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Remarks on Nonlinear Ergodic Theory
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The development of general ergodic theory for nonlinear operators was
begun by Baillon in [1], where he considered a nonexpansive mapping U of a
Hilbert space H into H, formed the Cesaro means

n-1
S(*) = (1/n) g Ui(x), )

and showed that if S,(x,) is bounded for a given x,, then S,(x) converges
weakly as n — o0 to a fixed point of U for each x in H. A corresponding
result (with a simpler proof) for one-parameter semigroups {U(t); ¢ > 0} is
given by Baillon [2] and Baillon and Brézis [4]. For the special case in which U
is an odd mapping, Baillon showed [3] that S,(x) converges strongly in H.

In [6], the writers generalized Baillon’s results to more general summation
methods,

To) = Y a,,Uiw), @)

§=0

where {a, ;} is any strongly regular summation method,

@
/2% > 0, Z Qyj = 1,

j=0
ay;—>0 as n— +oo for fixed j, 3)
"n=zfan,f+1~aml—>0 as n— 00,
—0

and showed that if U is a nonexpansive self-map of a Hilbert space H with a
nontrivial fixed point set, then T,(x) converges weakly for each x to a fixed
point of U. Simple proofs of Baillon’s result have also been given by Pazy [10]
and Tartar. It was also shown [6] that if U satisfies an inequality of the form

I(UE), Uy) — @) <c{ll=F =1 U@+ [y P =1V @)

which would follow from the assumption that U is odd, then under a further
“properness” condition on the summation method {a,;}, which holds for
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Cesato means in particular, T,(x) converges strongly in H. More recently,
Bruck [8] has reconstructed the proof of [6] to show that properness is un-
necessary in the argument. (Another proof using the results of Lorentz on
almost convergence has been given by Reich [11].)

A different extension of Baillon’s original result has been given by Beauzamy
and Enflo [5] who consider the Banach space I,, 1 < p < oo, with a weakly
continuous duality mapping | = dp, , where @, (x) = || #||?, for a given p with
1 < p < 40 and show the weak convergence of y, , where y, is the minimum
point of the function,

Z | UHw) — y | )

In the present paper, we give an extension of all these results based on a
simple and transparent argument. To include the various interesting cases (as
well as to make the underlying structure of the proof more visible) we state the
result in a very general form replacing the semigroups Z+ = {n | # > 0} and
R+ = {t| t real, t > 0} by a general commutative semigroup.

Let .S be a commutative semigroup, i.e., there exists a binary operation on .S
which is both associative and commutative. (This operation we write in the
additive form (a, ) —> a + b for a, be S.) We assume given a o-field F on §
such that foreach A inF, ain S, if

A, = A+ a 6)

then A, lies in F. We consider measures p of total mass 1 on F.

Let X be a Banach space, C a closed convex subset of X. By a representation
of S in terms of nonexpansive self-mappings of C' we mean a family {U, ; s € S}
where each U, is a nonexpansive mapping of C into C, ie.,

I Ux) — U@l <llx—ull (xucC) M
and for each x in C, U(x) is a strongly F-measurable function on S, while
Uaso(x) = Ua(Un()) )
for all @, b in S and each x in C.
DerinNitioN 1. Let {u, ; A€ 4} be a family of positive measures of mass 1

on F indexed on the partially ordered set 4. Then the family is said to be
strongly regular if

(1) For each a in S, py(S,) — 1.
(2) For each ain S, if we set u, o(A) = p\(4,) for each 4 in F, then

| ina(4) — ()] 0.

We use — to denote weak convergence, — for strong convergence.
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TueoreM 1. Let X be a uniformly convex Banach space. Suppose that there
exists a strictly convex funmction y: Rt — Rt with y(0) =0, y(r) > 4+ as
r — 00 such that if g(x) = (| x|), then the subgradient T, of g is continuous
on bounded subsets of X from the weak topology of X to the weak topology of
its conjugate space X*.

Let S be a commutative semigroup, {U,; s€ S} a representation of S by non-
expansive self-mappings of X such that {U (x,)} is bounded for some x, in X. Let x
be a given element of X, and let

pi(3) = [ 01U = 31) (s,

Then

(1) For each A, there exists a unique element vy, of X for which

pa(¥)) = min{p)(y); y € X}.

(2) yy— =, where z is the asymptotic center of the family {U (x); s € S} and
is a fixed point of each U, ,ac S.

Before proceeding to the proof of Theorem 1, let us introduce some basic
considerations which allow us to specify the meaning of the terms used in
Theorem 1. First of all, we introduce an ordering on S by saying that b > a if
and only if b€ S, (or in other words, considering the family {S,} as the base
of a filter on S). For each a in S, we set

oo(¥) = sup y(|| Ufx) — y ).

se8,

Since {|| U(x,)|l} is bounded and each U, is nonexpansive, the family {U,(x)} is
bounded for x, || Uy(x)|| << M (s € S). Moreover, since the space X is uniformly
convex, the family {U;} has a stationary point, i.e., a point x, for which
U(xy) = %, . (For the basic fixed point theory of nonexpansive maps on uni-
formly convex spaces, we refer to the detailed discussion in [7].)

Each o, is a convex locally Lipschitzian function on X with o,(y) >
Yyl — M). For b > a, 0 < 0(y) < o,(y). Hence

o(y) = lim o,(y)

exists and is a convex continuous function on X with o(y) = y(|y || — M).
Since X is reflexive, the set

(9o 1 o(yo) = min o(y)}

is nonempty. We assert that this set consists of a single element 2, which we call
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the asymptotic center of {U(x)}. To prove this, we use the following elementary
lemma.

Lemma 1. Let X be uniformly convex, y a strictly convex function on X with
y(0) =0, M, > 0. Then for each ¢ > 0, there exists §, > O such that for all u
andvin X with||u|,|v]| < M,, and||u —v] = e,

() 3 + ) < (=) + 3l ol) — 3.

Proof of Lemma 1. Since || u — v|| = ¢, at least one of the pair || «|, || v ||
must be at least ¢/2. Hence we may assume that [ o || < |Jufl, /2 < || || < M,.
By the uniform convexity of X, there exists 8,(¢) > O such that if

[wfl Z o]l = ull — 3(e)
then
Hlut+oll <Elull+ 2ol — 8(e).
Then

v w4+ ol) <l wl) + (vl — 8y(e),

for a suitable 8,(¢) > 0.
On the other hand, if || v| < | || — 8,(¢), then setting r == |u|, s = v|,
we have s < 7 — 8,(¢), and by the strict convexity of y

yEllu+ o)) <y +5) < (r) + 3A() — 8(e).  QED.
If we assume that for two distinct points y, and ¥y, ,
o(31) = o(3,) = min o(y),
and set € = || y; — ¥,/ = 0, then for ' = L(y, + »,) and any s in S,

AW Us —¥'1) = G 1 (Us — 30) + (Us — 3)ll)
<P Us = 30l) + B0 Us — 01 1) — 8-

For s > a,, we may ensure that

YW Us —30l) <oly) + 82, vl Us— ) < olyy) + $3..

Hence for such s,
Y Uy — 5/ 1) < min of3) + 18, — 5. < min &(y) — 1.

Hence o y") < min, o(v) — 46, << min o ¥), which is a contradiction. Thus the
asymptotic center 2 is well defined.
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Lemma 2. Let X be a uniformly convex Banach space, {y,} a bounded set in X
indexed on A. Suppose that U is a nonexpansive self-map of X and that
I — U)y, || = 0. Then every weak accumulation point of { v,} is a fixed point of U.

Proof of Lemma 2. This is a basic property of nonexpansive maps jn uni-
formly convex spaces (cf. [7, Theorem 8.4]).

Levma 3. Let X be a uniformly convex B-space. For each X, there exists one
and only one point y, of X such that

pi(32) = min{p,(y); y € X}.

Proof of Lemma 3. Since p, is a continuous convex function of y in X with

pi9) Z | A5 1= M) (@) = Ay — M),

it follows that p, has at least one minimum point for each A. Moreover, the set of
possible minimum points {y,} is uniformly bounded since

pi0) < [ M) () = v(M),

and for || y | > 2M, y(|ly || — M) > p,(0)-
To prove the uniqueness of y,, suppose for a given A that for #, +# y,,

71—l >0,

Pl o) = pal31) = rr;in pa(y)-
Set " = ¥(yp + »1)- Then

o) = [ 701U — ¥ 1) o ds < dpi30) + Boil0) — &,

< min py(y) — 9,

which is a contradiction. Thus y, is unique. Q.E.D.

Lemmva 4. Let X be a Banach space, {U;;sc S} a representation of S by
nonexpansive maps of X into X, and let {u, ; X € A} be a strongly regular family of
posttive measures of mass 1. Then for eachain S, x in X,

(@) Tm{p(Ua(32) — p(3)} <O.
(b) Iy~ Uil — 0.
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Proof of Lemma 4. Proof of (a): We observe that
PiUa(3) = [ A Uds) = Ul )
< [ AT = U@ + [ A1 U) = Ul )

—L+1,.

The first integral may be written in the form

I = [ 01 UsUA) = Uyl et
< [ A0 UL = 301) paaldt)

< [ 70 UG =3 ) ia@) + My L s — a1 (),

where M, = sup, y(|| Uy(*) — 5l)-
For the second integral,

I < Mapa(S\Se) — 0,

where M, = sup, y(| Usx) — U, (»)I)-
Hence

PAUo(32) — pa(92) < My | a0 — pa | (S) + Maun(S\S,),

from which it follows that

m{f’/\( Udy) — ey} <0

Proof of (b). Consider a value of A such that ||y, — Uy(3)|| = €. Set
w = }(3n + Ud(9,))- Then

pa(w) < 3pA(3)) + 30a(Ua(33)) — 8. .
For A = A,

eAU(33) < pA(33) + 8 -

Hence for such A,
pa(w) < pA(33) + $8. — 8 = pa(31) — B9, -

This is impossible. Hence for A = A, || ¥, — U, ()l <e. Q.E.D.
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Proof of Theorem 1 concluded. Since y, is the minimum point of p,, we
know that for each v in X,

0 = (d/dt)lio pa(3r + t0) = *L (JAU (%) — 1), ©) pals)-

Thus y, satisfies the implicit equation

[ U = 3 @ =0 ©)

(If J, is the identity map of a Hilbert space, this gives us the simpler explicit
formula

= [ Ue) @) (10)
N

which generalizes the special case of the strongly regular averaging process.)

To show that the bounded directed set {¥,} in X converges weakly to z, it
suffices to show that each weak accumulation point @ of { y,} must coincide with z.
By Lemma 4, || y, — U {»)li = 0. Hence by Lemma 2, w must be a fixed point
of each U, (a € S). It follows that for t = 5, t = s + a,

Yl U(x) — wl) = || UUgx) — Uyl
< Al Ufx) — w])).
Hence
o() = lim (]| U,(x) — w]).

If w # 3, then o(w) — o(2) = € > 0. For A > 1,
pia) = [ 71 U) — ) ia(@) > ofw) = 5.
On the other hand
pe) = [ A UL = #1) )
< [ AU = 1) ) + Man(S\S) < o) +8

for A > A, . Thus for such A

. ofw) < pr(®) + 8 < py(t) — pr() + ol2) + 25,
1e.,

€ = o(w) — o(z) < pa(w) — pa(2) + 20.
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Suppose £ = € — 28 > 0. Then for A = X,

£ < pa(w) — paR)-
However,

pi®) = pa(2) = [ 001U — 1) — 01 Use) — 31} (),
where

A Usx) — wll) — (| Usx) — 2[)) < (JAU(x) — w), 2 — w),

hence
£< | (MU — u) 5 — ) p(d).

For A in a cofinal set A, of A4, A, — w — 0. Hence Ufx) — v, — Uyx) — w
uniformly in s. Since J, is uniformly continuous on bounded sets from the weak
topology of X to the weak topology of X*, it follows that

(JUx —33), 2 — w) > (J(Usx) — w), 2 — w)

uniformly in s. Therefore,
0= lim [ (JUx) = 30,5 — ) palds) > € > 0,

which is a contradiction.
Thus @ = 2 and the proof of Theorem 1 is complete. Q.E.D.

Remark. The outstanding class of uniformly convex Banach spaces X for
which the hypotheses of Theorem 1 are valid are the I ~spaces with 1 < p < +c0.
For each such space, the function y,(r) = r? has the corresponding subgradient

]vz, = 0g, , with g,(x) = y,(| x|} given by
x ={%,%,..} €,
T, (@) = {p | x; ["1 sgn(x;)} €,

and J, is uniformly continuous on bounded sets from the weak topology of I,
to the weak topology of [, .

Our basic result on strong convergence is established only in Hilbert spaces.
We give it only in the formally simplest case of S = Z+ where it sharpens the
result of [8].

Tueorem 2. Let H be a Hilbert space, {x;} a sequence in H such that for each m,
(%; , %) converges as j — 00, the convergence being uniform for m 2= 0. Let
{ay;} be a strongly regular summation method.
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If 9o = Yoo @us; , then v, converges strongly in H to the asymptotic center
of the sequence {x;}.

Proof of Theorem 2. Let 2 be the asymptotic center of the sequence {x;}. We
divide the proof into two stages: (a) y,, — 2; (b) y,, — 2.

Proof of {a). Let € > 0 be given. By hypothesis, for each m = 0, there
exist £(m) and an integer j, such that for j > j,,

[(%; Xjym) — ém)] <e

Fix one such value of j. Then for each n

i-1 ©
(%55 yn) = Z (%5 5 @nar) + Z @, 515(%5 » ¥jyn)

k=0 k=0
implies that
@ i—1
l (%1, Yn) — 2. @ngy2b(R) ] SMY ap;+ e
k=0 k=0

Furthermore,

© i—-1 B
|90 = T nst®)| S MY it et 3 | Guion— au
k=0 k=0 k=0

where the right-hand side approaches € as # — 4-o00, Thus

T8 | (51, 9n) = 3 ansf(8)] < <.

Let {y, } be a weakly convergent subsequence of {y,} with weak limit .
Then for large j,5’

(2 5 ) — (x, » W) < 2

Le.,
(%5, w) > (j— +o)
Hence
(Ym s @) = ) Gm(%s, w)—>7  (m—> +-0).

i=0

Let {y,, } converge weakly in H to w, . Then
(0, ) = 7 = (0,10) = (01, wy).

Hence [[ew]] = {lw, |, (%, ) =]l @w] | @ |, and by the sharp form of the
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Schwarz inequality, w = w, . Hence ¥, converges weakly to an element w of H.
Moreover, (x;, w) — || w|? as § — 4 co. Hence

oy — wl|f =[] %; [P — 2(x;, @) + || w2 — £0) — || w]}
as j — -+ oo, For any # in H,

N, —ulf ={la; — w4 w—wlP+ 2x; — w, w— u).
Thus

s}

Z an,]‘“ X — u“2 = Z an,J‘{ij— sz +“w—u“2} +2(yn'_ w)w—'u)'

j=0
Since o(u) = im ¥} 4 a,,; || x; — u |, it follows that
o(u) = o(w) + [l w — u|fP,
since (y, — w, w — u) — 0. Thus w is the asymptotic center of the sequence {x;}.

To prove strong convergence we introduce the summation method {b, ,}
defined by

nO— Z(ana)

=0
¢

boyr =123 @805, for r>=1
i=0

We assert that {b, ,} is a strongly regular summation method when {a, ;} is.
Indeed

© 2
an,r = (Z an.j) =1,

j=0

b’n,o < o, + Qn,0 s

since
An,i < on + An0 (an = Z l Ap,iv1 — Qg ')’
< 2o, + ) for 721,
and finally
Z l bn,r+1 - bn.r | < z | bn.r+1 - bn,r l + ‘ bn.l - bn,O ‘
r=0 r=1

2 Z Z @ni | @ jyrir — Gy |+ {1 0ng — bnyg |
r=1 j=0

L 20, + | by —bpol—0 as n— o0.
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We note that

©
H_yn H2 = Z an,jan,k(xi ’ xk)
i k=0

=2 Z Z Qy,,iQn, J+r(x3 ’ xa+r) + z an j ” X; H

=0 r=1

Let ¢ > O be given; we choose m so that (x,, , w) <| @|? + ¢, and also
(s, %i4r) — &(r)] < e
for j > m and all r 2> 0. In particular, for j >> mand all r = 0,

[(x:i ’ x:‘+r) - (xm ’ xm+r)| < 2e.

We find with M == Sup | ¥, |,

| ¥n 2 <2 Z Z an,jan.j+r(xm s Xyr) + 202 z z A, il fvr

jzm r=1 j<m r=1
+ Z ap ;|| % |2 + M? Z an; + ¢
izm i<m

[ <] o
< 2 Z z a”-ja",i+r(xm 3 xm—{—r)

j=0 r=1

+Zan1”xm“2+4Mzz 2 anaan2+fr+2Mzz a‘rn_{'E

j<m r=1 j<m
8]
2 2 2
= (xm ’ Z bn,rxm+r) +4M Z Z ap, i sy + 2M z An,i -
r=0 i<m r=1 i<m

Clearly the last two terms approach zero as # — 4 oo (for fixed m).
We apply now the result of the previous discussion to the strongly regular
summation method {b, ,} and we deduce that for each m

<]
(xm Y bn’,xmw)—» X, %)  as #—> +o0,
r=0

(We use here the shifted sequence {x,,,,} instead of {x,}; is satisfies the same
property as {x,} and has the same asymptotic center.)
Finally, we conclude that

m ||y, [P < (%, w) + €
Sl 4 2e.

Since & > ( is arbitrary, and since y,, — w, it follows that y, — w. Q.E.D.

607/25/2-6
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To apply Theorem 2, we note that if U is a nonexpansive mapping on H
which satisfies the inequality (4) with U(0) = 0 and if we set x; = U’(x) for a
fixed x in H, then

[(®5srr1 > Ba) — g > B < e{ll 1P — 1 %10 [P+ 12505 [P — | Rprin P

Summing in j from 2 to s — 1, B < s, we see that

I(xs+r s xs) - (xk+r ) xk)’ < C{” Xy ”2 '“ “ Xs ”2 + ” Xppr ”2 - ” Xgir ”2}

Since || x; | decreases to a limit £, as j increases, it follows that

|(xs+r ’ xs) - (xk.r » xlc)l < 2("{” X ”2 - fo} —0

as k£ — +co uniformly in s and r. Hence (x;, x,,,) converges uniformly in »
and Theorem 2 is applicable.

CoroLLARY. Suppose U is a nonexpansive map of H into H with U(0) = 0
such that (4) holds. Then for any strongly regular {a, ,},

Y, an;Ul(x) > w
=0

where w is the asymptotic center of {U(x)}.

If U is odd and nonexpansive,

1 U@) — UR)P <|lu—o|f
I U@) + U)IP < llu+ o,

ie.,
(U@), U(v) — (u,v)) <llulf — || UW)IE + |l o[F — || U@)IR,
(,v) — (U(w), U@)) <|lulP =1 U@PE+ v —| U@)P

Hence the inequality (4) holds and the corollary is applicable to every odd U.
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