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Abstract.

Résumé.

We generalize to arbitrary dimensions a result obtained by F.H. Lin and T. Riviere [4,5]
in dimension three for solutions to the Ginzburg—Landau equation, as well as, in arbitrary
dimensions, in the case of minimizing solutions2000 Académie des sciences/Editions
scientifiques et médicales Elsevier SAS

Solutions d’énergie petite de I'équation de Ginzburg—Landau

Nous généralisons en dimension quelconque un résultat de FH. Lin et T. H#jgfe
démontré en dimension trois, pour des solutions de I'équation de Ginzburg—Landau, ainsi
que pour les solutions minimisantes en dimension quelconqu2000 Académie des
sciences/Editions scientifiques et médicales Elsevier SAS

Version francaise abrégée

Soient N un entier supérieur a deux, 8(0,1) la boule unité deR". On considére, pour un petit
parametré) < ¢ < 1, les solutions. de I'équation de Ginzburg-Landau :

—Au= 6—12u(1 — |u[?) dansB(0,1). (1)

Notre résultat principal est le suivant :

THEOREME 1. —Il existe une constant€ > 0 dépendant seulement @dételle que, si

alors

1 1 2 1
SIVul? + — (1= [u?)” <nlog -,
/13(0,1) 2 462( ) €

|u(0)| >1- Cn4N<11\’+2>.

Ici n désigne un nombre positif arbitraire.

Note présentée par Haim REzIS.
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Le casN = 2 découle directement des estimations en [1]. Le ¥as 3 et le cas minimisant poulv
quelconque ont été prouvés par F.H. Lin et T. Riviere [5,6]. Notre approche reprend en partie la straté
développée dans [5,6]. Elle s’appuie sur une identité de Pohozaev, une formule de monotonie p
I'équation (1) oir [1,5-7]), et sur une décomposition de Hodge adéquate de la quantiév (comme
dans [1]), qui représente, en gros, le gradient de la phase de

1. Introduction

Let N be an integer larger than two, and I8£0, 1) be the unit ball ofRY. For0 < e < 1 a small
parameter, we consider solution®f the Ginzburg—Landau equation:

—Au = 6—12u(1 — [u[?) inB(0,1). (1)

Our main result is the following:

THEOREM 1. —There exists a constant > 0 depending only oV such that if

1 1 2 1
—|Vul? + — (1 — |u|*)” < nlog -, 2
/Qmi>2| ul? + = (1= lu*)” < nlog - )

wheren is any arbitrary positive constant, then
|u(0)| > 1 — CpTevTD.
The caseV = 2 can be easily derived from estimates in [1]. The c&se 3 and the case of minimizing

solutions (V arbitrary) were derived by F.H. Lin and T. Riviere [5,6].
By scaling, it follows from Theorem 1 that if if is a solution of (1) on the bal(0, R), and if

1 1 2 R
R27N/ v 2 — (1= 2 < 1 =,
B(0,R) 2 Vet 452( uF) T

then, as beforeju(0)| > 1 - C nm . It suffices to make the changes of variable~ Rz and of
parametet — Re.

Our proof borrows many ideas and the general outline from [5,6]. We will sketch the main ideas involve
If not otherwise stated;,’ will denote any arbitrary absolute constant, depending only¥oi/e will denote
B, (z0) the ball of radius centered at the poin,. In caser, = 0, we simply writeB,.. We will also assume
7 < 1/4. In Section 2 we recall a few preliminary estimates, already derived in [1-3,5-7].

2. Some preliminary estimates

LEMMA 1 ([1,2]). —Assumae verifies(1). Then

1
ue C>®(B(0,1)), |ul<C, |Vu|<g onB(O,—). 3)
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Small energy solutions to the Ginzburg-Landau equation

LEMMA 2 (Pohozaev’s identity). ket xy € B(0,1), r > 0 such thatB(xzg,r) C B(0,1). Define

(N = 2)Fe(z0,7) =552 [5 (o) [Vul> + 222 [, () (1 — [ul*)*. One then has

ou

2 1 2\ 2
an| T izl @

|V7-u|2 _ l +
4e2

2 2

(V=2 (o) =1 [

OB, (x0)

A straightforward consequence of Lemma 2 is the followiseg(7])
LEmMA 3 (Monotonicity formula). “With the notations of Lemn® it holds

d _
S EG0n) =Y [ o 2 -2 (1= )’ (5)
r OB, (z0)
Integrating (5) we obtain the crucial estimate
(6)

/ N (195l + 2V = 2)%) T (1= [uf?)) <V Fa(ao, ),
B, (z0)

wherep = |z — x| (note thatp? " is, up to a multiplicative constant, the Green function for the Laplacian

this remark turns out to be fundamental in our analysis).
COROLLARY 1.—Let0 < é < 1/16 and assume < 62/4. If u verifies(1) and (2), then there exists
somery € ['/2,6/2], depending om, such that, for some absolute constéhand Uy = Bs-1ry ~ B2y,

[ o (0 + (208 = 2)2) 7 (1= [u)) < Cnlogel. ™
Uo

Proof. —(See[2,7]): let 3k + 1 be the largest integer smaller thatog(2:/2)||logé|~!, so that
k>C | 10g€| |10g5|_1. Leth =Bg-3i-3.1/2 N\ Bg-3j1/2. Since ther are disjoint, by (6) and (12)

k
3 /V PN (10, + (2N = 2)e?) T (1 - [uf?)®) < F2(0,1) < 31 logel.
j=0""J

Hence, for somg, the integralfvj ... is smaller tham |loge|/(k + 1), and the result (7) follows with
ro = 6-30+21/2
COROLLARY 2.—There exists$; € [62r¢,26%r] andry € [(48) ~tro, (26) ~1ro] such that,

/ 10l + (20N — 2)e2) (1 — [uf?)> < Cnllog8lr¥ =3, i=1,2, (®)
OB,

9)

T

5N / IVuf? < C(nllogé| + (67 1ro)> N FL (0,67 1)), i=1,2.
Br;

Proof. —A simple mean-value argument and (7) yield (8). For (9) use (4) and (5), so that

1
3N / Vel <r? N(N = 2)F(0,r;) + 578N / |0pul®
o 2 OB,

i

F 0,671’!“2‘

The main ingredient in the proof of Theorem 1 is:
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PROPOSITION 1. —Choose’ = /8N and letiW,, = By, . B,,, C Up. Then we have

Vul> 1 -
/ = + gz (L luP) < Cn'BF (0,67 ro) 410 7). (10)
Wo

3. Proof of Proposition 1

We use the same Hodge type decomposition as in [1]: remark that
Alul?|Vul? = 4lu x Vul? + |V]u?|*. (11)

Estimate ofu x Vul|. — The starting point, as in [1], is the equatidiv(u x Vu) = 0, obtained through
exterior multiplication byu of equation (1). Using the formalism of differential forms we write the previous
relation as

d*(uxdu)=0 inQ, wheredu="> dudr; d°=+xdx, (12)

andx denotes the Hodge star operator. We introduce the auxiliary Neumann problem:
AE=0 onU;=B,,\B;,, h&=uxdyu onol.

The solution¢ clearly exists, sincq”BU1 u X Onu = 0 by (12). Moreover, combining (8) and standard
elliptic estimates, We obtain

g | IVEP < Cllogél. (13)
Ui
By construction we have no@* ((u x du — d¢)1y,) = 0 on RY, wherely, denotes the characteristic
function of U;. By the classical Hodge theorgée[4]), there exists some-form ¢ onRRY such that (here
1<p<oo)

d*gO:(U’XdU’_df)lUlv d(p:Oa (pEHl, ||v<pHP<OP(||VU’HLP(U1)+||V§HLP(U1)) (14)

In view of the identityu, x du = d*¢ + d¢, and since we already have derived a good bound (13Yyfor
we observe, that it in order to bound x dul, it suffices to boundV ¢|. We therefore look for an elliptic
equation forp. For that purpose, lét < 5 < 1/2 to be determined later, and It R — [1,1/(1 — 3)] be
a smooth function such thgt(t) = 1/tif t >1— 3, f(t)=1if t <1 —24, and|f’| < 4.

Define onR” the functiony such thatv(x) = f(|u(z)])? onUy, o = 1 otherwise, so thdt < a—1 < 43
onRY. Note thatf (|u|)?u x du = f(|u|)u x d(f(|u|)u), hence (14) gives

d(ad*¢) =w1 + w2 + w3 = Z 1y, (f(|u|)u)r X (f(|u|)u)r7dxz A dz;

i<j
+ (008, —oom,, ) f (Jul)u x duAdp - d(1y,adé),
whereo—aB” stands for the surface measured,.,, i = 1,2. We claim that

jwr| <CB272 (1= Jul?)”. (15)

Indeed, if [u| > 1 — 3 then (f(Jul)u)s, x (f(lu))u)s; = 1 X . =0, otherwise we haved? <

Tul g,

(1—|u|?)?, and by (3)|w1| < C/e?. Hencelw:| < Ce™2387232 < C B2 2(1 — |ul?)%.
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Sincedp = 0, Ap = dd*p = d(ad*) + d((1 — a)d*p), we are led to writep = >+, ;, where
;=G xw; fori=1,2,3 andG = cx|z|>~ is the fundamental solution of the LaplacianR#’, so that
Ayp; =w; fori=1,2,3,4. The formgp, represents the remainder, i.e, = ¢ — Zle v;. Next, we will
estimate eacl{Vy;||12(w,) separately for = 1,2,3. While the estimate fop,, ¢3 andy, are more or
less standard, the estimate for is the central observation of the paper.

Estimate forp,. — We have $eeAppendix)

IVllfam) < Oiri /aBr IV ul? < Oi(rfv%” log 6| + Fr (0,6 o)), (16)
/W [V |? < C(6%r) n|logd| + 6~ Fr (0,6 10)). 7)

Estimate forps. — Standard estimateos lead |W<p3|\L2(RNKHQHLOO(U1)”ngLz(Ul), and by (13),
1oV IVeslliaen) < Crllogél. (18)

Estimate forp; . — It uses the monotonicity formula in a crucial way. We claim that
IVer1lEamny < CB*nllogd| [Fz (0,6 1) + Crg 26> N |log 4] (19)

Indeed, by the maximum principlgy: | achieves its supremum @n . Forz € Uy,
|1 ()] < 05—2/ @ —y|> Ve 2(1—[uf?)*dy  (by definition and by (15)).
Uy
Let A, = B(x, (46)~tro) N Uy, D, = Uy \ A,.. The monotonicity formula (6) applied with, = x yields

/ o =y Ve 2 (1 ul?)? dy < ((46) 'r0)* N Fe(x, (48) "'ro) < (67 ro) N FL (0,67 o),

x

while by Corollary 1 we have

J,

o —yPNe72 (1 - u?)?dy < C / >N 2 (1 — [u]?)* dy < C'n|log |-
Uo

It follows

o1llee <CB2(( _17"0)2_N(FE (0,67 r) + C'nllogé)).
On the other hand, combining Corollary 1 with (15), we deduce

/ lwi| < C B72n|logé).

RN

Finally, we derive estimate (19) by multiplying the equatiay; = w; by ¢4, integrating by parts, and
combining the two previous inequalities.

Estimate forp,. — By definition, s = o — 3°%_| ¢;, 50 thatAps = Ap — 327 w; =d((1 — a)d*y),
and one checks, using< o — 1 < 44, that

3
IVallfa @y < CBYIIV@illfagyy- (20)

=1
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Applying (20), together with (16), (18), (19) we find
IVpalfany < CB[(L+CB"nllogd]) F= (0,8 ro) + 15 2 (8~ 1*6* N |log 8> + n|logé])]. (21)

Finally, combining (21), (17), (18), (19) we obtain, choosihg: 1/, § = n*/3N,
/ |Vo|> <Cnt/8 [F.(0,6 7o) + ré\f*?].
Wo
Sincelu x du| < |d*p| + |d¢], this yields likewise

/ ‘uXdu‘QSOnl/g[FE(O,éflro)—|—rév_2]. (22)

Wo

Estimate of|V|u|?|. — The equation for|lu|? reads —A(1 — |u|?) + e72(1 — |u|?)|u|® = |Vul|?.
Multiplying by (1 — |u|?) and integrating o/; yields

/ V22 + 2 (1 [uf?)?uf? = / (1~ [uf?)|Vul + / (1 [ul)dul.
U1 Ul

oU,

By (3) we havq faUl(l — |u|2)5n|u|2| < CfaUl |Onul, and (hereUg = {| lu| — 1] < ﬁ})
/ 11— Juf?||Vul? < / BIVal? + 5! Ce (1 uP)?, (23)
U, UlﬂUg Ul\Uﬁ

so that, using (8)/,,, [V|u[?|* < BF.(0,6 o) + CB~ n|logn| < Cn*/8[F.(0,6 7 ro) + 7y 2]
Combining this estimate with (11) and (22) we obtdjp |ul?Vu[? < Cn'/8[F.(0,6  ro) + 1 7]
Finally, we complete the proof of Proposition 1 using (23) again.

4. Proof of Theorem 1

By the mean-value inequality applied to (10), there is segme [ro, 2r¢] such that
rs / Vul?+ (452) 7 (1= [ul?)” < O3[R (0,6 ro) + 19 2.
9B,

By the Pohozaev’s identity (4), this implid& (0,70) < F.(0,73) < Cn'/®[F.(0,6 7 rg) + g ~?], so that
rg_NFg(O, 7o) < Crg_an/g [F,3 (0, 6*17“0) + rév_z]
<Cnt/8s2N [(6’17"0)27NF,3 (0,67 rg) +1]
<OV (67 o) N F (0,67 o) + 1] (24)
(recall§ =n'/*N). On the other hand by monotonicity (5) and (7),
(67 r0)" " Fe(0,67 o) < g N F(0,70) + Cp|logn].
Inserting this in (24) we obtain

(1= Cn*™M)ra"NF.(0,70) < Cn*/*N (1 +n|logn]).

768



Small energy solutions to the Ginzburg-Landau equation

Hence, ifn; is such thatCy./*" = 1/2, then fory < n; we conclude

T(2)7NF6(0, T‘Q) < 0771/4N. (25)
Finally, we invoke the monotonicity (6) once more to assertyfarn;, by (25),
— 2 -~ _ 2 B B )
€ N/ (1—|u|2) g/ p2 N 2(1_|u|2) </B p2 N 2(1_|u|2) <0n1/4N.
€ e o

We now complete the proof as in [1]. Set= |«(0)], by (3), we havau(z) — u(0)| < §|a:| <(1-k)/2,
provided|z| < (1 — k)/(2C) = ~. We distinguish two cases.

Casel:y <e. Then [p (1 — |ul*)? < [ (1—|uf?)? < C'eNnl/4N . On the other hand, oB., we have
(1 —[ul?)? = (1 — |u])? > (1 — k)?/4, and thereforeyN (1 — k)2 < CeVn'/*N. Hence(1 — k)N +2
C'n'/*N  and the result follows.

Case2:y >¢. Then(1 — |u|?)? > (1 — k)?/4 onB., and one concludes as above.

Appendix: proof of estimates (16), (17) forp,

Recall thatG(z) = en|z|>~ denotes the fundamental solution of the Laplaciaiih. Forr > 0 let
B, =B, (0) c RY and letoyp, denote the surface measuredi,..

LEMMA Al.—Letr >0andg € L2(0B,). Sety =G * (0sB,g), i.€., forz € RV,
o) =cn [ lo=yP Vo).
0B,

ThenVy € L2(RY) and ||V |[72 vy < C7l|gll72op,)-

Proof. —By scaling it suffices to consider the case 1. Clearly, forz € RV \ 0B,
V() <C [ o=yl o) dy
0B,

so that forz € RY \ 9B;, we haveV(z)| < Clz|* = [|g||r1 (oB,)- Therefore,

IVelizmyny) < Cllgliz(om,):

On By we write ¢ = 1 + 2, Wherey; solvesAp; = gosp, In Ba, 1 =0 on 9By, while ¢4 solves
Ay = 01in Ba, g2 = ¢ 0n9Bs. By the trace theorem we verify; € H}(Bs) and

||V<P1||%2(Bg) < C”QH%?(BBl)'

Similarly, sincep, is harmonic inBz, one has (observe thip||1,~ @8,) < CllgllL2(98,)):

IVpallfam,) < C||90||%{1/2(a]32) < C9llF20m,)-

Combining the previous inequalities, the result follows easily.

Proof of (16). —Write w2 = 2.1 + 2.2, Wherep, ; = (—1)%313” f(ul)u x du Adp for i =1,2. We
apply previous lemma to obtain

/IVsD2,1I2<Cn / £ (jul)|ulduf® < Cr, / Vul?,
]RN

B, oB,,
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and (16) follows.

Proof of(17). —We first bound| Vs |1, (w,) - We estimate separatél|W¥ ¢z ;|| 1. (w,) for eachi = 1, 2:
remark thatps ; is harmonic inR™ ~ 9B,.,, therefore we may use the mean-value inequality for harmonic
functions.

Fori =1 andz € W, we haveB(z,7,/2) C RY \ dB,,. Hence, using (9),

2 —1 _
Vo1 ()| < [B(a,r0/2)| M [Vpnn ey < Crg ¥ / Vul?

<CrgN(8%r0) " 2 (nllogs| + (67 ro) > N FL (0,67 1))
< Cro N (621 2n|log 8| + >N D (0,6 r)).
Fori =2 andz € W, we haveB(xz, 6 'ry/8) c RV \ 9B,.,, so that by (9)
|2 < |B(x’6_1ro/8)|_1Hv902,2”L2(]RN) < CTaNéNrg/a |Vu|?
B.,
Crg V6V (57 o)™ (nllog| + (57 r0)” VR (0,67 Hr0))
Cro N (6%ry ?nllog ] + 6N F- (0,67 'ro)).

Finally, combining these estimates we obtain, foradl 17,

|Vipa,2(x)

<
<

‘V(pg(gc)‘? <Crg™ (62ré\77277| log 6| + (6N + (53(]\7*2))F,3 (0,6*17‘0)).

SinceN > 3, 3(N — 2) > N and sincglWy| < Cr}, integrating the previous inequality div, we
obtain (17).
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