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Sec t ion  1 - In t roduc t ion :  

A c l a s s i c a l  theorem of Sobolev,  s e e  e .g.  [Nl o r  IS] ,  a s s e r t s  t h a t  i f  

f  and a l l  k  t h  o r d e r  d e r i v a t i v e s  of  f a r e  i n  L ' ( R ~ )  and 

then  f  i s  i n  Lq provided kp  < d and s o  q < m.  Also if 

m 
k p > d ,  f i s i n  L .  I n c a s e  k p = d  and p > 1 ,  i t i s w e l l  

m 
known t h a t  f  need n o t  be i n  L . 

Recently two v a r i a n t s  o f  t h e  l i m i t i n g  c a s e  kp = d have been d i scovered ,  

and it has t u r n e d  o u t  t h a t  t h e s e  r e s u l t s  have had var ious  a p p l i c a t i o n s .  See 

e.g. [BG], [HI, [MI, [ST], [TI, and r e f e r e n c e s  c i t e d  t h e r e .  

k 
These theorems a r e  expressed  i n  t e rms  of t h e  spaces  W I f  k i s  an 

P '  

i n t e g e r ,  wk is t h e  space o f  f u n c t i o n s  f i n  L' such t h a t  a l l  
P 

d e r i v a t i v e s  of  f up t o  o r d e r  k a r e  i n  L', and t h e  norm of a 

f u n c t i o n  is  expressed by t h e  formula 

Copyright Q 1980 by Marcel Dekker, Inc. 
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7 7 4  

Trudinger [TI obtained t h e  fol lowing theorem: 

BREZIS AND WAINGER 

Theorem A :  I f  f t wk and kp = d ,  then  e x p ( c d r k [ u (  d -  is 
P 

l o c a l l y  i n t e g r a b l e  f o r  some small  cons tan t  c  
d.k '  and 

Trudinger claims t h a t  t h e  power d / ( d  - 1) i s  t h e  b e s t  poss ib le  power. 

I f  k = 1, t h i s  i s  i n  f a c t  c o r r e c t .  However, i f  k i s  s t r i c t l y  g r e a t e r  

than one, S t r i c h a r t z  [ST] has po in ted  o u t  t h a t  t h e  power d / (d  - 1) may be 

rep laced  by t h e  l a r g e r  power p - 1 See a l s o  Hedberg [ H I .  I t  has a l s o  

been pointed o u t  t o  us by E. M .  S t e i n  t h a t  t h e  cor rec t  power i s  obtained i n  Zl 

i n  the framework of one dimensional f r a c t i o n a l i n t e g r a t i o n .  

A second type  of l i m i t i n g  case  of Sobolev's  i n e q u a l i t i e s  was discovered 

by Brezis  and Gal loue t  [B.G.]. They found Theorem B. 

f o r  some abso lu te  cons tan t  C. 

Theorems A and B r a i s e  two ques t ions .  Theorem B r a i s e s  t h e  quest ion a s  t o  

what i s  t h e  genera l  form of t h e  theorem. Our f i r s t  theorem w i l l  a s s e r t  t h a t  

i n  any n T e r ,  d ,  o f  dimensions 

p o v i d e d  f  i s  i n  WP. f o r  s o m  9. and q with Lq > d ,  
9 

I 1 f 1 l k P p  ( 1 with kp  = d ,  and 1 < p  < m. Theorem 1 w i l l  a c t u a l l y  

hold even if k and P. a r e  non- in tegra l .  

Theorem A r a i s e s  t h e  ques t ion  a s  t o  why Trudinger d i d  no t  o b t a i n  t h e  

optimal power t h a t  S t r i c h a r t z  l a t e r  ob ta ined .  Now Trudinger reduced t h e  case  
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LIMITING CASES OF SOBOLEV EMBEDDINGS 7 7 5  

k > 1 t o  t h e  case  k = 1 by using a r e s u l t  of  Sobo le?  , Namely l f  f  

k ~s i n  W k 2 2, pk = d,  then f 1s l n  w:. ( S t r l c h a r t z  on t h e  
P 

o t h e r  hand uses  a d i r e c t  argument.) However, ~f  f 1 s  I n  wk then f  
P '  

is a c t u a l l y  i n  a space b e t t e r  than  4, namely, t h e  f i r s t  derivatives a r e  

i n  t h e  Lorentz space L ( d , p ) ,  a t  l e a s t  i f  p > 1, s e e  e.g. [SWI. (We 

s h a l l  g ive  t h e  p r e c i s e  d e f i n i t i o n  l a t e r . )  Thus one might ask whether func t ions ,  

f ,  having f i r s t  d e r i v a t i v e s  i n  L(d,p) s a t i s f y  t h e  condi t ion  t h a t  

explc  I f  1 P/(P-')~ is  l o c a l l y  i n t e g r a b l e .  E s s e n t i a l l y ,  we a r e  asking whether 

exp c l f  ~ ( P ' ( P - ~ )  is  i n t e g r a b l e  i f  f  i s  in L(d,p)  where k is i n  

L d  - 1 ,  and k is  s u i t a b l y  smal l  a t  i n f i n i t y .  

Thus we might ask more g e n e r a l l y  whether f  e L(ql,pl) and 

4 ' L(q2'p2) 
1 1  with - + - = 1 and g s u i t a b l y  r e s t r i c t e d  a t  i n f i n i t y  

r,ql q2 
imply exprc t f  gt 1 with = 1 + L . This w i l l  be t h e  content  of  

P1 P2 
Theorem 3. Theorem 3 i t s e l f  i s  a l i m l t i n g  case  of  an  i n e q u a l i t y  of  OfNeil  

I 
and S t e i n  101. Thei r  r e s u l t  concerns t h e  case  + - > I 

4 1  42  

Sec t ion  2: General Form of Theorem B 

In  Theorem 1 below we cons ider  a l s o  d e r i v a t i v e s  of  f r a c t i o n a l  o rder ,  

t h a t  i s  spaces wk where k is any p o s i t i v e  number. We s h a l l  prove t h e  
P 

fol lowing theorem: 

L d 
Theorem 1: Let f  € W (R ) with  Lq > d, I 5 q ( m, and l e t  

=i 

kp = d, 1 < p < m. I f  1 f ,  1, then 

Remark 1: The c a s e  p = 1, k = d is  known. This  i s  i n  a f a c t  a  p a r t  of 

[GI. W e  thank Bob Turner f o r  p o i n t i n g  o u t  t o  us t h a t  , t r i v i a l l y  i f  

is  i n t e g r a b l e ,  f  i s  bounded. a2 ... ax  
1 

m 
Remark 2: Let $J(r) be i n  CoIO,ml with t h e  f u r t h e r  condi t ion  t h a t  

$J(r) be 1 n e a r  r = 0. 
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7 7 6  

s e t  

BREZIS AND WAINGER 

Then by c o n s i d e r i ~ i g  t h e  func t ions  u 6 ( x )  one can show t h e  power 

1/p i n  Theorem 1 i s  sharp  and i n  f a c t  no es t imate  of  t h e  form. 

is  poss ib le .  

and 
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LIMITING CASES OF SOBOLEV EMBEDDINGS 

We f i r s t  prove i) 

~ h u s  it s u f f i c e s  t o  show / I K ~ ( x )  1 1 I <  log R ) " ~ ' ,  R > 2 .  
L' - 

where 

and 

Let  X(t)  be t h e  c h a r a c t e r i s t i c  func t ion  of t h e  u n i t  i n t e r v a l ,  and s e t  

and 
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BREZIS AND WAINGER 
778 

2 
so K (X) = LR(x) * Gil) (x) + LR(x) * Gk(x). One checks that 

and 

Conclusion i) now follows from Young's inequality. 

We turn now to li): 

where 
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LIMITING CASES OF SOVOLEV EMBEDDINGS 

If  1 = 1, R > d;  so clearly 

C 

Suppose now q > 1, S O  q < -; we may assume P. < d .  T1;en notc t h a t  

where 

and 

argument shows 

Since 9.q > d , 
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780 BREZIS AND WAINGER 

f o r  some ' 5  > 0 .  It  then  fol lows by Minkowski's i n e q u a l i t y  t h a t  

Section 3: Convolution i n e q u a l i t i e s  i n  Lorentz spaces f o r  t h e  l i m i t i n g  cases.  

We f i r s t  r e c a l l  t h e  d e f i n i t i o n  of t h e  Lorentz spaces L ( p , q ) .  Given a 

measurable func t ion  on R~ w e  s e t  

f o r  s > 0 , 

f o r  t > 0 

* 
( f  i s  t h e  decreas ing  rearrangement of  f ) ,  

* * *  * 
so  t h a t  f  ( t) 5 f  ( t) and f  i s  a l s o  non-increasing. For 1 < p < 

and 1 2 q 5 m ,  t h e  Lorentz space L(p ,q)  is def ined  as 

o r  e q u i v a l e n t l y ,  

i s  provided with t h e  norm 

( f o r  an expos i tory  p r e s e n t a t i o n  of L(p,q)  spaces ,  s e e  e.g. cS.W.1 o r  [ H I ) .  

In  p a r t i c u l a r  we r e c a l l  t h a t  

~ ( p , p )  = LP and L(p,m) = M' 
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LIMITING CASES OF SOBOLEV EMBEDDINGS 781 

(M' denotes  t h e  weak LP space o r  Marcinkiewicz space) .  It is c l e a r  from 

(1) t h a t  

A r e s u l t  of  O'Neil and S t e i n  ( s e e  101) a s s e r t s  t h a t  i f  f E L(pl,ql) and 

q E L(p2,q2) with 1- + > 1, then u = f * g  r L(p3,q3) 
p1 p2 

+ &  - 1  and wi th  - = - q3 2 1 is  any number such t h a t  2 + . 
?3 p1 p2 93 91 92 

Our main r e s u l t  d e a l s  with t h e  l i m i t i n g  case  where -1 + = 1. We 

s h a l l  a c t u a l l y  o b t a i n  a r e s u l t  s l i g h t l y  sharper  than Theorem 3 promised i n  

t h e  i n t r o d u c t i o n ,  and then deduce Theorem 3 from it. 

Theorem 2. Let 1 < p < - , 1 2 q1 2 , 1 2 q - be such t h a t  - + l  c l  
91 q2 

a n d s e t  L - 1  + L .  Assume ~ i p , q ~ )  and g r  ~ ( p ' , ~ ~ ) n ~ ~  s o  
q1 42 

t h a t  u = f * q i s  defined' ').  Then 

and u ( t )  

L(p.ql) 

where C depends on ly  on p,  ql and 
92. 

 ema ark I f  f € L(p,ql) and g E L(p  ,q2) with + > 1, then 
9 1  92 - 

u E L-. 

( l ) ~ o t e  t h a t  f * g need not  be def ined  i f  we assume only  f I L(p,-) and 

g e L(P , - I .  
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782 BREZIS AND WAINGER 

proof o i  Theorem 2  For s impl ic i ty  we s e t  1 I f /  1 = 1 If1 lL(p,ql) and 

1 191 / = I l g l  , q 2 )  + 1191 1 We s h a l l  d is t inguish  two cases:  
L 

a) The case r < 

We s h a l l  make use of t he  following in t e r e s t i ng  inequal i ty  due t o  O'Neil ( see  

[O] , Theorem 1.7) : 

Note t h a t  t he  i n t eg ra l  on the  r i g h t  hand s ide  of ( 3 )  i s  f i n i t e  since we have 

It follows e a s i l y  from ( 3 ) ,  ! 4 ) ,  ( 5 )  and (6)  t h a t  fo r  t < 1 

I n  order t o  f i n i s h  we s h a l l  need t h e  following logarithmic var iant  of Hardy's 

inequal i ty  

d t  
Lemma1 Assume M ( t )  E Lr(O,l;?). Then 

Proof of Lemma 1 W e  can always assume t h a t  7 2 0 and 7 i s  bounded. 

1 1 
Set I = S(1 + [ l og  t 1 ( 19 ( s )  ds)  ; so  t h a t  i n t eg ra t ing  by p a r t s  

0 t 
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LIMITING CASES OF SOBOLEV EMBEDDINGS 

we find 

1 I=- J (  JY) (s)ds)= d(l - log t)-rfl (r - 1) 

We deduce from Holder's inequality that 

and the conclusion follows. 

and therefore 

An easy consequence of Theorem 2 is the following: 
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784 BREZIS AND WAINGER 

Theorem 3: Under t h e  assumptions of Theorem 2 we have: 

a )  i f  r < m, then e ' Iulr  E L tot f o r  every A > 0 ,  

b) i f  r , then t h e r e  e x i s t  9 > 0 which depends only on p ,  q1 ,q2 

and C which depends only on m(Q), such t h a t  

* 
Proof of Theorem 3 : -  Since u ( t)  i s  non increas ing  we have by Theorem 2 

Therefore 

(8) l u * ( t )  l r  2 C(1 + ; l o g  ti) ( I f / l r  I /911r  

On t h e  o t h e r  hand 

and b )  fol lows e a s i l y  from (8) by choosing 5C < 1. Next we prove a ) .  
t 

Let t = 1 + o s  u * s r  s a f h a t  ~ ( t )  '0 as t - 0 .  

A s  above we have 

Given X > 0 we w r i t e  

1 - 
and w e  choose to < m(Q) so  t h a t  X C < 1 .  
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LIMITING CASES OF SOBOLEV EMBEDDINGS 

Section 4: Some corollaries 

Our results here will be of two types, namely: 

4.1. Results "dual" to Theorem 2 

4.2. Embedding of Sobolev spaces into spaces of functions which are "almost" 

lipschitz. 

4.1. Results "dual" to Theorem 2 

corollary 4 Let 1 < p < -, 1 2 q 2 -, 1 2 r 2 -. Assume f E ~(p,q) n L 1 

1 1  and g is such that 191 (1 + 10g+g)~'~ E L ~ .  Assume - + - < 1 and set 
q r -  

l = L + L .  Then u =  f g e  L(p,s). 
s q r  

d-2 - 
1 d d l d  Example Assume d 3, u E L~~~ (R , AU = g and Jg/(l + log+ g) s L~~~ (R ) . 

Then u .5 (pd) d 
l0C 

. [Indeed, one uses Corollary 4 with p = r = s = - 
d-2 ' 

A 
q - ,  and f(c) = - I .  

1+1512 

Proof of Corollary 4 We use a duality argument. Assume for example 
I 1  

+ f L  Let r e L(P ,s) -the dual space of L(p,s) - 

v v 
where v = f * V (f (x) = £(-XI). From (8 )  w e  deduce that 

I t 1 
Ontheotherhand v e  L(P',~') (Since Y E  L ( p  ,s) and f e  L): 

WXI in particular f g* v* dt 2 c I I 9 / I . pinally thus v * W  5 - p r  
1 L 

we e s t i ~ t e  $ g' v* dt using Young's inequalrty: 
0 
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7 86 

where C depends only on and r. Thus 

and the  conclusion follows since 

4.2. Embeddings of Sobolev spaces i n t o  spaces o f  functions which a re  "a lms t "  

Lipschitz 

Our main r e s u l t  is the following 

Corollary 5 Assume u e wk+'(md) with kp = d ,  1 < p < -. Then f o r  
P 

d 
every X,Y E R 

where C depends only on k and p . 
The proof of Corollary 5 follows Morrey's technique. We f i r s t  prove the  

following 

f o r  every Q with f i n i t e  measure; C depends only on k and p. 

Proof of Lenmta 2 We have 
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LIMITING CASES OF SOBOLEV EMBEDDINGS 

Assume f i r s t  m(Q) < 1; we deduce from (8) t h a t  

The conclusion follows e a s i l y  s ince  

When m(Q) > 1 we write 

Proof of Corollary 5 Let Q be a cube in R~ with s ide  p = I x  - y l  
containing x and y. Let z € Q; we have 

and so  

Integra t ing ( 9 )  with respect t o  2 over Q we f ind 

where u = - u(z)dz . Thus, i f  we s e t  5 = t z  + (1 - t ) x  we obtain 
m(Q) 
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788 

From Lemma 2 we deduce that 

BREZIS AND WAINGW 

Therefore 

The same estimate holds if we replace x by y and the conclusion follows. 
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