MA 491 Problem set #4
Complex Numbers

1. Given that 13 = 22432 and 74 = 52 + 72, express 13 x 74 = 962 as a sum of two squares.

2. Show that 4 arctan £ — arctan 75 = 7. (Hint: Consider (5 —i)*(1+1).)

3. Suppose A is a complex number and 7 is a positive integer such A” =1 and (A+1)" = 1.
Prove that n is divisible by 6 and that A% = 1.
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4. Show that (1> (3)—1-(5) (7)+... 2 cos4

5. Find a closed form for the sum 1 +sinz + sin 2z + ... + sinnz.

6. A regular polygon with n sides is inscribed in the unit circle in the plane with one of the
vertices at (1,0) on the z-axis. Find the product of the distances from the point (R,0) to
the vertices of the polygon.

7. Show that if z; , 2o, 23 are distinct complex numbers, then 2?2 + 22 + 22 = 2129 + 2123 + 2223
if and only if 2z, 29, 23 form the vertices of an equilateral triangle.

8. A hexagon is inscribed in a circle radius 1. Alternate sides have length 1. Show that the
midpoints of the other three sides form an equilateral triangle.

9. let z = x + iy be a complex number with x and y rational and with |z| = 1. Show that
the number |2 — 1| is rational for every integer n.

10. For k = 1,2,... ,n let 2 = xp + iyg, where x; and y, are real and + = +/—1. Let r be
the absolute value of the real part of

i\/z% + 22+ .. 22
Prove that r < |z1| + |z2| + ... + |z,].



