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On a Characterization of Flow-Invariant Sets*
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Let E be a finite-dimensional Euclidean space. Let () be an open set in
E and let F < Q be relatively closed in Q. For x € E we use the notation
d(x, F) = mingp [x — y|. Let A be a locally Lipschitz mapping of Q into E.
If x € Q, we denote by S(t)x the solution of the differential equation

x(t) = A x(t), 1ef0, T,), x(0)=x.

Tueorem 1. The following conditions are equivalent :

. dix + kA x, F)

(1) lim ———~ =0 for every xeF,
RLO h

(2) S{tyxeF  for every xeF and tel0, T,].

Proof: It is clear that (2) implies (1), since
dix + kA %, F) = ||S(h)x — x — hd x|

and [(S(h)x — x)[h — A x|| tends to zero as & — 0.

Conversely, it is sufficient to prove that S(t)x € F for x€F and small ¢
We may assume that |4y, — Ay,|| £ Lijy; — .| for all »,, », in an open
ball B(x,r). Consequently,

1Sy — St)pell = eLt Iy ~ el

if 3,9, €B(x,7) and ¢ is small enough.

We choose T < T, so that |S(t)x —x|| < 4r for 0 £t < T. We set
&(t) = d(S(t)x, F). Let y,€F be such that |y, — S(t)x| = ¢(¢). Therefore,
Iy, —rll <r for 0 £¢t< T. In the following, ¥ and 0 £t < T are fixed.
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For & > 0 sufficiently small, S(%)y, € B(x,r) and therefore

bt + 1) = |I8( + h)x — Sh)y,ll + [1S(h) s — 3, — hAp|| + d(y, + hd y, , F)
S ey, — SWxl + 1Sy, — 3, — b 3| + d(y, + hdy, , F).

Thus,

Bt +h) — (1) _ (¢ =1 Sy — 5, d(y, + hd y,, F)
) () [t ben)

We deduce from (1) that

3 hmeaup 2D = i frevey 0st< T

B0 h

It follows from (3), by a standard argument, that ¢~"$(¢) is nonincreasing on
[0, T). Since ¢(0) = 0, we conclude that ¢(¢t) =0 forall te[0, T).

Remarks. 1. Theorem 1 is well known in the case when F is a closed set
bounded by a “smooth surface”.
2. Theorem ! can be easily extended to general Banach spaces if we replace

(1) by

, for every x € F, there is a neighborhood U of x such that
(1) limd(y + 24y, F)Jk = 0 uniformly in y € U.
20

The following application is useful in [1] and was suggested to me by L.
Nirenberg.

Let Q be anopensetin RY x R; let 5(y,t) : Q — R be a C? function and
let Y(y,¢) : Q— R¥ be locally Lipschitz. We assume that the following con-
ditions hold:

If b(y,s) <0 for some (y,5)€Q, then 5(yt) 20
for (y,6) € Q with t =5,

(4)
(3) Y{(y,t)+b,(y,t) =0 atany point (y,t) € Q, where &(y,t) =0.

Y(y,t) =0 at any point (y,t) € Q, where 5(y,t) =0,

6
) by(y,t) =0 and by, t) =0.
THeOREM 2. Let (y,,t) € Q and let y(t) be the solution of

() = Y(y() , telty, ), () =, -
If b(yy,te) <O, then b(yp(t),t) S0 for tety, ty).
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Proof: We define Fy by (x,s) €F, if and only if (x,5) €Q and there is
some (x,t) € Q with ¢ = s such that b(x,¢) < 0. Let F be the closure of F,
relative to 2. Clearly, F has the property that if (y,,4,) € F, then (y,,¢) €F
for ty £t <ty + A, h smallenough. By (4) we have b\y 1) =20 forall (»t) €F.
We are going to prove that (1) holds with A(y,1) = (T(1,»), 1}. Let (94,%) €F;
we consider three cases.

a. b{y,,ty) <0, sothat (y,,¢) lies in the interior of F and (1) clearly
holds at {1y, £,).

b o(yyste) =0, by(yosto) =0, b(y9,%) =0. By (6), Y(y5,8) =0 so
that A(y,,4) = (0, 1) and (3g, t) + AA(yg, ty) = (Do, % + &) isin F for £
small enough. Hence (1) holds at (y,, £,).

¢ blyy,te) =0, |Vb(py, t)| # 0, where Vb(yy, fg) = (b,(30, t)s b:(3o s %))
Thus there is a constant ¢ 2 0 such that #(y,t) < 0 on the set

{(nt) € Qi(y— 1) " by(yos to) + (1 — to)bt()’()ato) + o[t = L2 + [y — 2% <0}
Therefore,

d{{vos to) + hA(yo, o), F)

RY (34, t0) * 6,(3g > o) + hby(3p 5 o) +ch* (1 4+ [Y( 9y, 1)l 2)
IVh( 54, 1)l

=< max {0,

Since b(yg,ty) =0 and Y(y,, ty), b,(19, %) < 0 by (5), condition (4) implies
that b,(y,,t) <0, Consequently,

d(( D5 te) + RA(3g, 1), F) _ ch(1 + [Y( 9y, t)1%)
h |Vb(,y0 s tO)I

lIA

and (1) holds at (y,, f,).
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