CONGRUENCE SUBGROUPS OF LATTICES IN RANK 2 KAC-MOODY
GROUPS OVER FINITE FIELDS

ABID ALI AND LISA CARBONE

ABSTRACT. Let G be a rank 2 complete affine or hyperbolic simply—connected Kac—Moody group over
a finite field k. Then G is locally compact and totally disconnected. Let B~ = HU™ be the negative
minimal parabolic subgroup of GG, where H is the analog of a diagonal subgroup and U™ is generated by all
negative real root groups. Let w; and w2 be the generators of the Weyl group. Let P, = B~ UB~ w1 B~
be the negative standard parabolic subgroup of G corresponding to wi. It is known that the subgroups
U™, B~ and P; are nonuniform lattice subgroups of G. Here we construct an infinite sequence of
congruence subgroups of P as natural generalizations of the corresponding notions for lattices in Lie
groups. We also show that the group U~ contains analogous congruence subgroups. Our technique
involves determining graphs of groups presentations for U™, B~ and P, with the fundamental apartment
of the Bruhat-Tits tree X a quotient graph for U~ and for B~ on X. When k = F, and ¢ = 27, the
graph of groups for P, has the the positive half of the fundamental apartment as quotient graph. We
explicitly construct the graphs of groups for the principal (level 1) congruence subgroup of P~ and the
analogous subgroups of U™ giving generalized amalgam presentations for them.

Dedicated to the memory of Fisa Abid whose short life touched many people.

1. INTRODUCTION

The principal congruence subgroup of the characteristic p modular group SLy(F,[t]), namely the
kernel of the reduction map SLo(F,[t])) — SL2(F,) sending ¢ to 0, plays an important role in the
theory of modular forms in characteristic p. More generally, congruence subgroups of algebraic groups
over local fields provide a source of arithmetic subgroups.

In this work, we construct the analog of congruence subgroups of complete affine and hyperbolic
simply—connected Kac—-Moody groups over finite fields. Complete Kac—-Moody groups over finite fields
are locally compact and totally disconnected groups and are ‘infinite dimensional’ analogs of algebraic
groups. Even though these groups have no clear notion of algebraic or arithmetic structure, the twin BN-
pair structure developed by Tits [Ti2] provides a framework which enables us to construct congruence
subgroups in rank 2 by analogy with congruence subgroups of SLa(F,t]).

In general, recognizing whether a subgroup of the modular group is a congruence subgroup is a broad
and difficult question. We give an explicit construction of congruence subgroups of affine and hyperbolic
Kac—Moody groups in rank 2 as fundamental groups of certain graphs of groups. This gives rise to both
a fundamental domain and a generalized amalgam presentation for the congruence subgroup.

To describe our results in more detail, we let g be a rank 2 Kac-Moody algebra. In [Til] and [Ti2]
Tits associated to g a group functor on the category of commutative rings. In [CG] the authors gave
an interpretation of Tits’ group functor over arbitrary fields using representation theory of g. Carbone
and Garland constructed a Kac-Moody group G that is a completion of Tits’ ‘minimal’ group in [Til]
and [Ti2].

Date: September 11, 2014.
The first author was supported in part by NSF grant #DMS-1101282.
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Let G denote such an affine or hyperbolic group over a finite field F,. Let B = HU be the completion
of the subgroup Bt of G (as in [CG] and Section 2) where H is a ‘diagonal subgroup’ and U is the
closure of the group generated by all positive real root groups. Let B~ = HU™ be the subgroup of G
(as in [CG] and Section 2) where U~ is generated by all negative real root groups.

The group G has twin BN-pairs (G, B, N) and (G,B~,N) ([CG], Sections 5 and 6) and admits a
cocompact action on its corresponding Bruhat-Tits building, which in rank 2 is a homogeneous tree X
of degree g + 1.

Let wy and wy be the generators of the Weyl group. Let P, = B~ LU B~wi; B~ be the negative
standard parabolic subgroup of G corresponding to w;. It is known that the subgroups U~, B~ and
P are nonuniform lattice subgroups of G ([CG]). This result was also obtained independently by Rémy
([Rel]).

Here we construct the principal congruence subgroup of P, the kernel of an appropriate reduction
homomorphism. We also show that the group U~ contains analogous congruence subgroups. Our
technique involves determining graphs of groups presentations for U™, B~ and P, with the fundamental
apartment of the Bruhat-Tits tree X a quotient graph for U~ and for B~ on X. Similarly, the graph
of groups for P has the the positive half of the fundamental apartment as quotient graph.

For some of our results, we restricted to the case where ¢ = 2°. This restriction simplified our
methods, though is probably unnecessary.

Our work gives a ‘Nagao’ theorem for P;~ (Section 3), ¢f. ([S], p 87) and ([BL], Ch 10). We explicitly
construct the graphs of groups for the principal congruence subgroup of P, and the relevant subgroups
of U™ giving generalized amalgam presentations for them.

A theory of automorphic forms, particularly Eisenstein series, on ‘arithmetic’ quotients of Kac—Moody
groups is desirable as an extension of some aspects of the Langlands program and is in its early days of
development (see [BC], [CLL], [CGGL], [Gal). In particular, in [CGGL], the authors study Eisenstein
series on the quotient of the Tits building X of a rank 2 Kac- Moody group over a finite field by the
nonuniform lattice P . Our construction of congruence subgroups will be an important ingredient in
developing a full automorphic theory for Kac-Moody groups.

The authors would like to thank Mikhail Ershov and Howard Garland for helpful discussions. We
are also grateful to the referee whose comments improved the exposition.

2. RANK 2 KAC—MOODY GROUP AND TITS BUILDING

We shall consider the split form of a rank 2 affine or hyperbolic complete Kac-Moody group G =
Ga(k), as in [CG], over a field k with symmetric generalized Cartan matrix

A:<2 _m),mzz
-m 2

The ‘symmetric’ assumption is invoked in order to simplify the structure of the root system and root
groups. Our results can also be extended to the case of rank 2 symmetrizable non-symmetric generalized
Cartan matrices. Here, the real roots lie on 4 branches corresponding to 2 possible root lengths. The
group U~ is a free product of metabelian groups in this case.

In this section, we define Tits’ minimal form of G in terms of generators and relations, we describe
a completion of the Tits functor by Carbone and Garland ([CG]) and we describe the Tits building of
G which is a homogeneous tree of degree |k| + 1.
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2.1. Tits’ presentation of minimal Kac—Moody groups. Let g be the Kac—-Moody algebra with

2 —m
-m 2
m > 3, g is hyperbolic. Let h be a fixed Cartan subalgebra of g. Let A be the root system of g. Let
IT = {a1,a2} be a basis of simple roots for II. For each simple root in II = {a;,as}, we define the
simple root reflection w;(«j) := aj — (e )evi, where ) is simple coroot. The w; generate a subgroup
W =W(A) C Aut(h*), called the Weyl group of A. The set A" = WII is a subset of A, called the set
of real roots. The remaining roots A\A” are called imaginary roots. We introduce an auxiliary group
W* C Aut(g), generated by elements {w} }i—1 2, where

symmetric generalized Cartan matrix A = , m > 2. When m = 2, g is affine and when

w; = exp(ad(e;))exp(—ad(f;))exp(ad(e;)) = exp(—ad(f;))exp(ad(e;))exp(—ad(f;)).
There is a surjective homomorphism € : W* — W which sends w] to w; for each ¢. We define certain
elements of g, denoted {e, }aecare, where A™ denotes the set of real roots of g. Given o € A", write «
in the form wa; for j = 1,2 and w € W, choose w* € W* which maps onto w and set e, = w*eq;.

We define the group G = G4(k), called the incomplete simply-connected Kac—Moody group corre-
sponding to A, to be the group generated by the set of symbols {x(u) | @« € A™ u € k} satistying
relations (R1)-(R7) below, where for 4, j = 1,2, u, v are elements of k and «, 3 are real roots ([Ti2] and

[CER)).
(R1) Xxa(u +v) = Xa(u)xa(v);
(R2) Let (a, B) be a prenilpotent pair, that is, there exist w, w’ € W such that
wa, wh € AL and w'a, w'B € ATC.
Then
[Xa(u), xs(v)] = H Xma+nB(Crmnasu™v")

m,n>1
where the product on the right-hand side is taken over all real roots of the form ma +ng, m,n > 1, in
some fixed order and C),,q3 are integers independent of k. This product appearing on the right-hand
side is finite.

For each i = 1,2 set
X+i(U) = Xta;(u), u €k
wi(u) = Xi(u)x,i(—u_l)xi(u), u € k*

1w e k.

w; = w;i(1) and h;(u) = w;(uw)w,
The remaining relations are
(R3) Bixa(@)@" = Xuyaait), where 5o € {1},
(R4) hi(u)xa(v)hi(u) ™ = xa(vul®®)) for u € k*,
(R5) wih;(u)w; * = hj(u)hi(u=%), u € k*,
(R6) h;(uv) = hi(u)h;(v) for u,v € k* and
(R7) [hi(u), hj(v)] =1 for u,v € k*.

w

h
h
Let H be the subgroup of G generated by the h;(u), : = 1,2, u € k* Then H = k* x k*.

An immediate consequence of relations (R3) is that G 4(k) is generated by {x4i(u)}. The elements w;

generate a group W which is isomorphic to the group W* above.
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2.2. Commutation relations in rank 2 Kac—-Moody groups. In this subsection, we describe the
commutation relations (R2) of subsection 2.1 over a field k& in Tits’ minimal Kac-Moody group G =
G 4 (k) associated to the generalized Cartan matrix

A= ( 2 m) , m > 2.
-m 2
Analogous relations appear in the Steinberg presentation for finite dimensional Chevalley groups. The
real roots are partitioned into 2 disjoint sets ([CG])

AT = {—ag, —woaq, —wowiaa,...} U{ar, wias, wiweay,...}
Age = {—Oq, —wW109, —wlwgal,...}u{ag, Wo X1, wgwlag,...}
’,
. e
a T ATe
2,1' . A
e
N
){.//J,.—’ ,/
[

In this example, prenilpotence is an equivalence relation on real roots and A7® and A%L° are the

equivalence classes under this equivalence relation. Since
wy -1 = —01, W20 = —02,
wy and wg interchange A7 and AZ%°.

If o and 8 both belong to A¢, or if a and 3 both belong to AL¢ then o + 3 cannot be zero or a root
([CG]), thus

[Xa(s),xs(t)] =1, s,t € k.
This completes the commutation relations necessary to define the group G.

2.3. Completion of Tits’ minimal Kac—Moody group. The following interpretation of Kac—
Moody groups was suggested by Tits ([Til]) and given by Carbone and Garland ([CG]). This con-
struction generalizes that of simply—connected Chevalley groups. Let U be the universal enveloping
algebra of g. Let A C h* be the linear span of o, for i = 1,2 and AY C h be the linear span of o/, for
i =1,2. Let Uz C U be the Z-subalgebra generated by e /m!, f/m! and (Z)7 for i = 1,2, h € AV
and m > 0. Then Uy is a Z-form of U, that is Uy is a subring and the canonical map Uy @ Q — U is
bijective. For a field k, let U, = Uy @ k and g = gz @ k.
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Now let A € h* be a regular dominant integral weight, that is, (A, ) € Zs for each i = 1,2. Let VA
be the corresponding irreducible highest weight module. Choose a highest-weight vector vy € V* and
let VZ)‘ C V" be the orbit of vy under the action of 7. Then VZ)‘ is a Z-form of V) as well as a Uz-module.
Similarly, V;* := k ®z V) is a Up-module. Then there is a (unique) homomorphism 7 : G — Aut(V}})
such that

& m
TA(Xa; (W) = Z um% fori=1,2 and u € k,
m=0 ’
o0 fm
TA(X—ay(0) = Z umﬁ fori=1,2 and u € k.
m=0 ’

The expressions on the right-hand side are well defined automorphisms of Vk’\ since e; and f; are locally
nilpotent on V). Let G* = m)\(G).

We define the weight topology on G* by taking stabilizers of elements of Vk/\ as a subbase of neigh-
borhoods of the identity. The completion of G* in this topology was given in [CG]. For a field k, the
G* are all isomorphic for different dominant integral weights A ([Ti2]).

2.4. The BN-pair of a complete Kac-Moody group. Now take k = F, and let G = Ga(F,)
denote the completion of the Tits’ functor associated to A and to k ([CG] and Section 2.3). Then G has
subgroups B* C G, N C G and Weyl group W = N/H, where H = N N B* is a normal subgroup of
N. We have B¥ = HU* where U™ is the closure of the group generated by xo(u), o € A uek,U”
is generated by o (u),a € A" u € k. The subgroup BY is compact, in fact a profinite neighborhood
of the identity in G ([CER]) and B~ is discrete ([CG]). The group W coincides with the Weyl group of
the previous subsection, H = (h;(u) | i = 1,2, u € k*) and N = (W, H), where W is as defined in the
previous subsection.

Tits ([Til]) and Carbone and Garland ([CG]) showed that (G, BY, N) and (G, B~, N) are BN-pairs
and
G = B'NB- = B NB™'.
It follows that G’ has Bruhat decomposition
G = Uypew BTwB*.

Let S = {wi, w2} be the standard generating set for the Weyl group W consisting of simple root
reflections. The standard parabolic subgroups are

P+ = B*uB*w,B*.

7

From now on, we often drop the ‘+’ and refer to PZ-Jr as P; and BT as B.

2.5. The Tits building of GG, a tree. The Tits building of GG is a simplicial complex X of dimension
dim(X) = |S| —1 = 1. Since W is infinite, by the Solomon-Tits theorem X is contractible and so
X is a tree. In fact we may associate to G a twin building X* where Xt and X~ come from the
twin BN-pairs (G, BT, N) and (G, B™, N) respectively. The buildings X+ and X~ are isomorphic as
chamber complexes and have constant thickness ¢ + 1. However, we shall not use the twin structure of
the building and hence we drop the & and simply write ‘X’ for X .

The Tits building of G is constructed as follows
VX = G/Pl (| G/P2

EX = G/BUG/B,
5



where G/ B is a copy of the set G/B, giving an orientation to EFX. If Q1 and @ are vertices, then there
is an edge connecting @)1 and Q)9 if and only if @1 N Q2 contains a conjugate of B.

There is a standard simplex corresponding to the identity coset of B. The group G acts by left
multiplication on cosets. There are natural projections on cosets induced by the inclusion of B in P}
and Py:

7:G/B— G/P;, i=1,2.
If v; € G/P; is a vertex and St~ (v;) = 71 (v;) is the set of edges with origin v;, then we may index
StX(v;) by Pi/B C G/B, i =1,2. The Tits building X is a homogeneous, bipartite tree of degree

[Pr:B]=[P,:Bl=¢q+1.
The following describes how the cosets Bwi B and BwsB are indexed modulo B ([CG]):
Bw1B/B = {xa,(s)w1B/B | s € k},
BwyB/B = {Xa,(s)w2B/B | s € k},
where a7 and ag are the simple roots corresponding to w; and wsy respectively.
It follows that the edges emanating from P; and P> may be indexed as follows:
SE(P) = {B}U{xa(s)wiB/B | s €k},
StX(Py) = {B}U{Xas(5))waB/B|s €k},
where B denotes the identity coset and the stars of other vertices are obtained by translating these.

Apartments in X are infinite lines. The fundamental apartment, denoted by Ap, in X consists of all
Weyl group translates of the standard simplex.

owiwa Py w1 Py P P, wa Py wow1Pa
O 4 O s % _a
T3y wiweB T22 wiB %12 B Ti1 waB Ty; wownB %31

2.6. Structure theorems for lattice subgroups. For a general nonuniform lattice I' € G, we will
assume that I'\ X has the structure of a finite core graph union finitely many cusps which are semi-
infinite rays. We conjecture this to be true for any nonuniform lattice I' < G and all our known examples
are of this type (see [C] for further discussion).

2.7. Graph of groups presentations for subgroups of G. We will use the fundamental theory of
Bass and Serre for reconstructing group actions on trees to obtain a graph of groups presentations for
various subgroups of G. Our references for the Bass—Serre theory are ([B], [S]). We refer the reader to
([S], Section 5), for the construction of a quotient graph of groups I'\\ X and universal covering tree

IM\\X corresponding to a group I' acting on X on a tree X.

Theorem 2.1. (/B], [S]) Let X be a tree and ' a group acting on X without inversions and with

quotient graph of groups T\\X. Then I' = m(I'\\X) is an isomorphism of groups and X = T'\\X is
an isomorphism of trees.

Here we take I' < G, where G is the rank 2 simply—connected Kac-Moody group. Then 71 (I'\\ X)
gives a presentation for I' as a generalized amalgam of groups which are conjugate to vertex stabilizers.

If T\\X is an infinite graph of finite groups with finite volume, then T' is discrete and has finite
covolume in G with respect to some (hence any) Haar measure on G, hence is a nonuniform lattice in
G ([BL)).
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3. GRAPHS OF GROUPS PRESENTATIONS FOR U™, B~ AND P,

Let o € A™ be a real root. Then « has an expression a = way;, for a; simple and w € W. Define

la) = L(w)+1,
where £(+) is the standard length function on W, so that for «; simple
llog) = 1,
and for «; simple and w; a simple root reflection
Uwja;) = 2, 1F#].

For n > 1 and i = 1,2, we define (finite) cuspidal root subgroups of U= C B~ and UT C B™:

Ui = (Ualaedl, 1<ta)<n) ={ [ xalua)|ua€Fy},
aEATC
1<l(a)<n
Ut = (WalaeAly, 1<l@)<n) ={ [] xol(t)|ua €Fy},
a€ATY
1<l(a)<n
respectively. Where, for i = 1,2,

A;’i_ = {O[i, W; 35, W;W3—30;, ... }
Al = {-azi, —W3—iQi, —W3_;WiQ3—, ... }.
Then for ¢ = 1,2, Ufi are finite subgroups of U* of order \Uniz = ¢". Such subgroups were also

introduced in [Ro|, Section 6 and [KP], Section 3.

3.1. Graph of groups for U~. Our aim in this subsection is to construct a graph of groups whose
fundamental group is the group U~.

It is known from [CG] and [Rel] that the group B~ is a nonuniform lattice subgroup of the affine or
hyperbolic rank 2 Kac-Moody group G over any finite field £ = IF,. Since U™ is a finite index subgroup
of B™, it follows that U~ is also a nonuniform lattice in G.

Theorem 3.1. The group U~ is isomorphic to the fundamental group of the following graph of groups:

_ W22 Q3.2 _ W12 Qg2 _ wo [e7s} _ 011 wi,1 — Q21 _ W21 —
) rr— s s _ s s 5 U. 5 T
Us o Va2 Us Utz Uy, {1} Uiy Ura 2,1 2 Us -
—0 s O, @ 1 @
aso Az 2 a2 a1 Qg1 as

)

where
wo : {1} = Up,
Qg . {1} — U1_71
are inclusion maps and fori=1,2, n > 1
Qp Un_,z — Un_,z

are identity maps and fori=1,2, n > 1

wnyi Uy = Upig,

are inclusion maps.



Let

Uoo,l = U Un,l
n>1

Uoo,2 = U Un,?
n>1

be the ascending unions of finite root groups.
Since for t = 1,2, n > 1, wp; : U, = Uy and Uy o NUL ) = {1}, it follows that
U™ = Uxy * Ugy-

[e.9]

This was also proven in [KP], Proposition 3.5 (c) in a different setting.

To prove Theorem 3.1, we will make use of the following lemma which follows from a simple inductive
argument.

Lemma 3.2. Fori=1,2, n>1,

— + -1
= upU, ju,

U-

n,t
where j =i if n is even, j = 3 — i if n is odd and u, € W is the unique element of the set §; with
l(uy) = n, where

O = {1, wy, wowy, wowwo, ... },

QQ = {1,w1,w1w2, wiwawWy,y ... }

Note that for n > 1,1 = 1,2 u, € Q; with ¢(u,) = n, we have
u,_1Pju = Stabe(z,, ;)

n—1

where j = i for n even and j = 3 — ¢ for n odd, with ug = 1.
Lemma 3.3. ([CGJ, Section 15) Let Py, P> and U~ be as before, then we have,
PINU™ =U_o <Up,

PyNU™ =U_a, < U

Theorem 3.1 follows immediately from the following.

Proposition 3.4. Let G be a rank 2 affine or hyperbolic simply—connected Kac—Moody group over a
finite field. Let U™ be the subgroup of G generated by all negative real root subgroups. Fori = 1,2 and
n>1, Un_ﬂ- be cuspidal root subgroups. Then we have:

(1) Fori=1,2, n>1 the group Uni

; 18 the stabilizer of the vertex x,, ; modulo U™.

¥

(2) Fori=1,2,n>1 the group U, ; leaves the edge (z, ;,7, ;) fived and acts transitively on the set
of edges with origin T, distinct from (x;yi,mgﬂj), sending all such edges to u, 1B, where u,_1 € {;
with {(un—1) =n — 1, setting ug = 1.

(8) Fori=1,2, n>1 the vertices ,, ,

; are not equivalent under the action of U™ .

(4) Staby - (331_72,961_71) ={1}.



Proof. For (1), i=1,2, n > 1 we have,
Urn =A{ H Xa(Ua) | ta € k}

aEATe,
1<f(a)<n

since Xo(uq) commute among themselves for a € A:;i ([CG], Section 14), where
A:’i ={a e Aj% | l(a) < n}.
From Lemma 3.2, for i = 1,2, n > 1 we have

u-. = unU;:junfl C wuUup,™' C  w,Bu, !

n,i
where j = i for even n, j = 3 — i for odd n and u,, € W is the unique element of the set {2; with
(uy) = n, setting up = 1.
Thus for eachn > 1,7 = 1,2

- -1 -1 -1 -1
Un,i C  wu,Bu, = up—1Pju, " Nu,P3_ju, C  up1Pju,_;

where j = i for even n, j =3 — i for odd n and u,, € Q; with ¢(u,) = n, having set uy = 1.

Hence
Ui < un_leu;il = Stabg(a:;,i)
SO
Uy, Cup1Pu,t,nU- = Stabg(x, ;) NU"
= Staby-(,, ;)-
Conversely, forn > 1 and i = 1,2
Up—1Pju, b NU = w1 (PNnU )t
= un,lU,aju;il by Lemma 3.3
= U_up oy

c U,

n,t

where j = i for even n and j = 3 — i for odd n, up—1 € §; with £(u,—1) = n — 1 setting uy = 1.
So
U, = Staby-(z, ;).

For (2), the inclusion U, ; C U, ;, for i = 1,2, n > 1, shows that the group U, ; fixes the edge
(3’3;,1‘7 x, +1,i). We observe that for a vertex on the fundamental apartment, denoted by wP; with i = 1,2,
w € W, we may identify Eg (wP;) the set of edges with the origin wP; with

Ef(wP) = {wB}U{wxa,(s)w;B|scTF,}.

The vertex T > 1,4 =1,2 corresponds to the coset u,_1P; where u,_1 € W is the unique
element of the set ; with ¢(up,—1) = n—1and j = i if n is even, j = 3 — ¢ if n is odd having set
ug = 1. The edge (x;,i,:c;ru) then corresponds to the coset u,_jw;B, that is the element of the set
{un-1B} U{un_1Xa,;(s)w;jB | s € Fy} corresponding to s = 0.

We are left to consider {u,—1B} U {un—1Xa,(s)w;B | s € F;} which is the set of edges with origin

x,, ; distinct from (z, ;, 2, ;). We claim that if u - [up—1Xa, (8)wjB] = up—1B, for some s € F; and for
9



some u € G, then u € U_,. In fact, the element u is equal to u;ile_lxaj(—s)u ! and

n—17
-1 —1 —1
Up—1W; Xo; (—=8)u,—1 € up1U_q;u,—
— Ufun_laj

< U,

n,.
fori =1,2,n>1and j =i¢ifniseven, j =3 —iif nis odd and u,_; € Q; with (up,—1) =n —1
setting up = 1, the proof of (2) is complete.

For (3), suppose that for some v~ € U™, u™x, ; = 7, . ;

with m # 0. Assume that m > 0. Then
for i = 1,2, some w,w € W with {(w') = n+m > {(w) = n we have

u~ (wP;) = w'P; if and only if (w')~'u~w € P; = BU Bw;B
which is impossible since U~ N B = {1}, unless w' = w and thus vertices wP; and w'P; coincide. For
(4),we have
Staby-(z19,711) = Stabg(xy9,21,)NU”
= BNnU~
HUNU™
= {1}

as follows from axiom RD1-RD5 of [Ti2]. O

3.2. Graph of groups for B~. We can now obtain the graph of groups for B~. We have
H = T xF;
from Section 2. Thus |H| = (¢ — 1)? and for each i = 1,2, n > 1 the group HU, ; is a finite subgroup

of B~ of order ¢"(q — 1)2. The following theorem is an easy generalization of Theorem 3.1 using the
additional property that H fixes the fundamental apartment point wise.

Theorem 3.5. The group B~ = HU™ 1is isomorphic to the fundamental group of the following graph
of groups:

— w22 _ (a2 — W12 _ a2 — wo Qo — Q11 _ Wi — G2 _ W2 —
~~-HU37 <« HU; :HUQ_ <« HU; . ‘HULQ(—H——)HUl,14——-HU1.1——>HU2,1<—HU2.1—>HU3,1"'
—0 o o— *— O —e

az.9 g9 ar, ar, asq as4
where
wo: H— HUi2
ao: H — HUp
are inclusion maps and fori=1,2, n > 1
an; : HU, ; — HU, ,
are identity maps and fori=1,2, n > 1
Wi HUT;Z- — HU;+17i
are inclusion maps. Moreover B~ has the expression
B~ = HU~ = HU,, *m HU,;.
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1
The volume of the graph of groups for B~ is a scalar multiple of 2+, — (c¢f. [CG], Lemma 8.1).
- q

Theorem 3.5 also proves that the group B~ is a nonuniform lattice subgroup of G (see ([CG], Section
8) for an alternate proof).

This also shows that the fundamental apartment Ag is a fundamental domain for U~ and for B~ on
X, as was observed in [Ti2] and [CG].

3.3. Graph of groups for P, . The following gives a ‘Nagao theorem’ for P, in analogy with
GLy(FF4[t]) and SLy(Fy[t]) as in [S]. However, our method of proof restricts us to constructing a graph
of groups for P, only when k = F, and ¢ = 2°. We note though, that it was shown in [CG] that the
semi-infinite ray is a fundamental domain for P;” on X = X, 1 with no restriction on q.

We will need the following lemma.

Lemma 3.6. Let G be an affine or hyperbolic complete simply—connected Kac—Moody group over the
finite field k = F,. Let P be the negative standard parabolic subgroup of G. Then P| contains a
subgroup of order q + 1.

Proof: As in [CG], there is a homomorphism
qf)l : SLQ(F(]) — G,

Since G is of simply connected type, ¢; is injective (For the adjoint form of G, ¢; has kernel the cyclic
group of order 2, but we consider only the simply connected form here). Moreover, ¢1(SLa(Fy)) is
generated by Xa, ($), X—a, (t), s,t € Fy as in Subsection 2.1. Since the Weyl group element w; flips a;
to —ai, ¢1(SL2(F,)) is contained in the union of Bruhat cells B~ LU B~w;B~. But this is precisely the
parabolic subgroup P; . So ¢1(SL2(F,)) is contained in P; . Thus there is a subgroup 7" = ¢1(7T) of
P, where T is the non-split torus of SLy(F,) a subgroup of order ¢ + 1. (We refer the reader to [CC],
Theorem 3, (i) and [Lu], Lemma 3.5 for further details about the non-split torus of SLo(F,).00

Remarks.
(1) When g = 2, T is generated by xq,(1)X—q, (1) which has order 3 ([CC]).

(2) Lemma 3.6 can also be proven using the fact that P has a Levi factor which is a finite group of
Lie type.

Proposition 3.7. Let G be an affine or hyperbolic complete simply—connected Kac—Moody group over
the finite field k = Fy and assume that ¢ = 2°. Let X = X411 be the Tits building of G. Let P| be the
negative standard parabolic subgroup of G. Then

{PLYUAS = (P, Py, woPy, wowy Pa, wowjwaPy,...)

is a fundamental domain for P on X where Aa' = (Pa, woP1, wow1 Py, wowijwa Py, ...) is the positive
half of the fundamental apartment Ag and

Pf = B(;,l *g Unle

n,1»
B()_,l = <H7T>7 |BO_71| = (q - 1)2(q + 1)
where T' is the subgroup of P;” of order ¢ +1 as in Lemma 3.6, and for n > 1,
- - - 0o (1 tf®)
n,1 — <H7 Un,1>> |Un,1| =9, Un,l = 0 1 ’ tf(t) S t]F(I[t]’ deg(tf(t)) < n}>

H = (hay (u) | w € FY) % (hay(u) |u € FY) = FX xFy,
11



and |H| = (¢ — 1)? so that 1Bl = (g - 1)%¢".

Proposition 3.7 follows immediately from Proposition 3.10.
We will use the following Lemma, proven in [CC], Theorem 3, (i) and in [Lu], Lemma 3.5.
Lemma 3.8. For k =F, and q = 2%, the group T of order q + 1 acts transitively on P;/B = PL(F,).

Theorem 3.9. When k =TF, and q = 2%, the group P, is isomorphic to the fundamental group of the
following graph of groups:

_ 7)) wo — Qi1 - Wi — Q21 _ w21 —
By 1« H > 5 1« B v > B, < By v »B3qee-
@,
L1 T2 L3 L4
where
wo: H — B,
ag: H — By
are inclusion maps and forn > 1
an,i:Bg,l ‘—)Bn_,l

are identity maps and forn > 1

Wit By = By,

are inclusion maps.

Theorem 3.9 follows immediately from the following.

Proposition 3.10. Let G be an affine or hyperbolic complete simply—connected Kac—Moody group over
the finite field k = Fy and assume that ¢ = 2°. Let X = X411 be the Tits building of G. Let P; be the
negative standard parabolic subgroup of G and let P = P1+ be the positive standard parabolic subgroup
of G. Let (x1, w2, x3, T4, Ts5,...) be an indexing of vertices

{PI}UAS = (P1, Po, woPy, wowi P, wowiwaPy,...)

of X, where Ag = (Pa, wa P, wowy Py, wowiwaP,...) is the positive half of the fundamental apartment
Ao. Then

(1) By, acts transitively on Py /B sending all edges to B and fizing the coset P;.
(2) PL NP =Byg,.

(8) For each n > 1, the group B, , leaves the edge (Tpt1, Tnt2) fized and acts transitively on the set
of edges with origin x,11, distinct from (xp41, Tpt2) sending all the edges to un,—1B, where uy,—1 € Oy
with {(up—1) =n — 1, setting ug = 1.

(4) For n > 1, the vertices xz,, in the set
{Pl} UAT = (Pl, P, wo P, wowy P, wowiwa Py, .. )

are not equivalent modulo P; .

12



Proof. For k = Fy and ¢ = 2%, the group T acts transitively on P;/B (Lemma 3.8). The group H is
contained in B and hence Py and so H fixes P1. Hence By, = (H,T) acts transitively on P /B sending
all edges to B and fixing the coset Pj.

For (2), by (1) we have
P NP = Stabp-(Py") = By ;.

For (3), since B, ; C B, for n > 1, B, fixes the edge (zn+1,%n+2). As in Proposition 3.4,
we have if b~ € P, acts transitively on the set of edges with origin z,41 for n > 1, distinct from
(Tn+1, Tnt2) sending all the edges to u,—1B, then b~ € U,.1- Also from the equation

b [un—1Xa, (s)wB] = up—1 B

where s € Fy, t =1 if n is even and ¢ = 2 if n is odd, we obtain
b U1 X (8)wy € B

also

u b U1 Xay (S)wr € Py
Hence

u, b U1 X, (S)wy € Py N B = H,
so b~ € H. Therefore b~ € B, | = (H,U, ;) and the proof of (3) is complete.
Part (4) follows easily from Proposition 3.4(3). O

4. CONGRUENCE SUBGROUPS OF KAC—MOODY GROUPS

Let I' = SLy(F,[t]) < H = SLo(F,((¢t™1))). Then T is a nonuniform (arithmetic) lattice subgroup of

7 ([S]). Let
ro={(5 o) esta@in | (¢ 5) = (5 §)medn

be the principal congruence subgroup of I'. Then
I'g= Ker{p: SLy(F,[t]) — SL2(F,) | t— 0}.

By [S] we have:
Do = #sc5 sAs™L,

A= ((1) tIFi[t]>

and S is a set of coset representatives for SLo(F,)/B(SL2(F,)), where B(SLy(F,)) denotes the Borel
subgroup of SLa(F,).

where

For r > 1, we also have the family of congruence subgroups:

To(r) = {(‘CL Z) € SLa(F ) | (‘c‘ Z) - <(1) 2) mod 7}

Our aim is to show that the subgroup P, of our Kac-Moody group G contains a congruence subgroup
analogous to I'g. In Section 5 we comment on the existence of congruence subgroups in Kac—-Moody
groups analogous to the family Ty(r), r > 1.

We first define principal congruence subgroups of U~ as follows. We set

Kiy- = Ker{yyy-:U = U_q, |Us 1ifl(a) > 1,a € AT\ {~a2}}
13



Kyy- = Ker{tgy-:U = U_o |Usa = 1if £(a) > 1,0 € AT\ {—a1}}.

The groups K, - are the subgroups of U™ generated up to conjugacy by all negative root groups
except for Uy,_,. Here we explicitly construct the graphs of groups for K ;- giving generalized amalgam
presentations for them.

For each i = 1,2, the set S = 0o U {Xa,(s)w; | s € F,} may be identified with P*(F,) whose elements
are coset representatives of P;/B.

For sj €y, j=0,1,2,...,qg—1, 50 = 0, we set
St = {g0=w1,91 = Xau (S1)W1, 92 = Xa, (52)W1, ..., Gg—1 = Xa (Sg—1)w1}
Sy = {ho=w2,h1 = Xas(51)w2, h2 = Xay(S2)W2, ..., hg—1 = Xas (Sqg—1)w2}.

For each j = 0,1,2,...,q — 1, let S1;Ad and Sy jA; denote translates of the positive half Af =
(P, waPr, wowi Pe, wowiwa P, ... ) of the fundamental apartment Ag by the elements g; of S; and of
the negative half Ay = (P, w1 P, wiwaPy, wiwowi P, .. .) of the fundamental apartment Ay by the
elements h; of of Sy respectively. Then Sl,jAg has vertex sequence

{l‘(l):; = Pg,xt; = Xal(sj)wlpz,x%:; = X ($j)wiwa P, ... | s; € Fq,j=0,1,2,...,g— 1,50 =0}
and Sy ; A, has vertex sequence
2,— 2,— 2,— .
{l’OJ = Pl,:z:Lj = Xa2(8j)w2pl,x27j = Xao (8j)wow1 Pa, ... | sj € Fg,j =0,1,2,...,¢ — 1,50 = 0}.
The following theorem gives the graph of groups for K; ;- i = 1,2.

Theorem 4.1. Let G be an affine or hyperbolic complete simply—connected Kac—Moody group over the
finite field k = F,. Let U™ be subgroup of G generated by all negative real root subgroups. Let K, 7~ be
the principal congruence subgroup of U~ for i =1,2. Then the group

Kiy- = Ker{tyy- U = Uy, |Usr>1iflla) >1,a€ AJ% \ {az_}}

is isomorphic to the fundamental group of the following graph of groups:

where the total number of rays is ¢ + 1 and is indexed over the set S,
al? : Xai () Wi, w7 Xon (=87) = Xay (55)wil, ;w7 Xa, (=)
are identity maps, fori=1,2,n >0, s; € Fy, 7 =0,1,2,...,q — 1 setting so = 0 and U, ; = {1}, and
Wi+ Xy (57)willy w5 Xay (—55) = Xay () wily 4 w7 Xa, (—55)

are inclusion maps, fori=1,2,n >0, s; € Fy, 7=0,1,2,...,q — 1 setting so = 0 and U, = {1}.

Lemmas 4.2 and 4.3 show that the vertex groups of the graph of groups in Theorem 4.1 are subgroups
of K; - fori=1,2.
Lemma 4.2. For s € Fy, 1 =1,2

wi,U* [Xai(s)} = wi,U* [Xwi(*ai)(s)] =1

Proof. This is obvious from the definition of ; ;;-. O
Lemma 4.3. For eachi=1,2,s;€F,, j=0,1,2,..., ¢g— 1, with so = 0 we have
Xai(sj)wiUr;iwi_Ionj(_Sj) CK;y--
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Xa (51>wiU{iw:1Xm (=s1)
i,1
oy

Xo (51)wiUp w7 X, (—51)

b\
Wo

10 e, (59 1)U 107 X, (~54-1)

iq—1
ay

Xa (Sq-1 )sziiwjlxa, (—84-1)

iq—1
Wy

5 4 1@ Xa (8g-1)wiU5 w7 Xa, (—54-1)

.

.

Proof. For each i =1,2,n>1, sp € Fy, k=0,1,2,...,n we have,

wiU;iw;l = {wl’X*aS—i(sl)X*U%—iOéi(52) <o Xag (Sn)w;l}

= {(WiX—as_; (s1)w; ) (WiX —wy_ie (52)w; ) - - (WiXay (Sn)w; )}
= {X_wia37i(Sl)X_wiwiifiai(Sz) < Xwioy (Sn)}
where for each k, oy, € AJ® with (o) = n. Hence for each i = 1,2, s; € Fg, j =0, 1, 2,..., ¢—1,
with sg =0
wi,U* [Xai(sj)wiU;iwi_Xai(_sj)] = wi,U* [Xai(Sj)X—ints—i(Sl)X—wiws—iai(32) .. -Xwiak(sn)xai(_sj)]
= {1}7

by the definition of ¢; ;;-. O

Theorem 4.4. Let G be a rank 2 affine or hyperbolic complete simply—connected Kac—Moody group
over the finite field k = F,. Let U™ be subgroup of G generated by all negative real root subgroups. Let
K - be principal congruence subgroup of U™ for i = 1,2, then we have,

(1) fori=1,2, K;y- NP = {1}.
(2) Fori=1,2,n>1,s;€F,, j=0,1,2,...,q—1, with so =0,

Stabr, (%) = Xay (57)wiU, 7w0; ' Xa, (—55).

(8) Fori=1,2,n>1,5=0,1,2,...,q— 1, the vertices 27 are not equivalent mod K; 7.

n?]
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(4) Fori = 1,2, n > 1, s; € Fy, 5 = 0,1,2,...,9 — 1, with so = 0 and §; be as before the coset
xai(sj)wiUnjiw;lxai(—sj) fizes the edge (xfl;,:z:;jrl]) and acts transitively on the set of edges with

origin :):;L; distinct from (x;;,x;jrl]), sending all edges to Xa,(Sj)wiun—1B, where u,—1 € §; with

Uup—1) =n — 1, setting up = 1.
Proof. For (1), we recall that
K,y-NP,C (U NP)=U_q, by Lemma 3.3.

But
Ki,U— NU-q, = {1}

by definition of K; -, so K; ;- N P; = {1}.

For (2), from Proposition 3.4 for each n > 1, i = 1,2, we have

Uy, < uwnBuly, = up1Puy’y NupPs_ju,’
where u,, € W is the unique element of the €);, where
M = {1, wo, wowy, wowwz, ...}, Qo = {1, w1, wwz, wiwawi, ...},

with ¢(u,) = n, with setting up = 1, and t = i if n is even and ¢t = 3 — i if n is odd. Then for each
n>1,1=1,2,5;€F,;, j=0,1,2,...,9g— 1 with 59 = 0 we have
Xai () Wil s w; Xy (—87) € Xau (87 wittn Buy, 'w; ' Xa, (=)

= Xau(8j)wittn—1 Py w; Xy (=57) N Xa, (87)witin Ps—yuy,

w; " Xay (—5)
C Xai (87)wittn—1 Pruy tyw;  xa, (—55).
where ¢t = ¢ if n is even and ¢t = 3 — 7 if n is odd. Hence
X (8))will ;w;  Xay (=85)  C Xal(sg)wzun 1Pty wi Xay (—85) N K-
= Stabg(z, ) NK; -
= StabKi’U_( ;;)
fori=1,2,n>1,s;€lF,,7=0,1,2,...,q— 1, with so = 0. Conversely,

StabK ( ) Xa; (85)Withy— 1Ptun W, Xa( sj)ﬂKLU_
= Xai (85)wi(up—1 Pty N K g )w; X (—55)
S Xa, (s5)wi(un— 1Ptu 1N U_)w;1Xai(_5j)
= Xai(s5)wi StabU (@) w5 Yoy (—55)
(sj)wi

_Xaz S] nz 1, Xaz( )

So, fori=1,2, n>1,

Xai(sj)wiU;iw;IXai(_sj) = StabKi,U* (ZL’:{;),
for each s; € Fy, j =0,1,2,...,¢ — 1, with 59 = 0.
Since K, ;- < U™, (3) of the theorem follows easily from Proposition 3.4(3).
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For (4), the chain of inclusions
U, €Uy, CU;;, €.
for i = 1,2, yields
Xal(sj)szu i oni(_sj) - Xai(sj)wiUQ_’iwi_lxai(_sj) - Xai(sj)wiUgiwi_lxai(_sj) e
which shows that for n > 1, 4 = 1,2 and s; € Fy, j = 0,1,2,...,¢ — 1, with s = 0, the coset
Xa (85)wil,, ;w; "X, (— s;) fixes the edge (x n37$ﬁ+1g)

Forn>1,i=1,2,s; €F,, 7=0,1,2,...,¢—1 with s = 0 the edge (z n],x;ﬂ_lj) corresponds to the

coset Xq, (8)witn—1we B where u,_1 is the unique element of €; with ¢(u,—1) = n—1 having set ug = 1,
andt =i7ifnisevenand t =3 —iif nis odd. Foreachn >1,i=1,2,s; € Fg, 7 =0,1,2,...,¢—1
with sop = 0, the coset xq,(sj)wiun—1w;B belongs to the set
EO (2 n]) = {Xa (sj)wittn—1B} U {Xa,; ($j)wittn—1Xa, (s)wiB | 55 € Fq, s € Fy}.
We are left to consider
{Xa (8j)wittn—1B} U {Xa, ($j)Wittn—1Xa, (s)w B | s; € Fy,s € F '}

which are the edges with origin x n; distinct from (xi;],x;+lj) forn>1,i=12,s; € Fy, j =

0,1,2,...,q9 — 1 with sg = 0. We claim that if for some u; € G
Ug * [Xai (Sj)wiun—lxat (S)th] = Xoy (Sj)wiu”_lB = (xgilyj’wi;»;)
then
u; € Xai(sj)wlUnz w; Xai(—sj).
In fact forn >1,i=1,2,s; €Fy, 7=10,1,2,...,¢g —1 with s =0
Ui = Xoy(85)Wittn—1wy Xat( )ugllw'_lxai(_sj)

Xaoy (Sj)wzun 1Ufat nllw Xaz( Sj)

'(SJ) wiU—u, qo,w; onl( 5;)

( ) Unz i XOéi(_Sj)‘

N 1 m
0O = x
B

This completes the proof of (4).

The following corollary is immediate.
Corollary 4.5. Fori=1,2,s;€F,, 7=0,1,2,...,9 — 1 with so = 0, we have

Ki,U_ = *SjEFq[U Xai(sj)wZUnz 7 XOéz(_S])]
n>1

We note that for ¢ = 1,2, the group Kj; - is a nonuniform lattice subgroup of G.

4.1. Principal congruence subgroup of P, . For k = F, and ¢ = 2°, we define the principal
congruence subgroup K P of P, as follows:

KP{ = Ker{wpl— Pl — Py | Uy = {1} if l(v) > 1,0 € AT\ {—a1 }}.
Where Py = ¢1(SLa(Fy)) is generated by Xa,(s), X—a,(t), s,t € Fy and ¢1 is the map defined in
Lemma 3.6.

Lemma 4.6 and Lemma 4.7 justify the definition of K -
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Lemma 4.6. For k =F, and g = 2°
¢p*(U_> = U—al'

1

The proof of Lemma 4.6 follows from the definition of P

Lemma 4.7. For s € F; and q = 2°, we have

Up-[hay (8)] = Xy (=57 )X—aa (171):

1

Proof. For s € F)¢ and q = 2°
hay(s) = @i(s)wr(1)™
= Xon(8)X-an (_S_l)Xal (8)Xar (1)X—an (1_1)Xa1 (1).
Hence,

l/}p*[hal(s)] = X—al(_s_l)X—al(l_l)-D

1
Lemma 4.8. For k =F, and g = 2°
Kp-NHay = {1}

Lemma 4.8 is a consequence of Lemma 4.7.

Lemma 4.9. For s ¢ k=F,, ¢ = 2°, we have

wpf [Xa (S)leazwl_le(_S)] = {1}.

Proof. For s € F, and t € F, we have

wlhaQ( )wl !

= wi (@ (£)wa(1) " wy !

= w1 [Xas ()X —az (—t ) Xas () Xan (1) X —as (1) Xan ()] w0y

= (W1Xan ()W ) (WX —as (=t wi ) (wixa, (H)wy )

(W1 X (V) (W1 X - (17 wi ) (wiXa, (Dwi )

= Xuwraz (1)X-wias (=t ) Xuwraz () Xwraz ()X —wias (17 Xwias (1)-

So
Xa (8)W1ha, ()W Xay (—5)
= Xa (8)Xuwras (DX —wraz (=) Xwras () Xwras (D)X —wiaz (17 Xwnaz (1) Xaq (5)-
Hence
Y p- X (w1 Hoywy 'Xay (=5)] = {1},

by the definition of P O
Lemma 4.10. Forn >1, se€F,, g =27,

¢P{[Xa1(3>w1Un_,1w1_1Xa1(_5)] = {1}
18



Proof. For n > 1, ua,s € Fy, g = 2°,

Xog( )wlU lwl qu( 5) = qu(s)wl[{ H Xa(ua)}]wfIXal(—S)
a€ATC
1<0(a)<n

= X (8){ H [w1Xa(ua)wy ]}Xa1<_3)
a€ATe
1<l(a)<n

= X (8){ H Xwsa(ta) }Xa, (=)

aEA{,e,
1<l(a)<n
So, for n > 1, s € Iy,
Y- X (8)w1Up w7 xaa (—5)] = {1},
by the definition of P

In order to give the graph of groups presentation for K -, we take the following coset representatives
for Pl /B
S={9j = Xau(s5)w1 | s; €Fq,7=0,1,2,...,9 — 1,with s = 0}.
For each j = 0,1,2,...,q — 1, we take translates g; A of the positive half A of the fundamental
apartment.

Then forn > 1, j=0,1,2,...,q — 1 the half-ray ngaL has the following sequence of vertices
{a(l):j_ = Pg,&i’i = Xoy (8j)wiun—1P; | s; € Fg, 5 =0,1,2,...,¢— 1,50 =0},
where u,_1 is unique element of Qq, {(u,—1) =n —1 with up =1 and i = 1 if n is even and i = 2 if n
is odd.
For n > 1, we define subgroups of P~

Kn,l

= <Un 1 H >
which satisfy the following ascending chain of inclusions:
Ki;CKy; CK3, C...

Next lemma shows that translates of these subgroups by the cosets representatives of P; /B are contained
in the principal congruence subgroup K PC

Lemma 4.11. Forsc k=1F,, ¢ =2°,
Xay (3)w1K7:,1w1_1Xa1(_3) = Xal( ) <Un 1 H >w1_1Xa1(_3) g Kpf

This follows from Lemma 4.9 and Lemma 4.10.

We now give the graph of groups for K -

Theorem 4.12. Let G be an affine or hyperbolic complete simply—connected Kac—Moody group over the
finite field k = IFy and assume that g = 2°. Let P| be the negative standard parabolic subgroup of G.
Then the principal congruence subgroup

Kp- = Ker{tpp- : P{ = Py | Ua = {1} if (0) > 1,a € A\ {—ar}}.

of P, has the following graph of groups:
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1,— -
g 1Q Yo (Sq-1) w1 K7 w7 ' Xay (—84-1)

1,g—1
0y

Xaa (Sq—l)leilwflxal (7'SQ*1)
w%,qfl

1,— _
a2:q71'2(a1 (8g-1)w1 Ky 0wy "X (—8g-1)
.
.

where where the total number of rays is ¢ + 1, indezed over the set S,
ap? 1 K — K
and ‘
a}LJ - Xai (Sj)lerzlwl_lxoél(_Sj) — Xea (Sj)wiKn_,lwl_lxoél(_Sj)
are identity maps, forn >1, s; € Fy, j =0,1,2,...,q — 1 setting sp = 0,

1,5 —
wo” + K1y = Xay (85)wiy qw; Xai(—35)

W}{j : Xm(sj)leﬁ,lwleal(—Sj) — Xai(sj)wiKT:+l,lwi 1Xa¢(—3j)

are inclusion maps, forn >1, s; € Fy, j =0,1,2,...,q — 1 setting sop = 0. O

Theorem 4.12 is a consequence of the following.

Proposition 4.13. Let KPf be the principal congruence subgroup of the standard parabolic subgroup
P . Let k =TF,; and assume that q = 2°.

(1) We have Kp- NP =K.
(2) Forn>1,s;€k=F;,, ¢q=2°j=0,1,2,...,q — 1, with so = 0 we have
Staprl_ (ai’;) = Xal(Sj)lealwfl)(al(*Sj)-
(8) The vertices a,ll:;, n>1,5=0,1,2,...,q — 1 are not equivalent mod K -
(4) Forn>1,s; € k=F;,¢q=2°7=0,1,2,...,¢q—1 with sg = 0, the cosetXal(sj)leyzlwl_lxal(—sj)

fizes the edge (arl{,j_'7a71{4:1,j) and acts transitively on the set of edges with origin aqll’,_

P distinct from
20



17_ 17_
(an,j » At 1,5
ug = 1

Proof. We have

KmePQgPl_mPQ
But KP; NH = H,, and U_,, CKP;’ SO KP{ NP =

For (2), for n > 1 and s; € Fy, j

Xal(sj)le lwl Xoél( Sj)

Also from Lemma 4.11

Xay (8 )le 1w1 Xm( s) =

So,

Xal(sj)le 1w1 Xal( Sj) C

Conversely, forn > 1, s; € k =TF,, ¢

t =2 if n is even,

Stabr,,- (a,7)

So Staprf (a
1

Part (3) is obvious.

For (4), the chain of inclusions K1 CK,; CK3,C...

Xt (87) w1 K7 jwy X (—55)

fixes the edge ( g ,aiil ])

Forn>1,s;€F,; j=0,1,2,...

=0,1,2,...,¢q

:257j:071727"'7q

711;) c Xal(sj)uﬂB;’lw;lXal( SJ)HKP— Hence StabK (a L ;)

- Xal(sj)leQ_,lwl_lxal(_sj)
which shows that forn>1,s; €Fy,j=0,1,2,3,...

,q — 1 with so = 0, the edge (a’7,a>

) taking all edges to Xa,(Sj)wiun—1B, where up—1 € Q1 with (u,—1) = n — 1, setting

= By, = (H,U_q,).
K. This proves (1).

— 1, setting sop = 0 we have
= Xal(sj)wl <Ha2a U >w1_1X011(_5j)
- XOt1(Sj)w1Bn,lwl XOll(_Sj)'

XOél( ) <Un 17Hoc2>w1_1X0c1(_3) g Kpf

e
Xan (87)w1 B, w01 Xon (=87) N K-
1,—
= Stabpl_ (a; ;)N Kpf
— 17_
= Staprl_ (a,5)-

— 1, with sp =0 and t = 1 if n is odd and

= X (85)wrun—1Pwy Xa1( Sj)ﬂKPf
c 1(5])w1un 1Pwy Xal( Sj)mpl_
= Xal(sj)w (un 1Pth )wl_leq(_Sj)
= (s5)wi(H >w1 "Xai (—55)

(

aq S])wan 1w1 Xoél (_Sj)‘

|
=

a1 (S5 )W

Il
>

:Xa1(5])w1K 1w1 Xa1( Sj)'

yields
C Xon (85)wi Kz wi ' Xay (—85) -
,q—1, with so = 0, the coset Xal(Sj)leilwleal(—Sj)

PN ]) corresponds to the coset

Xai (8j)witn,—1weB where u,_1 is the unique element of Q; with ¢(u,—1) = n —1 having set up = 1 and

t =1if nis even and t = 2 if n is odd. The coset xq, (sj)wiup—1w B for j =0,1,2,3,...,

elements of the set

q—11is an

EO (a n]) = {Xa1 (8j)w1un—1B} U {Xa, (8j)w1tn—1Xa, (s)wi B | sj € Fyg, s € Fy}
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foreachn > 1, s; € Fy, j =0,1,2,...q — 1 with sp = 0. We are left to consider
{Xal(Sj)wlunle} U {Xa: (8j)witin—1Xa, (s)wiB | 5; € Fq, s € Fy'}

which are the edges with origin a ; distinct from (a ij ,ai’; j), j=0,1,2,...,q—1. We claim that for
some u; € Kpf

Ui+ [Xay (85)W1tn—1Xa, (8)weB] = Xa, (85)wiun—1B = (a ifl], a}%;)

then by Theorem 4.4

Ui € X () w1Uy 107 Xy (=)
Also,

“;}11"14)(&1(*Sj)uiXm(Sj)wlunAXat(S)wt € B,
which implies
u t wT Xy (—85)UiXay (87)W1tn—1Xa (5)w; € BN KPf = H,,.

So,

Ui € X <3j)w1Ha2w1_1X0t1(_sj>'
Hence

Ui € Xay (85)w1(Ha,, U;1>wflxa1(_5j) = Xau (85)w1 K, AWy XOél( 55)-

This completes the proof. O
The following corollary is immediate.

Corollary 4.14. For s; € k =TF,, ¢ = 2° we have
e —
KP{ = *K;l[ U Xal(sj)len,1w1 Xai (—55)]-
, n>1,s;€F

Where j =0,1,2,...,q— 1 with sg = 0. O

We note that K Pr is a nonuniform lattice subgroup of G whose graph of groups has volume a scalar

1
multiple of 1437 o —
- q

5. OTHER DIRECTIONS

5.1. Higher level congruence subgroups. The congruence subgroups K; ;;- and K - defined in the

previous sections may be viewed as principal or ‘level 1’ congruence subgroups in an mﬁmte sequence
of congruence subgroups. In this subsection we define higher level congruence subgroups of P;". We
recall that

Kp- = Ker{tpp—: Py = Py | Ua = {1} if l(e) = 1, € AT\ {—an }},
where Py = ¢1(SL2(F;)) and ¢; is the map defined in Lemma 3.6.
For n > 2, we define
KPf(n) =Ker{p: P| — Qn | Uy — 1if l{(a) > n},
where @, = ¢n(SLa(Fy[t]/(t"))), where ¢, is the map that extends naturally from SLy(F,) to
SLa(E[1]/(t7))

Higher level congruence subgroups of U~ can be defined similarly. By analogy with the classical case,
we expect the graphs of groups of K, ( ) to be significantly more complicated than that of K- (cf.

[CCM]). Instead of a core graph consmtmg of a single vertex, as is the case for K —, we expect to find
22



a core graph consisting of a complete bipartite graph with the number of cusps growing exponentially
with the size of the core.
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