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Introduction

In this talk we will use the Wilf-Zeilberger (WZ)-method to prove
in an elementary way formulas like

S (22) ey, gy 1208

(1)3 @

or

00 3 n
Zm (3>3 (74n% +27n+3) = f?f,

7y \a
where (a), = a(a+1)(a+2)---(a+n—1).

The first one is a Ramanujan-type series due to Chan, Liaw and
Tan (2003), who proved it using elliptic modular functions.

All the known proofs of the second formula are based on WZ-pairs.
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The Pochhammer symbol

The rising or sifting factorial (Pochhammer symbol) is defined by

(a)x = r(?(4;)><) (0)o = 1.

If x is a positive integer, it reduces to
(a)h=ala+1)(a+2)---(a+n—1),

For a =1, we have
(1), = n!,

and we see that the rising factorial generalize the ordinary factorial.
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Ramanujan-type series for 1 /7

The series for 1 /7 of the form

> % $)a(1—=5)n
ZO( )n(()l)(% )Z (a—i—bn):;,

where s =1/2,1/4,1/3, or 1/6 and z, a, b are algebraic numbers,
were discovered by S. Ramanujan, who gave 17 examples in 1914,

One of them is

LA.)

o
1
E (42n+5) = 16
T

:O

3

It gives approximately log 64 ~ 1.8 digits of 7 per term.
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Other series by Ramanujan

The most impressive series discovered by Ramanujan are:

— (_1)n (%)n (%)n (%)n . 3528
g oD o (21460n + 1123) = ==,

L (3)a(3)a(3)a ~9801v2
;)994” (3" (26390n 4 1103) = =5,

which give almost 6 and 8 digits per term respectively.

J. and P. Borwein were the first to prove the 17 Ramanujan series
by using the theory of elliptic modular functions and equations.
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Rational and irrational Ramanujan series

Ramanujan only gives the following example of irrational series:

> 21 (vE-1)" 32
Z . [(42\/§+ 30)n + (5v/5 — 1)} -

3 26n T
n=0

The brothers D. and G. Chudnovsky proved the formula

i ) (3), (%), (2), 5451401340 + 13591409 _ /10005
53 3603” 1)3 426880 r
(1)

n=0 n

which has the property of being the fastest possible rational series.
This is so because for this series we have

b? = 163(1 — z),

the greatest number for which Q(v/—r) has unique factorization.
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Ramanujan-like series for 1 /72

Let s =1/2,s3=1—51,5,=1—s5, and

(517 52) :(1/2a 1/2), (1/27 1/3)7 (1/27 1/4)7 (1/27 1/6)7 (1/37 1/3)7
(1/3,1/4),(1/3,1/6),(1/4,1/4),(1/4,1/6),(1/6,1/6),
(1/5,2/5),(1/8,3/8),(1/10,3/10),(1/12,5/12).

We will call Ramanujan-like series for 1/72 to the series which are
of the form

1
(a+ bn+cn®) = =

where z, a, b and ¢ are algebraic numbers. Observe that now we
have five rising factorials in the numerator instead of three.

Jesis Guillera Proofs of Ramanujan series by the WZ-method



The PSLQ algorithm

Let (x1,...x,) be a vector of real numbers and write all the
numbers the x; with a precision of d decimal digits.

The PSLQ algorithm finds a vector (ay, ..., ap) of integers (with
aj # 0 for some j), such that:

aixy + -+ apx, =0, (with a precision of d digits),
and which has the smallest possible norm.

The PSLQ algorithm discovers identities but do not prove them.

Example: Let

n

< (1)°
2 ' —
Z H 2kn W, k=123,

n=0 ”

and look for integer relations among £(0), f(1), f(2) and 1/72.



The formulas we found and proved

With PSLQ we discovered the formulas

>, e o o= &,
> ()El))()ff(m F3an+3) = 5
n=0 "
n=0 "

| proved the three first formulas by the WZ-method in 2002 and
2003 and the last one in 2010.
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Conjectured formulas

By the PSLQ algorithm we discovered the formulas

SRR R RN P
ORE) B 0001 o 19 2

i:é)" 0.0, 0 D g 19 - 257

5~ o 810 8, 0B e g 29— 125

They remain unproved.
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More conjectured formulas

In 2010 we discovered three more series

i (%)n(%)n(%)n(%)n(g)n(71)n <i)6n(1936n2 +549n+45):ﬁ

i (13 w2’
oo (1)\3(1y (2 3n
;b) 85(3)@) [(3 —ilf)n%(ls—ff)w@—?) -2

where ¢ is the fifth power of the golden ratio. This formula is the
unique irrational example that | have found for 1/7r2.

The second formula is joint with G. Almkuvist.

Jesis Guillera Proofs of Ramanujan series by the WZ-method



Formulas for 1/7% and 1/7*

B. Gourevitch (2002) found with PSLQ the formula

~

o] 1

(f)n 1 3 2 _ 32
> ) 567 (168n° +76n° + 140+ 1) = —,
n=0 n

and Jim Cullen (2010) found with PSLQ the formula

X

= ()h3),3), 1
3 0.
12

(43680n* + 20632n° + 4340n° + 466n + 21) = 7

Are they provable by the WZ-method?.
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The WZ-method

Let G(n, k) be hypergeometric in its two symbols. The proof of

oo
Z G(n, k) = Constant,
n=0

can be automatically (EKHAD) carried over by a computer.

H. Wilf and D. Zeilberger have discovered an algorithm that finds
a rational function C(n, k) called certificate, such that

F(n, k) = C(n, k)G(n, k), F(0, k) =0,
G(n,k+1)— G(n, k) = F(n+1,k) — F(n, k) (WZ—pair).

Observe that if we sum for n > 0 the right side telescopes. Then
apply Carlson's theorem.
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Chains of WZ pairs

Let F(n, k) and G(n, k) be the two hypergeometric functions of a
WZ-pair, and suppose that in addition F(0, k) = 0. If we define

Fs.t(n, k) = F(sn, k + tn), s € Z — {0}, te7Z,
then Fs+(n, k) and G ¢(n, k) are also the functions of WZ-pairs

satisfying Fs +(0, k) = 0 and in addition, we have

Z Gs,t(n, k) = Z G(n, k) = Constant.

n=0 n=0

So we have a chain of formulas with the same sum.
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Bauer's series

In 1859 Bauer proved the formula

> (1) 83"

n=0

w

(4n—|—1):;

3

Generalization and Zeilberger's proof of Bauer's series:

GRGK,, 2
;J( D, Y=

—_

)k
)k

Proof: The companion is

(36K, 0) n?
Fn k) = U 002 (1): 2n— 2k —1’

and we deduce the constant taking k = 1/2.
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Some remarks

Write with (SumTools [Hypergeometric]); in a Maple session,

12 (1 _
and let H(n, k) = (—1)"((21)4"}/(2%(1))2". Then, writing

degree(Zeilberger (H(n,k) ,k,n,K) [1] ,K);
we see that the degree is 2 < 3 (candidate). Then, if we write

coK2:=coeff (Zeilberger (H(n,k) * (n+b*k+c) ,k,n,K) [1] ,K,2);
coes:=coeffs(coK2,k); solve({coes},{b,c});

we get the solution b =0, ¢ = 1/4. Then, writing
Zeilberger (H(n,k)*(4*n+1) ,k,n,K) [1];

we get the output (1 4 2k)K — (2 + 2k).
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WZ-proofs of series for 1/m

By the WZ-method, we get the identities:

1 GHK),G=3), G5y, _2V3 (4" (1
D N (1 (R PG ) &
F(n,k) — F(n, k + n), leads to
i(—l)” (2=, G+3),(G+3), G+,
pr Wa(1+3),G+3),
(28n+3)(2n +1) + 4k(9n + k+2) _ 16V3 <4>k (1)«
8 2n+k +1 37 3) ),

We have determined the values of the constants by taking kK = 1/2.
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More formulas in the chain

F(n, k) — F(n, k +2n) leads to

i1(;)n(i)n(i)n(é)n(g)n720n3+804n2+236n+15 _ 1283
=2 W23),(3), (n+5)(n+3) T

F(n, k) — F(2n, k — 3n) leads to

i 557 (35),(55),(15), (), 29240 + 16680 + 105 432v/3

26n35n (1)3(1)n n+ i s

n\2

n=0
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WZ-proofs of Series for 1 /7. Part 2

By the WZ-method, we get the identities:

= (-1\" (3 +2K), (3); 22 (1}
> (5) o, ey

n(6n+ 4k + 1) =
n=0
With the transformation F(n, k) — F(n, k + n), we get

=
—~
Blw
~—
==

o (—27\"_ (3+2K),(2), (5), (8),
Z(5l2> (2+3), (14 3), 1+ K)a(1)s
y (154n +15)(2n + 1) + 4k(66n + 16k +19)  32v/2  (1)2

RS BERGNEN

Here, we have determined the constants taking kK — +00. Observe
that (k) ~ k".
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WZ-proofs of series for 1 /7. Part 3

By the WZ-method, we get the identities:

(1) (3), (G +26), (5 +K), (5 +K),

§<16> (24 3), (14 3),(L+K)n(1)

(51n+7)(2n+1) + k(114n + 36k +37) _ 12v/3 (1)
20+ k+1 NONON

X

= (=9)" (-0, (3430, +K),(3+4),
> (%)

\16 (3), W1+ K)a(1+ 3K),
y (5n+1)(2n+1) + k(160 + 6k +7) _ 4\/3 e (1)2 '
2n +1 3m (5)k (8)

Jesis Guillera Proofs of Ramanujan series by the WZ-method



Binomial candidates

We consider the following expression:

o= (52) G 00 (1450, (),
16 (1+Jas), (3+ia%), (1445 k)n(1)
For most of the values of ji, j2, j3, ja and j5, we see (Maple):

with(SumTools [Hypergeometric]) ;
degree(Zeilberger (H(n,k) ,k,n,K) [1],K);

is equal to 4, but for j; =0, o =2, j3 = js = js = 1, we see that
degree(Zeilberger (H(n,k) ,k,n,K) [1],K);

is equal to 3. Hence, this is candidate.
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With the candidate
_(-1\"(3), (G+2K),(5+K),(+K),
0= (36) 05, 0t B s o,

we calculate the numerical values of

A — iH(n, (61 +7)(2n+1)

2n+k+1
Bk_kZH K e k1 +k+1
Cy = kZH(n k)¥.
— 2n+ k+1

and of D = 12V/3/x.
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PSLQ+WZ. Cont

We see that we have to find the constants a;, a» and as, such that
Ak + a1Bg + (32/( + 33)Ck + bDf(k) =0.
We find them using PSLQ to look for integer relations among

Ak7 Bk7 Ck, D

We get
3A;1 +342B; + 219G, — 16Df(1) = 0,
105A; + 119708, + 11445C, — 1024Df(2) = 0,
1155A3 + 13167083 + 167475C3 — 16384Df(3) = 0.

The solution is a; = 114, a, = 36 and a3 = 37.
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Cont. The WZ-pair

The combinatorial part of the WZ-pair is

B(n. k) — (3),G+2k), G+k),E+k), @G
’ (3+5),0+5%,0+ka1), (17
G G, G+8) G5 (3.(3).08),
(3)e 3), (@ + (1 +2n), L

And the WZ-pair is

1 51n+7)(2n+ 1) + k(114n + 36k + 37
G(n, k) = B(n, k)< 16>( A 2n)+kELl ),

B 9n(—6n? — 30nk — 13n + 7k + 3)
F(n, k) = B(n, k)< 16) 3k + 1)(3k + 2)

Observe how we guess the denominators of the rational parts.
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Another example

We have

(1) Qa0 b,

o\ 4 (D31 +k)n (3 + ),
L (3F20n)@4n+1)+4k(120+1) _ 8 (), (1),
an+4k+1 (3G
And
. 1Y @B G (3),3),0),
A ’k)_< 4) A+ne(E-n), (3+n), (1)3

" 64n>(4n — 1)
(4n — 4k —3)(4n+ 4k + 1)’

Observe how we guess the denominators of the rational parts.
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Froms=1/2tos=1/4

We have not found a WZ-pair to prove the formula

o (1) (1) (3 2n
2(2)"((‘3;(4)"(—1)" (g) (65n +8) = g;ﬁ,
n=0 n

but we can relate it to a formula proved by the WZ-method. Let

64\  (—k)n(3)s (1"
— —k 1_k 2n
B k) = ¢ k)(”;_? ))"2((2’1)n 2)"(_1)" (éi) (130n — 2k + 15).

From a Whipple's formula we can deduce that
> A(n,k)=> B(nk) VkeC.
n=0 n=0

Jesis Guillera Proofs of Ramanujan series by the WZ-method



Automatic proof

Let a(k)=>_ A(n k), b(k)=>Y B(nk).
n=0 n=0

We can prove that a(k) = b(k) automatically using Zeilberger:

with(SumTools [Hypergeometric]);
Zeilberger(A(n,k) ,k,n,K) [1];
Zeilberger (B(n,k),k,n,K) [1];

We see that a(k) and b(k) satisfy the same third order recurrent
equation, and due to (—k),, we can directly check that

a(0) = b(0), a(1) = b(1), a(2) = b(2).

Hence a(k) = b(k) for all integers, which imply (Carlson's Thm.)
that a(k) = b(k) Vk € C. Replacing k = —1/2 we are done.
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Froms=1/2tos=1/6

Prove that:
Z"" (3), (&), @), (2)* 11v33
2 T (11> (126!7 + 10) = o

Zeilberger (f (n,k) ,k,n,K) [1];

we can automatically prove that

”<§§)3k§% z- i) e iim e () e
_Z k_)nk) (23 (% )) (f) (126 + 6k + 11).

Here take k = —1/6 and we are done.

Jesis Guillera Proofs of Ramanujan series by the WZ-method



Complementary formulas. Part 1

D. Zeilberger wrote the Maple package twoFone, which found
automatically many nice formulas, like for example

i (3—K), (=34, 2% (1) (

(1 + 2k) (1), (9-4v5)"= G

n=0

Multiplying (inside the series) for n + bk + ¢, we determine b and
c forcing the coefficient of K? to be 0. That is, writing

coK2:=coeff (Zeilberger (k,n,K) [1],K,2);
coes:=coeffs(coK2,k);
solve({coes},{b,c});

and we obtain the complementary formula
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Complentary formulas. Part 2

i (G —K), (G —3h), n(9 — 4y/5)" [40n+20(\/§—1)k+5—\/§}
s 1+2k )n(1)n
_c 28k Dk (3), Cc 21/10 + 55
k5B (), (), o

Substituting kK = 0, and multiplying both series, we obtain
50
n=0 )

Finally, using Clausen formula, the product transforms into

(9 — 44/5)" i 5)"(40n +5 — V5) = (1 G.

i% (9 — 4V/5)" (20n+5—\/§):@‘

™

3

n=0
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WZ-proofs of Ramanujan-like series for 1/72 (1)

Z 1 3(1 Kz (120 484kn34n-+10k+ )_ﬁ(;)?
—0 n n 2/ k

For k = 0 we have

00 1\3 (1) (3
2;(2) Ei‘)) o(3), n(120n° + 34n + 3) = 735

and if we let kK — oo, we recover the Ramanujan series

w

R 16
Z (42n+5) = —.

:0

3

Observe that (k), ~ k".
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WZ-proofs of Ramanujan-like series for 1/72 (2)

[e'e) 5
1)n (%) 2 5 8 (1)i
Z;J 52n 1+ k)4(20n +8n+1+424kn+8k“+4k) = = l)
"~ 2

=

—

For k = 0, we have
o ]_)”
Z 22n
n=0

With the transformation F(n, k) — F(n, k + n), we get

l\)h—l
01

8
72.

n(20n° +8n+ 1) =
T

3

e’} 1\5
(2), (1) 128
n§_0 1);? 510, (820n” +180n +13) = —,

which gives 3 digits per term.
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WZ-proofs of Ramanujan-like series for 1/72 (3)

We have

S22, (49,659,049, (3)3"

(131 + k)3 4

4
n=0
(74n° +27n + 3)n + k(108n> + 42kn + 24n + 5k + 1)

X
k
n+3
48 (1)3 . .
=— ((1;’;, (we get the constant taking the limit as k — o0).
s =
2)k

Then, taking k = 0, we get

48
w2

i (3),(3),3), (3

3n
(s > (74n% +27n +3) =
n=0 n

4
| proved this formula in (2010).
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WZ-proof of another formula by Ramanujan

In his first letter to Hardy, Ramanujan sent the following formula:

= (o pyr 2
Z( )"(—1) (4n+1) = e

— (15

BaG+K, G0,
(D2(1 5 K2(1 + 2K), D)7 we get that

degree(Zeilberger (B(n,k) ,k,n,K) [1],K)

For B(n, k) =

is equal to 4, so this binomial part is a candidate. We find:

= (3), (5+4), (3K 2
S i (DN 2k1) = o >
2 (DR T KR+ 20), HONOHEH

which proves the Ramanujan series.
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A complementary formula

We have found the following related series

0 5 \
Z(—l)” (%)”(4n +1)(8n* +4n+1) = 8 (3) 7

247 w4

and the WZ-proof:

S Wy R ),

R (TN [(4n+1)(8n2+4n+1)

n=0

8r+ (3 1)3
+k(24”2+8kn+8n+1)} — 71_[54) ( ( )k
Hence, we have

5

i( 1)" (), (4n+1) i %) 4n+1)(8n2+4n+1):7lr—6.

n=0 ( ) n=0
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Supercongruences

W. Zudilin used the WZ-method to prove p-adic analogues for
some Ramanujan-type series for 1/m and 1/72. For example:

pfl l l § — n p—1

Z (2)n ((i); (4)n(20n+3)(221n) = 3(—]_)Tp (mod p3)a
n=0 n

p—1 (1\3 1y (3 1

2 (2)n ((;)?171 (4)n(120n2 + 34n + 3)ﬁ = 3p2 (mod p5);

where p is an odd prime. | have observed that there are also p-adic
analogues for the product of complementary series:

p—1

[ay

_ n(%)i ‘pi _ n(%)i 2
> (1) o (4n+1)-) (-1) s (4n+1)(8n* +4n+1)
n=0 n n=0 n

= p* (mod p®), where p is an odd prime.

Jesis Guillera Proofs of Ramanujan series by the WZ-method



Curious repetitions of special values of z. Part 1

Observe that these three series have the same value of z:

o (1 1 3
Z(2)n((i;;(4) 7}”(40 13)= 49\f

n=0 n

proved with modular equations.

i (8)n (3)n (8),(8), 1 1920n% 410720455 _ 196v7
pore (3), (1)3 74n 2n+1 3w

and

00 1 1 3 5 7

LY (LY (3) (2) (&) 1 5617
Z 2 8 ((51335’1(8)”(8) 74n(1920n +304n + 15) = 2
n=0 n
unproved.
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Curious repetitions of special values of z. Part 2

Observe that these two unproved series have the same value of z:

5 0a 0 B0 B (3)" o 280 19 72

2 (1) 5 w2

(joint with G. Almkvist), and

= (50 (3)0 (6)4 (8)n (3)°" 13302+ 790 +6 _ 625
> (&) -

n—=0 (%)n(l)i 5 2n+1 327

5
which | found recently by using the PSLQ algorithm.
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Curious repetitions of special values of z. Part 3

Observe that these two series have the same value of z:

= (3)a(3)0 (3), (1) 16V3
L B

n

n=0

proved by the modular theory and also by the WZ-method, and

n=0 n

unproved.
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Curious repetitions of special values of z. Part 4

Observe that these two series have the same value of z:

i (2), %33 (8), (s_o?nn (54180 -+ 263) — 640+/15
n=0 n

proved by the modular theory, and

i

Z_:O e (5418+6930+20) = = =,
unproved.
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Possible explanations

© Similar WZ-pairs.
@ Cases k = 0 and limit as kK — 400 of the same formula.
© ldentities with a free parameter k.

@ Unknown transformations.
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Thank you
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