
Methods of Applied Mathematics— Math 527:01 Exam 1

1. Find the power series expansion (Taylor series) centeredatx0 = 1 for
1

3 − x
and give its

radius of convergence.

2. (a) Find the Laplace transform off(t) =

{

0, if 0 ≤ t < 1;
e2t, if t ≥ 1.

(b) Find the inverse transform of
1

(s − 3)(s2 + 1)
in the form of a single integral.

(c) Use partial fractions, without computing the numericalvalues of the constants, to ex-

press the inverse transform of
1

(s + 2)2(s2 + 1)
as a sum of functions. (The solution

should have the formc1u1(t) + · · · + ckuk(t), where thec1, . . . , ck are left undeter-
mined.)

3. Use Laplace transforms to solve the initial value problem:

y′′(t) + 2y′(t) + 3y(t) = δ(t − 2). y(0) = 1, y′(0) = −1.

4. Consider the equation x2y′′ + 2x cos(x)y′ + 5y = 0.

(a) x0 = 0 is a regular singular point. Explain why.

(b) What is the radius of convergence of the Frobenius seriessolution to the equation?
Explain.

(c) Find the indicial equation. (No further analysis required.)

(continued)



5. This problem is a study of the equation

x2y′′ + xy′ + (x−λ2)y = 0, (1)

for various values ofλ. You may take as given thatx = 0 is a regular singular point. If one
substitutesy(x) =

∑∞

0
anxn+r in equation (1) and takesa−1 = 0, one finds

∞
∑

n=0

{(

(n + r)2
− λ2

)

an + an−1

}

xn+r = 0 (2)

You may take this as given. Note that parts b), c), and d) of this problem may be done
independently of one another.

(a) Obtain the indicial equation forr and the recursion formula for thean’s. (Your answers
will haveλ in them.)

(b) (i) In this part,λ2 = 4/9. The indicial equation has two rootsr1 > r2. Find the
roots and then find the first three non-vanishing terms of the Frobenius series solution
corresponding to the larger root.

(ii) Again for λ2 = 4/9, show that y2(x) =
∞

∑

n=0

(−1)n

n!Γ(n−(1/3))
xn−2/3 is a solution

corresponding to the smaller root by verifying that the rootis correct and the coeffi-
cients satisfy the appropriate recursion formula.

(c) Consider now the caseλ = 0. What are the forms of the two independent solutions
to (1) guaranteed by Frobenius theory? (Give the general forms only. Do not compute
anything.)

(d) In this part consider the caseλ2 = 1/4 for which the roots of the indicial equation
are1/2 and−1/2. Let y1(x) be the solution corresponding to the larger root. Will
there be a second solution of the formx−1/2

∑∞

0
anx

n? If there is, find its first three
non-vanishing terms. If not, state the form the second solution must take.

6. Whenλ = 0, the equation of problem 5 isx2y′′ + xy′ + xy = 0. Find the general solution
to this equation in terms of Bessel functions. Find constants in this general solution to get a
solution with the propery thatlimx↓0 y(x) = 1.


