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1. Introduction

In this paper we present results on the differentiability properties of solutions
to the following singular parabolic partial differential equation:

(1) Uy, 1) = 305, £) + & Uyl 8) y>—1,
X
0<x< +w, 05t< +00;

the solution U satisfies the initial condition U(x, 0) = f{x) and the boundary
condition f'(0) =0 = U,(0, ¢).

Such equations occur in the theory of probability. For example, when
y = §(n — 1), equation (1) is the backward differential equation corresponding
to the radial component of n-dimensional Brownian motion (see [3]). For other
values of v, equation (1) is the backward differential equation corresponding to
a stochastic process which is the limit of a sequence of random walks (see [3]).

It is easily checked that the function V(x,t) = UV x, ) satisfies the
following degenerate elliptic-parabolic equation:

Viix, t) = xV, (%, t) + aV,(x,t),

@) _
V(x, 0) = g(x) =f(Vx),

where a =y + > 0.

In [1], Feller investigated a class of degenerate elliptic-parabolic equations
which includes our equation (2). However, Feller discussed only the existence and
uniqueness of solutions to equation (2), he did not study the differentiability
properties of their solutions and this is our main concern here.

* The paper was written while the first author was a Visiting Member of the Courant Institute
supported by NSF grant GP-11600. The work of the second author was supported by NSF grant
GP-11460, that of the third by NSF grant GP-9640 and that of Peter Lax by a grant of the U.S.
Atomic Energy Commission, Contract AT (30-1)-1480. Reproduction in whole or in part is per-
mitted for any purpose of the United States Government.
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Before stating our results it will be necessary to introduce some notation and
definitions. Let

L={ 0 <<+ and R o={x: 0=x< +o0}.
We define B as follows:
(3) B = {f(x): fis a bounded continuous function on R},
(4) B = {fx) fW(x) B, 0 IR,

where f® denotes the [-th derivative of the function f. We define norms |f],
on the spaces B* as

(5) M = 2 Lre,

where |f|| = maxyc, 0 [f(2)].
It is understood that B® = B and |||, = [|f]. With these norms the spaces

B*, as is well known, become Banach spaces. The spaces B, and Bf play an
important role in our work and are defined below:

= {f(x): f€ B and lim f(x) =0},

(©) = {f(x): f(”(x)EBO,O<l§

We define C(R,), C(R,), C¥(R.), C*(R.) in the following way:
(i) C(R,) = {f(x): f continuous for x € R},
(i) C*R,) ={f(x): fV(x) €C(R,), 0 S L=k},

7 (iii) C(R,) = {f(x): f continuous for x € R,},
(iv) C¥Ry) ={f(x): fP(x) eC(Ry), 0 S 1=k},

Our results for equation (2) are obtained by first studying properties of the
solution ¢ to the stationary equation

(8) x¢"(x) + ad'(x) — Ap(x) = f(x) , A>0, feB.

The results obtained concerning equation (8) are derived so as to enable us to
apply the methods of the Hille-Yosida theorem to equation (2). In particular we
obtain the following result (Theorem 6):

We denote by A the second order linear differential operator

(9) Ag(x) = xg"(x) + ag’(x) .
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We then show that A is the infinitesimal generator of a contraction semigroup

T(t): BE — Bf with respect to the norm ||f,, i.e., [T(t)fl; < |fllz. From
these estimates we deduce the differentiability properties of solutions to equation

2).
2. The Stationary Equation
Tueorem 1. Let a >0, A >0, feB. Then there exists a unique function
¢ satisfying

(10) $ €CR,) NCYR,) NB,
(11) xp"(x) + ad’(x) — Ip(x) = (4 — N)d(x) =[(x),

0=x< 4w,
(12) lim xg"(x) = 0.

In addition, we have

- ;;

(13) Il =

2
(14) deB and P = ;llfll .
The proof of Theorem 1 is divided into four lemmas.

LemMa 1. Let us assume that there exists a ¢ satisfying conditions (10), (11),
(12) of Theorem 1. Then we have

141 < M1 Hfll

Proof: We introduce the auxiliary function (x) = ¢(x)/(1 + ex), & > 0.
One easily checks that lim,_,, xy”(x) = 0 and that lim,_, , ¢(x) = 0. A routine
calculation shows that y satisfies the differential equation

(15)  x(1 + ex)y"(x) + (2ex + a(l + &x))y'(x) + (ea — 2 — ehx)yp(x) = f(x).
Clearly, if maxy<,.,y(x) = lim,_,, w(x), then
max p(x) < lim y(x) =0

0Sg<+w o0
and hence

o
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We can assume, therefore, that ¢ achieves its maximum at a point x,,0 = x,

< +w©.
Case 1: 0 < xy < +o0. Then v'(x) = 0, p"(x) £ 0, and hence
(ea = & — eheg)plxg) Z f(x) -
For ¢ < A/a this yields the inequality

—f (o) I/
A—ae +elxy A— ae

A

Y(x) =

Case 2: x, = 0. Letting x —0 in (13) we get ayp'(0) + (ea — A)p(0) =
f(0). Note that if the maximum of p occurs at 0, then ’(0) £ 0 and we can con-
clude, as in case 1, that

9(0) < —/(0) < I ’ . < r
A—ae ™ A—ae a
Since p(x) < p(0), we have p(x) Z [If /(A — ae), &€ < Afa. Thus
sstrer Ll o 0gicqm, e<?t
A — ae a

For fixed x, welet ¢ — 0 and see that ¢(x) = || f1I/A
The same argument applied to —¢ and —f yields the lower bound

¢(x) = —Ifi/4,
and this completes the proof of Lemma 1.
We now study solutions to the inhomogencous equation
(16) (d4=Ns =1,

where fe B.
Let po(x; 2) denote the regular power series solution to the homogeneous
equation

(17) (4 = polx; 1) = 0.
One easily checks that

(18) Al =143+,

where

6 = — i=1,2,3+".
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We note for future reference that yy(x; ) € C°(R,.) and that yy(x; 1) = 1
for 0 £ x < 4 0.

Since A will be held constant throughout the ensuing discussion, we shall
write po(x) for yy/x; 4) in order to simplify our notation,

DermvrioN. Let ¢(x; T) denote the function

T
(19) $(x: T) = —30(x) f 20(s) ds
where
(20) 20(5) = 5 55(s) f " o(r) £7) dr

and 7 liesin the interval 0 < T < + 0.

LemMA 2. The function $(x; T') satisfies the equation
ey (A4 = Dd(x; T) =f(x) O=x=T,
together with the boundary conditions:

(i) lim, o #¢"(x; T) =0
and

(ity ¢(T;T) = 0.

We also have the estimate

max |$(x; T)| = LAY
0S2ST A

Proof: We observe that the explicit form of the solution (19) is obtained by
the “reduction of order method”, specifically we assume that ¢(x; T) =
7(x)yo(x), where % is an unknown function. This leads to a linear first order
equation for %’ which may be explicitly solved by quadratures.

The reader may verify by direct calculation that ¢(x; T') satisfies (21).
Postponing for the moment the verification of the fact that ¢ satisfies the bound-
ary condition (1) ((ii) is trivial to check) we note that the method of Lemma 1
applied to ¢ vyields maxy_,<p |#(x; T)| < | fII/A. Condition (i) is a con-
sequence of the following more general result:

Lemma 3. Let r€C*(R,) and set

(22) hx) = x“"J:s“‘lr(s) ds.
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Then

(i) heCHR,) NCHI(R,)
and

(i) lm, o xA*(x) =0.

Proof: The change of variable u = s/x transforms (22) into

(23) h(x) =J;1u““lr(ux) du .

Since a > 0, differentiating under the integral sign of (23) yields

1
(24) AP (x) =f w0 (xu) du, 0ZI5k.
0
This shows that 4 € C*(R,) and that

(k) 0)
25 lim AP (x) = — )
(25) lim (%) )

The change of variable u = s/x applied to (24) yields

(26) h(")(x) — x—a—kf sa+k—17(k)(s) ds .
0

From this one concludes immediately that % e C**1(R,) and that

a+k+1

(27) h(k+1)(x) — r(k)(x) _ a+ k waaJrk-lr(k)(S) ds .
X X 0

The fact that r € C¥(R,) implies thatgiven & > 0 there existsa 6 > 0 such that,
for 0 £x<4, we have [r®(x) —r*®(0)] < e. Multiplying both sides of
(27) by x and using the triangle inequality we see that

-7
ax;tkkj; sa+k—1 Ir(k)(3> — T(k)(O)! ds

Sete=2 for 0=x<9d.

|xh(k+1)(x)| é lr(k)(x) _ r(k)(O)l +

This completes the proof of (ii). We now return to the proof of (i} of Lemma 2.
We differentiate (19) twice and get

805 T) = =25 [ () ds + BRI + i)
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Applying Lemma 3 to the case where r(x) = yo(x)f(x) and A(x)= y§(x)z4(x),
the result lim,_,, x¢"(x; T) = 0 follows at once.

LemMma 4.
0 $) = lim ¢ T) = 30 [ () o
- w x

exists for all x € R, ,

@ 19152,
(i) (4 —Nd=f and liir; x¢"{(x) =0,
) g < 20 2|f l\
a
Proof: Let

8

ls) = 554 [ 7 i) @,

i.e., zq is zo when f= 1. Since,on R, y,(x) = 1, weseethatfor 0 S x £ T

[ECE

the last inequality being a consequence of Lemma 2 for the case f= 1. Since
2(s) 2 0 on R, , we conclude from (28) that

(28) =

T 1
Yo(x) | zou(s) ds E,

zn(s) € L1(R+) an f |zoy(5)| ds =

1
A
In general, |zy(s)] < IIf]l 1zoa(s)] and we have zy(s) € L,(R,) with

[eatorae s 1L

T @
lim ¢(x; T) = hm —yo x)f 2y(5) ds = —yo(x)f z4(s) ds,

T—o

Thus,

and this completes the proof of (i).
Let B(T) = —f z4(s) ds and observe that limgy,, f(7T) = 0. One can
T

represent ¢(x) as

(29) b(x) = ¢(x; T) + B(T)pe(x) for 0=x=T.
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Since 7T can be chosen arbitrarily large, we conclude that (4 — )¢ = f.
We have already shown that lim, , x¢"(x; T) = 0 and so (29) implies that
lim,_,, x¢"(x) = 0 also.

The inequality (i) 1s an immediate consequence of the estimate

a9 7 < 1 nfn

0SzST

This completes the verification of (i), (ii) and (ii1) and the only thing left to prove
is (iv).
As a first step we prove that
2
e ¢ T 5 221

0Sg=T
We shall estimate ¢'(x; T) for 0 Zx < T and ¢'(7T; T), separately. We
have
; T
¢ (T; T) = lim $ T) .
a-T X — T
We introduce the auxiliary function u(x) = ¢(x; T) + /(T — x), where [

is a fixed constant to be chosen below. An elementary computation shows that
y satisfies the equation

(30) xp"(x) + ayp'(x) — Ap(x) =f(x) —al — U(T — x).
Choosing [ = | f|/a, we conclude from this that

flx) —al — (T —x) £0 for 0=2x=T.

Now u(7) = 0 and it is clear from the equation (30) and our choice of / that
w cannot have a negative minimum. Hence, p(x) 2 0 for 0 < x < T. This
implies that ¢(x; T)/(x — T) S l=|fl/a, 0=2x=T. Choosing [=
— |f]l/a, one concludes that iy cannot have a positive maximum and there-
fore we obtain the lower bound ¢(x; T)/(x — TV = —l= — |flfe, 0 Z=x £ T.
This yields |¢'(T; T)| £ |fll/a. We next estimate ¢'(x; T) for 0 £ x = T.
Let w(x) = ¢'(x; T), then w satisfies the equation

HA A

(31) aw'(x) + aw(x) = f(x) + Ap(x; T).
The argument of Lemma 1 applied to (31) yields

max |w(x)| £ iorgx;aslef(x) + 2b(x; T)| < L Hfll _

0SzST
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We have thus shown that

max (7)) = L

From (29) we have ¢'(x) = qS’(x; T) + B(T)y(x), and since limgp_  f(T) = 0,
we see that limy_,, ¢'(x; T) = ¢'(x), from which we deduce the estimate (iv).

DerinitioN.  For given « 2 0, a > 0, we set

0 if «a—a+1=<0,
32 > = — 2
(32) u(a, a) ale —a+1) a4 1>0.
4o + 1)

TueoreM 2. Assume (1 + x)°f(x) € B and 2 > pla, a). Then for the func-
tion ¢ satisfying (10), (11), (12) of Theorem 1 the inequality

(33) 10+ 0% g < L FDTE]
A— /"(a: a)

holds.

Proof: One checks in a straight-forward manner that if « —a 4+ 1 =0,
then

(oc(cx+l)x_ x2 )§0 for all x=0.
(1 4+ x)* 1 4+«

Similarly, if « — a + 1 > 0, then we have

o (e ) e

Now let p(x) = (1 + x)*¢(x; T), 0 £ x < T, where ¢(x; T) is defined as
in (19). We note that lim,_, xyp"(x) = 0 and (7T") = 0. Moreover, y satisfies

the following equation:
1
}+ (){ ale + )2)6_ aa —Z;
(1 + %) 1 +x
= (1 + 27 .
Proceeding as in Lemma 1 and choosing 4 > u(a, ), we conclude that

11+ x)*f =]
O;nf;TW(xﬂ = A — p(a, a)

(34) xw"<x>+w'<x){ -

ie.,

max |[(1 4+ %) ¢(x; T)|<l(1_+£)“f_(")”_

0=2=T A— ,u(aw a)

To complete the proof we let T — o0,
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Tueorem 3. Assume feB*, k20, and let ¢ denote the unique solution lo
(A4 — Ay = f satisfying the condition lim,_ o x¢"(x) = 0. Then we have

(35) $CRy M B, g, s
(36) *$"(x) € B,
(37) lim w49(5) = 0.
Moreover, if we set w,(x) = W (x), then
(38) swl(3) + (@ + Dwlln) — he) = /O, OISk

Thus, ¢ (x) satisfies equation (8) with a + | in place of a, and hence
, 2
(39) 16TV () = flwi(x)) £ Py A E1 0=l=k.

If, in addition, (1 + x)*f%¥)(x) € B, then

(0 (49970 en and [+ g s LT Z(i(gn

Jor 2> pla,a + k).

Proof: Theorem 1 corresponds to the case k= 0. We proceed in the
general case by mathematical induction. We assume then that Theorem 3 is
true for the case & = n and we shall show that it is true for the case £ =n + 1.

If feB"*, then a fortiori fe B* and hence, by our induction hypothesis,
¢ € Bt N C"t2(R,). We also have from the equation (8) that

_ ) + () — ad' ()

X

$" (x) e C"(R,)

and so

e C"3(R) n B" .
+

This means that the equation (4 — i) = f may be differentiated (n + 1)
times to yield

(41) x¢(n+3)(x) + (a + 7+ 1)¢(n+2)(x) — l¢("+l)(x) =f(n+1)(x) .

In terms of w, (), this last equation can be written as

(42) (%) + (@ + 1+ Dy y(x) — A,y (x) = f"(x) € B
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Our induction hypothesis implies that xw}(x) + a, w,(x) — Aw,(x) = f(x)
and also that lim, 4 xw,(x) =0, w, € B' N C*(R.). Thus,

wn(x) = —yn(x)J:ozn(s) ds 3

where

) = 0 46 [ 0)10)

with (%) + (a 4+ n)y,(x) — Ap(x) =0, or equivalently y,(x) = 3™ (x).
From the assumption f € B! it follows, by Lemma 3, that z, e CY(R,) N C%(R,)
and hence w, € C3(R,) N C*(R,) and also that

lim %0 (x) = lim xw'®,(x) = 0.

n4l
z—0 z—0

We may thus apply Theorem 1 to equation (42) (with areplaced by a + n + 1)
and conclude that

{(n+41)
) fiwn) = 1 - I
o wte 2 " 2 | i)
@) Vol = 14 S s 1 §—~a—‘.

Estimate (i) together with the inductive hypothesis that [é{, < [ fll./4

imply that {¢l,.1 = 1fll,11/2 and this completes the proof of statements (35)
through (39). Statement (40) is a consequence of Theorem 2 with a + & re-
placing a.

THEOREM 4. Assume f€ BE ; then ¢ € B§™' , ¢ being the same as in Theorem 3.

Proof: By equation (38) of Theorem 3, it is enough to prove that, if fe€ B,,
then ¢ €Bj. Let f, denote a sequence of C(R,) functions with compact
support such that lim, .| f, —f] =0, and let ¢, denote the corre-
sponding solutions to (4 — A)¢, =f,. Since lim,, u(a,a) =0, we can
choose, for any A >0, an « >0 small enough so that u(«,a) < 4. By
Theorems 2 and 3 we know that (1 4 x)*¢,(x) and (1 + x)*$,(x) are in B.
Thus, ¢, € By. From (13) and (14) we have

1o — ¢l < ‘——-'f";f“,

“(]S, _ ¢1“ SQ ”fn_'f“ .
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Consequently, lim,_, ||¢, — ¢, =0 and since ¢,€B;, we see that
$ € By .

THEOREM 5. Assume (1 4 x)%f(x) € By, for some o = 0. Then

(1 + %)% ¢(x) € By,
where ¢ is the unique solution to (A — Ay = f, A > ul«, a), satisfying

lim x¢"(x) = 0.

x>0

Proof: Let f, denote a sequence of continuous functions with compact

support such that lim,_ . [|[(1 + %)*(f,,(x) — f(x))] =0, and let ¢, denote
the solutions corresponding to (8) with properties (10}, (11}, (12). Then, as is
easily shown, (1 4 x)*¢,(x) € By, and so by (33) we have

(1 + 9*(fuls) = FEDI
A= /A(OC, a)

10+ 74,0 — glpl = |
Hence, lim,_,, [|[(1 + x)*(¢,(x) — ¢(x))|| = 0 and therefore (I + x)*¢p(x) € B, .

3. Application to the Evolution Equation (2)

The results we have proved in Theorems 1-5 can be summarized in the
following way:
Let Dy (A) denote the set of functions with the properties

geC*(R+) N BEY,
(43) Age B,

lim xg®®(x) = 0.
-0

For all fe Bf, there exists a unique ge€ D (d4), denoted by R(4, 4)f = g,
satisfying

(44) (A— Ag=/, sothat R(} 4) = (A — A,
(45) D,(A4) is dense in BE,
(46) 4 maps Dy(4) into BE.

For every 4> 0,42 — A is a one-to-one map from

(47) ] )
Dy(A4) onto By with Z[R(4, A)flh = i
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Moreover, for g e D, (4), we have

(48) 1l < % I Agl

(49) fixg"(*) e = 3 1 gl -

If feB* and (1 + x)*f®(x) € B, we define

(50) 1 M = 1AM+ B+ 22 /P @)

Finally, we have

(A

(51) (R(2, A)fllpo = m,

A>ul,a + k),

for fe BE such that (1 4+ x)*f®(x) € B.

Assertions (44), (46), (47) and (51) follow at once from Theorems 1-3, while
(45) is obvious. We need to check only (48) and (49).

Let Ag = f; then (4 — A)g = f — Ag and, by Theorem 3,

o of—1
ugnkéﬁa—g“’“.

This is true for every 4 > 0 so letting 4 — 0 we obtain

’ 2 2 A .
el < ”j e _ 210 4el

a
Since xg"(x) = Ag(x) — ag’'(x), we conclude that
lxg" ()] = 1 4glle + allg'le = 31 4gll -

Results (44) through (51) imply

THEOREM 6.

(52) A is the infinitesimal gemerator of a strongly continuous semigroup
of contraction operators T(t) : By — BE, i.e.,

1T el < el g€ BE  with domain Dy(A).
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(53) If geD,(4), then V(x,t) = T(t)g(x) is the unique solution to
equation (2) with the following properties:

k 1A
(54) s a”%””—n (Ol S gl for all 120,
el
(55) max a——gi/——]ﬁ’” ' =< 3 NVAgll,  for all tZ 0,
z=0
k-2
(56) ggﬁxgjiﬁ%ﬁ <3|dgl, Jor all (20,

Finally if g € By and (1 + x)°g*(x) € By , then

(1 4 e 8T

ox* S gleos, u=ple,a+k)-

(57) max

- Proof: We note that (44) through (47) assert that A satisfies the conditions
of the Hille-Yosida theorem and hence propositions (52) through (54) are an
immediate consequence of that result.

If ge D, (4), then T(t)g(x) € D, (A4) and, therefore, by (48),
T (tg(x)

= 24T W),

dxt1
=270 A¢(0)1,
d
%“@m

In a similar way (56) is a consequence of (49). The only thing left to prove is
(57). We do this by showing that ¢=** T(t) is a strongly continuous semigroup of
contraction operators on the Banach space Fy(k, «), where

(58) Folk,o) = {f:fe B, (1 + x)*f®(x) € By}
with norm | f],., defined by (50). Set
(59) Q=4-up,

where p = u(a, a+k); thus 1 — Q= (u + 1) — A. It is easily checked,
using Theorems 3 and 5, that Q satisfies the conditions of the Hille-Yosida
theorem and is therefore the infinitesimal generator of the contraction semigroup

T () : Fylk, a) — Fylk, o) .
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This proves (57) because we are assuming there that g€ Fy(k, ) and hence,
by what we have just shown,

le T 0)g(@) e S N8l or  ITO&() e = ¢ 8lle.a

which implies (57).

The following special case is of interest in probability theory and numerical
analysis and explains the introduction of the spaces Fgy(k, o). Our original
goal, it should be recalled, was to solve equation (1). If g(x) = f(V'x) € D,(4),
then Ulx, t) = V(x2, 2¢) is the unique solution to equation (1). An elementary
computation yields

(60) Upn{s t) = 833 Vo (%2, 28) 4 12xV (%% 2t) .

For the applications to probability and numerical analysis (cf. [6], [8]) it is
important to obtain bounds on ||U,,,(», ¢)|. In estimate (57) we set o =%
and £t =3 and note that § —(a+3)+1=—(a+ 3% <0 and hence
u(%,a 4 3) = 0. We are now ready to bound the right-hand side of (60) for
geD3(A) NFy(3, %):

2V, (#% 28) | S max |[V,,(x% 26)|| + max [[£*V,(x% 2t)|
=251 <z

1220

(61)
= llells + 3 11 4l »

where the last inequality is a consequence of (54) and (56). Also,

1%V agu (2%, 200 S (1 4 2% Vo (4%, 20)])
(62) S (1 + 2% V(s 20)]|
= “g":s,slz s by (57) .

Combining estimates (61) and (62) we conclude that

(63) 1 Upea(: )] < 2 llglln00 + 3 11421l
for f(V'x) = g(x) € Da(4) N Fy(3, §).

4. Concluding Remarks

a. It should be noted that equation (2) does not fall under the theory of
degenerate elliptic-parabolic equations as established by Kohn-Nirenberg [4]
or O. Oleinik [7].

Finally we note also that equation (1) is not the only equation ‘that can be
reduced to (2) by a change of variable. Consider, for example, the equation

Uy(x,t) = ¢y a2 Uy, t) + ¢ x'* Uy(x, t),
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where o > 0, ¢ > (1 — a)¢; . The transformation V(x, t) = U(xV%, ¢t), where
¢ = (¢, ®)71, reduces it to V, = xV,, + bV, , where b = ac(ci(ax — 1) + ¢),
and this is of course equation (2) (cf. [9]).

b. The problem of obtaining invariance principles for Markov chains
converging to Markov processes has been studied by Skorokhod in [8]. In this
paper he points out the importance of obtaining estimates of the form

0'T (1)g(x)

(64) v max { max
ox'

[ =SS IV RS )

}§A/[.

It is clear that our Theorem 6 provides a complete answer to this question for
the semigroups considered in this paper. The probability applications of the
results obtained will appear in a separate publication.

Appendix
by Peter D. Lax

This appendix contains another proof of the differentiability of solutions of
the singular parabolic equation

A.l) u, = Gu, t=0,
1 =
where
?
(A2) G=iD*+’D, D=—, y=const, x>0.
X X

As shown in the body of this paper, the second order operator G (or rather its
closure) satisfies the hypotheses of the Hille-Yoshida theorem in the space € of
bounded, continuous functions on R,_ = [0, o], normed by the maximum
norm |u|. It follows that solutions of (A.1) form a one-parameter semigroup of
contractions over C. This semigroup, can be denoted symbolically by

u(t) = (exp 1G)uy , uo = u(0), t=0.
The contractive property is expressed by
(A.3) lexptG|| £ 1, 1= 0.
Since exp tG commutes with G, we have for any integer %
(A4) G* u(t) = (exp 1G)G* uy ;

the meaning of this relation is that wherever u, belongs to the domain of G¥,
so does u(t) and (A.4) holds. Applying (A.3) to (A.4) we see that

(A.5) 1G* u(t)| = IG* uyll -
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Our main result is the following:

TueorREM A.l. For y > —1 and for any integer k,
(A.6) 1D* ull = c||G* u]

Jor all u in the domain of G*; the constant ¢ depends on y and k but not on u.

First a word about the domain of G¥; it certainly includes all bounded func-
tions u# with bounded and continuous derivatives up to order 2k which satisfy

(A7) (D’u)(O)_—O, J=1a3>5": 2k — 1.

Suppose u, belongs to this class of functions; then u, belongs to the domain of
G*, and by (A.4) so does u(t) for t > 0. Combining (A.5) and (A.6), we obtain
a bound for || D% y| which is uniform in both ¢ and x. This is the desired
differentiability theorem for solutions # of (A.l) whose initial value wu, is
differentiable and satisfies (A.7).

It is not hard to show that G* is the closure in the graph topology of the
differential operator G*, defined for bounded # and bounded continuous deriv-
atives up to order 2k, satisfying the boundary condition (A.7). Therefore, it

suffices to prove (A.6) for such u.

We shall deduce Theorem A.1 for this class of « from a more general theorem:
Let H be a differential operator of order =, with a regular singularity at
x = 0, of the form

h
(A.8) H=D"+-2prtgp... 42,
X

x’ﬂ
Ay, by, h, arc constants. For any b,
(A.9) Hxb = P(b)x>—,

where P is a polynomial of degree n. The roots of P are called the indices of
H; we shall denote them by y;,: -, v, .

TueoReM A.2.  Suppose all indices of H have real parts which are less than n:
(A.10) _ Revy;, <n, j=1,---,n.
Then there exists a constant ¢ such that
(A.11) 10" ull < el Hul

Sor all C™ functions u defined on R, and satisfying
(A.12) (DFu)(0) =0, j=0,1,--+n—1.
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Remark 1. Actually, we are going to prove inequality (A.11) for functions
u defined on some finite interval (0, a). By homogeneity, the constant ¢ does not
depend on the length of the interval.

Remark 2. If A is an index of H, then x* is annihilated by H; if e A
were greater than or equal to n, u = x* would be a € solution satisfying the
initial condition (A.12) but for which (A.11) is false. This shows that (A.10) is
necessary for the validity of inequality (A.11).

Remark 3. Theorem A.2 is true also for operators H with variable coeffi-
cients /; ; for, such an operator can be written as

H=H,+ E,

where H, is of the form (A.8) with constant #;, and E is of the form
E=34% p-i, 1,(0) = 0.
=1 x’

Using the initial condition (A.12) we can express everything in terms of D" u:

Substituting these into E and denoting by & the maximum of [;(x) over
[0, a], we conclude that, over the interval [0, a],

(A.13) I £ufl = O(e)|| D" uf -

By Theorem A.2,
1D ull = ellHyull ;

since H, = H — E, we see, using the triangle inequality and (A.13), that
(A.14) D™ ull < cllHull + cO(e)| D™ ull .

Since [;(0) =0, & = maxgc,<, |;(x¥)| is small for a small; if we choose
a so small that ¢O(e) < &, (A.14) implies the desired inequality (A.11). For
larger values of ¢ we can obtain an estimate for D" 4 in terms of Hu trivially,
since H is a regular differential operator away from x = 0; of course the value
of the constant ¢ depends in this case on the length a of the interval.

Remark 4. Inequality (A.6) of Theorem A.l is a special case of inequality
(A.11) of Theorem A.2, with G* in place of H and n = 2k. We have to verify
that the indices of G* have real parts less than n = 2k. Now,

Gx® = }b(b — 1) + yba®2 = q(b)a®~2%;
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we deduce recursively that
GFx’ = ﬁ q(b — 20)x°7%,
Thus the indices of G* are roots of
(A.15) g(b—2i) =0, i=0,---,k—1.
Since the roots of ¢ are 0 and 1 — 2y, the roots of (A.15} are

(A.16) % and 1 —2y+4 2, i=0,- k-1,

The largest of these is 1 — 2y + 2(k — 1); the requirement that this be less
than n = 2k,
2k —1 — 2y < 2k,

is clearly equivalent with —% < .

Actually, we have to prove inequality (A.6) under the initial conditions (A.7)
which requires that the odd derivatives of u# up to order 2t — 1 wvanish at
x = 0, whereas (A.1l) will be derived under the assumption (A.12) that all
derivatives of u up to order 2k vanish at x = 0. To fill this gap we subtract
from u an even polynomial p of degree less than 2k such that

v=u—p
satisfies all the boundary conditions (A.12). Thus, by Theorem A.2,
(A.17) D% 2] = ¢l G* ol .
Since p is of degree less than 2k, D?* p = 0 and so
D%y = D%y,

Similarly, since by (A.16) all even integers less than 2k areindicesof G*, G¥p =0

and so
G*y = G*u.

Thus the desired inequality (A.7) follows from (A.17)
Remark 5. Theorem 2 is trivial; we make the exponential substitution

x=e§.

We introduce the abbreviation
(A.18) Hu=f
and denote by @ and ¢ the functions

(A.19) u(ef) = o(§), f(&) = $(&).
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Using
2 _190
ox x0&’
we see that
(A.20) é(&) = (Hu) (&%) = i Tw,

where I' is a differential operator with constant coefficients. By definition of the
indices 4,, x% is annihilated by H; therefore, ¢** is annihilated by T'. Next
we construct Green’s function y for the transpose I'" of T, defined as that
solution of

(A.2]) re y =0
which satisfies
(a—ag)jy(o)=0> j=0,"',7’l—2,
(A.22)
a n—1
(3—5) y(0) = 1.

Assuming for convenience that the y; are distinct, 4 is a lincar combination:

(A.23) p(&) =D a; et
Multiplying (A.20) by x™ = ¢™, we obtain

Lo(n) = $(n) -

We multiply this equation by (7 — &) and integrate with respect to % from
— o to &; integrating by parts we obtain

§
(A.24) w(£) =f_w7(71 — §)e™ ¢(n) dn .

In deriving this formula we use the fact that  satisfies the differential equation
(A.21) and the initial conditions (A.22). We also use the fact that, according to
(A.12), u(x) has a zero of order n at x = 0, and so w(n) is O(¢"") as 5 — — w0,
on the other hand, we have assumed that #¢ 4, < n, which by (A.23) guarantces
that y(y — &) and its derivatives are O(e~™") as 5 — —oo. Combining these
facts we conclude that the contribution of the boundary terms at — oo is indeed
zZero.

Now we switch back to y = ¢" and x = ¢* and, using (A.23) and the nota-
tion

(A.25) 2(9) = y(—logy) = ¥ a; %,
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we deduce from (A.24) that
(A.26) ) =[e(%) s .

It follows from (A.22) that
(A.27) (Dig)(l) =0 for j=01,---,n—2,
(Drtg)(l) =1.

Differentiating (A.26) » times and using (A.27), we get

n ? ) [ X d—y

(D" u)(x) =f(x) + | £™|=)S(0)=.
0 J J

Introducing y/x = t we obtain

(A.28) (D" W) (x) = f(x) + ﬁ lgw(tl)tl Fxt) dt.
We claim that

1
(A.29) S=f g‘”’(l)l’dt<oo;
0 t/t

if this is so we can conclude from (A.28) that

1D uf = (1 + SIS -

Since f = Hu, this proves (A.11) with ¢ =1 4 §.
We turn to the proof of (A.29); by definition (A.25), g(s) is a linear combina-

tion of the powers s*. Therefore, g™ (1/t)/t is a linear combination of the powers

tn—}.j—l

Since, by assumption, Ze¢ A; < n, it follows that the real part of each of the above
exponents is less than —1, and so each of the above powers is integrable over
[0, 1]. This completes the proof of Theorem A.2.
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