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In the course of writing a chapter of a book we observed some simple facts
dealing with the Palais Smale property and critical points of functions. Some of
these facts turned out to be known, though not well-known, and we think it worth-
while to make them more available. In addition, we present some other recent
results which we believe will prove to be useful—in particular, a result of Ghoussoub
and Preiss; see [9], [8]. There are two useful techniques used in obtaining critical
points. One is Ekeland’s Principle (see below), the other is based on deformation
arguments. We will use versions of both of them. In particular we present a rather
general deformation result.

Throughout this paper we consider real C* functions F defined on a Banach
space X. When looking for critical points of F it has become standard to assume
the following “compactness condition”:

(PS) any sequence (#,) in X such that F(u,) = a
“ and || F'(u,) || = 0 has a convergent subsequernce .

If this holds for every a € R one says that F satisfies (PS)—a condition originally
introduced by Palais and Smale; see [13].

1. Some Applications of Ekeland’s Principle

We start with an elementary statement in which (PS) is not assumed.

PROPOSITION 1. If

(1) o = lim inf F(u) s finite

[l4l|—> 00

then there exists a sequence (u,) in X such that |u,| = o, F(u,) > «, and
I F'(u,) || = O.
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The proof relies on Ekeland’s Principle (see { 7] and [3] Chapter 5.3) which we
shall use in the following form:

EKELAND’S PRINCIPLE. Let M be a complete metric space with metric
d(x,y).Lety: M—> (—o0,+x0], ¥ & +00, be a lower semi-continuous function
bounded from below. Then, given ¢ > 0 and z, € M there exists a point z& M
such that

(2) Wx)— Wz) +ed(x,2)=0, VxEM.

(3) W(z) = W20) — ed(20, 2) .

Proof of Proposition 1: Set, for r 2 0,

m(r):= inf F(u).

| 2 r

Clearly m is a nondecreasing function and lim,_., m(r) = «. Then for any positive
e < 1 we have

a—¢e2EZm(r) for r=r,
We may take 7 = ¢~'. Choose z, with ||zl = 27 such that
F(zo) <m2F) + 2 S a + 2.

Applying Ekeland’s Principle in the region {| x| = 7} we find some z, ||z|| Z 7
satisfying

F(x)— F(z)+¢|x—z]| 20 provided |x|=7,

a—e2 Z2m(r) S F(2) 2 F(z) —¢llz — zl .

It follows that [z — zpll = 2e¢. Hence |z|| > 7 and we may conclude that
[F'(z)| =e.

COROLLARY 1. IfF is bounded below and satisfies (PS) then F(u) = oo as
u > .

This result was proved by S. J. Li in [10] using a gradient flow and by Costa
and de Silva in [6] using Ekeland’s Principle in a similar way.

Remark 1. The conclusion of Proposition 1 can be strengthened in the finite
dimensional case. There exists a sequence (#,), as in the proposition, satisfying in
addition: F'(u,) is a multiple of u,. This is done by moving a suitable radially
symmetric function until it touches the graph of F.
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PROPOSITION 2. Assume F is bounded below and satisfies (PS). Then every
minimizing sequence has a convergent subsequence.

Proof: Let (x,) be a minimizing sequence. For a subsequence, still denoted
(x,), we may assume that F(x,) < inf F + 1/n2. By Ekeland’s Principle there
exists y, in X such that

F(y)= F(y) +(1/mlly =yl 20 VyeX,

F(y.) = F(x,) = (1/n) || x, = yall .

Thus | F'(y)|| = 1/n, F(y,) =inf F+ (1/n%)and || x, — y,| = 1/n. By (PS) the
sequence (y,) has a convergent subsequence (y,,), and (x,,) also converges.

Here are some other results proved using the same kind of argument:

PROPOSITION 3. Assume F is bounded below and satisfies (PS). Suppose that
all the critical points of F lie in { |u| = R}. Set

M(r):= inf F(u).

Nt =r
Then, for r > R, M(r) is strictly increasing and continuous from the right.
There is a localized version of this for functions F € C'({|lu|| = R}) assumed

to satisfy (PS) in the following sense: any sequence (u,) such that ||u,] = R’ <R,
for all n, with F(u,) bounded and || F'(u,)| = 0, has a convergent subsequence.

PROPOSITION 4. Let F be a C! function on ||ull < R satisfying (PS) as above.
Assume F(0) = 0, F(u) > 0 for 0 < |lu|| < R and F has no critical point in |u| <
R except u = 0. Then there exists 0 < ry = R such that M is strictly increasing in
[0, ry) and strictly decreasing on [ry, R).

Proof of Proposition 4: Fix R’ < R. It is easy to see that M is upper semicon-
tinuous on [0, R'] and so achieves its maximum at some point ry € [0, R']. The
conclusion of the proposition follows easily with the aid of the following lemma—
on letting R’ — R.

LEMMA 1. Let F be a non-negative C' function in the ring
R={0=a=|ull=b}.
Assume (PS) in the following sense: any sequence (u,) such that
a+d=u, £b-5

Jor some & > 0 with F(u,) bounded and | F'(u,)| — 0 has a compact subsequence.
Assume F has no critical points in a < fu|| < b. Then the function

M(r):= inf F(x)

fixii=r
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satisfies: ifa<r<r<r<b

(4) M(r)>min{M(r,), M(r)}.

Proof of Lemma !: Suppose for some r, < r < ry, (4) does not hold. There
is a sequence (x,), satisfying

1
”X,,”:r, F(xn)<M(r)+;2—'
Applying Ekeland in R = {r, = ||xll =r,}, 3y, in that region such that

(5) F(z)-—F(y,,)+;]1—Hz—y,,||%0 forzER

1
(6) F(yn)éF(xn)—;”xn_yn” .
Thus y, is not on dR, for if it were, say || y,| = 71, we would have

1 1 1
M(rl)éF(xn)_;”xn—yn"éM(r)'i_;l—z_;(r_rl)

1 1
éM(r|)+F—;(r_r1).

This is impossible for n large. Therefore || F'(y,)[| = 0. By (PS), (»,) has a sub-
sequence which converges to a critical point of F in R. Impossible.

Proof of Proposition 3: That M is strictly increasing follows easily from Lemma
1 and the fact that M(r) = +oo as r = oo (by Corollary 1). Since M is also upper
semicontinuous it must be continuous from the right.

Another immediate consequence of Lemma 1 is the following

COROLLARY 2. Let F be as in Lemma 1, with a = 0, and assume that the
origin is a critical point of F which is not a local minimum. Then M(r) is strictly

decreasing on [0, b).

Remark 2. In Proposition 4 the number 7, might be R but in general it is less
than R. Here is an example in R>:

F(x,y)=x>—(x~1)%y?.
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Choose R in such a way that
F(x,y)>0 for 0<x*+)y?<R?
and
F(xy, ) =0 forsome Xxo,), Wwith x3%+ y§=R>.

This function in R? serves also as an example for which the Mountain Pass
Lemma (MPL) (see [2]) fails because (PS) is not satisfied. For the convenience of
the reader we recall the setting of MPL. Let F: X = R be a C' function satisfying
the condition:

there is an open neighbourhood U of 0 and some point u, & U

(7)
such that F(0), F(uy) <co = F(u) Vu€dU.

Consider the family A of all continuous paths A4 joining 0 to #, and set

(8) c:= inf max F(u).

A€ A ued

Clearly ¢ Z ¢, and we would expect that ¢ is a critical value. This seems intuitively
obvious, but it is not true in general. The function F(x, y) above satisfies (7) with
U = small disc about the origin, ¢; > 0 and u, = any point outside the disc with
F(uy) = 0. It is easy to check that (0, 0) is the only critical point of F and that ¢
of (8), which is positive, cannot be a critical value. The correct statement is the
following (see [2]):

STANDARD MPL. Under condition (7) and ¢ given by (8) there exists a se-
quence (u,) in X such that

F(u,)>c¢ and |F'(u)|]| —=0.
If in addition we assume (PS),. with ¢ given by (8), then c is a critical value.

In connection with this well-known MPL we would like to call attention to the
following two forms: As before F is a real C! function on a Banach space X. Let
K be a compact metric space and let K* be a nonempty closed subset # K. Let

A={peECK;X); p=p*onK*}

where p* is a fixed continuous map on K. Define

9) ¢ = inf max F(p(£§)),

pPEA tEK



944 H. BREZIS AND L. NIRENBERG

so that

¢ Z max F(p*(§)).
tE K*

THEOREM 1.  Assume that for every p € A, max.cx F(p(£)) is attained at
some point in K\K*.! Then there exists a sequence (u,) in X, such that

F(u,)=>c and |F'(u,)|—>0.

If in addition F satisfies (PS),, then ¢ is a critical value. Moreover, if (p,) is any
sequence in A such that

max F(p,(§))—=> ¢,
te X

then there exists a sequence (£,) in K such that F(p.(%)) — ¢ and
| F'(pa(E DI = 0.

The standard MPL is clearly a special case of this with K = [0, 1}, K* = {0, 1}
and with p*(¢) = fu,. We shall present two proofs of the theorem. The first is based
on Ekeland’s Principle; the second, in the Appendix, uses the Deformation Theorem

. of Section 2.

Proof of Theorem 1: For § €E K, set
d(£) = min {dist(¢, K*), 1},
and consider for any fixed e > 0, and p € A,

G(p, &) = F(p(§)) + ed(§) .

(The idea of perturbing the function is taken from N. Ghoussoub and D. Preiss
(see [9]); they perturb F'; our perturbation is different.) Set

Y.(p) = max G(p(§), §),
teEK

€

(10)
¢, = inf ¥.(p).
pEA

Clearlyc=c, =c+te.
For M = A (equipped with the usual metric) we see easily that {.(p) is con-
tinuous on M. By Ekeland’s Principle, 3p € A such that

v.(q) — ¥.(p) + ed(p,q) 20 vge A,
(11)

cEe=Y(p)sSc.tes=c+ 2.

't is equivalent to assume that for every p € A there is some point £ € K\K* such that F(p(£)) = c.
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By our main hypothesis,

(12) Ve(p) > max F(p(§)) .

Set

B.(p) = {§ EK;G(p(&), &) = v.(p)} .

We shall prove that there is some &, € B,(p) such that

(13) IF'(p(&o)) ] = 26

The conclusion of the first part of the theorem then follows by choosing ¢ = 1/n

and u, = p(&).
We shall use the following result which is proved with the aid of a partition of

unity as in the construction of a pseudo-gradient (see, e.g., Theorem A.2 in [15]).

LEMMA 2. Let N be a metric space and let f : N — X * be a continuous map.
Then, given ¢ > 0, there exists a locally Lipschitz map v: N — X such that for all
(EEN,

lo(e) =1
&), vE)YZ 1S9 —«.

Applying Lemma 2 with N = K and f(£) = F'(p(§)) we obtain a continuous
map v : K — Xsuch that forall £ €E K,

(14) lo®ll =1,  (F'(p(E), v(&)) = I F'(p(E)I — .

By (12), B.(p) C K\K*. Thus there is a continuous non-negative function
a(£) = 1 on K which equals 1 on B.(p), and vanishes on K*. We shall take for ¢,
in (11), small variations of the path p:

gn(§) = p(&) — hw(§)

for 0 < /4 small, and w(£) = a(£)v(£).
In what follows, ¢ > 0 is fixed while we let # = 0. Observe that

¥.(gy) = maxge x G(qn(£), §)

is attained at some point £, € K. For a suitable sequence 4, = 0, £, converges to
some £, which belongs to B,(p). By (11), with ¢ = g, and by (14), we obtain

(15) F(p(&) — hw(&y)) + ed(&) — Y(p) +eh 2 0.
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On the other hand, it is easy to check that as 7 = 0,
(16)  F(p(&) — hw(&r)) = F(p(&)) — (F'(p(&)), hw(&r)) + o(h) .
Combining (15) and (16) we see that
~h{F'(p(&)), w(En)) + eh + o(h) 2 0
(note that F(p(&,)) + ed(&) = ¥.(p)). Hence
(F'(p(&n)), w(r)) S e+ o(1).

As h — 0 we find

(17) (F'(p(&)), v(k)) =¢

which, by (14), yields (13).
The last assertion of Theorem 1 is established by constructing first, via Ekeland’s
Principle, a sequence (g,) in A such that

¥.2(q) — ¥.2(qs) + e, d(g,9,) 20 Vge A

¥.2(gn) = Va2(pa) — €. d(pn, 4) .

Here (¢,) is a sequence of positive numbers, ¢, — 0, such that max,c x F(p,(£)) =
¢ + 2. It follows that d(p,, g,) = 2¢,. The preceding argument (applied with g,
in place of p) leads to the existence of some £, € K such that

F(gu(&)) = c+ O(e),  1F(qu(&D] = 26, .

This is the desired sequence (£,). Indeed, by (PS)., a subsequence of g,,( £,) converges
to a critical point and the corresponding subsequence of p,(£,) converges to the
same limit. A standard argument shows that for the full sequence, F(p,(§,)) = ¢
and | F'(p.(£)) ]| = 0. Theorem 1 is proved.

Next we present a theorem of Ghoussoub (see [8]) which contains earlier results
of Pucci and Serrin (see [14]) as special cases. We believe this theorem will prove

very useful; in particular we use it in the proof of Theorems 4 and 5 below.

THEOREM 2. Assume the conditions of Theorem | and that there is a closed
set T in X, disjoint from p*(K*), on which

(18) F = ¢ (defined in (8))
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and such that
VpeE A, p(K) intersects T .
Then there is a sequence (u,) in X satisfying

F(u)—>c, |F'(u)||—>0 and dist(u,,2)—>0.

In general, ¢ is unknown, so the condition ( 18) may be difficult to verify. This
theorem will be used when ¢ = maxg« F(p*(£)).

COROLLARY 3. Under the condition of Theorem 2, if F satisfies in addition
(PS),, then there is a critical point u in T, with F(u) = c.

Unlike the previous proof, and the proof of Ghoussoub, our proof of Theorem
2—in Section 2—makes use of a general deformation theorem. Paul Rabinowitz
has still another proof of Theorem 2 using the dual max-min principles of [2] (see
also Theorem 3.2 in [15]).

2. A General Deformation Theorem

We consider a function F € C' in X and set
F,={u€X;Fu)=a},

K, = set of critical points of F where F = a .

THEOREM 3 (Deformation Theorem). Let ¢ € R. For any given 8 < } there
exists a continuous deformation n : [0, 1] X X = X such that

(19) WO, u)=u Yu€X

(20) (1, +) is a homeomorphism of X onto X, vie [0, 1]

(21) #(t,u)=u ViE[0,1] if |F(u)—cl 225 orif|F'(u)] < Vs
(22) 0 < F(u)— F(n(t,u)) <45 Yu€X,Vi€[0,1]

(23) In(e, w) - ul = 16Vs  Vu€EX,V1E€]0, 1]

(24) Ifu € F,,; then either

() (L, uye F._;or
(ii) for somet, € [0, 1], we have

IF (n(ty, u))ll <2V5.
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(25) More generally, let + € [0, 1] and assume that
Jorall t € [0, 7], n(¢, u) belongs to the set
N={vEX;|F(v)—c| <bdand |F'(v)] 2 2Vs},
then F(y(7, u)) = F(u) — 7/4.
Before the proof, some corollaries.

COROLLARY 4. [In Theorem 3, if F also satisfies (PS)., then given ¢ > 0,
38 < e and deformation v as above, so that in addition:

If u€eF..s and F(n(l,u))>c—-96,
(26)

then ||F'(n(t, u))| <e Vt€][0,1].

Proof of Corollary 4. Observe first that for all ¢ > 0, 36 > 0 such that

|F(x)—c¢| £6, |F'(x)| =2V6 and |x—y| =32Vs,
(27)

= F(l=e.

Otherwise there would exist ¢, > 0, and sequences (x,), (1,), with F(x,) = ¢,
IF'(x) = 0, | x, — vl = 0and | F'(y,)| Z e. Impossible. Choose such ¢ <
1 and & < ¢ for the given e. Then alternative (24)(ii) must hold, and (26) follows
from (23) and (27).

COROLLARY 5. Assume F satisfies (PS).. Given ¢ > 0 and a neighbourhood
O of K, there exist b < e and deformation n as in Theorem 3 satisfying, in addition:

(28) Ifu € F, . ,\O , then alternative (24)(i) holds .

Proof: By (PS),, there exists a > 0 such that
U={u€X;|Fu)—c|<a and |[F'(u)]<a}CO.
We may suppose ¢ < « and apply Corollary 4. With 8, # as in that corollary we sce
that if 4 € F, . ;\ O and (24)(i) does not hold, then ¢ — 6 < F(y(1, u)) = F(u) =
¢+ 4, and || F'(u){ = ¢ This means that u € U C O—contradiction.

COROLLARY 6. Assume F satisfies the conditions of Theorem 2 and (PS), and
SUppose

¢> max F(p*(£)).
te K*
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Then Ve > 0, 36 > 0 and Ap € A such that

max F(p(§))<c+ 8
tek

and
|F(p(§)) —cl <d=|F'(p(§))] <e.

Proof: Given ¢ > 0, choose § > 0 as in Corollary 4 with
26 <c— max$e[<t F(p*(s)).

Let p, € A such that max.ex F(po(£)) < ¢ + 4. Then the path
p(&) = n(1, po(£)) has the desired properties.

Corollary 5 is an extension of a well-known deformation theorem; see Theorem
A.41n [15]. Paul Rabinowitz pointed out to us that Corollary 6 also follows easily
from a variant of Theorem A.4 in [15]. The form of Theorem 3 presented here
was suggested by an unpublished result due to H. Berestycki and C. Taubes. Indeed,
the existence of a special path, as in Corollary 6, was proved by Taubes in Lemma
5.2 of [17] for the Yang-Mills functional.

Like all deformation theorems, to obtain the deformation the idea is to follow
negative gradient flow. But since F is only in C!, one replaces F’ by a pseudo-
gradient on the set { F'(u) # 0} . This is a locally Lipschitz vector field v(u) satisfying

lo()ll = 2| F'(w)ll and (F'(u), v(u)y 2 [ F'(u)|>.
See Lemma A.2 in [15].

Proof of Theorem 3: In addition to the set N in (25) we shall make use of the
set

N={u€X;|Fu)—c| <25 and |F'(w)l>Vs}.

Since N and N°¢ are disjoint closed sets there is a locally Lipschitz non-negative
function g = | satisfying

1 on N
g£= .
0 outside N.

For example,

dist(u, N°)
dist(u, N¢) + dist(u, N)

glu) =
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Consider the vector field

v(u)
o) |1?

0 outside N

N

—g(u)
V(u) =

where v is a pseudogradient defined on { F'(u) # 0}. Clearly Vis locally Lipschitz
onXand |V(w)| = 1/\/_6, for all ¥ € X. Consider the flow n(¢) = y(¢, u) defined
by

an _

& V(n), Nl~o=u.

Clearly, 7 is defined for ¢ € [0, 1] and satisfies (19)-(21) and

d 1

EF(n(t))éﬁzg(n(t)) Vue X, Vi€ [0, 1].
In particular, we have

(29) fog(n(S))dsé4(F(u)—F(n(t)))-

Proof of (22): If | F(u) — ¢| = 20, then n(¢, u) = u, for all ¢ € [0, 1] and the
conclusion is obvious. Hence we may assume that | F(u) — ¢| < 26. If F(n(1)) 2
¢ — 26, the proof is finished. Suppose that F(n(1)) < ¢ — 26. Then 3 ¢, € [0, 1]
such that F(n(¢,)) = ¢ — 26 and since 5(¢) = »(¢;) for t = ¢, it follows that
F(u)— F(n(1)) = F(u) — F(y9(t;)) S c+ 26 — (¢ — 26) = 46.

Proof of (23):

ds =f0 1V (n(s)) | ds

o-uls [ || 5

< gn(s)) ds _ gn(s)) _ 1 [°
B J‘[O.IIQ{S:TI(S)EN} lo(a(s)Il — f[OJ]ﬂ{szn(s)GN} [ F'(a(sHIl VEJ; g(n(s)) ds

< ié(F(u) — F(n(1))) = 16V5 by (29)and (22).

Proof of (25): If 5(¢t) € N for 0 = ¢ < 7, then g(n(¢)) = 1 and the assertion
of (25) follows from (29).



FINDING CRITICAL POINTS 951

Theorem 2 follows easily from Theorem 3 by suitable deformation of “paths™
p € A on which max Fis close to ¢. There is a new ingredient however: the time
t for which we consider the deformed path 5(¢t, p(§)) will vary with £.

Proof of Theorem 2: For any given 6 > 0 we shall show that there is a point
i such that ¢ < F(d) < ¢ + 8, | F'(@)|l < 2V5 and dist(d, T) < 32V6. Letting
6 — 0 through a sequence 4, the corresponding i, have the desired properties.

We take 3 < } and so that 32V3 < dist(Z, p*(K*)). Let 5 be a deformation in
Theorem 3. Let p € A be such that max,c ¢ F(p(£)) <c+ 4. Let 0 = {(v) = 1be
a continuous function on X which equals 1 if dist(v, 2) = 16\/3, and vanishes if
dist(v, ) = 32Vs.

Consider the “path”

q(&) = 7($(p(§)), p(£)) .

Clearly ¢ € A. Let # € ¢(K) N Z. So & = 7(§(p(£)), p(£)) for some & € K. Set
u = p(£). By property (23)

In(e, (&) — p(B)I = 16V8  vie]o, 1],
and so §‘(p(§)) = 1. Hence i = (1, u), and ¢ = F(x(t, p(g))) < ¢ + 6, for all
te [0, 1]. So alternativg (24)(i1) in Theorem 3 must hold, and hence, for some
4 €10, 1], 4 = n(t;, p(&)) satisfies
|F (@) <2Vs.
Furthermore |4 — @|| < 32V, by (23).

3. Critical Points in the Presence of Splitting

We are going to apply Theorem 2 to functions which are bounded below and
satisfy (PS). Let X be a Banach space with a direct sum decomposition

X=X 0X,

with k = dim X, < oco. We write any u €E Xas u = u, + 1, = (I — P)u + Pu where
P is the projection onto X, along X;.

THEOREM 4. Let F be a C' function on X with F(0) = 0, satisfying (PS) and
assume that, for some R > 0

Fuyz0, for u€X,, jlujl =R,

(30)
Fu)=0, for u€X,, |ul=R.
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Assume also that F is bounded below and infy F < 0. Then F has at least two
nonzero critical points.

This theorem is related to results of K. C. Chang in [5] and later results of
J. Q. Liu and S. J. Liin [12] and J. Q. Liu in [11] (which also contains other
references). Their arguments rely on Morse theory while ours uses Theorem 2
together with an idea of K. C. Chang (personal communication ) involving a negative
gradient flow, and linking. In [16] E. Silva has extended results of [12]. He assumes
(30) and replaces the assumption that F is bounded from below by conditions like
those of [12]. One of the ingredients of our proof is the following extension of a
result of Rabinowitz (see, e.g., [15]).

LEMMA 3. Assume that in the decomposition, 0 < dim X, < oo, and let v be
a fixed unit vector in X,. Set

K={u=sv+u;u,€X,, |ul =1 and s=0}.
Consider any continuous map p . K — X satisfying
p(ip) = ty f w€X, and |u| =1
(31)
lpa)l=2r>0 if u€ K and |ull=1.

Then, for any r > 0, the image p(9K) “links” the set of points in X, with norm
p <r.That is, for any 0 < p < r, there exists i € K such that

Pp(ii) =0
lpG) =p.

Proof of Lemma 3: In X; = X, ® span{v} consider the map 7: K — X;,
T(u) = Pp(u) + |[(I — P)p(u)|lv.

To prove the lemma it suffices to show that for some point # € K, T(u) = pv. We
use finite dimensional degree to do this. Since p < r it follows from conditions (31)
that for all #u € dK, T(u) # pv. Consequently deg(7T, K, pv) is defined. We shall
prove that it equals 1, and this yields the desired result. As we know, the degree
depends only on the boundary values of 7. So we may consider only 7'} . Set

A={(1,0); u, €EX, and |u,| =1}
and

B={u€K;|ul|=1}.
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We have 9K = AU B. Clearly Tu = uforu€ Aand |Tuf|2r'>0foru € B.On
4K define

. u if ue4d
Tu= .
Tu/|Tull if u€B.

Using (31) we see that T and 7 are homotopic in X3\ pv through
Tu=1tTu+ (1 —t)Tu, t€[0, 1].

Note that 7(B) C B and that 7 = id on dB. Since B is homeomorphic to a ball
there is a continuous deformation 7, connecting 7 to the identity in B with T, =
id on 4B for all ¢ € [0, 1]. It follows that T |, is homotopic to the identity in
X;\pv and thus deg(T, K, pv) = deg(id, K, pv) = 1.

Our proof of Theorem 4 also makes use of the following
LEMMA 4. Let F be a C' function defined on a Banach space X satisfying (PS)
and: for some uy € X
F(u)> F(u)  Yu#uy.
Let v be a pseudo-gradient for F on the set {u € X; F'(u) # 0} (see, e.g.,

Lemma A2 (15]). Let y # ug be such that F'(y) # 0, and F has rno critical value
in (F(ug), F(y)). Then the “negative gradient flow” starting at y, defined by

@Z_ v(x)
(32) TS N

x(0)=yp,

exists for a maximal finite time 0 £ t = T(y) and x(T(y)) = ug.

Proof: We may suppose g = 0, F(u3) = 0. On the integral curve of (32),

ar_ 1
= 4

A

by the standard properties of the pseudo-gradient. Thus the solution x(¢) of (32)
exists on a maximal open interval (0, T) with T < 4 F(y), and 0 < F(x(t)) < F(y)
on (0, T). We will show that x(¢t) > 0Oas¢t—~ T.

Case 1. There exists & > 0 such that |F'(x(¢))| 6 on (0, T). Then
lox(N 2 | F'(x(2) || Z 6, and

T dx .
fo Z dt exists .

Consequently lim,_, 7 x(t) = x(T) exists. Moreover x( T') is necessarily 0 for oth-
erwise the solution x(¢) could be continued beyond 1 = T.



954 H. BREZIS AND L. NIRENBERG

Case 2. If we are not in Case 1, there exists a sequence ¢ = T such that
[ F'(x(z;))| = 0. By (PS), a subsequence, x(t;) converges to a critical point
of F, which can only be 0. Therefore lim, .  F(x(¢)) = 0 and by Proposition 2,
x(t)>0ast—->T.

Proof of Theorem 4: We know that F achieves its mimimum at some point
1. Supposing 0 and 1, to be the only critical points we will be led to a contradiction.
We consider first the case that k and dim X, are positive. We may suppose R =
1< .

Since at every point y € X, with | y| = 1, F'(y) # 0, we may apply the preceding
Lemma 4 to conclude that the flow starting at y, described by (32), exists on a
maximal open interval 0 < t < T(y) < —4F(u), and x(t) —> u, as
t—>T(y).

Applying Proposition 2, we see that 35 > 0 such that the set { F(u) < F(u) + 6}
lies in [ — uoll < Juol/2. By choosing & sufficiently small there is a unique value
t = t(y) < T(y) such that F(x(t(3))) = F(uy) + 6. It is a simple exercise to verify
that 7(y) is continuous in y.

For v a unit vector in X, let K denote the set

(33) K={u=sv+u;,u,€EX,,s20 and |u|=1}.

We now define a continuous map p* of dK = K* into X. Any u # v on 9K,
with ||#| = 1, has the unique representation

(34) u=sv+aoy

with0=s=1,yEX,, |yl =1,0<0¢ = 1,1, s, g, y are unique. Define
(35) puw)=u foru€eX,, {ull =1, and p*v)= 1.

For u given by (34), define

(36) P*(sv + ay) = x(251(y)) forO0=s=1

where x(7) is our solution of (32). So p*({v + oy) = x(£(»)) and it lies in
| x — woll < 4 {uoll. Finally define

(37) pHsv+ oy) = (25 — Dup + (2 — 2)x(t(y)) fori=s<1.

As s goes from } to 1, the right-hand side traverses the straight segment from
x(1(y)) to uy, and so for s = §,

[p*(sv + ay) — uoll = |luoll /2 .
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The mapping p* is clearly continuous and on its image we have £ = 0. In
addition we see that

Ip*(w) | Zr>0 forlull =1.

We have r = 1. Fix 0 < p < r. We are now going to use Lemma 3, according to
which the image of p* links the set T = {u € X|; |lull = p }, i.e., for any continuous
extension p of p* to all of K, the image of p intersects Z.

Denoting by A the set of all such maps p, we are now in a position to apply a
min max argument, namely Theorem 2. According to that theorem the non-negative
number

= inf max F(p(u))

pEA uek

is a critical value of F. If ¢ > 0 we have obtained a second nonzero critical point.
If ¢ = 0, according to Theorem 2, there is a critical point on Z, and so different
from the origin, where ¥ = 0.

Before considering the other cases in the theorem, a remark:

Remark 3. The last part of the argument proves the following:
Let Fbe a C' function on X satisfying (PS). Assume there is a continuous map
p* of the boundary of the half ball:

K={u=sv+u,1,€X,,sz0, |ul =R}
where v is a fixed unit vector in X, into X, with the following properties:
pXu) = u for u € X, lul = R, IpMw)| = ro > 0 for ful = R,
and F(p*(u)) = 0 Yu € K. Assume furthermore that for some positive p < ry,
Fu)z0 forueX,,|ull=o».
Then F has a nonzero critical point where F = 0.
Returning to the theorem, suppose k = 0. In that case, assuming u,, the min-

imum point of F, is the only nonzero stationary point, we see that in a neighborhood
of the origin, F(u) > 0 for u ¥ 0. By Proposition 4 we have

F(u)Zc¢,>0 on |u] = rsmall.

Applying MPL we find F has a critical value = ¢,.

The last case to consider is when dim X, = 0. In this case we may even permit
k = oo. Applying Proposition 4 again (to —F) we see that F(u) = —¢; < 0 for
llull = r small, and we recall that F(#) = oo as |u| = oo, and so we may again
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apply MPL to — F, considering paths joining 0 to a point w where F(w) > 0 and
such that 1, is not on the segment joining 0 to w.

Remark 4. In Theorem 4, in case F is a C? function in a finite dimensional
space and O is a nondegenerate critical point, i.e., the Hessian £”(0) is nonsingular,
then conditions (30) automatically hold. If 0 is a degenerate critical point the
conclusion of Theorem 4 need not hold. Here is an example in the plane. Consider
the function F defined in polar coordinates r, 8

F(r,8)=(1+cos 8)f(r) + (1 — cos 8)r?

where f(r) is a smooth strictly increasing function on [0, oo ) satisfying (i) f(r) = r?
for r < 1, (i1) f(r) > r? for r > 1, (iii) f has only one positive critical point, say
r=2,and f"(2) = 0. The function F tends to +oo at infinity, achieves its minimum
at (0, 0) and has only one other critical point namely (2, 0). At that point one
eigenvalue of F”(0) is negative and the other is zero. If (ii) is replaced by

(i) firy<r? forr>1 and f(r)—> o asr— w,

the function F has again critical points only at (0, 0) and (2, 0). At the latter, F"(0)
has one positive eigenvalue and the other is zero. The index of F' at (2, 0) is zero.
The proof of Theorem 4 yields in fact a somewhat stronger result:

THEOREM 5. Let F be as in Theorem 4—with k > 1. Assume that F has only
a finite number of critical points where F < 0 and that each one is a local minimum
point of F. Then there is another critical point # 0.

In particular, if F is an even function satisfying all the conditions of Theorem
4, and if £ > 1, then F has at least two pairs of nonzero critical points.

Proof: Supposing the conclusion of the theorem is false we will obtain a con-
tradiction. Let 1y, u;, -+ -, u, be the critical points of F where F < 0, and fix
r>0sothattheballs B;= {|u—u;| =r},j=0, ---, m, are disjoint and do not
contain the origin. We may suppose R, in (30), so small that Bz = {|lu|| = R}
does not touch any B;. Using Proposition 4 we see that there is a number 6 > 0
such that the component @;, containing u;, of the set { F(u) < F(u;) + 8} lies
n Bj

Let v be a point in X; with ||| = R. Then F'(y) # 0 and, as in the proof of
Lemma 4, we find that the “negative gradient flow” starting at y, defined by (32)
exists for a finite time T(y) = —4 min F, and that there is a unique value ¢ = #(y)
such that x(z(y)) first encounters U; (8€;). Suppose x(¢(y)) € dG,. Then for
t(y) <t < T(y), x(¢) lies in @,. Thus the flow curve starting at y ends up in @,.
It follows that for z € X, lying close to y on 3By, the “negative gradient flow”
curve from z also ends up in @,. Since k > 1, the set X, N 0By is connected and
it follows that the flow curve starting at every point in that set ends up in &;.
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If dim X, > 0 we may follow the remainder of the proof of Theorem 4 and
obtain a nonzero critical point of F where, of course, F = 0.

Suppose dim X; = 0. Here we may assume 1 < k = ooc. We apply the standard
MPL to —F, to obtain a critical value ¢ > 0 of —F and a sequence of curves
(p.) such that max, (—F) — c. By our assumption, —F equals ¢ at some of
the (u;). Consider such u; and a ball B(x;) of small radius such that on d8;,
—F = ¢ — ¢, with ¢ > 0. We construct a new sequence of paths (g,) as follows.
Replace each arc of (p,) lying in B; by one on 3B, with the same end points.
Clearly max, (—F) = ¢, and by Theorem 1 there exists a sequence of points x,
on g, such that —F(x,) = c and || F’(x,)|| = 0. By (PS) a subsequence of x,
converges to one of our #;—impossible.

Theorem 5 is a generalization of Lemma 2.2 of Ambrosetti and Lupo (see [1])
which is proved using the Morse inequalities.
Here is a simple application of Theorem 4. Consider the problem

—Au+ a(x)u=rg(u) inQ,

(38)
u=20 on Q) .

We assume that a € L=, g is smooth with

(39) g(0)=¢g'(0)=0,
and
(40) lim 5(—”—)<o.

luj+00 U

In addition we assume that
G(u) = f g(t)dt >0 forsomeu.
0

In case 0 is an eigenvalue of — A + a we also assume that

(41) G(u)z 0 for |u] = 6small.

THEOREM 6. For every N\ sufficiently large there are at least two nontrivial
solutions of (38).

Example. g(u) = u?+ u* — u°,

Proof: Since, for A > some X, there is an a priori estimate for the solution (by
the maximum principle), we may also assume that g(u) = bu + ¢ with b < 0, for
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|u} large. Solutions of the modified problem will still be solutions of the original
problem. The functional

F(u) =%f [Vul|? + au® — AfG(u)

is well defined on X = H{ and we claim that it satisfies the conditions of Theo-
rem 4.

First, it is clear that inf F < 0 for A large enough. Indeed, since G(s) > 0 for
some s there exists a function 1y, € H | such that f G(up) > 0. Using (40) we readily
see that inf F' > —oo for A large.

Next we turn to the splitting X = X; @ X,. For X, we choose the (finite di-
mensional ) space spanned by the eigenfunctions corresponding to nonpositive ei-
genvalues of —A + @, and X, is its orthogonal complement in X. Using (39) and
the fact that G(r) < O for |¢] large we have, for any ¢ > 0,

(42) G(1) S et? + C[t)*M"=2 V1.

We deduce that on X, for some a > 0,
Fw 2 alul? =2 [w = clue- 20

for l|u)|; = ||| = R small. On X,, which is finite dimensional, we have
F(u) <0 for ||u] small

by (42)—and (41) in case 0 is an eigenvalue of —A + a. The (PS) condition is
easily verified for A large. Theorem 4 yields the conclusion.

As another application of Theorem 4 we prove the existence of nontrivial time-
periodic solutions of a system of ordinary differential equations for a vector-valued
function of time x(¢), taking its values in R”:

(43) =V, V{t, x).

Here V is a smooth function defined on R! X R" which is periodic in ¢ of period,
say, 2w. Assume

(i) V(£,0)=0,V,V(£,0)=0,
(ii) V(t, x) > +o0 as | x| = oo uniformly in ¢.
(ii1) For some constant vector xg,

2

V(t, xp)dt <0.
0



FINDING CRITICAL POINTS 959
(iv) For | x] = r small, and some integer k = 0,

~Lk+ 1) x2SV, x) S -4k x]?.

THEOREM 7. Under the conditions above, (43) has at least two nonzero so-
lutions of period 2.

Proof: x(t) = 0 is a solution, and we seek two others as stationary points of
the functional

2y
F(x) =J; [5 1x|? + V(z,x(l))] dr .

We work in the Hilbert space X of vector functions x(¢) having period 27 and
belonging to H'! on [0, 27], with the standard norm

2T 1/2
Il :[fo %1%+ lxlz] .

It is easy to verify that F satisfies (PS) and is bounded below; by (iii), inf F < 0.
Writing any x € X in Fourier series

we set

P
X, = [x => aje’j’}

-k

X,=X3= [xEX;x= > aje’j’].
>k

Theorem 4 will give the desired result once condition (30) is verified. Choose
R > 0 s0 small that

x| ER= |x|1. =r.
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Then for x € X5, || x| = R,

I

F(x) f% |X]*+ V(t, x)

IA

3 Flal- 4k [

sk

™ 2 lgl*’(jI?-k)=0.

lil=k

Similarly one verifies the first inequality of (30), and the conclusion follows
from Theorem 4.

The same proof yields a slightly more general resuit:

THEOREM 7'.  Theorem 71 holds if condition (iv) is replaced by the condition:

(iv)' For some r > 0, some integer [, 0 = | = N, and for some non-negative
integers k;, -+ , k;,

1! 1 d
—5 Z (kmt DX 2 V(t, xi, -, %, 0, SRR i) kX
n=1 m=1
!
if > x%=r*, andalso
1
O§V([,O,"',O,x1+|,"',.x[v) l_f ZXgnérZ-

m>1
Proof: We write any Fourier coefficient g; of x as
N
a= 2 ale,
m=
where e, is the unit vector pointing in the positive x,, direction. Then take

!
X2=[x= > e, 2 a}"e’f’]

m=1 V1= kp,

and X, = X3; the proof proceeds as before.
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Appendix
A Proof of Theorem 1 Based on (Deformation) Theorem 3

(i) To prove the first statement we wish to show that

(A.1) Vé<i,3u suchthat |F(u)—c|>6 and |F'(u)] <2Vs.

Taking a sequence of such 8, — 0, the corresponding u, have the desired properties.
Set d(u) = dist(u, p*(K*)). There exist a, C > 0, such that

(A2) Fuysc+Cd(u) if dluy=a.

Suppose (A.1) is false. Then for some 6§ < §, | F(u) —¢| < 8= [|F'(w){| =
2Vs. Let 7 be the deformation in Theorem 3 corresponding to this . Let p € A
be such that max;e x F(p(£)) < ¢ + 6. By (24) we see that
(A.3) W1, p(§)EF.—; VEEK.

Let {(£) = min{max(ad(p(£)), dist(¢, K*)), 1} where a is any constant >
max(4C, a™').

Consider the “path” g € A:

q(&) = n({(£), p(§)) VEEK.

By the main condition in Theorem 1, there exists ¢ € K\K*—hence {(¥) > 0—
such that

cSF(qE)SF(p(f))y<c+3s.

By (A.3) we see that {(j;') < 1, so that d(p()) < a™! < a. If we apply (25) of
Theorem 3, with 7 = {(£) we find

cSFENSFpE) - 8BS c+ Cdp(®) — 18(B) by (A2).

But this implies {(£) < 4Cd(p(%)) and thus d(p(§)) = 0; so {(¥) = 0. Contra-
diction.

(ii) We turn to the last statement in Theorem 1. Assuming (PS)., clearly ¢
is a critical value. Consider a sequence p, € A such that max;c x F(p,(£)) = c.
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We have to show that there is a sequence (£,) € K such that F(p,(£,)) = c and
| F'(pu(£:)) | = 0. The desired conclusion follows easily from the following

Claim. Given any open neighbourhood @ of KX, there exists § such that if
p € A with max, e x F(p(§)) <c+6,then p(K)NO + .

The proof makes use of Corollary 5.

Proof of Claim: We will make use again of (A.2). Choose 6 > 0 and a defor-
mation 7 to satisfy the conditions of Corollary 5, (with ¢ = §), so that (28) holds.
Suppose there is a “path” p € A with max,c x F(p(§)) <c+dand p(K)NO = &.
Let 0 = {(§) = ] be the same function on X as above. By (28),

(A4) n(1, p(E))EFo_; VEEK.

Consider once more the “path” in A:
q(&) = n($(8), p(§)) VEEK.
As before, there exists £ € K\K* (so {(£) > 0) such that
¢ £ F(q(£)) = F(p(})) .

By (A.4), we have ¢(¥) < 1, and so d(p(£)) < a. Applying once more (25) with
7 = {(&) we find

¢S F(gE) S F(p(§)) — s¢(B) S c+ Cd(p(E) - 5(F) by (A2).

This leads to a contradiction as above.

Some time after completion of this paper we learned that Corollary 1 of Prop-
osition 1, and a more general form, were proved using Ekeland’s principle by L.
Caklovic, S. J. Li, and M. Willem; see [18]. In addition we learned that in [19],
M. Willem had presented a variant of our Theorem 3.
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