
Methods of Applied Mathematics: Math 527:01 Final Exam, Fall 2006

Instructions: You must show all work to earn full credit. If you do not have room in the given
space to answer a question, use the back of one of the exam pages andindicate clearly which work
goes with which problem.

In doing pde problems, you may use results from the formula sheet on Sturm-Liouville prob-
lems if they apply, but if you do your own Sturm-Liouville analysis you may assume there are no
negative eigenvalues.)

1. Lety(t), t ≥ 0, be the solution of

y′′(t) − 6y′(t) + 9y(t) = f(t), y(0) = 0, y′(0) = 1.

Let Y (s) denote the Laplace transform ofy and letF (s) denote the Laplace transform off .

(a) Find an expression forY (s) in terms of F (s).

(b) Find y(t) if f(t) = δ(t − 1).

2. Consider the Sturm-Liouville problem

y′′ + λy = 0, y(0) + 2y′(0) = 0, y(1) = 0.

(a) Isλ = 0 an eigenvalue.? If yes, give an associated eigenfunction. If not, show why not.

(b) Find a condition onλ > 0 that it must satisfy to be an eigenvalue, and forλ satisfyiing
this condition write down an associated eigenfunction.

(c) There are an infinite number of positive eigenvalues0 < λ1 < λ2 < · · · . Show graphi-
cally thatπ2 < λ1 < (3π/2)2.

3. a) Find the general solution to

4uxx(x, t) = ut(x, t), 0 < x < π, t > 0 (1)

ux(0, t) = 0 u(π, t) = 0, t > 0. (2)

b) Find the solutionu(x, t) to

4uxx = ut + 1, 0 < x < π, t > 0 (3)

ux(0, t) = 1 u(π, t) = 1 (4)

u(x, 0) = 0. (5)

You must give an explicit integral formula for the coefficients in your solution but you do
not need to evaluate the integrals explicitly.



4. Consider the partial differential equation with boundary condition

uxx(x, y) + uyy(x, y) = 0, −∞ < x < ∞, y > 0 (6)

u(x, 0) = f(x), −∞ < x < ∞ (7)

We want to solve this equation in the upper half-plane,y ≥ 0. Let

û(ω, y) =

∫ ∞

−∞

e−iωxu(x, y) dx

denote the Fourier transform ofu in thex variable, for eachy ≥ 0.

(a) Fourier transform equation (6) to find an equation thatû(ω, y) must satisfy ifu solves
(6).

(b) Show that an expression of the form̂u(ω, y) = A(ω)e−|ω|y, where isA is a function of
ω only, satisfies the equation derived in (a).

(c) From (b) we know that the Fourier transform of a solutionu to (6) has the form
û(ω, y) = A(ω)e−|ω|y. Identify whatA(ω) must be ifu also satisfies the condition
(7). Calculate the Fourier inverse of̂u(ω, y) = A(ω)e−|ω|y with theA you found in
(b), to find a solutionu(x, y) of (6), (7) in the form of an integral involvingf .

5. Consider the following differential equation fory(x), x > 0:

2x2y′′ + xy′
− (1+x2)y = 0. (8)

The questions you are to answer concerning this problem are collected on this page, and you
should enter your answers on this page. The next page is left blank for your work on this
problem.

(a) Explain why x=0 is a regular singular point of this equation.

(b) We want to solve (8) by the Frobenius method. Find the indicial equation and determine
its rootsr1 andr2.

(c) Let y1(x) be the Frobenius method solution corresponding to the larger root and with
a0 = 1. Findy1 explicitly out to its first three non-zero terms.

(d) Write down the general recursion relation (relatingan to previousak) for determining
the coefficients of the Frobenius method solutions.

Workpage for2x2y′′ + xy′ − (1 + x2)y = 0.

6. (a) Findf(x) if the Fourier transform off is f̂(ω) = e−(ω+1)2 .

(b) Find the Fourier transform ofe−|x−3| + e−2|x|.



7. Consider the wave equation

uxx = utt − u, 0 < x < 1, t > 0 (9)

u(0, t) = 0 u(1, t) = 0 (10)

u(x, 0) = 0 ut(x, 0) = x (11)

(a) Write down equations that must be satisfied byX(x) andT (t) if u(x, t) = X(x)T (t)
is to be a separable solution to (9).

(b) Find all possible separable solutions to (9), (10), and write down the general solution
to (9), (10). (You may use results from the formula sheet on Sturm-Liouville problems
if you see one to apply; if not you may assume there are no negative eigenvalues.)

(c) Explain how to choose the coefficients of the general solution to solve (9), (10),to-
gether with the initial conditions given in (11). You should give explicit formulas, but
these may have integrals in them.

8. This problem is about the nonlinear system in the plane:

x′ = y, y′ = −x + x3 + y.

Its singular points arex = −1, y = 0, andx = 1, y = 0, andx = 0, y = 0.

(a) Classify the type and stability of the singular points(x0, y0) = (1, 0) and(x1, y1) =
(0, 0), in so far as possible using linearization. If the linearization method does not
fully classify the singular point, indicate what possibilities it does allow.

(b) Sketch the phase portrait for the linearized system at the singular point(x0, y0) = (1, 0).
Include arrows of flow directions and eigenvectors, where appropriate. You may leave
out isoclines. Do the same for the singular point(x1, y1) = (0, 0).


