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Solving Linear Recurrences

To solve a kth order linear recurrence

hn — alhn—l @Zhn—Q " @kzhn—k (CLk # O)a
hn has kth degree characteristic polynomial
h(z)=a" —ajx" ' —agz"™ % — - —qy

If h(x) has k distinct roots rv, ro, ..., rx,
then there exist constants ¢y, c2, ...,ckx such that

hpy=cr"+cr’"+ - +cgry,
where ¢4, c2, ...,ckdepend on the initial conditions.
Goal: Prove this combinatorially
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Second Order Linear Recurrences

Suppose ho, h1 ho, ... satisfies for n = 2,
hy = a1hp—1 + agh,—o (a2 #0),

f h(z) =2 — a1z — as

has distinct roots r1 and ro,

then there exist constants ¢+ and c¢2 such that

T T
hyp = c11y 4 Cary.
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Second Order Linear Recurrences

Suppose ho, h1 ho, ... satisfies for n = 2,
hy = a1hp—1 + agh,—o (a2 #0),

What does h, count?

Traditional model: h, counts tilings of length n
using squares and dominoes, where
squares have a weight of as
and dominoes have a weight of ax.

More colorful model:



We use two colors of squares:

Light squares have weight r I

Dark squares have weight r .

Dominoes have weight —r1r2
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product of the weights of its tiles.



We use two colors of squares:

Light squares have weight r M

Dark squares have weight r .
Dominoes have weight —r4r2 -

The weight of a tiling is the
product of the weights of its tiles.

Initial tiles get a different weight than the other tiles.



We use two colors of squares:

Light squares have weight r M

Dark squares have weight r .
Dominoes have weight —r4r2 -

Initial Welights:
A square on cell 1 has weight c1r1 or car2.
A domino on cell 1 has weight —(c1 + c2)rire.

The constants c1and c2 will be determined later.
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Example:

has weight —c1r1*r2?

Let Wi be the total weight of all tilings of length n.

Claim: W, satisfies the same recurrence as hn.
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For n > 2,

W, =riWo_14+1r W1 —r1mW, 5

Total weight Ends in light square Ends in dark square Ends in domino

= (r1 +7ro) Wy_1 —riraeW,, o

—a1Wy—1+ aaW,
‘— iz —as = (z—71)(T —72)

= 2% — (r1 +72)x + 1173

since x



Why does W, = c177 + cors 2

Combinatorial Proof:

Definition: A tiling is impure if it contains a domino
or if it contains two adjacent squares of opposite
color.

Thus a tiling has an impurity if it contains




Claim: Impure Tilings Sum to Zero

If the tiling does not start with an impurity
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Find a mate of opposite weight!
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Impure Tilings Sum to Zero

If the tiIing does start with an impurity

first |mpur|ty

Find a trio that sums to zero!
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Impure Tilings Sum to Zero

If the tiling does start with an impurity

r1
r1

C1rira + carori —(c1+c2)rira = 0
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Since W, is the total weight of all tilings,
and since the impure tilings sum to zero,

W is the total weight of all pure tilings.
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The pure tilings
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Weight = C1r1"

1 2 3 . . n
weight = cara"

Wh = Total Weight = c4r1" + cora"
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Since hn and W, satisfy the same recurrence,
they will be equal if they have the same Iinitial
conditions. Thus, we choose ¢1 and c2 so that

Wo = hg and W1 = hq.

Thus, we solve

1 1 C1\ h()
ry T2 C2 N hq
Since the matrix has determinant r2 - r1 # 0, there

are unigue constants c1and c2 such that

hn = Wh = c1ri" + coro"



Third Order Linear Recurrences

Suppose ho, h1 ho, ... satisfies for n = 3,

hn — alhn—l + a2hn—2 - aShn—S

If h(x) =2’ —a12° — asr — as

(a3 # 0),

has distinct roots r+, ro, and rs,

then there exist constants ¢+, ¢c2, and c¢3 such that

T T
hyn = c117 + Ccars

63r§.
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We use three types of dominoes:

And one type of tromino:
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Initial tiles get a different weight:

We use three types of squares:

We use three types of dominoes:

And one type of tromino:

C3I'3

(C1+Co+C3)rirars




Let Wi be the total weight of all n-tilings.
W satisfies the same recurrence as hn, since
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Let Wi be the total weight of all n-tilings.
W satisfies the same recurrence as hn, since

Wo=(r1+re+r3) Wp_1— (rire + 1173 + 1213) Wi o0 + 1110173 W,, 3

Total weight Ends inasquare Endsinadomino Endsinatromino

since 2° — a12° — asxr —as = (x — 1) (x — r2)(x — r3)

= 1% — (r1 + 72 +7r3)2° + (1172 + 1173 4 T2r3)T — 71T
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What are the impurities?
Any tile of length 2 or 3.

A square with weight r; or ciri followed by any
tile with weight not including r.

Examples:
r3 >

(if preceded by squares of weight r2)

Non-initial impurities sum to zero!



Initial impurities sum to zero too!
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total weight Wn = c1ri" + cor2" + cars”
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Just 3 pure tilings!

2 3 : : n
total weight Wn = c1ri" + cor2" + cars” ©
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The same proof works for kth order recurrences with
k distinct roots to its characteristic equation

Square weights: T 1 <i<k

Domino weights: — 71Ty 1 <1<y <k

t-omino weights:  (—=1)""tr, ;o7

k-omino weights: (=) g -1y,



The same proof works for kth order recurrences with
k distinct roots to its characteristic equation

Initial Square weights: C,;71; 1<i<k

Initial Domino weights:
—(ci—l—cj)T‘iTj 1 <1<y <k

Initial t-omino weights:

(—1)t+1(ci1 _|_ Cig _|_ . e . _|_ Cit)r’l:]_ 7“22 c o T@t

Initial k-omino weights:
(—1)k+1(c1 —I—CQ—I—---—I—Ck)T‘lTQ Tk



What about Repeated Roots?

If hn has characteristic equation of the form

(X —r)3

then there exist constants ¢1 and ¢c2 such that

h, = c1" + conr’



Repeated Single Root

If hn has characteristic equation of the form

(X = )"

then there exist constants ¢y, c2, ...,ck such that
hn = c1 + conr + c3n?r' + ... + ckn* ',

where ¢4, ¢, ...,ckdepend on the initial conditions.



General Situation
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(x — 1) (x—1re)"2 o (x— 1)

then there exist constants cj where
1<i<tand 1 <j<m such that
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Repeated Single Root

If hn has characteristic equation of the form

(X = )"

then there exist constants ¢y, c2, ...,ck such that
hn = c1 + conr + c3n?r' + ... + ckn* ',

where ¢4, ¢, ...,ckdepend on the initial conditions.

Tiling Model: Same as before, but with coins added!



If hn has characteristic equation of the form

(X =)
First, Imagine the k roots are distinct with weights
i, e, ..., lk.
Numerically, M=r=..=r=r.

Tiles (including initial tiles) get the same weights
as before. Fort=1, ..., k

t-omino weights: (=1)""'r; r; - 1, or

(—1)t+1(ci1 + ¢, + -+ Cit)ril Tiz .. T’it



For a given tiling, let m denote the largest index
to appear anywhere on the tiling.

Then place m — 7 distinct coins on various tiles of
the tiling (repetition allowed). Coins may only be
placed on tiles that contain r, as a factor.

Coins do not affect the weight of the tiling; they
simply increase the number of tilings.



Examples of coined tilings

Here, m = 3, so we must place 2 distinct coins among
the tiles containing rs -- the two yellow squares and
green domino.(9 ways to coin the tiling)
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Examples of coined tilings

Here, m = 8, and we must place all 7 distinct coins
among the first two tiles.(128 ways to coin the tiling)
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Examples of coined tilings

Here, m = 8, and we must place all 7 distinct coins
among the first two tiles.(128 ways to coin the tiling)
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tile with weight not including r.
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A square with weight r; or ciri followed by any
tile with weight not including r.
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Same impurities as before
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Any tile of length greater than 1.

A square with weight r; or ciri followed by any
tile with weight not including r.
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Same impurities as before
(coins don't affect purity)

Any tile of length greater than 1.

A square with weight rj or ciri followed by any
tile with weight not including r.

L) SAS
r3(-—-)
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Examples:
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Non-initial impurities Still sum to zero!
Coins follow the tile containing rm



Initial impurities still sum to zero too!

B E
GES Q) O
(C1+C2tC3)rirars =+ =+
0 C 0 C

Coins follow the tile containing rm




The pure tilings

1 2 3 : : n
m = 1, so it has no coins, and weight = c1r¢"

1 2 3 . . n

m = 2, so it has 1 coin
It can be coined n ways, each with weight = cor,"

and...



The pure tilings

m 3, so it has 2 coins
It can be coined n? ways, each with weight = cora"

and...

Cklk Ik I'k 'k [k [k

1 2 3 . : n
m = K, so it has k-1 coins
It can be coined n*" ways, each with weight = ckri"



Let Cn be the total weight of all coined n-tilings.

Why does C,, satisfies the same recurrence as hn?

This can be proved combinatorially by showing:

The total weight of tilings with any coins on the last tile
IS zero (by considering the /ast impurity).

S0, by considering the last tile, we get *
n=ai1Cn1+ azxCn2+ ... + akCn

(*Actually, this overcounts, but the total weight of the
overcounted tilings is shown to be zero.)
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Let Cn be the total weight of all coined n-tilings.

C, satisfies the same recurrence as hy!

Thus hn = Ch = the total weight of all coined tilings

S0 hn = the total weight of all pure coined tilings
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Let Cn be the total weight of all coined n-tilings.

C, satisfies the same recurrence as hy!

Thus hn = Ch = the total weight of all coined tilings

S0 hn = the total weight of all pure coined tilings

hn = ciri"+ conroa"+ c3n2r3" + ... + cknk "

©



The general situation

If hn has kth degree characteristic equation of the form
(@ —1r1)"( (=)

then there exist constants cj where
1<i<tand 1 <j<m; such that

t T ;
E : E : —1
hn — Cijn] 7’?.

i=1 j=1
where the values of c¢jdepend on the initial conditions.

T o Tr ¢

T —19)

can be obtained from the last proof by just finding
the first root that leads to an impurity.









