 [B3] %) — [3]

The projection ¢ : (B—,j~) — (A, 1) ‘erases upper and lower indices’.

Let e € EAg with ¢~ 1(0pe) = b € VB~. Then q(*b)l(e) is isomorphic to e, so

feag, (e)

For e € EA,, with ¢71(0pe) = b€ VB, q(;))l(e) is isomorphic to e, so

feqg, (e)

Now let e € 3, with ¢71(0pe) = b € VB~, then q(b; (€) is isomorphic to € so

feqg, (@)

It is a routine check that the morphism ¢ : (B~,j7) — (A,1) is a covering of edge-indexed
graphs by computing the local fibers over each e € §. The reader is referred to ([C1], (4.11.5))
for a detailed computation. [J

(7.13) By the ‘Bounding denominators theorem’ ([BCR], (0.6)) we can construct a covering
p:(B,j) — (B~,j7) such that (B, j) is unimodular with finite volume and bounded denom-
inators. The composition q-p: (B,j) — (A,1) is the desired covering of Theorem (7.2). This
completes the proof of Theorem (7.2).00

The reader is referred to Fig (7.14) for a schematic diagram of the covering ¢-p: (B,j) —
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(A, 1) of Theorem (7.2), and to [C1] for more detailed diagrams.

-

d
d
d
d
d-1 sheets
d d
d-1 sheets d-1 shest:
& .y

i(e)

d-1 sheets

)
T = Z =
sl &\ < 3 €
Y y
0 _ - ~ ~ | -
fry & 1& " & &
o - - » —

(Av0)

_ digey)

(A1)

(Api)

(A)

i(en)

Fig (7.14)
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8. A covering with infinite fibers for an edge-indexed graph
with a ramified separating edge

We recall (section 0) that an edge-indexed graph (A,i) is called parabolic, if X = m is
a parabolic tree, that is, X has only one end. If (A,4) is parabolic, and (e;, e2, es, ) is any
infinite reduced path in (A, 1), then we have

1= @'(61) = i(eg) = i(63> = ...

In this section we prove:

(8.1) Theorem. Let (A,i) be an infinite edge-indexed graph with finite volume. Assume that
every ramified edge of (A,1) is separating. If (A,7) is not parabolic, then there exists a (neces-
sarily non-uniform) X -lattice I' < G4 ;), which is a non-uniform G4 ;) lattice.

Theorem (8.1) follows immediately from Theorem (8.3):

(8.2) Theorem. Let (A,7) be an infinite, unimodular edge-indexed graph with finite volume.
Suppose that

(A,i)=

u r s t v @
co c do d;

foru > 2, v >2 m > 2. Then there is a covering p : (B,j) — (A,i) of edge-indezed
graphs with infinite fibers such that (B, j) is infinite, unimodular, has finite volume and bounded
denominators.

Proof of Theorem (8.2). The proof follows easily from ([C1], (5.21)). O

(8.3) Theorem. Let (A,i) be an infinite, unimodular edge-indexed graph with finite volume.
Assume that (A, 1) is not parabolic, and that every ramified edge of (A,1i) is separating. Then
there is a covering p : (B,j) — (A,i) of edge-indezed graphs with infinite fibers such that
(B, j) is infinite, unimodular, has finite volume and bounded demominators.

Proof. Choose an infinite reduced path v = (e1,es,...) in (A4,14). Since (A, ) has finite volume,
i(ex) > 1 for almost all k =1,2,....

Assume first that (A,14) is a tree. Since (A, ) is infinite and not parabolic, there is an infinite
reduced path 7 = (f1, fo,...) in (A,d) with i(fx) > 1 for some k > 1. Then we are in the case
of Theorem (8.2) and we are done.

Now suppose that (A, 1) is not a tree. Since every ramified edge is separating, (A, ) contains
an (unramified) closed path 9 = (g1, ..., gn) of length n > 1. Since (A, ¢) is infinite, we can find
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an infinite reduced path v = (e, ea,...) in (A,1) such that dye; = Jpgy, for some k € {1,...n}:

(A1) =

(Co—@—

Once again, since (A, i) has finite volume, i(eg) > 1 for almost all £k = 1,2,.... We take a
2-sheeted topological cover (D, j) of (A,7) and then (D, j) satisfies the hypotheses of Theorem
(8.2) and we are done. [

(8.4) Lemma. Let (A,i) be an infinite, unimodular edge-indexed graph with finite volume. Let
e be a ramified non-separating edge with A(e) = ¢/d (in lowest terms). Then either d > 1, (in
which case e satisfies the conditions of Theorem (0.6) (Theorem (9.4))), or ¢ > 1 (in which case
€ satisfies the conditions of Theorem (0.6) (Theorem (9.4))), or A(e) =1 (that is, i(e) = i(e)),
in which case e satisfies the conditions of Theorem (8.5) below.

Proof. Immediate. [

(8.5) Theorem. Let (A,7) be an infinite, unimodular edge-indexed graph with finite volume.
If there exists e € EA such that i(e) = i(€) > 1, then there is a covering p : (B,j) — (A,1)
of edge-indexed graphs with infinite fibers such that (B,j) is infinite, unimodular, has finite
volume and bounded denominators.

Proof. Let e € EA be such that i(e) = i(€) > 1. Let (A’,i") be obtained from (A4,i) by
subdividing the single edge e. That is, the edge pair (e, €) is replaced by two edge pairs (f1, f1)
and (f2, f2) and a new vertex m with

do(f1) = do(e), Oo(f2) = O1(e), O1(f1) = O(f2) =m

and

i'(f1) =1 (f2) = i(e) = i(e)
i(fr) =17(f2) = 1.

Then (A’,i’) is infinite, unimodular and has finite volume. Moreover, (A’,i’) contains an
arithmetic bridge consisting of the edges f; and f, with ramification factor i(e) > 1. By
Theorem (7.2), there is a covering p’ : (B’,j') — (A’,i’) with infinite fibers such that (B’, j’)
is infinite, unimodular, has finite volume and bounded denominators. We modify (B’, ;') to
obtain a covering of (A, i) in the following way. Each local fiber above the vertex m in (B’, j’)
consists of 2 edges with index 1 emanating from vertices that lie over m. We replace each of these
stars by a single edge pair (hence removing the subdivision that was induced by subdividing
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e). The resulting edge-indexed graph, denoted (B, j), has all of the desired properties and is a
covering of (A,7). O

9. Existence of arithmetic bridges

In this section, we prove Theorem (0.6). We make use of the following notation to provide
an alternate way of considering bridges. Let A be a connected graph, finite or infinite. Let
X CVAandY C VA be subsets of vertices of A then we define:

(X,Y) = {6 e FA | Ope € X, Oie € Y},
X = subgraph of A with vertices X and edges (X, X).

(9.1) Lemma. Let A be a connected graph with EA # &. Let X C VA andY C V A be proper
subsets of vertices of A satisfying the following conditions:

(1) XNY =2, XUY =VA,

(2) X has p path components and Y has q path components.
Then (X,Y) is a (p,q)-geometric bridge for A.

Proof. Let X and Y satisfy the conditions above. Then (X,Y) # @& as A is connected. Further,
(X, Y)N(Y,X)=2 as X NY = @. Finally, A\ ((X,Y)U (Y, X)) consists of X and Y. [

(9.2) Lemma. Let A be a connected graph and let X' and Y’ be proper subsets of V A satisfying
the conditions as in Lemma (9.1). Choose vertices xg € X' and yo € Y'. Then there exists
proper subsets X and Y of V A satisfying the following conditions:

(1) XNY =2, XUY =VA,
(2) X and Y are connected,
(3) (X,Y) < (X'Y),
(4) ZC()GX and yp €Y.

(9.3) Remarks.

We note the first two conditions of Lemma (9.2) imply, by Lemma (9.1), that (X,Y) is a
geometric bridge. Together we have, with the third condition, that if (X',Y”) was a (p, q)-
arithmetic bridge then (X,Y) is an arithmetic bridge. Finally the last condition implies that
if (X’,Y”) contained a chosen edge e € EA, then X and Y can also be chosen to contain e
(simply let g = dpe and yg = Ore).

Proof of Lemma (9.2). First we consider the case that X' is already connected. That is, (X,Y")

forms a (1, ¢)-geometric bridge. If Y is also connected there is nothing to show. Assume Y’
is not connected. Let Y be the vertices of the connected component of Y’ containing yy. Let
X =X'UY’\Y). It follows that XNY = @ and XUY = X'UY’' = VA. Westill have zg € X
and yp € Y. We chose Y so that Y would be connected. We claim that X is also connected.
As X D X’ and X' is connected it suffices to prove that for y € (Y’ \ Y) there exists a path v
in X’ from y to some vertex x € X’. As A is connected and Y is not connected there is a path

(y = ap,€1,01,€2,...,€En,0n = yO)
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in A from y to yo which intersects X’ before intersecting Y. Let ax be the first vertex in the
above sequence such that a; € X’. The path

(y = a07€1>a17627"';ek7ak)

then lies entirely in X as desired thus showing X is connected. Finally let e € (X,Y). Then
OheeceY CY' If x = 0pe ¢ X’ then we must have z € (Y’\Y). Thus e € (Y',Y’) contradicting
our definiton of Y as the vertices of a connected component of Y’ thus completing the proof in
the case that X’ is connected.

Now let us assume that X’ is not connected. By the preceeding argument it suffices to
construct the sets of vertices X and Y satisfying only:

(1) XNY =2, XUY =VA,

(2) X is connected,

(3) (X,Y) € (X',Y),

(4) zg € X and yp € Y.
Let X be the vertices of the connected component of X’ containing zo. Let Y =Y’ U (X’ \ X).
Then X NY = @and XUY = X' UY’ = VA. We chose X so that X is connected and
xg € X. As Y’ C Y we also have yp € Y. Finally let e € (X,Y) with z = gpe € X C X'
and y = O1e € Y. We wish to show that y € Y’. If not we must have y € (X’ \ X). Thus

e € (X', X') contradicting our definiton of X as the vertices of a connected component of X”.
O

In the following theorem any fraction will assume to be in lowest terms unless otherwise
stated.

(9.4) Theorem. Let (A,i) be a connected locally finite unimodular edge-indexed graph. Let
e € EA be an edge with A(e) = S and p > 2 a prime number such that p | d. If e is
not separating, then there exists an arithmetic bridge [ of (A,i) with n > 2 edges,and with

ramification factor p such that e € 3.
Proof. Let ag = 0pe and a; = 01e. By Lemmas (9.1) and(9.2) above, it suffices to show that
there exists set Xog C VA and X; C V A such that
(1) XoﬂXl :@, XOUX1 - VA,
(ii) p|i(e) for all e € (Xo, X1),
(iii) ag € Xp and ay € X;.

b
As (A,i) is unimodular, the rational numbers — are well-defined for all a,b € VA. Let

a
the vertices V A be labeled {ag,a1,as9,...,a,} if A is finite and labeled {ag, a1, as,...} if Ais
infinite. For 1 < k < |V A| we define

AP := the full subgraph with vertices {ag, a1, ..., ax}.

We prove by induction on k that for 1 < k < |V A| there exists sets X} C VAF and XF C V A*
such that

(a) X\NXF =02, XkuXF=VAFk
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A

(b) For zg € X} and x; € X¥ with A_$1 = 2 we have p | d,
Zo

(c) ap € Xk and a; € X¥.

Note that condition (b) implies that p | i(e) for all e € (X, XF). Thus this suffices to prove the

existence of our arithmetic bridge. If k = 1 then we let A} = ag and A} = a;. Then conditions

A
(a) and (c) are satisfied. As A_Ch = A(e), condition (b) follows from the hypotheses of our
ao
theorem.

For the finite induction step, assume we have sets X} and X¥ satisfying the inductive
hypotheses. We claim either

(X0 = X0 U{aen}, X7 =X7}

or
(X =X5, X7 = XY U{aka )}

also satisfy the inductive hypotheses. Certianly both possibilities satisfy conditions (a) and (c).
Suppose, however that neither satisfy condition (b). Then there exists zo € X} and x; € X¥
such that writing

co  Aapqr c1 Axq

— = and — =

do Axg dy Aak—H
we have ptdy and p1fd;. But

A.CL’l N Aak+1 Al‘l . CoC1

A.%‘o Axo ‘ ACL]H_l N dodl.

Ax
While the latter is not in lowest terms, it follows that p 1 d where d is the denominator of —
Zo

written in lowest terms, thus contradicting our assumptions on the sets X(’f and X7,

Finally for the transfinite induction step, let X§° = (Jr—, X} and X{° = |32, XF. Then
XPNXP =2, Ifae A® = VA then a € A for some finite k and hence a € X§° U X°.
Likewise if 29 € X§° and z; € X{° then choosing k large enough but finite we have zg € X}

A

A_ﬂﬁ = 2 we have p | d as desired. Finally we clearly have ag € X§°
Zo

and a; € X7°, thus completing our proof. [J

and z1 € XF. Thus writing

(9.5) Theorem. Let X be a locally finite tree with more than one end, and let H < G =
Aut(X) be a closed, saturated subgroup. If H contains a non-uniform X -lattice then H contains
a non-uniform H -lattice.

Proof. Let (A,i) = I(H\\X). Since H is saturated, we may translate the assumptions on
H into properties of (A,7). Since H contains a non-uniform X-lattice, Vol,,(A,i) < oo, for
ap € VAso (A,i) contains a ramified edge. By Theorem (8.3), if every ramified edge of (A4, 1) is
separating, then we obtain a covering p : (B, j) — (A4, ) with the desired properties to give rise
to a non-uniform X-lattice which is also a non-uniform H-lattice, that is, (B, j) is unimodular,
has finite volume, bounded denominators, and the projection p has infinite fibers. Otherwise
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there exists a ramified non-separating edge e, and by Lemma (8.4) either e or € satisfies the
hypothesis of Theorem (0.6) (Theorem (9.4)) and hence e (or €) is contained in an arithmetic
bridge (8 in (A,4) of n > 2 edges. By Theorem (0.4) (Theorem (7.2)) we obtain a covering with
the desired properties to give rise to a non-uniform H-lattice. The only remaining possibility
is that E satisfies the conditions of Theorem (8.5) and hence we obtain a covering with infinite
fibers that gives rise to a non-uniform H-lattice. [

Applying Theorem (0.1) we also have u(H\\X) < co and we obtain the implication (a) =
(b) of Theorem (0.2) as a corollary of Theorem (9.5).

We obtain Corollary (0.7) from Theorem (9.5). This is a generalization of Corollary (0.9) in
[BCRY.

(9.6) Corollary. Let X be a locally finite tree, G = Aut(X), p a (left) Haar measure on G,
H < G a unimodular closed subgroup acting without inversions, py : X — A = H\X, and
(A,i) = I(H\\X). Assume that H = G (44 and that p(H\\X) < oo. If X has more than one
end, and H\X is infinite, then there exists a (necessarily non-uniform) X -lattice ' < H, which
18 a non-uniform H -lattice.

Proof. Since H is unimodular, u(H\\X) < oo and H\X is infinite, H contains a (necessarily
non-uniform) X-lattice by ([BCR], Theorem (0.5)). Since X has more than one end and H =
G'(a,i), that is H is saturated, we apply Theorem (9.5) to obtain a non-uniform X-lattice which
is also a non-uniform H-lattice. [J

10. Towers of coverings with infinite fibers and finite volume

In this section we prove:

(10.1) Theorem. Let (A,i) be an infinite, unimodular edge-indexed graph with finite volume.
If (A,i) contains an arithmetic bridge with n > 2 edges, then (A,i) has an infinite sequence of
COVETINGS:

(Bo,jo) == (B1,j1) == (B2, j2) = ... — (A,i)

with infinite fibers such that each (B, ji) is infinite, unimodular, has finite volume and bounded
denominators. Hence we obtain an infinite ascending chain of closed subgroups of Aut(X):

G(Bo,jo) < G(thl) < G(327j2) < s < G(Aﬂ%

and non-uniform G4 -lattices Uy, with I'y < G(p, j,), k=0,1,2....

Proof. Theorem (7.2) provides us with a single covering p : (B,j) — (A,4i) with the de-
sired properties. We refer to the notation of Fig (7.14) to describe the sequence of cov-
erings (Bo,jo) —= (B1,j1) == (Ba2,j2) —» ... — (A,i) indicated above. We set
(Bo, jo) = (B, j), and the projection pg : (Bo,jo) — (Bi1,j1) projects the first ‘vertical sheet’
onto the ‘bottom sheet’, as indicated in Fig (10.2). Continuing to project the next vertical
sheet onto the bottom sheet defines the next projection p; : (B1,j1) — (B2, j2), and so on.
It is obvious that each px, k = 0,1,2... is a covering of edge-indexed graphs with infinite
fibers, and it is clear that each (B, jx) is infinite, unimodular and has bounded denominators.
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An easy application of the Bass-Rosenberg volume formula ([R]) shows that each (By,jx) has
finite volume £ = 0,1,2. .., and so we obtain a sequence of coverings with the desired properties.

The existence of the infinite ascending chain of closed subgroups of Aut(X)

G(Bo,jo) < G(Blyjl) < G(B2,j2) < ... = G(A,i)

follows from (1.6).

Finally, each (B, jx) admits a finite faithful grouping, denoted By, k& = 0,1,2,... which
gives rise to a non-uniform lattice

].—‘k*:,]Tl(]Bk;7bk;) SG(Bk,jk)a k:071727"'7

for by €e VB, k=0,1,2,.... O

In [CC] we prove Theorem (10.1) in the case that (A,i) is parabolic and hence has no
arithmetic bridge with n > 2 edges.
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