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On a Characterization of Flow-Invariant Sets* 
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Let E be a finite-dimensional Euclidean space. Let f l  be an open set in 
E and let F c R be relatively closed in R. For x E E we use the notation 
d(x, F )  = minyeF Ix -yI. Let A be a locally Lipschitz mapping of R into E. 

If x E R, we denote by S ( t ) x  the solution of the differential equation 

THEOREM 1. The following conditions are equivalent: 

d(x + hA x ,  F )  
lim = 0 f o r  every x E F ,  
h i 0  h 

( 2 )  S ( t ) x  E F  f o r  every x E F  and t E [0, T,] 

Proof: I t  is clear that ( 2 )  implies ( l ) ,  since 

and / / ( S ( h ) x  - x ) / h  - -4 xi1 tends to zero as h + 0. 
Conversely, it is sufficient to prove that Sjt) .  E F for x E F and small t. 

\Ye may assume that IIAy, - Ay211 5 L/jyl - - y Z / /  for all yl , yz in an open 
ball B ( x ,  r ) .  Consequently, 

if y1 , y 2  E B(x,  r )  and t is small enough. 
We choose T < T, so that IlS(t )x  - xi1 < i r  for 0 5 t < T. We set 

d ( t )  = d ( S ( t ) x ,  F ) .  Therefore, 
/lyt - ril < r for 0 5 t < T. In the following, x and 0 5 t < T are fixed. 

Let j t  E F be such that //yt - S(t)xll = $ ( t ) .  
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It follows from (3) ,  by a standard argument, 

for every 

that cL tq5( t )  is nonincreasing on 

0 5 t < T .  

[0, T ) .  Since +(O) = 0, we conclude that +( t )  = 0 for all t E [O, T ) .  

Remarks. 1 .  Theorem 1 is well known in the case when F is a closed set 

i!. Theorem 1 can be easily extended to general Banach spaces if we replace 
bounded by a "smooth surface". 

(1) by 

for every x E F, there is a neighborhood U of x such that 
lim d(y  + hAy, F ) / h  = 0 uniformly in y E U. 
hJ.0 

(1') 

The following application is useful in [l]  and was suggested to me by L. 
Nirenberg. 

Let C2 be an open set in IR" x R; let b(y, t )  : Q --f IF; be a C2 function and 
let Y(y ,  t )  : (1 + R" be locally Lipschitz. We assume that the following con- 
ditions hold : 

If b(y,  s) < 0 for some ( y ,  s) E R, then b(y ,  t )  5 0 
for (y, t )  E C2 with t 2 s .  (4) 

( 5 )  Y ( y ,  t )  * b,(y, t )  5 0 at any point ( y ,  t )  E Q, where b(y,  t )  = 0 . 

Y ( y , t )  = 0 at any point ( y , t )  E R, where b(y , t )  = 0, 
b&, t )  = 0 and b,(y, t )  = 0 . (6) 

THEOREM 2.  Let (yo , to) E SZ and let y ( t )  be the solution of 
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Proof: \Ve define Fo by ( x ,  s) E Fo if and only if ( x ,  5) E R and there is 
some ( x ,  t )  E !J with t s s such that b ( x ,  t )  < 0. Let F be the closure of Fo 
relative to R. Clearly, F has the property that if (j0 , to) E F, then ( y o ,  t )  E F 
for t o  5 t < to + h, h small enough. By (4) we have b(y, t )  5 0 for all ( y ,  t )  E F. 
\Ve are going to prove that (1 )  holds with A ( y ,  t )  = (T(t ,y) ,  1) .  Let ( y o ,  to) E F ;  
\ re  consider three cases. 

a. b ( y O ,  t o )  < 0, so that ( y o ,  to)  lies in the interior of F and (1 )  clearly 
holds at (yo , t o ) .  

that .-1ij0, to )  = (0, 1) and ( y o ,  to)  + h A ( y o ,  to )  = ( j 0 ,  to  + h )  is in F for h 
small enough. Hence ( 1 )  holds a t  ( y o ,  to) .  

Thus there is a constant c 2 0 such that b(y,  t )  < 0 on the set 

b. 4 3 ’ 0  > t o )  = 0, bdyo > t o )  = 0, bdyo 3 t o )  = 0. BY (61, Y(y0 > t o )  = 0 so 

b ( y 0 ,  to )  = 0, IVb(y0 > t0) I  # 0, where YKYo > t o )  = (b,(yo > t o ) ,  bJy0 ! t o ) ) .  

{ i J , t )  E Q: ir ---Yo) - bu(y0 > t o )  + ( t  - to)bto‘o? t o )  + c ( l t  - t O l 2  + IY -Y0l2) < 01. 

c. 

Therefore, 

Since b ( y o ,  to)  = 0 and Y ( y o ,  t o ) ,  b , ( j 0 ,  to)  
that b,(yo,  to) 5 0, Consequently, 

0 by ( 5 ) ,  condition (4) implies 

4 b o  5 to)  + hA(y0 , t o ) ,  F )  ch(1 + IY(Y0 , to) I2)  I 
h - I W Y O  > t o )  I 

and (1) holds at (yo , to) ,  
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