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Abstract

We construct and classify all groups, given by triangular presentations
associated to the smallest thick generalized quadrangle, that act simply
transitively on the vertices of hyperbolic triangular buildings of the small-
est non-trivial thickness. Our classification shows 23 non-isomorphic tor-
sion free groups (obtained in an earlier work) and 168 non-isomorphic
torsion groups acting on one of two possible buildings with the smallest
thick generalized quadrangle as the link of each vertex. In analogy with
the As case, we find both torsion and torsion free groups acting on the
same building.

1 Introduction

Intensive study of groups acting simply transitively on Euclidean buildings was
initiated in [8] and [9]. This work has had a considerable impact in several
directions. For example, this led to new examples of fake projective planes
(|18]), and, finally, to their full classification ([10]). In the Ag case, there are two
non-isomorphic buildings of minimal non-trivial thickness admitting a simply
transitive action, and eight isomorphism classes of groups acting on these two
buildings simply transitively and in a type preserving manner. Within this
isomorphism class, five groups are torsion free and three have torsion [9].

In this paper we study groups acting simply transitively on vertex sets of
hyperbolic buildings with the smallest thick generalized quadrangle as the link of
each vertex. The torsion free groups acting simply transitively on such buildings
were classified in [16]. Here we classify triangle presentations associated to the
smallest thick generalized quadrangle, as well as groups with torsion coming
from these presentations. We wish to emphasize that our groups act simply
transitively on vertices of hyperbolic buildings, where as other authors have
considered groups acting on, for example, chambers (see [17]) or panels (see
12]).

It is known ([19]) that up to isomorphism, there are only two possible tri-
angular hyperbolic buildings, with the smallest generalized quadrangle as the
link of each vertex, admitting a simply transitive action. We note that in the
formulation of the main theorem in [19] the appropriate polygonal complexes



are required to be symmetric, but the proof works also for buildings admitting
simply transitive actions.

In [16] the authors constructed, for any n, torsion free groups acting co-
compactly on hyperbolic buildings with n-gonal chambers. Our strategy in this
paper is to modify the construction in [16] to include the torsion case as well.

Our classification shows 168 non-isomorphic torsion groups acting on vertices
of one of two possible buildings with the smallest thick generalized quadrangle
as the link of each vertex. In analogy with the As case, we find both torsion
and torsion free groups acting on the same building. These groups are listed
in the Appendix. The two possible buildings are denoted by (1) and (2) in the
Appendix.

The link of order 2 (defined in Section 2) for a Kac-Moody building with
the minimal generalized quadrangle as the link of each vertex and equilateral
triangular chambers was computed in unpublished paper by the first author
and D. Cartwright and T. Steger ([5]), using an invariant for links of order 2
developed by T. Steger. The Kac-Moody building coincides with our building
with number (2).

By [19] there are only two possible isomorphism classes of buildings with the
smallest thick generalized quadrangle as the link of each vertex and by results
of the present paper at least two of them are non-isomorphic. Thus all the
groups from the Appendix with building number (2) are cocompact lattices in
the automorphism group of the corresponding Kac-Moody building. It remains
to determine if it is possible to embed these lattices into the corresponding
Kac-Moody group.

The existence of cocompact lattices in certain Kac-Moody groups has already
been established. In [7], the authors generalized Lubotzky’s construction of
Schottky groups of automorphisms in S L9 over a nonarchimedean local field to
give torsion free cocompact lattices in any rank 2 locally compact Kac-Moody
group over a finite field F,. In [4] Capdebosq and Thomas classified cocompact
lattices with torsion and with quotient a simplex in rank 2 Kac-Moody groups
corresponding to symmetric generalized Cartan matrices. In [6], the first author
and Cobbs showed that over the field with 2 elements, rank 3 Kac-Moody groups
of noncompact hyperbolic type whose Weyl groups are a free product of Z/2Z’s
contain a cocompact lattice that also acts discretely and cocompactly on a
simplicial tree. In 2] and [3], Bourdon constructed a family of cocompact lattices
in the automorphism groups of certain hyperbolic Kac-Moody buildings. In [21],
Rémy and Ronan showed that Bourdon’s cocompact lattices I'; 11, 7 > 5, ¢ >
3, can be embedded into the closure of right-angled Kac-Moody groups in the
automorphism groups of their buildings, I, 441 for ¢ a prime power.

In all of the above cases, the Kac-Moody buildings are right-angled. The
groups we construct here are the first examples of cocompact lattices acting
on simply transitively on vertices of hyperbolic triangular Kac-Moody buildings
that are not right-angled

By [24] it is known that groups acting cocompactly on hyperbolic buildings,
in such a way that the chamber is a polygon with at least six sides, are residually
finite. But whether or not groups acting cocompactly on triangular hyperbolic
buildings are residually finite remains an open question. Our hyperbolic groups



acting simply transitively on triangular hyperbolic buildings are possible candi-
dates of such groups that are not residually finite. The commutator subgroups
of many of our examples are perfect groups (that is, they have trivial abelianiza-
tions) and an extensive computer search (which was carried out since the paper
[16] was completed) did not find any normal subgroups of these commutator
subgroups.

To prove our main theorem, we used a program written in Fortran to de-
termine the equivalence classes of triangular presentations. We used Magma to
determine isomorphism classes of dual graphs of polyhedra and hence of triangle
presentations.

2 Definitions and main results

Recall that a generalized m-gon is a connected, bipartite graph of diameter m
and girth (the length of shortest circuit) 2m, in which each vertex lies on at
least two edges.

We will call a polyhedron a two-dimensional complex which is obtained from
several oriented p-gons (Euclidean or hyperbolic) with words on the boundary,
by identification of sides with the same labels respecting orientation. We assume
that each side of our polygons has length 1.

Consider a sphere of a radius 0 < € < 1 at a vertex of the polyhedron. The
intersection of the sphere with the polyhedron is a graph, which is called the
link at this point. Consider now a sphere of a radius 1+¢, 0 < € < 1 at a vertex
of the polyhedron. The intersection of this sphere and the polyhedron will be
called a link of order two.

We will use the definition of a hyperbolic building given in [15], where an in-
finite series of examples of hyperbolic buildings, with prescribed local structure,
were constructed and studied.

Definition 2.1. Let P(p,m) be a tessellation of the hyperbolic plane by regular
polygons with p sides, with angles 7/m in each vertex where m is an integer.
A hyperbolic building is a polygonal complex X, which can be expressed as the
union of subcomplexes called apartments such that:

1. Every apartment is isomorphic to P(p,m).
2. For any two polygons of X, there is an apartment containing both of them.

3. For any two apartments A1, Ao € X containing the same polygon, there
exists an isomorphism Ay — Ao fixing A1 N As.

Let C, be a polyhedron whose faces are p-gons and whose links are general-
ized m-gons with mp > 2m +p. We equip every face of C),, with the hyperbolic
metric such that all sides of the polygons are geodesics and all angles are m/m.
Then the universal covering of such a polyhedron is a hyperbolic building (see
13).

Therefore to construct hyperbolic buildings with cocompact group actions,
it is sufficient to construct finite polyhedra with appropriate links.

We recall also the definition of a polygonal presentation introduced in [23]:



Definition 2.2. Suppose we have n disjoint connected bipartite graphs
G1,Go,...,Gy. Let P; and L; be the sets of black and white vertices respec-
tively in G;, i =1,...,n;let P=JP;, L=JL;, bLNPj=0, LyNL; =0 for
1 # j and let A be a bijection \: P — L.

A set K of k-tuples (x1,x2,...,x), ©; € P, will be called a polygonal pre-
sentation over P compatible with A if

(1) (z1,22,23,...,2K) € K implies that (z2,x3,...,z5,x1) € K;

(2) given x1,x9 € P, then (x1,x2,x3,...,2%) € K for some xs, ...,z if and
only if xo and A(x1) are incident in some Gy;

(3) given x1,x9 € P, then (x1,x2,23,...,x) € K for at most one x5 € P.

If there exists such K, we will call A\ a basic bijection.

Remark 1. The polygonal presentations with k = 3, n = 1, and G is the
smallest generalized 3-gon have been listed in [8] and [11].
We use the following definition of equivalence, which is similar to the one in

[9]-

Definition 2.3. Let K1 and Ko be two polygonal presentations with k = 3,
n = 1, and for which the graph G1 is a generalized 4-gon. Then K1 and Ko
are equivalent if there exists an automorphism of the generalized 4-gon which
transforms the 4-gon of K1 to the 4-gon of Ks.

Here we classify all polygonal presentations for k = 3, n = 1 and Gy is the
smallest thick generalized quadrangle (4-gon). Figure 1 shows the graph Gj.

In [16] the authors classified all polygonal presentations for the case k = 3,
n = 1 and G, is the smallest thick generalized quadrangle, when at least two
labels in each triangle are different. This corresponds to the case of torsion free
groups acting simply transitively on the building.

Theorem 2.4. ([16]) There are 45 non-equivalent torsion free triangle presen-
tations associated to the smallest thick generalized quadrangle. These give rise
to 23 non-isomorphic torsion free groups, acting simply transitively on vertices
of triangular hyperbolic buildings of smallest non-trivial thickness.

It turns out that if we allow torsion in the groups acting simply transitively
on hyperbolic triangular buildings, the number of non-equivalent presentations
and the number of non-isomorphic groups is much larger:

Theorem 2.5. There are 7159 non-equivalent triangle presentations correspond-
ing to groups with torsion associated to the smallest gemeralized quadrangle.
These give rise to 168 non-isomorphic groups, acting on vertices of one of two
possible triangular hyperbolic buildings with the smallest thick generalized quad-
rangle as the link of each vertex (listed in the Appendizx).

We can associate a polyhedron X on n vertices with each polygonal presenta-
tion K as follows: for every cyclic k-tuple (z1, z2, 23, ..., z)) we take an oriented



Figure 1: The graph G

k-gon on the boundary of which the word x1x9x3... 2 is written. To obtain
the polyhedron we identify the corresponding sides of the polygons, respect-
ing orientation. We say that the polyhedron X corresponds to the polygonal
presentation K.

The following lemma was proved in [23]:

Lemma 2.6. A polyhedron X which corresponds to a polygonal presentation KC
has graphs G1,Go, ..., G, as vertex-links.

Polyhedra corresponding to polygonal presentations from Theorem 2.4 have
generalized 4-gons as vertex-links and regular hyperbolic triangles with angles
7 /4 as faces. The universal covering of such a polyhedron is a hyperbolic build-
ing (see [13]). Moreover, with the metric introduced in [1, p. 165] this building
is a complete metric space of non-positive curvature in the sense of Alexan-
drov and Busemann [14|. Examples of hyperbolic buildings with right-angled
triangles were constructed by M. Bourdon in |2] and in [13].

Remark. If we have a group with torsion, we may use the method of [13],
Cor 2.6 p.176, which applies to torsion free groups by making the following
modification. We pass to an index 3 subgroup (obtained in a canonical way by
changing alphabets), to form a polyhedron with three vertices which is torsion
free, then we pass to the universal cover carrying the labels, and then remove
the indices of labels.



3 Proof of Theorem 2.5

We construct all polygonal presentations with £ = 3 and n = 1 and for which
the graph Gy is a generalized 4-gon. The 23 torsion free groups were listed in
[16]. Here we give the groups with torsion. Our strategy is to go through all
possible incidence tableaus for G; and determine if they can be interpreted as
triangle presentations.

Let P be the set of black vertices and L be the set of white vertices in (7.
We denote the elements of P by x; and the elements of L by y;, i =1,2,...,15.
In all cases we define the basic bijection A : P — L by A(z;) = y;.

By [22], the smallest thick generalized 4-gon can be presented in the following
way: its “points” are pairs (i,7), where 4,7 = 1,...,6, i« # j and “lines” are
triples (i1, 1), (42, j2), (i3, j3) of those pairs, where i1, 12,13, j1,j2 and j3 are all
different. Therefore, we build a tableau as follows: For each row we take three
pairs (i1, j1), (i2, j2), and (i3, J3), where i1,12,13, j1,7j2 and j3 are all different
and in 1,2,...,6. These are our points: z1 = (1,2), z2 = (1, 3),..., 15 = (5, 6).

Table 1: Table of points for incidence tableau

1 Tio 15
1 Ti1 T14
1 Ti2 X13
T2 X7 X115
T2 T8 X4
T2 X9 X13
r3 T X15
r3 rg  T12
r3 T9 Tn
Ty T T4
T4 T7r  T12
Ty Ty  X10
5 T X13
5 Tt X1l
Ts5 Ty X10

Next we label the rows in Table 1 by v1,...,y15 in such a way that the
result is an incidence tableau that gives a triangle presentation with the basic
bijection A. To obtain groups with torsion, we demand that at least one of the
triangles is of the form (x;,x;, ;). For example, labeling the rows from top
to bottom by y1, Y2, ¥s, Ys, Y14, Y10, Y7, Ys: Y12, Y3, Y4, Yo, Y15, Y13, and yi
gives rise to the presentation Thy with the following 17 triangles: (x1,x1,x1),
(z10, 2, 71), (%15, T6,21), (T11,%5,%2), (T14,714,72), (T4, 27,23) (T6,T12,73),
(714,78, 73), (T4,74,74), (T12,T9,74), (T7,715,75), (T15,713,25), (T13,77,76),
(78,78, 78), (712,711, 78), (T9, T10,T9), and (713, T11,Z10)-

The labeling of rows in Table 1 defines the triangles uniquely: since the
last row x5, zs, 19 has label y1; we know that there are triangles (z11, x5, z4),
(z11,28,2p) and (x11,x10,2.) for some points x,, xp and z.. For the first of
these triangles the missing point is x, = x2, since the line y5 has points x2, 7



and z15 and from the lines with those respective numbers only yo has the point
x11. That is, line y1; has point x5, line y5 has point 2 and line y» has point x11,
and this gives the triangle (x11, x5, z2). Similarly, we must have x;, = 12 and
. = x13. Going through all the rows we get the triangles for this presentation.
The number of the triangles in each presentation is either 17 or 19, depending
of whether there is 3 or 6 triangles of the from (x;, z;, x;).

The presentations are searched by a computer program. The program is
written in Fortran in order to keep it fast and simple. It goes through all 15!
ways to label the rows of the given tableau, and decides, which of these give an
incidence tableau of a triangle presentation with torsion. The program outputs
one representative of each equivalence class of triangle presentations. We obtain
in this way 7159 different equivalence classes of presentations.

For a polygonal presentation 7', take N (N = 17 or 19) oriented regular
hyperbolic triangles with angles 7/4, write words from the presentation on their
boundaries and glue together sides with the same letters, respecting orientation.
The result is a hyperbolic polyhedron with one vertex and N triangular faces,
and its universal covering is a triangular hyperbolic building. We can draw the
link, which is a generalized 4-gon, for any of these buildings: for every triple
(xi,xj, 1) the points y; and z;, as well as y; and z3, and y; and z; are incident
in it. The fundamental group I' of the polyhedron acts simply transitively on
vertices of the building. The group I'; has 15 generators and N relations, which
come naturally from the polygonal presentation 7.

To distinguish groups I';, ¢ = 1,...,7159 it is sufficient to distinguish the
isometry classes of polyhedra, according to the Mostow-type rigidity for hyper-
bolic buildings which was shown, for example, in [25].

Therefore, we consider dual graphs of index 3 subgroups in order to see which
of these presentations give rise to isometric polyhedra. First we calculate the
index 3 subgroups: we substitute each triple of the form (z;, ;, ;) in the presen-
tation by (z},2?,23), each (x;,;,z)) by three triplets (z}, 22, 23), (z%,z?,:n,lg)

7? ]’
and (w?,x},xi), and each (z;,z;,2;) similarly by three triplets (w},x?,x?),
3 5.1 2)

(22,23, 21) and (z3,2%,22). We then have 45 triangles, which represent the

R i Lg
generzjxtoﬁs of the inde)Jc 3 jsubgroup of T.

We next construct the dual graph for each of these as follows: we take 90
vertices such that first 45 of them (numbered 1-45) correspond to the edges of
the triangles and the second 45 edges (numbered 46-90) correspond to the faces
of the triangles. We add an edge between vertices i (from 1-45) and j (from
46-90), if edge i was on the boundary of the face j in a triangle. Thus we obtain
trivalent bipartite graphs with 90 vertices.

With the help of the Computational Algebra System Magma we compare
the dual graphs of the index 3 subgroups and we find that most of them are
isomorphic with some other graph: there are only 168 non-isomorphic dual
graphs. Thus we have 168 triangle presentations which give rise to non-isometric
polyhedra. We then compute links of order two in buildings defined by our 168
torsion groups and 23 torsion free groups from [16]. There are only two non-
isomorphic links of order two and in this case, they are complete invariants of
buildings.



The 168 triangle presentations are listed in the Appendix together with the
number (1) or (2) indicating the type of building.
This completes the proof of Theorem 2.5.

4 Construction of polyhedra with m-gonal faces using
torsion groups

In [16] the authors described how to construct buildings with m-gonal faces,
for arbitrary m, starting from torsion free groups acting on triangular buildings
with the smallest possible link. We modify this construction to allow torsion
groups and an arbitrary generalized polygon as the link of each vertex.

Given generalized polygon G we shall denote by G’ the graph arising by
calling black vertices of G white vertices of G’ and white vertices of G black
vertices of G'.

Consider a bipartite graph G with black vertices P = {x1,...,,x;} and
white vertices L = {y1,...,yx} and a subset K C P x P x P that defines
the triangles. Starting from this triangular presentation K, we construct a
polyhedron, whose faces are m-gons and whose m-vertices have links G or G'.

Let w = z1 ...z, be a word of length m in three letters a, b and ¢. Assume
that z1 = a, 220 = b and z3 = ¢ and that w does not contain proper powers of
the letters a, b and ¢, that is, z,,, # a and 2z, # 2,41 forallt =1,...,m — 1.

For each of the triples (z;,zj,2x) in K we take three triples (z},22, 23),

i1 L5 Tk

(:U?,:L‘?,ﬂ;i) , (wf’,:ﬁjl,:ci) if at least two of x;,x;,x) are different, and just one

(:c},x?,x?), if i = j = k. The triples are cyclic, so we can write them as
(x},x?,x%), (x,lc,xf,x;’) and (93]1,3:%,:623) By glueing together triangles with
these words on the boundary, we obtain a polyhedron with triangle faces and 3
vertices, each of them with the graph G as the link of each vertex.

We construct m-tuples, one corresponding to each of these new triples: for
triple (z}, x%, m?y) we define an m-tuple, which corresponds a word w with a =
Tl b= 1‘% and ¢ = l’% We have m-tuples whose coordinates start with one of
the triples, and then continue with m — 3 letters in some order defined by the
word w in the letters a, b, and c.

If we glue the m-gons with these words on the boundary together by their
sides labelled with same letters, respecting orientation, we obtain a polyhedron
with m-gonal faces and m vertices, which all have the link G or G’. The type

of the link can be seen from the letters of the edges meeting at that vertex. Set
Sign(ab) = Sign(bc) = Sign(ca) =1
and
Sign(ba) = Sign(cb) = Sign(ac) = —1.

Then for vertex t = 1,...,m—1 the group Gy of the link is G if Sign(z, z¢41) =
1 and G’ if Sign(z¢,2t41) = —1. For the last vertex we have G,, = G if
Sign(zm,a) =1 and G’ if Sign(zm,a) = —1.

We denote the set of m-tuples by T),. Thus we have the following



Theorem 4.1. The above constructed subset T,, C P x --- x P is a polygonal
presentation. It defines a polyhedron X whose faces are m-gons and whose m
vertices have links G or G'.
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Appendix

The torsion free cases T1, ..., Tss have been listed in [16], and thus for those we
only denote here in Table 2 whether the link of order 2 is isomorphic to that of
T (case 1) or Ty (case 2). Then in Table 3 we list the labelings of the rows of
Table 1 which give rise to the triangle presentations with torsion, denoted by
To4,...,T191. After the name of the presentation in Table 3 there is (1) resp.
(2) if the resulting building is isomorphic with that of 77 resp. Tb.

Table 2: List of torsion free cases by isomorphism type of the 2-link
(1) | Th, Ty, T, Ty, Ty, Ti1, Th3, Tis, Th7, Tis, Tig, To3
(2) | Tz, T3, T, T7, Tho, Th2, Tha, Th6, T20, To1, To2




Table 3: List of labelings giving triangle presentations with torsion
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Y1, Y2, Y6, Ys, Y14, Y10, Y7, Y8, Y12, Y3, Y4, Y9, Y15, Y13, Y11
Y1, Y2, Y9, Y10, Y3, Y5, Y14, Y8, Y15, Y13, Y7, Y4, Y6, Y12, Y11
Y1, Y2, Ye, Y3, Y15, Y7, Y8, Y14, Y9, Y10, Y11, Y12, Y4, Y5, Y13
Y1, Y2, Y14, Y13, Y10, Y4, Y3, Y6, Y8, Y15, Y11, Y9, Ys, Y7, Y12
Y1, Y2, Y3, Ys, Y14, Y15, Y8, Y9, Y10, Y6, Y7, Y12, Y11, Y4, Y13
Y1, Y4, Y12, Y3, Y9, Y6, Y11, Y5, Y7, Y14, Y15, Y10, Y13, Y2, Y8
Y1, Y2, Y4, Y9, Y6, Y10, Y11, Y13, Y14, Y3, Y15, Y7, Y5, Y12, Y8
Y2, Y6, Y13, Y14, Y3, Y8, Y7, Y1, Y9, Y15, Y4, Y5, Y12, Y11, Y10
Y1, Y2, Y6, Ys, Y10, Y4, Y15, Y14, Y13, Y11, Y9, Y7, Ys, Y12, Y3
Y1, Y2, Y7, Y3, Y14, Y15, Y9, Y11, Y13, Y5, Y6, Y4, Y12, Y10, Y8
Y2, Y7, Ys, Y4, Y6, Ys, Y1, Y3, Y9, Y14, Y15, Y12, Y13, Y11, Y10
Y4, Y9, Y12, Y11, Y8, Y15, Y1, Y3, Y2, Y6, Y13, Y10, Y5, Y7, Y14
Y1, Y10, Y11, Y2, Y8, Y5, Y14, Y7, Y6, Y9, Y12, Y3, Y13, Y4, Y15
Y1, Y2, Y3, Y15, Y9, Y4, Y7, Y12, Y10, Y11, Y5, Y14, Y6, Y13, Y8
Y1, Y2, Y4, Y15, Y13, Y6, Y11, Y5, Y12, Y8, Y3, Y10, Y14, Y7, Y9
Y1, Y2, Ys, Y4, Y6, Y10, Y13, Y7, Y3, Y14, Y12, Ys, Y11, Y9, Y15
Y1, Y2, Y4, Y15, Y14, Y3, Y5, Y11, Y9, Y10, Y12, Y8, Y6, Y7, Y13
Y1, Y2, Y6, Y4, Y14, Y10, Y3, Y12, Y13, Y11, Y7, Ys, Y15, Y8, Y9
Y1, Y2, Y6, Y10, Y13, Y3, Y5, Y8, Y11, Y15, Y7, Y4, Y14, Y9, Y12
Y1, Y2, Ys, Y13, Y15, Y3, Y6, Y11, Y7, Y9, Y4, Y5, Y14, Y12, Y10
Y1, Y2, Y4, Ys, Y3, Y15, Y6, Y11, Y7, Y8, Y12, Y10, Y9, Y14, Y13
Yt, Y2, Y4, Ys, Y11, Y10, Y13, Y9, Y7, Y6, Y12, Y15, Y5, Y14, Y3
Y1, Y2, Ye, Y3, Y8, Y10, Y15, Y5, Y11, Y9, Y13, Y12, Y7, Y4, Y14
Y1, Y2, Ys, Y15, Y4, Y6, Y7, Y5, Y3, Y14, Y11, Y12, Y13, Y9, Y10
Y1, Y2, Ys, Y15, Y6, Y7, Y13, Y4, Y9, Y12, Y14, Y5, Y11, Y3, Y10
Y1, Y2, Y3, Y5, Y4, Y15, Y6, Y10, Y8, Y9, Y7, Y11, Y12, Y14, Y13
Y1, Y2, Y3, Ye, Y12, Y10, Y8, Y11, Y15, Y14, Y4, Ys, Y9, Y13, Y7
Y1, Y2, Y4, Y12, Y3, Y15, Y5, Y9, Y14, Y7, Y11, Y10, Y6, Y13, Y8
Y1, Y2, Ye, Y3, Y14, Y15, Y10, Y13, Y11, Y12, Y8, Y7, Y4, Y5, Y9
Y1, Y2, Y6, Y9, Y12, Y10, Y15, Y4, Y3, Ys, Y14, Y11, Y8, Y13, Y7
Y1, Y2, Y12, Y15, Y9, Y11, Y7, Y8, Y5, Y6, Y10, Y3, Y4, Y14, Y13
Y1, Y2, Y13, Y12, Y15, Y7, Y9, Y11, Y4, Y3, Y14, Y8, Y10, Y6, Y5
Y2, Y9, Y15, Y12, Y8, Ys, Y6, Y1, Y3, Y11, Y7, Y4, Y13, Y10, Y14
Y1, Y2, Y4, Y5, Y3, Y15, Y11, Y7, Y9, Y6, Y10, Y8, Y12, Y14, Y13
Y1, Y2, Ye, Ys, Y14, Y15, Y10, Y3, Y7, Y4, Y8, Y12, Y11, Y13, Y9
Y1, Y2, Y4, Y8, Y11, Y15, Y6, Y9, Y7, Y10, Y12, Ys, Y13, Y14, Y3
Y1, Y2, Y12, Y15, Y9, Y4, Y7, Y10, Y13, Y3, Y11, Y14, Y8, Y6, Y5
Y1, Y2, Y12, Ys, Y14, Y15, Y8, Y13, Y3, Y6, Y10, Y7, Y11, Y4, Y9
Y1, Y2, Ys, Y6, Y4, Y15, Y9, Y8, Y13, Y14, Y12, Y11, Y10, Y3, Y7
Y1, Y3, Y4, Y8, Y11, Y9, Y15, Y6, Y2, Y10, Y7, Y5, Y14, Y13, Y12
Y1, Y2, Y6, Y7, Y15, Y3, Y11, Y9, Y12, Y10, Y8, Y13, Y4, Y14, Y5
Y1, Y2, Y3, Ys, Y6, Y10, Y15, Y9, Y7, Y14, Y5, Y12, Y4, Y13, Y11
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Y1, Y2, Y3, Y4, Y14, Y10, Y15, Y5, Y7, Y6, Y9, Y11, Y8, Y13, Y12
Y1, Y2, Y7, Y10, Y14, Y8, Y3, Y11, Y4, Y13, Y6, Y12, Y9, Y15, Y5
Y1, Y2, Y7, Y15, Y5, Y4, Y13, Y12, Y8, Y11, Y3, Y6, Y9, Y10, Y14
Y1, Y2, Y3, Y10, Y14, Y8, Y5, Y4, Y15, Y13, Y6, Y9, Y12, Y7, Y11
Y1, Y2, Y4, Y6, Y9, Y15, Y14, Y8, Y12, Ys, Y10, Y11, Y13, Y7, Y3
Y1, Y2, Y11, Y15, Y12, Y6, Y7, Y4, Y8, Y14, Y9, Y3, Ys, Y10, Y13
Y1, Y2, Y12, Y5, Y9, Y10, Y7, Y15, Y11, Y13, Y4, Y6, Y8, Y3, Y14
Y2, Y6, Y13, Y15, Y3, Y8, Y4, Y1, Y9, Y14, Y11, Y7, Y12, Y5, Y10
Y1, Y2, Y4, Y9, Ys, Y10, Y7, Y3, Y14, Y5, Y12, Y15, Y6, Y13, Y11
Y1, Y10, Y11, Y5, Y14, Y13, Y6, Y7, Y2, Y3, Y12, Y15, Y9, Y4, Y8
Y1, Y2, Y12, Y10, Y14, Y5, Y9, Y13, Y7, Y6, Y15, Y4, Y8, Y11, Y3
Y1, Y2, Y4, Y7, Y10, Y9, Y5, Y3, Y13, Y15, Y6, Y11, Y12, Y14, Y8
Y1, Y2, Ys, Y8, Y12, Y10, Y4, Y7, Y3, Y13, Y11, Y9, Y6, Y15, Y14
Y1, Y2, Y4, Y3, Y14, Y15, Y5, Y11, Y9, Y10, Y12, Y8, Y6, Y7, Y13
Y1, Y2, Ys, Y12, Y14, Y10, Y13, Y11, Y6, Y4, Y8, Y9, Y3, Y7, Y15
Y1, Y2, Ys, Y4, Y14, Y15, Y12, Y6, Y7, Y13, Y9, Y11, Y3, Y5, Y10
Y1, Y2, Y4, Y9, Y15, Y11, Y7, Y12, Y14, Y10, Y8, Y3, Y6, Ys, Y13
Y1, Y2, Y4, Y13, Y15, Y8, Y6, Ys, Y12, Y3, Y7, Y10, Y14, Y9, Y11
Y1, Y2, Ys, Ye, Y4, Y15, Y9, Y3, Y13, Y11, Y5, Y12, Y14, Y7, Y10
Y1, Y2, Y11, Y15, Y14, Y13, Y7, Y3, Y10, Y5, Y4, Y6, Y9, Y8, Y12
Y1, Ye, Ys, Y11, Y9, Y13, Y15, Y12, Y4, Y14, Y7, Y5, Y2, Y3, Y10
Y1, Y2, Y4, Y3, Y6, Y15, Y5, Y11, Y9, Y10, Y12, Y8, Y14, Y7, Y13
Y1, Y2, Y14, Y15, Y5, Y13, Y3, Y4, Y7, Y10, Y6, Y8, Y9, Y11, Y12
Y1, Y2, Y3, Y10, Y13, Ys, Y7, Y8, Y15, Y4, Y9, Y6, Y14, Y12, Y11
Y1, Y2, Y4, Ys, Y14, Y15, Y8, Y12, Y7, Y3, Y6, Y10, Y13, Y11, Y9
Y1, Y2, Y4, Y6, Y15, Y12, Y8, Y14, Y13, Y11, Y9, Y10, Y5, Y3, Y7
Y1, Y2, Y6, Y10, Y9, Y4, Y15, Y12, Y14, Y8, Ys, Y11, Y13, Y7, Y3
Y1, Y2, Y9, Y14, Y10, Y7, Y12, Y4, Y3, Y11, Y5, Y15, Y6, Y13, Y8
Y1, Y2, Y11, Y10, Y3, Y12, Y14, Y8, Y15, Y7, Ys, Y4, Y13, Y6, Y9
Y2, Y14, Y13, Y6, Y3, Y4, Y15, Y8, Y11, Y5, Y12, Y10, Y1, Y9, Y7
Y1, Y3, Y14, Y9, Y15, Y2, Y10, Y12, Y11, Y4, Y5, Y13, Y6, Y7, Y8
Y2, Y3, Y13, Y15, Y4, Ys, Y6, Y12, Y5, Y14, Y1, Y9, Y7, Y11, Y10
Y2, Y10, Y15, Y13, Y9, Y1, Y6, Y8, Y11, Y4, Y7, Y3, Y12, Y14, Ys
Y2, Y11, Y15, Y8, Y1, Y9, Y6, Y12, Y14, Y13, Y7, Y10, Y5, Y3, Y4
Y2, Y14, Y15, Y12, Y7, Y5, Y6, Y8, Y9, Y4, Y1, Y3, Y13, Y11, Y10
Y2, Y4, Y15, Y8, Y13, Y1, Y3, Y12, Y5, Y14, Y7, Y9, Y6, Y11, Y10
Y1, Y10, Y11, Y7, Y5, Y9, Y13, Y2, Y3, Y14, Y12, Y15, Y8, Y4, Y6
Y2, Y4, Y13, Y7, Y6, Y9, Y8, Y14, Y12, Y3, Y5, Y10, Y1, Y15, Y11
Y2, Y10, Y12, Y15, Y1, Y14, Y6, Y4, Y11, Y7, Y8, Y13, Y5, Y9, Y3
Y2, Y6, Y11, Y8, Y13, Y7, Y9, Y12, Y14, Y5, Y15, Y4, Y1, Y3, Y10
Y3, Ye, Y13, Y9, Y2, Y4, Y7, Y10, Y8, Y14, Y1, Y15, Y12, Y11, Y5
Y2, Y3, Y13, Y8, Y15, Y7, Y10, Y9, Y11, Y6, Y12, Y4, Y5, Y1, Y14
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Y2, Y3, Y10, Y13, Y8, Y12, Y11, Y15, Y4, Y6, Y1, Y9, Y5, Y14, Y7
Y2, Y7, Y13, Y6, Y3, Y9, Y15, Ys, Y12, Y1, Y8, Y10, Y14, Y4, Y11
Y1, Y2, Y4, Y15, Y13, Y12, Y3, Y8, Y7, Y9, Y14, Y10, Y11, Y5, Y6
Y1, Y2, Y3, Y8, Y9, Y10, Y15, Y6, Y11, Y12, Y5, Y7, Y4, Y13, Y14
Y1, Y2, Y3, Y10, Y14, Ys, Y6, Ys, Y15, Y13, Y7, Y4, Y9, Y12, Y11
Y1, Y2, Ya, Yis, Y6, Y3, Ys, Y14, Y12, Y11, Y9, Y10, Y8, Y13, Y7
Y1, Y2, Y4, Y15, Y13, Ys, Y9, Y3, Y7, Y10, Y12, Y8, Y14, Y11, Y6
Y1, Y2, Y4, Y15, Y13, Y11, Y12, Y7, Y14, Y8, Y6, Y10, Y3, Y5, Y9
Yi, Y2, Y4, Y15, Y14, Y6, Y8, Y13, Y9, Y3, Y10, Y5, Y11, Y12, Y7
Y1, Y2, Ys, Ys, Y13, Y15, Y10, Y4, Y3, Y7, Y5, Y9, Y14, Y12, Y11
Y1, Ye, Y11, Y3, Y9, Y12, Y15, Ys, Y10, Y4, Y14, Y7, Y13, Y2, Y8
Y1, Y2, Y4, Y10, Y9, Y11, Y13, Y8, Y3, Y6, Y15, Ys, Y7, Y14, Y12
Y1, Y2, Ys, Y10, Y3, Y5, Y9, Y8, Y14, Y7, Y12, Y13, Y15, Y11, Y4
Y1, Y2, Y8, Y4, Y7, Y10, Y9, Y3, Y12, Y11, Y14, Y5, Y6, Y13, Y15
Y1, Y2, Y3, Y9, Y15, Y8, Y10, Y5, Y6, Y7, Y4, Y14, Y13, Y12, Y11
Y1, Y2, Y6, Y3, Y10, Y8, Ys, Y14, Y11, Y15, Y9, Y13, Y4, Y7, Y12
Y1, Y2, Ys, Y13, Y7, Y10, Y3, Y12, Y5, Y9, Y6, Y4, Y14, Y11, Y15
Y1, Y2, Y4, Y10, Y8, Y9, Y12, Ys, Y7, Y15, Y6, Y11, Y3, Y13, Y14
Y1, Y2, Ye, Y3, Y10, Y7, Y15, Y13, Y14, Y5, Y8, Y4, Y12, Y11, Y9
Y10, Y11, Y13, Y2, Ys, Y12, Y14, Y7, Y1, Y8, Y4, Y9, Y3, Y6, Y15
Y1, Y4, Y7, Y15, Y11, Y8, Y6, Y3, Y13, Y12, Y14, Y10, Y2, Y9, Y5
Y1, Y2, Ye, Y15, Ys, Y9, Y7, Y8, Y13, Y3, Y4, Y11, Y10, Y12, Y14
Y8, Y14, Y15, Y7, Y11, Y6, Y3, Y12, Y9, Y4, Y1, Y2, Y5, Y10, Y13
Y1, Y2, Y13, Y15, Y9, Y3, Y12, Y14, Y8, Y6, Y7, Y11, Y10, Y5, Y4
Y1, Y2, Y3, Y4, Y10, Y13, Y7, Y15, Y9, Y14, Y12, Y6, Y11, Y8, Y5
Y1, Y2, Y4, Y15, Y3, Y6, Y11, Y12, Y13, Y10, Y8, Y9, Y14, Y7, Y5
Y1, Y2, Ys, Y15, Y6, Y9, Y4, Y12, Y11, Y14, Y7, Y5, Y13, Y3, Y10
Y1, Y2, Y12, Y15, Y8, Y3, Y7, Y10, Y11, Y6, Y4, Y13, Y5, Y9, Y14
Y1, Y2, Y13, Y3, Y14, Y15, Y12, Y11, Y9, Y4, Y7, Y8, Y10, Y6, Ys
Y1, Y4, Y12, Y2, Y13, Y7, Y14, Ys, Y9, Y5, Y15, Y10, Y6, Y3, Y11
Yi, Y2, Y12, Y10, Y4, Y9, Y7, Y15, Y11, Y14, Y5, Y6, Y13, Y3, Y8
Y1, Y2, Y3, Y4, Y10, Y13, Y15, Y8, Y9, Y11, Y7, Y6, Y14, Y5, Y12
Y1, Y2, Y4, Y3, Y14, Y10, Y13, Y9, Y11, Y5, Y6, Y15, Y7, Y12, Y8
Y1, Y2, Y4, Y8, Y14, Y10, Y135 Y9, Y7, Y11, Y6, Y15, Ys, Y12, Y3
Y1, Y2, Y13, Ys, Y10, Y15, Y14, Y8, Y7, Y4, Y6, Y12, Y9, Y11, Y3
Y1, Y2, Y12, Y6, Y14, Y15, Y11, Y10, Y8, Y9, Y7, Y5, Y4, Y13, Y3
Y1, Y2, Y4, Y15, Y13, Y6, Y11, Y3, Y12, Y10, Y8, Y9, Y14, Y7, Y5
Y1, Y2, Ye, Y10, Y5, Y9, Y7, Y8, Y12, Y15, Y13, Y14, Y11, Y4, Y3
Y1, Y2, Y9, Yis, Y14, Y8, Y5, Y12, Y6, Y13, Y3, Y10, Y7, Y4, Y11
Y1, Y2, Y4, Ys, Y12, Y10, Y3, Y14, Y13, Y15, Y8, Y9, Y6, Y7, Y11
Y1, Y2, Ys, Y15, Y12, Y4, Y6, Y11, Y13, Y7, Y9, Y14, Y8, Y10, Y3
Y1, Y10, Y11, Y3, Y14, Y7, Y13, Y8, Y4, Y12, Ys, Y15, Y9, Y6, Y2
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Y5, Y14, Y15, Y3, Y8, Y9, Y11, Y12, Y7, Y6, Y2, Y4, Y10, Y13, Y1
Ye, Ys, Y10, Y3, Y14, Y15, Y4, Y2, Y12, Y1, Y7, Y9, Y13, Y11, Ys
Y4, Y11, Y12, Y15, Y6, Y13, Y7, Y8, Y9, Y10, Y2, Y14, Y3, Y5, Y1
Y6, Y11, Y14, Y10, Y8, Y2, Y15, Y9, Ys, Y7, Y12, Y4, Y3, Y1, Y13
Y2, Ys, Y11, Y13, Y8, Y9, Y12, Y4, Y15, Y14, Y3, Y7, Y10, Y6, Y1
Y1, Ys, Y12, Y11, Y14, Y13, Y6, Y2, Ys, Y3, Y15, Y9, Y4, Y7, Y10
Y1, Ye, Y12, Y2, Y3, Y13, Y10, Y15, Y5, Y4, Y9, Y14, Y7, Y11, Y8
Ys, Y1, Ys, Y3, Y14, Y10, Y15, Y9, Y7, Y12, Y2, Y4, Y13, Y11, Y6
Y6, Y12, Y14, Y15, Y7, Y3, Y8, Y13, Y9, Y11, Y5, Y4, Y2, Y1, Y10
Ye, Y9, Y12, Y15, Y7, Y10, Y2, Y14, Y11, Y13, Y8, Y3, Y5, Y4, Y1
Y2, Y11, Y12, Y3, Ys, Y7, Y15, Y6, Y9, Y13, Y1, Y14, Y10, Y4, Y8
Y2, Y9, Y13, Y15, Y12, Y8, Y6, Y10, Y5, Y3, Y1, Y4, Y7, Y11, Y14
Y2, Y3, Y13, Y11, Y8, Y6, Y15, Y10, Y5, Y12, Y9, Y14, Y7, Y1, Y4
Y1, Y2, Y7, Y15, Y4, Y9, Y13, Y8, Y11, Y14, Y12, Y6, Y5, Y10, Y3
Y2, Ys, Y10, Y15, Y13, Y1, Y6, Y14, Y11, Y7, Y12, Y4, Y3, Y9, Y8
Y2, Y9, Y10, Y12, Y6, Y5, Y8, Y11, Y3, Y1, Y13, Y4, Y15, Y7, Y14
Y1, Y2, Y11, Y15, Y14, Y12, Y7, Y6, Ys, Y4, Y8, Y3, Y13, Y10, Y9
Y1, Y2, Y12, Y3, Ys, Y10, Y9, Y14, Y7, Y13, Y15, Y4, Y8, Y11, Y6
Y2, Y3, Y11, Y9, Y8, Y4, Y6, Y13, Y10, Y7, Y15, Y12, Y14, Y5, Y1
Y2, Y3, Y13, Y8, Ys, Y7, Y6, Y9, Y4, Y11, Y12, Y14, Y1, Y15, Y10
Y2, Ys, Y13, Y9, Y14, Y12, Y11, Y15, Y10, Y1, Y7, Y3, Y6, Y5, Y4
Y2, Y11, Y13, Y5, Y7, Y3, Y1, Y12, Y4, Y14, Y10, Y9, Y15, Y6, Y8
Y2, Y7, Y9, Y3, Y6, Y8, Y15, Y1, Y11, Y14, Y4, Y5, Y13, Y12, Y10
Y1, Y2, Y4, Y9, Y15, Y11, Y7, Y12, Y14, Y10, Ys, Y3, Y6, Y8, Y13
Y1, Y2, Y13, Y4, Y7, Y15, Y12, Y5, Y6, Y8, Y11, Y9, Y10, Y14, Y3
Y1, Y2, Y4, Ye, Y10, Y12, Y14, Y7, Y3, Y9, Y11, Y15, Y8, Y13, Y5
Y1, Y6, Y7, Y2, Ys, Y13, Y9, Y11, Y4, Y3, Y12, Y14, Y15, Y10, Y8
Y1, Y2, Ys, Y15, Y9, Y11, Y10, Y12, Y5, Y8, Y3, Y4, Y13, Y14, Y7
Y1, Y6, Ys, Y4, Y2, Y13, Y9, Y12, Y11, Y14, Y7, Y5, Y15, Y3, Y10
Y1, Y2, Y3, Y9, Y15, Y11, Y10, Y7, Y14, Y12, Y13, Y8, Y6, Y4, Y5
Y1, Y2, Ye, Y4, Y10, Y12, Y15, Y14, Y9, Y5, Y11, Y3, Y13, Y8, Y7
Y2, Y10, Y12, Y15, Y1, Y14, Y6, Y8, Y4, Y7, Y13, Y9, Y3, Y11, Y5
Y1, Y2, Ye, Y13, Y10, Y11, Y7, Y3, Y9, Y15, Ys, Y12, Y4, Y14, Ys
Y1, Y2, Y3, Y8, Y9, Y15, Y5, Y11, Y10, Y6, Y7, Y14, Y4, Y13, Y12
Y2, Ys, Y10, Y15, Y1, Y14, Y6, Y12, Y11, Y7, Y13, Y4, Y3, Y9, Ys
Y1, Y2, Y12, Y8, Y14, Y15, Y4, Y9, Y5, Y11, Y10, Y13, Y7, Y3, Y6
Y1, Y2, Y4, Y10, Y12, Y6, Y7, Y5, Y3, Y14, Y11, Y15, Y8, Y13, Y9
Y2, Y14, Y13, Y15, Y3, Y4, Y10, Y8, Y11, Y1, Y12, Y5, Y6, Y9, Y7
Y1, Y3, Y4, Y9, Y14, Y6, Y15, Y2, Y11, Y10, Y5, Y8, Y12, Y7, Y13
Y1, Y2, Y7, Y10, Y12, Y4, Y6, Y14, Y3, Y11, Y8, Ys, Y9, Y15, Y13
Y1, Y2, Y4, Y15, Y12, Y6, Y7, Y5, Y3, Y14, Y11, Y10, Y8, Y13, Y9
Y1, Y2, Y3, Y4, Y14, Y15, Y10, Y7, Y6, Y13, Y12, Y11, Y8, Y5, Y9
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