EULER CHARACTERISTICS OF COMINUSCULE QUANTUM K-THEORY

ANDERS S. BUCH AND SJUVON CHUNG

Abstract. We prove an identity relating the product of two opposite Schubert varieties in the (equivariant) quantum K-theory ring of a cominuscule flag variety to the minimal degree of a rational curve connecting the Schubert varieties. We deduce that the sum of the structure constants associated to any product of Schubert classes is equal to one. Equivalently, the sheaf Euler characteristic map extends to a ring homomorphism defined on the quantum K-theory ring.

1. Introduction

Let X = G/P be a flag variety defined by a semisimple complex Lie group G and a parabolic subgroup P . The (small) equivariant quantum K-theory ring QK_T (X) of Givental [12] is a formal deformation of the Grothendieck ring K_T (X) of T -equivariant algebraic vector bundles on X, where T is a maximal torus in G. This ring encodes geometric information about families of rational curves meeting triples of general Schubert varieties in X, including the arithmetic genera of such families. In this note we prove three results that present aspects of this information in a concrete form when X is a cominuscule flag variety, that is, a Grassmannian Gr(m, n) of type A, a Lagrangian Grassmannian LG(n, 2n), a maximal orthogonal Grassmannian OG(n, 2n), a quadric hypersurface Q^n, or one of two exceptional spaces known as the Cayley plane E_6/P_6 and the Freudenthal variety E_7/P_7.

The ring K_T (X) has a basis of Schubert structure sheaves O^w = [O_Xw ] over the ring Γ = K_T (pt) of virtual representations of T . The quantum K-theory ring QK_T (X) consists of all formal power series with coefficients in K_T (X). The product of two Schubert classes in this ring has the form

(1) O^u ⋆ O^v = ∑ w,d≥0

N^{w,d}_{u,v} q^d O^w ,

where the sum is over all Schubert classes O^w and effective degrees d ∈ H_2(X; Z). Givental defined the structure constants N^{w,d}_{u,v} ∈ Γ as polynomial expressions in the K-theoretic Gromov-Witten invariants of X and proved that the resulting product is associative [12]. The structure of the ring

Date: November 18, 2016.

2010 Mathematics Subject Classification. Primary 14N35; Secondary 19E08, 14N15, 14M15.

Both authors were supported in part by NSF grants DMS-1503662. 1

QK_T (X) has been studied in the cominuscule case in a series of papers by Chaput, Mihalcea, Perrin, and the first author [7, 8, 5, 4, 3]. In particular, it has been proved that only finitely many of the coefficients N^{w,d}_{u,v} are nonzero [5, 6]. The quantum K-theory of Grassmannians of type A has been related to integrable systems by Gorbounov and Korff [13]. Conjectures for the ring structure of QK_T (X) have also been given by Lenart and Maeno [17] and Lenart and Postnikov [18] when X = G/B is defined by a Borel subgroup of G. In general the structure constants N^{w,d}_{u,v} are conjectured to satisfy Griffeth-Ram positivity [14], that is, up to a sign these constants are polynomials with non-negative coefficients in the classes [C_{−α}]−1 ∈ Γ, where C_{−α} is any one-dimensional representation of T defined by a negative root (see e.g. [3]). This conjecture has been proved for the structure constants N^{w,0}_{u,v} of the equivariant K-theory ring K_T (X) by Anderson, Griffeth, and Miller [1], and for the equivariant quantum cohomology ring QH_T (X) by Mihalcea [19].

Assume now that X is a cominuscule flag variety. Our work started with the experimental observation that the sum of the structure constants defining any product O^u ⋆ O^v of Schubert classes in QK_T (X) is equal to 1. This is our first result.

Theorem 1. For fixed u, v we have ∑ w,d≥0

N^{w,d}_{u,v} = 1 in Γ.

Let χ_X : K_T (X) → Γ be the sheaf Euler characteristic map, defined as the equivariant pushforward along the structure morphism X → {pt}. Equivalently, χ_X is the unique Γ-linear map defined by χ_X (O^w) = 1 for all w. While this map is not a ring homomorphism unless X is a single point, Theorem 1 is equivalent to the following statement.

Theorem 2. Let QK^{poly}_T (X) ⊂ QK_T (X) be the subring of all finite power series. There exists a unique ring homomorphism ^χ : QK^{poly}_T (X) → Γ defined by ^χ(q) = 1 and ^χ(O^w) = 1 for all w.

Given two opposite Schubert varieties X^u and X_v in the cominuscule flag variety X, let dist(X^u, X_v) denote the minimal degree of a rational curve connecting these subvarieties. This degree is the smallest power of the deformation parameter q that occurs in the product O^u ⋆ O_v , where O_v = [O_{Xv} ]. Let χ : QK_T (X) → Γ�q� denote the Γ�q�-linear extension of the sheaf Euler characteristic map, defined by χ(O^w) = 1 for all w. Both of the above theorems are consequences of the following identity.

Theorem 3. We have χ(O^u ⋆ O_v) = q^{dist(Xu,Xv )}.

The proof of Theorem 3 is based on a construction of the ring QK_T (X) using projected Gromov-Witten varieties [3], together with a relation between such varieties and K-theoretic Gromov-Witten invariants [15, 4].

Our results have been utilized by the second author to give an explicit formula for the Schubert structure constants of the equivariant quantum Ktheory of projective space QK_T (P^n). This formula establishes Griffeth-Ram positivity in this case [9].

Theorem 1 was observed independently by Changzheng Li and Leonardo Mihalcea, who also obtained proofs in some cases. We thank Li and Mihalcea for helpful discussions on this subject.

2. Quantum K-theory

In this section we briefly recall the definitions used in the statements of our results, as well as the background required to prove them. A more detailed introduction to quantum K-theory can be found in [3, §2].

Let G be a semisimple complex linear algebraic group and fix a maximal torus T , a Borel subgroup B, and a parabolic subgroup P such that T ⊂ B ⊂ P ⊂ G. Let W = N_G(T )/T be the Weyl group of G, let W_P = N_P (T )/T be the Weyl group of P , and let W^P ⊂ W be the subset of minimal representatives for the cosets in W/W_P . Each element w ∈ W^P defines the Schubert varieties X_w = Bw.P and X^w = B^−w.P in the flag variety X = G/P , where B^− ⊂ G denotes the opposite Borel subgroup defined by B ∩ B^− = T . We have dim(X_w) = codim(X^w, X) = ℓ(w), where ℓ(w) is the length of w. A simple root γ of G is called cominuscule if the coefficient of γ is one when the highest root is written as a linear combination of simple roots. The flag variety X is cominuscule if W^P contains a single simple reflection s_γ defined by a cominuscule simple root γ. We will assume this in what follows. In particular, we can identify H_2(X; Z) = Z [X_{sγ} ] with the group of integers Z.

Given a non-negative degree d ∈ H_2(X; Z) we let M_{0,n}(X, d) denote the Kontsevich moduli space of n-pointed stable maps to X of degree d and genus zero, see [11]. This space is equipped with evaluation maps ev_i : M_{0,n}(X, d) → X for 1 ≤ i ≤ n. Given any closed subvariety Z ⊂ X, the curve neighborhood Γ_d(Z) = ev_2(ev^{−1}_1 (Z)) is the union of all connected rational curves of degree d in X that meet Z. It was proved in [5] that, if Z is a Schubert variety in X, then so is Γ_d(Z). For w ∈ W^P we let w(−d) ∈ W^P denote the unique element for which Γ_d(X^w) = X^{w(−d)}. Given two opposite Schubert varieties X^u and X_v , the corresponding projected Gromov-Witten variety is defined by Γ_d(X^u, X_v ) = ev_3(ev^{−1}_1 (X^u) ∩ ev^{−1}_2 (X_v )). This is the union of all connected rational curves of degree d that meet both X^u and X_v. It was shown in [4] that projected Gromov-Witten varieties are also projected Richardson varieties as studied in [16], hence non-empty projected Gromov-Witten varieties are unirational with rational singularities. This generalizes the fact that any non-empty Richardson variety X^u ∩ X_v is rational with rational singularities [22, 20, 21, 2]. We let dist(X^u, X_v ) denote the smallest degree d for which Γ_d(X^u, X_v) ≠ ∅.

Let K_T (X) denote the Grothendieck ring of T -equivariant algebraic vector bundles on X. Every T -stable closed subvariety Z ⊂ X defines a class [O_Z ] ∈ K_T (X). If Z is unirational with rational singularities, then we have χ_X ([O_Z ]) = 1 ∈ Γ, see [10, Cor. 4.18(a)]. The Schubert classes O^w = [O_Xw ] for w ∈ W^P form a basis of K_T (X) as a module over the subring Γ = K_T (pt). An alternative basis is provided by the B-stable Schubert classes O_w = [O_{Xw} ]. Let Γ�q� denote the ring of formal power series in a single variable q with coefficients in Γ. The equivariant quantum K-theory ring QK_T (X) is a Γ�q�-algebra, which as a module over Γ�q� is defined by QK_T (X) = K_T (X) ⊗_Γ Γ�q�. Givental defined the product in QK_T (X) in terms of structure constants obtained as polynomial expressions of Gromov- Witten invariants [12]. In this paper we will use an alternative construction from [4, 3]. For u, v ∈ W^P , define a power series in QK_T (X) by

O^u ⊙ O_v = ∑ d≥0 [O_{Γd(X}u_{,Xv )}] q^d .

Let ψ : QK_T (X) → QK_T (X) be the unique Γ�q�-linear map defined by ψ(O^w) = O^{w(−1)}. The product in QK_T (X) is the unique Γ�q�-bilinear operator ⋆ defined by [3, Prop. 3.2]

O^u ⋆ O_v = (1 − qψ)(O^u ⊙ O_v) .

3. Proof of Theorems 1, 2, and 3

Let χ : QK_T (X) → Γ�q� be the Γ�q�-linear extension of the Euler characteristic map. Since we have χψ = χ, Theorem 3 follows from the calculation

χ(O^u ⋆ O_v) = χ(1 − qψ)(O^u ⊙ O_v) = (1 − q)χ(O^u ⊙ O_v)

= (1 − q) ∑ d≥dist(X^u,X_v )

q^d = q^{dist(Xu,Xv )} .

It follows from [5, Thm. 1] that the group QK^{poly}_T (X) = K_T (X) ⊗_Γ Γ[q] of finite power series is a subring of QK_T (X). Let μ : Γ[q] → Γ be the ring homomorphism defined by μ(q) = 1 and μ(α) = α for α ∈ Γ. If we consider Γ as a module over Γ[q] through this map, then the composition ^χ = μχ : QK^{poly}_T (X) → Γ is a Γ[q]-linear map. Since both of the sets {O^u : u ∈ W^P } and {O_v : v ∈ W^P } are bases for QK^{poly}_T (X) over Γ[q], it follows from the identity ^χ(O^u ⋆ O_v ) = 1 = ^χ(O^u) · ^χ(O_v ) that ^χ is a homomorphism of Γ[q]- algebras. This proves Theorem 2. Finally, Theorem 1 follows from applying ^χ to both sides of (1).

References

[1] D. Anderson, S. Griffeth, and E. Miller, Positivity and Kleiman transversality in equivariant K-theory of homogeneous spaces, J. Eur. Math. Soc. (JEMS) 13 (2011), no. 1, 57–84. MR 2735076

[2] M. Brion, Positivity in the Grothendieck group of complex flag varieties, J. Algebra 258 (2002), no. 1, 137–159, Special issue in celebration of Claudio Procesi’s 60th birthday. MR 1958901 (2003m:14017) [3] A. S. Buch, P.-E. Chaput, L. Mihalcea, and N. Perrin, A Chevalley formula for the equivariant quantum K-theory of cominuscule varieties, arXiv:1604.07500, to appear in Algebraic Geometry.

[4] , Projected Gromov-Witten varieties in cominuscule spaces, arXiv:1312.2468, to appear in Proc. Amer. Math. Soc.

[5] , Finiteness of cominuscule quantum K-theory, Ann. Sci. Éc. Norm. Supér.

(4) 46 (2013), no. 3, 477–494 (2013). MR 3099983 [6] , Rational connectedness implies finiteness of quantum K-theory, Asian J.

Math. 20 (2016), no. 1, 117–122. MR 3460760 [7] A. S. Buch and L. Mihalcea, Quantum K-theory of Grassmannians, Duke Math. J.

156 (2011), no. 3, 501–538. MR 2772069 [8] P.-E. Chaput and N. Perrin, Rationality of some Gromov-Witten varieties and application to quantum K-theory, Commun. Contemp. Math. 13 (2011), no. 1, 67–90. MR 2772579 (2012k:14077) [9] S. Chung, A formula for quantum K-theory of projective space, in preparation. [10] O. Debarre, Higher-dimensional algebraic geometry, Universitext, Springer-Verlag, New York, 2001. MR 1841091 (2002g:14001) [11] W. Fulton and R. Pandharipande, Notes on stable maps and quantum cohomology, Algebraic geometry—Santa Cruz 1995, Proc. Sympos. Pure Math., vol. 62, Amer. Math. Soc., Providence, RI, 1997, pp. 45–96. MR 1492534 (98m:14025) [12] A. Givental, On the WDVV equation in quantum K-theory, Michigan Math. J. 48 (2000), 295–304, Dedicated to William Fulton on the occasion of his 60th birthday. MR 1786492 (2001m:14078) [13] V. Gorbounov and C. Korff, Quantum integrability and generalised quantum Schubert calculus, Adv. Math. 313 (2017), 282–356. MR 3649227 [14] S. Griffeth and A. Ram, Affine Hecke algebras and the Schubert calculus, European J. Combin. 25 (2004), no. 8, 1263–1283. MR 2095481 (2005h:14118) [15] A. Knutson, T. Lam, and D. Speyer, Positroid varieties: juggling and geometry, Compos. Math. 149 (2013), no. 10, 1710–1752. MR 3123307 [16] , Projections of Richardson varieties, J. Reine Angew. Math. 687 (2014), 133–157. MR 3176610 [17] C. Lenart and T. Maeno, Quantum Grothendieck polynomials, math.CO/0608232. [18] C. Lenart and A. Postnikov, Affine Weyl groups in K-theory and representation theory, Int. Math. Res. Not. IMRN (2007), no. 12, Art. ID rnm038, 65. MR 2344548 [19] L. Mihalcea, Positivity in equivariant quantum Schubert calculus, Amer. J. Math. 128 (2006), no. 3, 787–803. MR 2230925 [20] S. Ramanan and A. Ramanathan, Projective normality of flag varieties and Schubert varieties, Invent. Math. 79 (1985), no. 2, 217–224. MR 778124 (86j:14051) [21] A. Ramanathan, Schubert varieties are arithmetically Cohen-Macaulay, Invent. Math.

80 (1985), no. 2, 283–294. MR 788411 (87d:14044) [22] R. W. Richardson, Intersections of double cosets in algebraic groups, Indag. Math.

(N.S.) 3 (1992), no. 1, 69–77. MR 1157520 (93b:20081)

Department of Mathematics, Rutgers University, 110 Frelinghuysen Road, Piscataway, NJ 08854, USA

E-mail address: asbuch@math.rutgers.edu

Department of Mathematics, Rutgers University, 110 Frelinghuysen Road, Piscataway, NJ 08854, USA

E-mail address: sjuvon.chung@rutgers.edu