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1. Introduction

Throughout this paper, 2 denotes a smooth bounded open subset of R? (d > 1). We first recall a formula
(BBM formula) due to J. Bourgain, H. Brezis, and P. Mironescu [2] (with a refinement by J. Davila [11]).
Let (p,) be a sequence of radial mollifiers in the sense that

pn € L} (0,400), pn >0, (1.1)
/ pn(r)rtdr =1 Vn, (1.2)
0
and
o0
lim pu(P)rildr =0 V4§ >0. (1.3)

n—-+o0o 5
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Set

s = [ P (ol dedy < 4o, vue L) (1.4

and

7(1/ [Vu| if uwe BV(02),
Q

I(u) = (1.5)
+00 if uec LY(2)\ BV(9),
where, for any e € S 1,
—|Sd 2 ifd >3,
d—1
w=/ |o-eldo =1, ifd=2 (1.6)
Sdfl b
2 if d=1.
Then
lin I.(u) =I(u) Yue L' (0). (1.7)

It has also been established by A. Ponce [23] that I, — I as n — 400 in the sense of I'-convergence in
L'(£2). For works related to the BBM formula, see [5-7,15,16]. Other functionals converging to the BV-norm
are considered in [3,8,9,17-22].

One of the goals of this paper is to analyze the asymptotic behavior of sequences of functionals which
“resemble” I,(u) and converge to I(u) (at least when w is smooth). As we are going to see pointwise
convergence of I,(u) when u is not smooth can be delicate and depends heavily on the specific choice of
(pn). By contrast, I'-convergence to I is a robust concept which is not sensitive to the choice of (p,). We
first consider the sequence (¥,,) of functionals defined by

\u |1+5n ﬁ 1
\x— |1+€n pn(lx —y|) dzdy < +o0, YVueL (), (1.8)

where (g,) — 04 and (pn) is a sequence of mollifiers as above.
A general result concerning pointwise convergence is the following

Proposition 1. We have

. . 1,q
Jdim () = I(u) Vue U whae) (1.9)
q>1
and
limJirnf U, (u) > I(u) Yue LY(R2). (1.10)

By choosing a special sequence of (p,), one may greatly improve the conclusion of Proposition 1:

Proposition 2. There exists a sequence (p,) and a constant C such that

P, (u) < CI(u) Vn,Vuec L'(2) (1.11)
and
i U, (u) = I(u) YueL'Y(2). (1.12)

The proof of Propositions 1 and 2 is presented in Section 2.1. By contrast, some sequences (p,) may
produce pathologies:
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Proposition 3. Assume d = 1. There exists a sequence (p,) and some v € WHL(82) such that

U,(v) =400 Vn>1. (1.13)

Proposition 4. Assume d = 1. Given any M > 1, there exists a sequence (p,) and a constant C such that

U, (u) < CI(u) VYn,Yuec L'(2), (1.14)
lim U, (u) = I(u) Yue W), (1.15)

and, for some nontrivial v € BV ({2),
lirf 7, (v) = MI(v). (1.16)

The proofs of Propositions 3 and 4 are presented in Section 2.2. In Sections 2.3 and 2.4, we return to a
general sequence (p,,) and we establish the following results:
Proposition 5. We have

@, — I in the sense of I'-convergence in L*(£2), asn — +oc. (1.17)
Motivated by Image Processing (see, e.g., [1,12-14,25]), we set
E,(u) = / |lu— |94 @, (u) for uwe LI(N2), (1.18)
and ’
Eo(u) :/Q\u—ﬂq—i—l(u) for uw € LI($2), (1.19)

where ¢ > 1 and f € L?(42). Our main result is

Proposition 6. For cach n, there exists a unique w, € L1(§2) such that

E,(uy) = in E,(u).
(tn) = it Bl

Let v be the unique minimizer of Ey in L1(§2) N BV (12). We have, as n — 400,
u, — v in LY(0)
and

E,(u,) — Eo(v).

In Section 3, we investigate similar questions for the sequence (®,,) of functionals defined by

— p 1/p
@n(u):/ dx [/ Mpn(\x—yﬂdy < +oo, forue L'(N),
7 o le—yP
where p > 1. Such functionals were introduced and studied by G. Leoni and D. Spector [15,16] (see also [26]);
their motivation came from a paper by G. Gilboa and S. Osher [13] (where p = 2) dealing with Image

Processing.
2. Asymptotic analysis of the sequence (¥,,)

2.1. Some positive facts about the sequence ()

We start with the
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Proof of Proposition 1. We first establish (1.10). By Hélder’s inequality, we have for every u € L*({2)

I ( / / on(|z —y|) da dy) HE". (2.1)

From (1.2), we have

/ / pullz — yl) dz dy < 54|12, (2.2)
02 J0
Note that

lim (jS4|0) T = 1.

n—-+oo

Inserting (1.7) in (2.1) yields (1.10).

We next establish (1.9) for u € W9(§2) with ¢ > 1. Assuming n sufficiently large so that 1+ ¢, < g, we
may write using Holder’s inequality

W (u) < Iy (u)* Jom (2.3)
where
|u 1/q
x —y|)dx dy) , 2.4
e (2 .
1
an +b, =1 and an—i—— , (2.5)
q 14+e€,
ie.,
1 En
by, (1 — 7> = and a, =1-0,. (2.6)
q 1+e,
From [2], we know that
Ing < C|[Vul e, with C independent of n. (2.7)
Combining (2.3), (2.6), (2.7), and using (1.7), we obtain
limsup ¥, (u) < I(u).
n—-+oo
This proves (1.9) since we already know (1.10). O
Proof of Proposition 2. The sequence (p,,) is defined by
1+ d +éen
pu(t) = th+€”1(o,5n)(t)7 (2.8)

where 14 denotes the characteristic function of the set A, and (§,) is a positive sequence converging to 0
and satisfying

lir_{_l oo =1, (2.9)
n—-+0o0o
one may take for example
6y = e Ve, (2.10)
We have
14+ d +en
Wrren (y) = o / / (y)|' e da dy. (2.11)

lz—y|<&n
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From the Sobolev embedding, we know that BV ({2) C L({2) with ¢ = d/(d — 1) and moreover,

</Q/Qu(x)—u(y)|qudy>l/qg()[(u) Yu e L),

Applying Holder’s inequality as above, we find

1+d+e 1+5n a
W (u) < ((SITJFETL”) X5 "Yb

/ / )| dz dy,

|lz—y|<&n

where

1/q

| [ ] w@—uwraay| .

|lz—y|<én

and a,, and b,, are as in (2.5). From [2] (applied with p,(t) = (;%‘fit]l(o’(gn)(t)), we know that

X, <8 T4 (u).
Moreover, by (1.7), we have

1+d
n—>+oo 51+dX - I( )
On the other hand, by (2.12), we obtain
Y, <CI(u) =Y.

Inserting (2.16) and (2.18) in (2.13) gives

1
where, by (2.6),
1+d+e, 1+d+e, (14 d)gen
= I (Gt d)ay, = (L d)
o=, e = e R )
end (1+d)ge,  end?

l+e, (—D(A+en) 14e,
From (2.19) and (2.9), we obtain (1.11).

We next prove (1.12). In view of (1.10), it suffices to verify that

limsup ¥, (u) < I(u) Yue€ L' ().

n—-4oo

We return to (2.13) and write

b (1) < (M)% ( a1 )M,((l + d)Xn>aann - (M)G"Y“,

571L+d+6n d+1 6’71L+d 5711+d

where v, — 1,a, — 1, and b,, — 0. Using (2.9) and (2.17), we conclude that (2.20) holds. O

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)
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2.2. Some sequences (py) producing pathologies

In this section, we establish Propositions 3 and 4.
Proof of Proposition 3. Take 2 = (—1/2,1/2) and py,(t) = £,t°" 1 (g,1)(t). Then

1/2 0 _ 1+en
e (u) > ¢, / dx / [u(x) u(y)J dy.
0 —1/2 lz -yl

If we assume in addition that u(y) = 0 on (—1/2,0), we obtain

1+4e 1z 14 1 1
Tt (u) > ey, (2 -y de

Choosing, for example,

u(z) = [Inz|™® on0<z<1/2,
0 on —1/2<x<0,

227

(2.21)

(2.22)

with o > 0, we see that u € W1(£2) while the RHS in (2.21) is +0co when a(1 + &,) < 1; we might take,

for example, a = minn{l/(l + €n)}- U

Proof of Proposition 4. Take 2 = (—1,1) and (p,) as in (2.8) (but do not take §, as in (2.9)). Let

)0 forz e (—1,0),
v(@) = {1 for x € (0,1).

Then

2+¢ ot 2+¢

Since I(v) =2 (see (1.5) and (1.6)), we deduce that

2+¢,
wn(v) = 2(55"
n

Given M > 1,1let A=InM > 0 and 6, = e~ */5». Then

I(v).

lirf U, (v) = MI(v).

On the other hand, we have, for every u € BV (2),

As in the proof of Proposition 2 (see (2.19)), we find
1

I
n

U,(u) <C

I(u),

Since 8, = e~/ we deduce that (1.14) holds.
In order to obtain (1.15), we recall (see (1.9)) that
lin U(ia)=I(a) YaeCHN).

For u € WH(£2), we write

(2.23)

(2.24)
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and thus by (1.14),
| Bo(w) — I(w)| < CIu— ) + | (@) — 1(3)]. (2.25)
We conclude that lim,, ;o | ¥, (u) — I(u)| = 0 using (2.24) and the density of C*(£2) in W1(£2).

2.3. I'-convergence

This section is devoted to the proof of Proposition 5 and a slightly stronger variant.
Recall that (see, e.g., [4,10]), by definition, the sequence (¥, )-converges to ¥ in L'(£2) as n — oo if the
following two properties hold:

(G1) For every u € L'(£2) and for every sequence (u,,) C L'(§2) such that u,, — u in L'(£2) as n — oo, one
has

lim inf ¥, (uy,) > ¥(u).

n—oo

(G2) For every u € L'(2), there exists a sequence (u,) C L'(£2) such that u, — u in L*(£2) as n — oo,
and

limsup ¥y, (un) < ¥(u).

n— o0

Proof of (G1). Going back to (2.1)-(2.3), we have
L(u) < Bn¥u(u) Yuec L'(2),
where 3,, — 1. Thus
I (upn) < Bn¥n(u,) Vn,
and since I,, — I in the sense of I'-convergence in L!(£2) (see [23] and also [7]), we conclude that

limJirnf U (up) > I(u).

Proof of (G2). Given u € BV (§2), we will construct a sequence (u,,) converging to u in L' () such that
lim sup &, (u,) < I(u).

n—+oo
Let vy, € C*(£2) be such that
vp —u in LY(2) and I(vy) — I(u). (2.26)
For each k, let n; be such that
U, (vg) —I(vg)| < 1/k  if n > ng. (2.27)

Without loss of generality, one may assume that (ng) is an increasing sequence with respect to k. Define
Up =0 ifnp <n < ngyq.
Combining (2.26) and (2.27) yields
U, —u in L*(2) and  lim ¥,(u,) = I(u). O

n—-+oo

In fact, a property stronger than (G1) holds.
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Proposition 7. For every u € L'(£2) and for every sequence (u,) C L*(£2) such that u,, — u weakly in L*(£2)
as n — +00, one has
lim inf ¥, (u,,) > I(u). (2.28)

n—-+oo

Proof. We adapt a suggestion of E. Stein (personal communication to H. Brezis) described in [5]. Let (p)
be a sequence of smooth mollifiers such that pp > 0 and supppur C Byjx = By(0) = B(0,1/k). Fix
D an arbitrary smooth open subset of £ such that D C £ and let ky > 0 be large enough such that
B(z,1/ko) CC 12 for every x € D. Given v € L'(£2), define in D

v = p kv for k > k.

‘We have

|Uic ) —u(y)|' e
[ el = ol d dy
xv(z xv(y)| e

T _ |1+an
1+en
‘ fB(o 1/k) (2 ( (x—2)—v(y— Z)) dz‘
/ / dx dy
oy
14e,
‘ dz

// JB(0.1/8) 1 (2 ‘ (—2)—v(y—2)

‘IE* |1+5n pn(|$—y\)dxdy,

by Hélder’s inequality. A change of variables implies, for k& > kg,

vk () — v (y)|"Fen |v o(y)[Hren
// o = g[Lren pn(|x yl)dxdy< |z7y|1+sn pnl(lz —y|)dzdy.  (2.29)

Applying (2.29) to v = u,, we find

Uk, Uk 1+e, R
/ / . |x—y|k1+£n) pulla —yl) dady < WL (u,), (2.30)

where uy n, = fi * U, is defined in D for every n and every k > k. Since u,, — u weakly in L'(92) we know
that for each fized k,

Upm — Mk *u  strongly in Ll(D) as n — +oo.

Passing to the limit in (2.29) as n — +oo (and fixed k) and applying Proposition 5 (Property (G1)) we find
that

o Uk (T) = Upn (y) e
hmlnf// [, \m |k1+£n)| pn(|xfy|)dxdyZ’Yd/D|V(uk*u)|. (2.31)

n—-+4oo

Combining (2.30) and (2.31) yields
lim uf ¥, (1) m/Dw(uk*u)\ k> k.
Letting k — +o00, we obtain
lim inf %, (1,) > /D V.

Since D is arbitrary, Proposition 7 follows. [
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2.4. Functionals with roots in image processing
We give here the

Proof of Proposition 6. For each fixed n, the functional FE,, defined on L(f2) by (1.18) is convex and lower
semicontinuous (1.s.c.) for the strong Li-topology (note that ¥, is l.s.c. by Fatou’s lemma). Thus E,, is also
Ls.c. for the weak L9-topology. Since ¢ > 1, L? is reflexive and inf,crq(0) En(u) is achieved. Uniqueness of
the minimizer follows from strict convexity.

We next establish the second statement. Since ¢ > 1, one may assume that wu,, — ug weakly in LI({2)
for some subsequence (u,, ). We claim that

Uug = . (2.32)
By Proposition 5 (Property (G2)), there exists (v,) C L*(£2) such that v, — v in L'(£2) and

lim sup &, (v,) < I(v). (2.33)

n—oo

Set, for A > 0 and s € R,

s if |s| < A,
Ta(s)=¢A ifs> A, (2.34)
—A ifs<—A

We have, since u,, is a minimizer of F,,,

E,(un) < Ep(Tavy) :/ |Tavn — fl9 4+ U (Tavy) S/ |Tavn — f19+ @n(vy). (2.35)
Q Q
Letting n — oo and using (2.33), we derive
lim sup E,, (u,) < / |Tav — f]9+ I(v).
n—-+4oo N

This implies, by letting A — 400,
limsup E,, (u,) < Ep(v). (2.36)

n—-+oo

On the other hand, we have by Proposition 7,

limin ¥, (u,) > 1(0). (2.37)
and therefore
Eo(ug) < limipf E,, (tn,). (2.38)
NEp—100

From (2.36) and (2.38), we obtain claim (2.32).

Next we write
[ = 119 = Bulun) = ). (2.30)
2

Combining (2.39) with (2.36) and (2.37) gives

limsup/Q [tn,, — f19 < Ep(v) —I(v) = /Q lv— fl9. (2.40)

ng——+oo
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Since we already know that w,, — v weakly in L(§2), we deduce from (2.40) that u,, — v strongly in
L4(£2). The uniqueness of the limit implies that w, — v strongly in L?({2), so that

liminf E,, (u,) > /Q v — f|T+ I(v) = Ep(v).

n—-+oo
Returning to (2.36) yields
lim E,(u,) = Ep(v). O

n—-+4oo

Remark 1. There is an alternative proof of Proposition 6 which holds when d > 2 (and also when d = 1
provided that we make a mild additional assumptions on (p,)). Instead of Proposition 7, one may rely on a
compactness argument based on

Proposition 8. Let (u,,) be a bounded sequence in L'(§2) such that
sup ¥, (un) < +00. (2.41)
n
When d = 1, we also assume that for each n the function t — p,(t) is non-increasing. Then (u,) is relatively
compact in L'(12).
Proof. From (2.1), (2.2) and (2.41), we have
I (up) <C Vn.
We may now invoke a result of J. Bourgain, H. Brezis, P. Mironescu in [2] when p,, is non-increasing. A. Ponce

in [24] established that the monotonicity of p,, is not necessary when d > 2. O

Proof of Proposition 6 revisited. Using Proposition 8 we can assume that wu,, — ug weakly in L9({2) and
strongly in L'(§2). We may then rely on Proposition 5 instead of Proposition 7. The rest is unchanged. [

3. A second approximation of the BV -norm

Motivated by a suggestion of G. Gilboa and S. Osher in [13], G. Leoni and D. Spector [15,16] studied the

following functionals
— P 1/p
D, (u) = / dz [/ Mpn(bﬁ - yl)dy] < +oo forue L' (N) (3.1)
7 o le—yP
where 1 < p < 400 and (p,,) satisfies (1.1)—(1.3). In [16], they established that (&,) converges to J in the
sense of I'-convergence in L!({2), where J is defined by

’yp,d/ |Vu| if u e BV(12),
2
+00 if ue LY(2)\ BV(R2).

J(u) = (3.2)

Here, for any e € S¢1,

1/p
Yp.d = (/Sdil lo - el? dcr) . (3.3)

Yp1 = 2P, (3.4)

In particular,

When there is no confusion, we simply write 7 instead of v, 4. [In fact, G. Leoni and D. Spector considered
more general functionals involving a second parameter 1 < ¢ < +o0o and they prove that it I'-converges
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in L'(02) to [, |Vu|? up to a positive constant. Here we are concerned only with the most delicate case
g = 1 which produces the BV-norm in the asymptotic limit.]

Pointwise convergence of the sequence (@,,) turns out to be quite complex and not yet fully understood
(which confirms again the importance of I'-convergence). Several claims in [15] concerning the pointwise
convergence of (&,,) were not correct as was pointed out in [16].

This section is organized as follows. In Sections 3.1-3.3, we describe various results (both positive and
negative) concerning pointwise convergence. The case d = 1 is of special interest because the situation there
is quite satisfactory (the only remaining open problem appears in Remark 3). Our results for the case d > 2
are not as complete; see e.g. important open problems mentioned in Remarks 5 and 8. We then present a
new proof of I'-convergence in Section 3.4; as we already mentioned, this result is due to G. Leoni and D.
Spector, but our proof is simpler. Finally, in Section 3.5, we discuss variational problems similar to (1.18)
(where ¥, is replaced by @,,) with roots in Image Processing.

3.1. Some positive facts about the sequence (@y,)
A general result concerning the pointwise convergence of (@, ) is the following.

Proposition 9. We have

lim @, (u) = J(u) Vue Whr(0) (3.5)
and
lim inf &, (u) > J(u) Yue LY(9). (3.6)

Proof. The proof is divided into three steps.
Step 1: Proof of (3.5) for u € C?(£2). We have
u(z) —u(y) = Vu(z) - (z —y)| < Clz —y* Va,ye L,
for some positive constant C' independent of z and y. It follows that
u(z) = u(y)] < [Vu(z) - (z —y)| + Clo —y[* Va,ye€ 2 (3.7)
and
Vu(z) - (z = y)| < Ju(z) —uy)| + Cla —y[* Va,ye . (3-8)

From (3.7), we derive that

U Vu(x 1/p
(f M= o —aiyay) " < ([ T2 gy ay)

1/p
+c/|x—y|Ppn<\x—y|>dy) ;
2

which implies, by (1.2) and (1.3)7

fu@) - u(w)l?
(f M= o~ yay) ™" < 21Tu(o)] + o), (3.9

Here and in what follows in this proof, o(1) denotes a quantity which converges to 0 (independently of z)
as n — +0o. We derive that

D, (u) < 'y/Q |Vu(z)| dz + o(1). (3.10)
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For the reverse inequality, we consider an arbitrary open subset D of 2 such that D C £2. For a fixed z € D,
using (1.2), (1.3) and (3.8) one can verify as in (3.9) that

Avato) < ([ MO0 o -y an) " ot

It follows that
'y/ |Vu(z)|de < &,(u) + o(1). (3.11)
D
Combining (3.10) and (3.11) yields

7/ |Vu(z)|de < limJirnf &, (u) < limsup &, (u) < 7/ |Vu(z)|de.
D n—+oo 7}

n—-+o0o
The conclusion of Step 1 follows since D is arbitrary,
Step 2: Proof of (3.6). We follow the same strategy as in the proof of Proposition 7. Let (u) be a sequence
of smooth mollifiers such that y;, > 0 and supp i, C By g. Fix D an arbitrary smooth open subset of {2 such

that D C 2 and let ko > 0 be large enough such that B(x,1/ko) CC £ for every x € D. Given u € L*(£2),
define in D

up = pg xu  for k > kg.

We have, for k > kg,

([ = gy ay) < ) (312)

-yl

Letting n — +o0o (for fixed k and fixed D), we find, using Step 1 on D, that, for k > ko,

. |ug (z) — ug(y)|P 1/p /
lim T — d dr = Vur(z)| dx.
(] = (o= ayay) o = [ (Tt

n—-+o0o

We derive from (3.12) that

11m+1nf Dy (u) > ’y/ |Vug(z)| dz, (3.13)
n— D
for k > kqy. Letting K — 400, we obtain

- S

lﬁg}r&f) @, (u) > 7/D |Vu(z)|dx. (3.14)

We deduce (3.6) since D is arbitrary.

Step 3: Proof of (3.5) for u € WP(2). By Holder’s inequality, we have

R e L (3.15)

ylP

We may then invoke a result of [2] to conclude that
@, (u) < C||Vull ooy Yue WP(2), (3.16)
with C' > 0 independent of n. We next write, using triangle inequality,

| B (u) = Pn(@)] < Pp(u—1a) < CIV(u—a)llLroy Yu, @€ WHP(02).
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This implies
[Pn(u) = J(u)] < D) — Pn(@)] + | P (@) — J(@)| + | (@) — J(u)]
< CIV(u =)l Lr(e) + [Pn(a) — J(@)].
Using the density of C2(£2) in W'P(2), we obtain (3.5). 0O

By choosing a special sequence (p,), we may greatly improve the conclusion of Proposition 9. More
precisely, let (4,,) be a positive sequence converging to 0 and define

+d
u(®) = LD 105,0) (3.17)

We have

Proposition 10. Let d > 1 and assume that either
l<p<d/(d—1) and d>2,
or
l<p<+oco and d=1,
and let (pn) be defined by (3.17). Then

@, (u) < C/ |Vu| Vn,Vue LY (0), (3.18)
2
for some positive constant C' depending only on d,p, and {2, and
lim &,(u) = J(u) YueWhHi(Q). (3.19)
n—-+00
On the other hand, there exists some nontrivial v € BV (£2) such that
nEIJlrloo 9, (v) = apJ(v) with ap > 1. (3.20)

Remark 2. The restriction p < d/(d —1) in the case d > 2 is quite natural if the goal is to prove (3.18) since
the Sobolev embedding W' (2) C L#(d=1) ig sharp. In fact, this requirement is necessary. Let d > 2, fix
xo € 12, and assume that diam(£2) < 1/2 for notational ease. Set u(z) = |z — |~ ¢In"? [ — 20|. One can
verify that u € W11 () and for x € 2 with |z — x¢| < 6,,/2

A () — uly)P dy = +oo
‘z_y|<6n

since p > d/(d — 1). It follows that

7/ |[Vu(z)|de < 400 = &,,(u) Vn.
e}

Remark 3. We do not know whether it is possible to construct a sequence (p,,) such that (3.19) holds for
every u € BV ({2). The problem is open even when d = 1.

The proof of Proposition 10 relies on the following inequality which is just a rescaled version of the
standard Sobolev one. Let Bg be a ball of radius R, then for any p € [1,d/(d — 1)],

(04,

for some positive constant C' depending only on d and p, where . := (d/p) +1—d > 0.

p 1/p 1
dy) < C’Ra/ [Vu(z)|dz Ywu e L (Bg), (3.21)
Br
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Proof of Proposition 10. Since &, (u) = &,(u + ¢) for any constant ¢, without loss of generality, one may
assume that [, u = 0. Consider an extension of u to R? which is still denoted by u such that

||UHW1,1(R.1) < CQHU||W1,1(_Q) < CQ”VU”LI(Q). (3.22)
In view of (3.17), we have
e iy
< - . p . .
Bu0) S S [,y 110 ) dy) e (3.23)
We have, for y € B(z,d,),
)~ u) < fut@) - f [+ fu) - f (3210
B(x,0,) B(x,0,)

It follows from the triangle inequality that

([ @ -uray) " <cotrfu—f = ([ Jun-f
B(z,6,) B(x,6p) B(z,6,) B(z,6y)

Here and in what follows in this proof, C' denotes a positive constant depending only on d, p, and (2. Inserting
(3.21) in (3.25) yields

1/
! dy) " (3.25)

1/
( / [u(x) — u(y)|” dy) " < 0687 u(z) — ][ u‘ +ose / IVu(z)| dz. (3.26)
B(x,0,) B(x,0y) B(z,0,)
We claim that
/ ‘u(m) —][ u‘ de < Cén/ [Vul (3.27)
Q B(z,5,) Q
and
/ do / Vu(2)|dz < €58 / V. (3.28)
10 B(%,6,) 2

Indeed, we have, for R large enough,

/ ’u(m) —][ u‘ dzx < Cé;d/ / |u(z) — u(y)| dz dy
9] B(z,6,) Br /Br

‘w_y|<6n

gC(Sn/ IVl gC(Sn/ IV,
Br (7

by the BBM formula applied to p,(t) = (d + 1)5;(d+1)t]l(075n) and by (3.22). On the other hand,

// |Vu(z)|dzdx§/ / |Vu(z)\dzdx§05ﬁ/ |Vu(z)| de,
2 JB(x.5,) Br JBr Q

|z—2z| <y

by (3.22). Combining (3.26)(3.28) yields

1/
/ ( / ju(a) ~u(y)Pdy) " dr < CaLHP / Vu(z)| dz (3.29)
2 N B(2,5,) 7}
(recall that o +d =1+ d/p). It follows from (3.23) that
D (u) < C[Vull1(a);
which is (3.18).

Assertion (3.19) is deduced from (3.18) via a density argument as in the proof of Proposition 9.
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It remains to prove (3.20). For simplicity, take 2 = (—1/2,1/2) and consider v(z) = 1(g,1/2)(x). Then,
for n sufficiently large,

1/p  [0n on—x 1/ 1/p [On
B, (v) = Qu dy Pdr = 2Ap+1)7" (6n — 2)Y7 da
sL/P 0 0 oL+i/p 0

2p+1)Ve 5P g
R Sy A

> 2YP = J(v).

Indeed, since p + 1 < 2p, it follows that (p 4 1)'~1/? < (2p)'~1/? and thus

2p

S 1/ 1/
T i > (2p)/P >2YP. 0O

3.2. More about the pointwise convergence of (®,) when d =1
In this section, we assume that d = 1 and 2 = (—1/2,1/2).

Proposition 11. Assume that (p,) satisfies (1.1)—(1.3). Then, for every q > 1, we have
B (u) < Oyl || Loy Vu e WHI(Q),
for some positive constant C; depending only on q. Moreover,

. _ 1,q
7ﬂk%w,M)WEHW(m

Proof. Since &, (u) = &, (u+c) for any constant ¢, without loss of generality, one may assume that [, u = 0.
Consider an extension of u to R which is still denoted by u, such that

lullwr.o@y < Collullwrace) < Cyllw'|lLa()-

Let M(f) denote the maximal function of f defined in R, i.e.,

x+r
M(f)(x) = sup ][ 1£(s)| ds.

r>0Jx—r

From the definition of @,,, we have

s =c [ ([ M) @)z~ vl dy) e < € [ M) d,

The first statement now follows from the fact that [|[M(f)|[zar) < Cqllfllrew) since ¢ > 1. The second
statement is derived from the first statement via a density argument as in the proof of Proposition 9. [

Our next result shows that Proposition 11 is sharp and cannot be extended to ¢ = 1 (for a general
sequence (pyp,)).
Proposition 12. For every p > 1, there exist a sequence (py) satisfying (1.1)—(1.3) and some function
v € WHL(2) such that
@, (v) =400 Vn.

Proof. Fix a > 0 and 8 > 1 such that

a+pB/p<l (3.30)
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Since p > 1 such « and 3 exist. Let (J,,) be a sequence of positive numbers converging to 0 and consider

1
n(t) = An—=105,)-
Pn(t) HTn f]? @)

Here A, is chosen in such a way that (1.3) holds, i.e., A, foé" t“ﬁittlﬁ = 1. Set

o(z) = 0 if —1/2<x<0,
C ] iInz|™® ifo<ax<1/2.

Clearly, v € WhH1(£2). We have

D, (v) = /11//22(/1/2 Mpnﬂx —y\)dy>1/p .

—12 |z =y

>/§nA1/p| ( )I(/én_w pua+y)d )1/pd (3.31)
v(x — (T xT. .
=/, n o |x+y|Pp y)ay

We have, for 0 < z < §,,/2,

/6nz ! (z+y)d >/6n __dar >/2x . Cup
oz ,
0 |23+y|pp" v = Lt Int]P = [ et Int|P T 2P|lnz|f’

and thus

b=z p . C
————pn d ) e L — 3.32
(/0 g W) 2 T (3.52)

Since, by (3.30),

6n/2 1
0 z|lnm|ﬁ/p+ﬂt ’

it follows from (3.31) and (3.32) that

@p(v) =400 Vn. O

Remark 4. D. Spector [26] has noticed that the sequence (p,) and the function v constructed by A. Ponce
(presented in [17]) satisfy (1.1)-(1.3), v € Wh(2), &, (v) < 400 for all n, and lim,_  + @, (v) = +o0. In
our construction, the pathology is even more dramatic since @, (v) = +oo for all n.

3.8. More about the pointwise convergence of (@) when d > 2

In this section, we present two “improvements” of (3.5) concerning the (pointwise) convergence of &, (u) to
J(u). In the first one (Proposition 13) (p,,) is a general sequence (satisfying (1.1)—(1.3)), but the assumption
on u is quite restrictive: u € Wh4(2) with ¢ > go where ¢o is defined in (3.33). In the second one
(Proposition 14) there is an additional assumption on (p,), but pointwise convergence holds for a large
(more natural) class of w’s: u € W19(2) with ¢ > ¢; where ¢ < qq is defined in (3.44).

Proposition 13. Let p > 1 and assume that (p,) satisfies (1.1)-(1.3). Set
qo = pd/(d+p—1), (3.33)
so that 1 < gg < p. Then

@, (u) < C|Vullpe Yue WH(2) with ¢ > qo, (3.34)
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for some positive constant C' = Cp, 4 o depending only on p,q, and 2. Moreover,

lim @, (u) = J(u) Yue€WH(02) with ¢ > qo. (3.35)

n—-+oo
Proof. Since &, (u) = @, (u+c) for any constant ¢, without loss of generality, one may assume that [, u = 0.
Consider an extension of u to R which is still denoted by wu, such that

llullwi.aray < Cqellullwiae) < CqallVullLao)-

For simplicity of notation, we assume that diam(f2) < 1/2. Then

D (u) < /Q {/Sd_l /01 fule + T(QJ_ u(x”ppn(r)rd*l dr da} v dzx.

We have

[u(x +ro) —u(z)] < ‘u(x +ro) — ]édil u(z +ro’)do’

+ ‘u(x) —]gdil u(x +ro’) do’

IN

]édil |u(x +r0o) —u(z +ro’)|do —l-][ |u(z) — u(z + ro’)| do’.

§d—1
It follows that
Pp(u) ST+ T, (3.36)

where

}1/;) dx

1
he / [/ / / u(z + ro) —u(z +ro’)|P do’ do p, (r)r=' P dr
ntJo Jsd-1 . Jgd-1

TQ/Q[/OI(/SM |u(;z:)fu(x+m')|da')ppn(r)rd**pdr}l/pdz.

In this proof the notation a < b means that a < Cb for some positive constant C' depending only on p, g,
and {2.

and

We first estimate T;. Let B; denotes the open unit ball of R?. By (3.33) we know that the trace mapping
u— ujpp, is continuous from W% (By) into L(9By). It follows that

/ / lu(z +ro) —u(z +ro’)[Pdo’ do S ||[Vu(@ + 1)L (5, < P MP/90 (|Vu)%) (z)
gd-1 Jgd-1
(recall that M(f) denotes the maximal function of a function f defined in R%). Using (1.2), we derive that
1 1/p
T < / [/ MP/90 (| u|90) (2) py ()¢ dr] dz < / MY (| V) (z) da. (3.37)
2tJo e}
Since q > qq, it follows from the theory of maximal functions that
| M) a) do < [ Vulrgo) (3.39)

Combining (3.37) and (3.38) yields
Ty 5 IVullLao)- (3.39)

We next estimate T5. We have

.
/Sd_1 lu(z) — u(z +ro’)|do’ < /Sd_1 /0 |Vu(z + so’)| dsdo’.
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Applying Lemma 1, we obtain, for 0 < r < 1 and = € 2,
/Sd /O V(e + s0')|ds do’ < CrM(|Vul)(z). (3.40)
We derive that
7, 5 [ MV (e) de < [Vl (3.41)

by the theory of maximal functions since ¢ > 1. Combining (3.36), (3.39) and (3.41) yields (3.34).
Assertion (3.35) follows from (3.34) via a density argument as in the proof of Proposition 9. O

In the proof of Proposition 13, we used the following elementary.

Lemma 1. Let d > 1,7 > 0,z € R, and f € L} (R%). We have
/ / |f(z+ so)|dsdo < CarM(f)(z), (3.42)
si-1.Jo
for some positive constant Cy depending only on d.
Proof. Set ¢(s) = [qu—1 | f(x + so)|do, so that, by the definition of M(f)(z), we have
£ iy < M@ Vo,
B (z)
and thus
H(r) = / ©(s)s¥tds < |By|r¢M(f)(z) VY7 >0. (3.43)
0

Then H'(r) = o(r)r¢~1, so that

[otras= [ EE as = B a—ny [ 2D as < curnrtryo,
0 0 0

by (3.43); which is precisely (3.42). (The integration by parts can be easily justified by approximation.) O

Under the assumption that p, is non-increasing for every n, one can replace the condition ¢ > ¢ in
Proposition 13 by the weaker condition ¢ > g1, where

q1 = max{pd/(p +d),1}, (3.44)
so that 1 < ¢ < go. It is worth noting that the embedding W91 () C LP(f2) is sharp and therefore ¢; is a

natural lower bound for ¢ (see Remark 2). In fact, we prove a slightly more general result:

Proposition 14. Let p > 1 and assume that (pn) satisfies (1.1)-(1.3). Suppose in addition that there exist
A >0 and a sequence of non-increasing functions (pn) C L} (0,+00) such that
pn < pn and /Ooo o)t dt < A V. (3.45)
Then
P, (u) < C||Vullpa Yue€ Wh(Q) with ¢ > qi, (3.46)
for some positive constant C = C(p, q, A, 2) depending only on p,q, A, and 2. Moreover,
lim @,(u) = J(u) Yue WH(Q) with ¢ > q. (3.47)

n—-+o0o
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Remark 5. We do not know whether the conclusions of Proposition 14 hold without assuming the existence
of A and (p,). Equivalently, we do not know whether the conclusions of Proposition 13 hold under the
weaker condition g > ¢q;.

Proof. For simplicity of notation, we assume that p, is non-increasing for all n and work directly with p,
instead of p,,. We first prove (3.46). As in the proof of Proposition 13, one may assume that fQu = 0.
Consider an extension of u to R which is still denoted by u such that

lullwi.aray < Cqellullwiae) < CqallVullLao)-

For simplicity of notation, we also assume that diam(f2) < 1/2. Then

&, (1) g/g{/SH /01 |u<x+ril_u<x)|ppn(r)rd_1drda} P

We claim that for a.e. x € (2,

B /5d / |U(x+r(2_u(xﬂpp"(’")’"d_ldr do| < ot (9un ) @), (3.48)

Here and in what follows, C' denotes a positive constant depending only on p,d, and A.

From (3.48), we deduce (3.46) via the theory of maximal functions since g > g;. Assertion (3.47) follows
from (3.46) by density as in the proof of Proposition 9.

It remains to prove (3.48). Without loss of generality we establish (3.48) for & = 0. The proof relies
heavily on two inequalities valid for all R > 0:

1.

]{B (&) — u(0)| de < CRMM (|7u[1)(0), (3.50)

we) -~ f o' a " < cmninvano) (3.19)

and

where BR = BR(O)

Inequality (3.49) is simply a rescaled version of the Sobolev inequality

U — U < C||Vu||pa ,
i £, 4l SOOI

which implies that

1.

To prove (3.50), we write

/ |u(€) — u(0)| d§ = / / u(ro) — w(0)|r¢=t dr do
Br sd-1
<C’/ = 1dr/ / |[Vu(so)|dsdo
Sd 1

< C/ M(|Vu|)(0) by Lemma 1.

u(g) —]{9 “\pdf}l/p = CR[]{B le‘“]l/m < CRM'/#(|%u[)(0).

Thus
]{3 u(§) — u(0)| d¢ < CRM(|Vul)(0) < CRMY (|Vu|™)(0).
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From (3.48), we obtain

0 = 0)|Ppp (1)@~ 1=P dr do,
Z/,, / — u(0)Ppu(r) .

S

so that

p<CZp (27 (D) 2”7/ / — u(0)[Pri=t dr do.
a-1 Jo- <z+1>

S

lu(ro) — u(0)| < ‘u(ro)]{giu‘+’]{3 w=u(o)

Inserting (3.52) into (3.51) yields

‘We have

iUJrv
=0

where
P
U = pn(270+D) 2“7/ / u(ro) ][ u‘ r=Ydr do
§d-1 Jo—(i+1) Bg—i
and
P
Vi = pn(270FD) 2”’/ / ][ u—u(O)‘ rd=1dr do.
§d—1 (i41)
Clearly,

) ) 21 D . .
U; < pn(2’(”1))2”’/ / ’u(ra) —][ u’ rdr do < p, (27 0FD)27 4,
si-1.Jo ;

by (3.49), where A = MP/9(|Vu|?)(0). On the other hand,

Ve < pul@ 022 [ Ju(e) — u()] ]2 < Cpa (27244 by (350

32_1‘

Combining (3.53)-(3.55), we obtain

Z0P <C>  pa(27 02714,
=0

Finally, we observe that

1
[ ontrirar=3" [tz 03 pum
O |

=0
and thus

Z(0)P < C’]W”/‘“(|Vu|‘“)(0)/0 P (P)r® dr < CMP/%(|Vu|®)(0). O

Remark 6. Assumption (3.45) holds e.g. for the sequence (p,,) defined in (3.17), i.e

241

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)
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Indeed, we may choose
. p+d
pn(t) = Tﬂ(o,én)(tf
n
Applying Proposition 14 we recover Proposition 10 since g; = 1 (note that pd < p+ d when d = 1 and also
when d > 2 provided that p < d/(d — 1)). Note, however that in Proposition 14 we must take ¢ > ¢1 = 1,
while ¢ = 1 was allowed in Proposition 10. This discrepancy is related to our next remark.

Remark 7. Assume that d > 2 and 1 < p < d/(d — 1), so that ¢ = 1. The conclusion of Proposition 14
fails in the borderline case ¢ = ¢; = 1. More precisely, for every p € (1,d/ (d— 1)], there exist a sequence
(pn) satisfying (1.1)—(1.3) and (3.45), and a function v € W11(2) such that &,(v) = +oo for all n. The
construction is similar to the one presented in the proof of Proposition 10. Indeed, let £2 = B /5(0). Fix
a >0 and § > 1 such that

a+pB/p<1. (3.56)

Since p > 1 such « and ( exist. Let (,,) be a sequence of positive numbers converging to 0 and consider

1
t)=A,———=1 .
pn( ) ntd|lnt|f8 (0,6,)
Note that the functions ¢ — p,(t) are non-increasing. Here A,, is chosen in such a way that (1.3) holds,
. dn
ie., A, [g tllgitt‘ﬁ = 1. Set

0 if —1/2 <z <0,
[Inz]7% f0<z <1/2

V(z) =v(z1) = {

Clearly, V € W11(2). We have
V() =V 1/
b, (V :/ / Wz —y)dy)  da
V)= [ (| = el = v ay)

Z / A"l’L/p (/ |’U<.’I}1) B U(yl)lp dy) /v dx
Bi1/4(0) |

y—al<on |z — y[r+d|In |z — y||°

0<x1 <6y, /4
Note that, for 0 < z1 < 4, /4,
/ v(z1) —v(y1) " dy > / [v(z1) — v(y1)|” dy’ dy
s [o—ylpra| I fo —y||” ~ S miSm oy — gt 1o — g P [Infay — ]|

> / [v(z1) — v(y1)|” dy
™ Jl—ar1<6,/4 21 — [P+ In [zy — gy ]
We derive as in the proof of Proposition 12 that

o) — o) dy - vlen)?
2 =yl nfa -y~ Al

ly—z[<dn

It follows that

1
& (V) > Al/P%d _ / At g
n( )N /Q n .Z'1|hlx1|ﬁ/p X 0 n Jc1|lnx1|0‘+ﬂ/P €T +00,

0<z1<0p /4 0<z1<0n/4

(by (3.56)).

Remark 8. Assume that d > 2 and p > d/(d — 1), so that ¢ = pd/(p + d) > 1. It is not known
whether the conclusions of Proposition 14 hold in the borderline case ¢ = ¢g1. More precisely, assume that
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d>2,p>d/(d—1), and that (p,) satisfying (1.1)-(1.3) and (3.45). Is it true that lim, 1. @, (u) = J(u)
for all u € W141(£2)? Take for example d = 2 and p = 3 so that ¢; = 6/5.

Remark 9. The technique we use in the proof of Proposition 14 is somewhat similar to the one used by D.
Spector [26] (see e.g. the proof of his Theorem 1.8). However, the results are quite different in nature.

3.4. I'-convergence
Concerning the I'-convergence of &@,,, G. Leoni and D. Spector proved in [16].

Proposition 15. For every p > 1 we have
0, L ay)i=a [ V-] inLi(®),
Q
where v is given in (3.3).

Their proof is quite involved. Here is a simpler proof.
Proof. For D an open subset of 2 such that D C £2, set

@, (u, D) / / Jule p (|l — y|)dy] v for u € L'(D)
IJ? - ylp ! '
Let u € L'(2) and (u,) C L'(2) be such that u,, — u in L'(§2). We must prove that

lim inf &, (uy,) >’y/ [Vul.

n—oo

Let (ur) be a sequence of smooth mollifiers such that supp pr, C By 5. Let D be a smooth open subset of {2
such that D C £ and fix ko such that D + Bi/k, C £2. We have as in (2.29), for k > ko,

@ (g * Uy, D) < @ (uy). (3.57)
Using the fact that
| (u, D) — & (v, D)| < Cpllu —v|lwrepy Yu,ve whe (D),
we obtain
| P (p1k * Uny D) — @ (g * u, D)| < Cy plluy, — “HLl(Q)
Hence
P (i * uy D) < Dy (g * tn, D) + Ci pllun — ullp1(0)- (3.58)
Combining (3.57) and (3.58) yields
|V pr * u)| < hmlnf D (up).
Letting k — oo, we reach
v [ |Vu| <liminf &, (up).
D n—-+00
Since D CC {2 is arbitrary, we derive that

/ |Vu| <liminf &, (uy).

n—-+oo
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We next fix u € BV (£2) and construct a sequence (u,,) converging to u in L!(§2) such that

lim sup @, (uy,) < ”y/ [Vul.
n—-+4oo 0

Let vy € C(£2) be such that

ve—u in LN(2) and /\wk|—>/ V. (3.59)
2 2

For each k, let n; be such that

‘@n(vk) f’y/ \wk|’ <1/k ifn> ny. (3.60)
2
Without loss of generality, one may assume that (nj) is an increasing sequence with respect to k. Define
Up = v if np <n < ngga.

We derive from (3.59) and (3.60) that
n—-+oo

up, —u in L'(2) and  lim &, (u,) zfy/ﬂ |Vul.

The proof is complete. [

3.5. Functionals with roots in image processing

Set,
B (u) = / i — fJ1 + B (u),

and

Eolu) ::/Q|uff|q+v/0|w|,

where ¢ > 1 and f € Li({2) is a given function. Motivated by Image Processing, we study variational
problems related to E,,. More precisely, we establish

Proposition 16. For every n, there exists a unique u, € L1(2) such that

A

E,(uy,) = uGI?;I(lQ) E,(u).

Let ug be the unique minimizer of Ey. We have, as n — 400,
Up — ug  in LI(£2)
and

A~

En(un) — Eo(ug).
Proof. The proof is similar to the one of Proposition 6. The details are left to the reader. [
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