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@ Motivation
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Least squares & basic solutions of Ax =b, A R™'

All, %] [b[l

Least squares solution x* :=argmin||Ax —b]|
|-basic solution  x; := A[l,*]~*b[l].
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A. Ben-Tal & M. Teboulle, [13]

Consider a system of linear equations
Ax=Db

AcR™', beR™ and its least squares solution (LSS)

X" := argmin||Ax — bl].
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A. Ben-Tal & M. Teboulle, [13]

Consider a system of linear equations
Ax=D

AcR™', beR™ and its least squares solution (LSS)

X" := argmin||Ax — bl].

Forany | = {iy,iz,---,ir} € 1:m, with A[l, %] nonsingular,
the I-basic solution is

x = A[l, ] *b]l].
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A. Ben-Tal & M. Teboulle, [13]

Consider a system of linear equations
Ax=D
AcR™', beR™ and its least squares solution (LSS)

X* :=argmin||Ax—Db||.

Forany | = {iy,iz,---,ir} € 1:m, with A[l, %] nonsingular,
the I-basic solution is
x = A[l, ] *b]l].

Then LSS is a convex combination of the basic solutions

X*:Z)\|X|
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A. Ben-Tal & M. Teboulle, [13]

Consider a system of linear equations
Ax=D

AcR™', beR™ and its least squares solution (LSS)

X* :=argmin||Ax—Db||.

Forany | = {iy,iz,---,ir} € 1:m, with A[l, %] nonsingular,
the I-basic solution is
x = A[l, ] *b]l].

Then LSS is a convex combination of the basic solutions
X" = Z Aixi, A OdetAll, ]

_ det?A[l, %]
' T S de?A[J, 4]
J
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Why determinants? recall the cross product u x v

uxyv

Letu = (u),v=(v) € R and the cross product

Uuxv= (U2V3— U3V2)i + (U1V3— U3V1)j + (U1V2— U2V1)k. J
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u x Vv is the (signed) area of ¢ {u,v}

= N

uXxv

Letu = (u),v=(v) € R and the cross product

UXV=(UaV3—U3V2)i+ (UV3—U3V1)j + (U V2 — UaVp) K. J

The area A of $ {u,v} is

A=luxv]| )
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Why y det?A[J,«]? A Pythagorean theorem for areas
N

= N

uxyv

UXV=(UxV3—U3V2)i+ (UpVvz—UzVvy)j+ (Upvo — U vp) k.

A= lluxv] = /B+ A+

Adl Ben-Israel Matrix Volume and its Applications



Why y det?A[J,«]? A Pythagorean theorem for areas
N

= N

uxyv

UXV=(UxV3—U3V2)i+ (UpVvz—UzVvy)j+ (Upvo — U vp) k.

A=luxv]=/A2+AZ+ A2, where A;=|u1Va— UV |

is the area of the projection of ¢ {u,v} on the xy—plane, etc.
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MNLSS

Notation:
1n:={1,2,--- ,n—1,n}
Q(r,n)={l ={i1,---,ir}€lin | 1<ii<iz<---<iy <n}
[(A)={l1 €Q(r,m) | rank A[l,*] =r}
J(A) ={3€Q(r,n) | rank Alx,J] =r}
M(A) ={(1,3) € Q(r,m) x Q(r,n) | rank All,J] =r}




MNLSS

Notation:
1n:={1,2,--- ,n—1,n}

Q(r,n)={l ={i1,---,ir}€lin | 1<ip<iz<---<iy <n}

I(7A) {I €Q(r,m) | rank A[l,*] =r}
J(A) ={3€Q(r,n) | rank Alx,J] =r}
M(A) ={(1,3) € Q(r,m) x Q(r,n) | rank All,J] =r}

Let Ac R™" b e R™ and consider the minimum norm least
squares solution (MNLSS) x* of

Ax=Db

Adl Ben-Israel Matrix Volume and its Applications



MNLSS

Notation:
1n:={1,2,--- ,n—1,n}

Q(r,n)={l ={i1,---,ir}€lin | 1<ip<iz<---<iy <n}

I(7A) {I €Q(r,m) | rank A[l,*] =r}
J(A) ={3€Q(r,n) | rank Alx,J] =r}
M(A) ={(1,3) € Q(r,m) x Q(r,n) | rank All,J] =r}

Let Ac R™" b e R™ and consider the minimum norm least
squares solution (MNLSS) x* of
Ax=Dh
For any (1,J) € M(A), the solution x;; of
All,J]x =Db]l]

is called a basic solution. It is x;; = A[l,J] " *b]I]

Adl Ben-Israel Matrix Volume and its Applications



L. Berg, [14]

The MNLSS, x* = AT b, is a convex combination of the x;;’s

=% AgAlLJ T [l]
(1,))EM (A)




L. Berg, [14]

The MNLSS, x* = AT b, is a convex combination of the x;;’s

=% AgAlLJ T [l]
(1,))EM (A)

with convex weights proportional to det?A[l, J],

det?A[l,J]

S det?A[K, L]
(K,L)EM (A)

Ay =
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L. Berg, [14]

The MNLSS, x* = AT b, is a convex combination of the x;;’s

=% AgAlLJ T [l]
(1,))EM (A)

with convex weights proportional to det?A[l, J],

det?All,J
Ay = !

S det?A[K, L]
(K,L)EM (A)

If Ae R™" then

—

A= Y ALY
(1,L))EM(A)

with weights A;; as above.
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9 Definitions




Definitions of vol (A), A € Ry™"

Let Ae R™™. The volume of A, vol (A), is defined as

0, r=0;
vol (A) := s defA]l,J], r>0.
(1.3)EM(A)
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Definitions of vol (A), A € Ry™"

Let Ae R™™. The volume of A, vol (A), is defined as

0, r=0;
vol (A) := s defA]l,J], r>0.
(1.3)EM(A)

Definition 3

Equivalently, if r > 0O,

vol (A l_l o

the product of the singular values of A.
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Definitions of vol (A), A € Ry™"

Definition 2

Let Ae R™™. The volume of A, vol (A), is defined as

0, r=0;
vol (A) := s defA]l,J], r>0.
(1.3)EM(A)

Definition 3

Equivalently, if r > 0O,

vol (A l_l o)

the product of the singular values of A.

Definition 2 is applicable also to non—numerical matrices,
e.g. Jacobians.
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Why volume?

Given A€ R™", every unit cube in R(AT) is mapped by A into a
parallelepiped in R(A) of volume

vol (A).
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Why volume?

Given A€ R™", every unit cube in R(AT) is mapped by A into a
parallelepiped in R(A) of volume

vol (A).

Given A € R™", every ball of volume 1 in R(AT) is mapped by A
into an ellipsoid in R(A) of volume

vol (A).
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Special cases

If {wq,---,wp} C R" are li., the (signed) volume of the paral-
lelepiped O{wi,---,wy,} is given by the determinant

vol (O{wy, -+ ,Wp}) =detW, W= (wy,---,Wp),
and vol (W) =| detW| .
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Special cases

If {wq,---,wp} C R" are li., the (signed) volume of the paral-
lelepiped O{wi,---,wy,} is given by the determinant

vol (O{wq,---,wn}) =detW, W= (wq,---,Wp),
and vol (W) =| detW | .

If {wi,---,wx} C R" are Li,, k < n, the volume of the paral-
lelepiped O{w1,--- ,wx} is given by the Gram determinant,

vol2(O{wa, - ,wi}) = detW W, W= (wq,---, W),
and vol (W) = vdetWTWw.
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e Factorizations




Full rank factorizations

A full rank factorization (FRF) of A€ R™" is J

A=CR, CeR™" ReR*"




Full rank factorizations

A full rank factorization (FRF) of A€ R™" is

A=CR, CeR™" ReR*"

If A=CRis a FRF,

I(A) =1(C
J(A) =J(R)
M(A) =1(A) x J(A)
(1 €1(A),JeJ(A) = A[l,J] =C]l,*|R[*,J] nonsingular)




Full rank factorizations

A full rank factorization (FRF) of A€ R™" is

A=CR, CeR™" ReR*"

If A=CRis a FRF,

I(A) =1(C
J(A) =J(R)
M(A) =1(A) x J(A)
(1 €1(A),JeJ(A) = A[l,J] =C]l,*|R[*,J] nonsingular)




Full rank factorizations

A full rank factorization (FRF) of A€ R™" is

A=CR, CeR™" ReR*"

If A=CRis a FRF,

I(A) = 1(C)
JA) = IR
M (A) = I (A) x J(A)

(1 €1(A),JeJ(A) = A[l,J] =C]l,*|R[*,J] nonsingular)

Examples: SVD, QR, CUR
The results below hold for any FRF.




Volume of FRF

The volume of Ac R™"is  vol (A) := Sy dettAll,]]
(1,J)EM (A)

<

IfAcR™" r>0,and A=CR is any FRF, then
vol (A) = vol (C)vol (R)
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Volume of FRF

The volume of Ac R™"is  vol (A) := Sy dettAll,]]
(1,J)EM (A)

IfAcR™" r>0,and A=CR is any FRF, then
vol (A) = vol (C)vol (R)

4

vol’(A)= 5 defAllLJ= 5 det’C[l,4R[x,J]
eM(A) (1,9)eM (A)

= det?C[l, %] det?R[x,J]

(1,9)eEM (A)




Singular values

If A e R™" with singular values {g; | i € 1ir}, then

r

vol (A) = I] i
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Singular values

Theorem 5

If A e R™" with singular values {o; | i € 1xr}, then

vol (A) = |j i

4

Given a singular value decomposition (SVD) of A,

A=UzVT
with = = diag(g;) e R, UTU = VTV = |,

*. vol (A) = vol (U)vol (ZVT)
= vol (U)vol (£)vol (VT)

:nq
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SVD of Ae RN

A=UzV' I=diag{g |iclr}, UTU=VTV=I,

> vT
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SVD of Ae RN

A=UzV' I=diag{g |iclr}, UTU=VTV=I,

> vT

U:(ul’“'?ul’)’ V:(Vl)"'vvl’)
Avi=gjuj, i € 1r
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SVD of Ae RN

A=UzV' I=diag{g |iclr}, UTU=VTV=I,

> vT

U:(ul’“'?ul’)’ V:(Vl)"'vvl’)
Avi=gjuj, i € 1r

r

A:0O{vy, - ,v¢} — O{o1uy,---,0ru;}, of volume I_lai =vol (A)
=

Adi Ben-Israe Matrix Volume and Its Applications



SVD of Ae RN

A=UzV' I=diag{g |iclr}, UTU=VTV=I,

> vT

U:(ul’“'?ul’)’ V:(Vl)"'vvl’)
Avi=gjuj, i € 1r

r

A:0O{vy, - ,v¢} — O{o1uy,---,0ru;}, of volume I_lai =vol (A)
=

A maps any unit 0 in R(AT) into a ¢ of volume vol (A) in R(A) J
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@ Angles
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Principal angles & vectors

Let L, M be subspaces in R", dimL =/ < dimM =m.
The principal angles between L and M,

ogmg%gmgﬁgg

are computed recursively as follows

s6

(Xi, Yi) { X, y) . xeLl, x.Lxg . }
= = max : T keli—-1
Tl Tl Xy | yeM, vy

where

(X, Vi) € LxM, i€l

are the corresponding pairs of principal vectors.
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Principal angles & vectors

Let L, M be subspaces in R", dimL =/ < dimM =m.
The principal angles between L and M,

ogmgﬁgmg@gg

are computed recursively as follows

s6

(Xi, Yi) { X, y) . xeLl, x.Lxg . }
= = max : T keli—-1
Tl Tl Xy | yeM, vy

where

(X, Vi) € LxM, i€l

are the corresponding pairs of principal vectors. We also define

¢ ¢
sn{L,M} := rlsine., cos{L,M} := rlcose.. J
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Hadamard’s inequality

The determinant of A= (v1,---,vy) satisfies

n
[ detA] < [1] [
.I:l i

equality < the vectors are orthogonal, or include zero.
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Hadamard’s inequality

The determinant of A= (v1,---,vy) satisfies

n
[ detA] < [1] [
.I:l i

equality < the vectors are orthogonal, or include zero.

Theorem 6
Let A= (A1, Ap), A € R™, Ay e R™ , rank A= ¢+ m. Then

VOlym(A) = voly (A1) volm(A2) Sn{R(A1),R(A2)} .
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Hadamard’s inequality

The determinant of A= (v1,---,vy) satisfies

n
[ detA] < [1] [
.I:l i

equality < the vectors are orthogonal, or include zero.

Let A= (A1, Ap), A € R™, Ay e R™ , rank A= ¢+ m. Then

VOlym(A) = voly (A1) volm(A2) Sn{R(A1),R(A2)} .

Corollary 7
Let A= (A1, Ay) € R™" with Ag € R™¢, Ay € R™™. Then

‘ dEI(A)‘ = VO|g(A1) V0|m(A2) sin{R(Al), R(Az)}

4
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Orthogonal projections

V:={vy,---,v} set of vectors in R"
S:=span{V}, the subspace spanned by V
dimS=r

Any w € R" can be written as w = ws+wsg; .

Theorem 8
Let V,Sbe as above. Then, for any w € R",

VOIH—l(Vlu ot 7Vk7W)
voly (v, , V)

Iws. || =

)

where (vq,---,Vk) is the matrix with v; as columns.
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Orthogonal projections

V:={vy,---,v} set of vectors in R"
S:=span{V}, the subspace spanned by V
dimS=r

Any w € R" can be written as w = ws+wsg; .

Let V,Sbe as above. Then, for any w € R",

VOII’+1(V17 ot 7Vk7W)
voly (v, , V)

Iws. || =

)

where (vq,---,Vk) is the matrix with v; as columns.

Proof.
IfweS 0=0. If w¢& Sthen
voly1(vy, -+, Vk,W) = Vol (vq,- -+, Vk) Vol (w) si{Sw}

R ——————————————
Adi Ben-Israe Matrix Volume and its Applications 8



Cauchy—Schwarz inequality

For any two vectors u,v € R",
(U, V)| < [lulf{[vl,

with equality if and only if u, v are collinear.
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Cauchy—Schwarz inequality

For any two vectors u,v € R",
(U, V)| < [lulf{[vl,

with equality if and only if u, v are collinear.

The Cauchy—-Schwarz equality:

(u,v) = [Jullllv] cos{u,v}.
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Cauchy—Schwarz inequality

For any two vectors u,v € R",
(U, V)| < [lulf{[vl,

with equality if and only if u, v are collinear.

The Cauchy-Schwarz equality:

(U, v) = [|ulf[[v]| cos{u,v}.

Theorem 9
Let B, C € R™". Then

|det(BTC)| = vol (B) vol (C) cos{R(B),R(C)}.
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9 A multilinear setting




Exterior products

V = finite—dimensional linear space over field F




Exterior products

V = finite—dimensional linear space over field F

An exterior product is an operation A:V xV — V that is
(a) anti-commutative, uAV = —V AU

(b) (A-u)yAV=A-(UuAV)

(c) distributive in both variables:

(U+V)AW=UAW+VAW
WA (U+V)=WAU+WAV

forallu,v,we V. A € F.




Exterior products

V = finite—dimensional linear space over field F

An exterior product is an operation A:V xV — V that is
(a) anti-commutative, uAV = —V AU

(b) (A-u)yAV=A-(UuAV)

(c) distributive in both variables:

(U+V)AW=UAW+VAW
WA (U+V)=WAU+WAV

forallu,v,we V. A € F.

k
AV = the kn,—exterior space over V, spanned by all exterior
products X3 A --- A Xk of k elements in V




Compound matrices

V,U = finite—dimensional linear spaces
L(V,U) = the linear transformations: V — U
Linear transformations «— their matrix representations.




Compound matrices

V,U = finite—dimensional linear spaces
L(V,U) = the linear transformations: V — U
Linear transformations «— their matrix representations.

ForV=R", U=RM,
AcR™" r>0, kelr,
the k—compound matrix of A is the matrix representing the linear

ko k
transformation Cy(A) € L(AV,AU), defined by

Ci(A) (Xa A+ AXi) 1= AX A AR, Y {X}CV,
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Compound matrices

V,U = finite—dimensional linear spaces
L(V,U) = the linear transformations: V — U
Linear transformations «— their matrix representations.

ForV=R", U=RM,
AcR™" r>0, kelr,
the k—compound matrix of A is the matrix representing the linear

ko k
transformation Cy(A) € L(AV,AU), defined by

Ci(A) (Xe A AXi) = AX A AR,V {Xi} CV,

The compound matrix Cy(A) is () x () of rank (}).
In particular, C;(A) is (7)) x (}) of rank 1.
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Compound matrices

IfAe C™" Be C™P, X e C™"then:

Ci(A) =A
detCy(X) = (detX) (1), in particular Cp(X) = detX
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Compound matrices

IfAe C™" Be C™P, X e C™"then:

Ci(A) =A

detCi(X) = (detX)(1), in particular Cn(X) = detX
Ck(AB) = C«(A)Ck(B)
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Compound matrices

IfAe C™" Be C™P, X e C™"then:

Ci(A)=A
detCi(X) = (detX)(1), in particular Cn(X) = detX
Ck(AB) = Cy(A)Ck(B)
C(AT) = (C(A)T
Ci(A") = (Ck(A)"
Cieln) =15
C(X™1) = (Ck(X))~* if X is nonsingular
Ck(AT) = (Ck(A)"
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Compound matrices

IfAe C™" Be C™P, X e C™"then:

Ci(A)=A
detCi(X) = (detX)(1), in particular Cn(X) = detX
Ck(AB) = Ck(A)Ck(B)
Ck(AT) = (Ck(A)"
Cu(A") = (C(A)"
Cieln) =15
C(X™1) = (Ck(X))~* if X is nonsingular
Ck(AT) = (Ck(A)"

If X is diagonal [triangular] so is Ck(X).
If Ais unitary (ATA=I,), so is Cx(A), in particular, ||C,(A)|2 = 1.
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Maple program for Cy(A)

with(LinearAlgebra):with(combinat):

Compound:=proc(A,k)

local m,n,i,j,rmrcc,PQ: global CO:
m:=RowDimension(A):n:=ColumnDimension(A)
P:=choose(m,k):Q:=choose(n,k):
rr:==numbcomb(m,k):cc:=numbcomb(n,k):
CO:=Matrix(rr,cc):

for ifrom 1to rrdo

convert(P[il,list):

for jfrom 1 to cc do

convert(QJj],list):
CO(i,j):=evalf(Determinant(SubMatrix(A,P[i],Q[])))
od:od:

print(CO):

end:
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Let Ae R™". The k—compound Ci(A) is defined by

AXg A - AAXK = Cr(A) (X1 A=+ AXk),

for all {xq,---,x} CR".
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Let Ae R™". The k—compound Ci(A) is defined by

AXg A - AAXK = Cr(A) (X1 A=+ AXk),

for all {xq,---,x} CR".

If Ais nx nthen Cy(A) = det(A), i.e.,
AXI A - AAX = det(A) (X1 A -+ AXnp),

for all {xs,--,xn} CR".
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Let Ae R™". The k—compound Ci(A) is defined by

AXg A - AAXK = Cr(A) (X1 A=+ AXk),

for all {xq,---,x} CR".

If Ais nx nthen Cy(A) = det(A), i.e.,
AXI A - AAX = det(A) (X1 A -+ AXnp),

for all {xs,--,xn} CR".

Let Ae R™". Then
AXL A - AAX = £VOI (A) (Xp A= A Xy ),

for all {xq, -, %} C R(AT).
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Pliicker coordinates, [77]

To any subspace W C R", dimW =r, there corresponds a
1-dimensional subspace KW C KR”, spanned by

W =W A AW,

where {wjy,---,w; } is any basis of W.
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Pliicker coordinates, [77]

To any subspace W C R", dimW =r, there corresponds a
1-dimensional subspace KW C KR”, spanned by

W =W A AW,

where {wjy,---,w; } is any basis of W.

r

The ({) components of w" (determined up to a multiplicative
constant) are the Pliicker coordinates of W.
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Pliicker coordinates, [77]

To any subspace W C R", dimW =r, there corresponds a
1-dimensional subspace KW C KR”, spanned by

W =W A AW,

where {wjy,---,w; } is any basis of W.

r

The ({) components of w" (determined up to a multiplicative
constant) are the Pliicker coordinates of W.

Let Ac R™"and A= UZVT its SVD,
U= (ulu"' 7ur)7 V= (Vlu"' 7Vr)

Pliicker coordinates of R(A) and R(AT) are
U'=C(U)=uiA---AlUy, V'=C(V)=VIA---AV,
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Pliicker coordinates, [77]

To any subspace W C R", dimW =r, there corresponds a
1-dimensional subspace KW C KR”, spanned by

W =W A AW,

where {wjy,---,w; } is any basis of W.

r

The ({) components of w" (determined up to a multiplicative
constant) are the Pliicker coordinates of W.

Let Ac R™"and A= UZVT its SVD,
U= (ulu"' 7ur)7 V= (Vlu"' 7Vr)

Pliicker coordinates of R(A) and R(AT) are
U'=C(U)=uiA---AlUy, V'=C(V)=VIA---AV,

If Ais square then
cos{R(A),R(AT)} = cos/{u",v"} J
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Plicker coordinates preserve angles

Theorem 10
Let U,V be subspaces of R", with the columns of

U= (U]_,"' 7uf)7 V= (Vlv"' 7Vl')
as bases, and Pliicker coordinates
U'=C(U)=uiA---AU;, V' =C(V)=ViIA---AV,.

Then
cos{U,V} = cos/{u" v}

WLOG assume columns o.n., angles < g Then

detUTV) = cos{U,V},
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Plicker coordinates preserve angles

Theorem 10
Let U,V be subspaces of R", with the columns of

U= (U]_,"' 7uf)7 V= (Vlv"' 7Vl')
as bases, and Pliicker coordinates
U'=C(U)=uiA---AU;, V' =C(V)=ViIA---AV,.

Then
cos{U,V} = cos/{u" v}

WLOG assume columns o.n., angles < g Then

detUTV) = cos{U,V}, also,
detU™V) =C,(UTV) =C,(U)TC (V) = (u" V") .
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SVD of Ae RN

> VT

columns U = o.n. basis of R(A)
columns V = o.n. basis of R(AT)




SVD of Ae R™"Mand C;(A)

s VT
A =| U columns U = o.n. basis of R(A)
columns V = o.n. basis of R(AT)
u’ (V)T
Bl ]
ut =Cr(U)
Ci(A) =vol (A) Vi =G (V)

Ci(A)V" =vol (A)u”"
C:(AAT)u" = vol2(A)u”
C:(ATA)V" = vol?(A)v"
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@ Surfaces




C.F. Gauss, [42]




C.F. Gauss, [42]

| A
6 ' @(X,y) dx

Ei= o= |lg?
Fi=@- @ =|ull@glcosb
G=q @=|gl




C.F. Gauss, [42]

E:= o=@l
F:=¢ @ =1®ll®lcosd
G:=q @=|al
ds® = Edx® + 2F dxdy -+ Gdy? (1st fundamental form)




C.F. Gauss, [42]

E:=q &= |al

F:=¢ @ =1®ll®lcosd

G=q¢ ¢=|gl
ds® = Edx® + 2F dxdy -+ Gdy? (1st fundamental form)
dA = [|@ x @[l dxdy = ||| [|@ /| sin6 dxdy

= v EG — F2dxdy




C.F. Gauss, [42]

E:=q &= |al

F:=¢ @ =1®ll®lcosd

G=q¢ ¢=|gl
ds® = Edx® + 2F dxdy -+ Gdy? (1st fundamental form)
dA = |lg x @[/ dxdy = [|¢x|[| @/ sin6 dxdy

= v EG — F2dxdy
. Areap(U / / V EG — F2dxdy

Matrix Volume and its Applications




Monge patch: Surface in R® given by z=f(x,y)

@/(xy) dy
WD¢
6 = (X, y) dx

(xy) dx o(xy)

o(xy) = (xY,f(xy))
10

Jp(xy) = 20D _ (fo fl) — (B ®)
x Ty
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Monge patch: Surface in R® given by z=f(x,y)

@/(xy) dy
WD¢
6 = (X, y) dx

(xy) dx o(xy)

o(xy) = (xY,f(xy))
10

alxy) = 2 (fo fl) - (@@
x Ty

EG—F?=|alIg]® — (- @)
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Monge patch: Surface in R® given by z=f(x,y)

@/(xy) dy
WD¢
6 = (X, y) dx

(xy) dx o(xy)

o(xy) = (xY,f(xy))

L2y (e )
fP(XaY)—W— c = (@)
x ly

EG—F?= |alIg* — (- ®)? = 1+ +17
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Monge patch: Surface in R® given by z=f(x,y)

@/(xy) dy
WD¢
6 = (X, y) dx

(xy) dx o(xy)

o(xy) = (xY,f(xy))
10

alxy) = 2 (fo fl) - (@@
x Ty

EG—F* = [0 9° — (9 )% = 1+ + £ = vol*(Jp(x.y))
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Monge patch: Surface in R® given by z=f(x,y)

@/(xy) dy
WD¢
6 = (X, y) dx

(xy) dx o(xy)

o(xy) = (xY,f(xy))
10

alxy) = 2 (fo fl) - (@@
x Ty

EG—F* = [0 9° — (9 )% = 1+ + £ = vol*(Jp(x.y))
<. dA=vol (Jy(x,y)) dxdy
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Monge patch: Surface in R® given by z=f(x,y)

@/(xy) dy
p
6 = (X, y) dx

(xy) dx o(xy)

o(xy) = (xY,f(xy))

L2y (e )
fP(XaY)—W— c = (@)
x ly

EG—F? = ||~ (¢ 3)° = 1+ + £ = v0l *(Jp(x.y))
. dA= Vol (Jy(x.y)) decly

. Areag@(U // vol (Jp(X,y)) dxdy

Adi Ben-Israe Matrix Volume and Its Applications



The unit normal n = n(x,y) at @(x,y)




The unit normal n = n(x,y) at @(x,y)
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n—-dimensional surface, given by ¢ : R" — R™1




n—-dimensional surface, given by ¢ : R" — R™1




n—-dimensional surface, given by ¢ : R" — R™1

J(p(x):(Df(IX)T>, vol (3p(x)) = /1 |TF )|, [17]




n—-dimensional surface, given by ¢ : R" — R™1

J(p(x):(Df(lx)>, vol (3p(x)) = /1 |TF )|, [17]




n—-dimensional surface, given by ¢ : R" — R™1

(
Jo(X) = (Df(lx) > vol (Jp(X) \/m [17]
Jolx) = (Df (IX)T> e (—D{(x)>




n—-dimensional surface, given by ¢ : R" — R™1




n—-dimensional surface, given by ¢ : R" — R™1

o09= (150
Jo(X) = (Df('x) > vol (3p(x)) = /1 |TF )|, [17]
J‘”(X):<Df(x)T> ”O‘( r > A0t —T(x

siviea A G




@ Integrals




C.G.J. Jacobi, [54]

@ The change of variables formula is

| Fwav = /Fo(p ) [dety(u)|du  (A)
¢(U)




C.G.J. Jacobi, [54]

@ The change of variables formula is
| Fwav = /Fo(p ) [dety(u)|du  (A)
¢(V)

u,v c R",

@: U — Vis a sufficiently well-behaved function,
F is integrable on ¢(U),

dx is the volume element |dxg Adxp A --- A dX,|, and
Jy is the Jacobi matrix (or Jacobian)

d(VLVZ) T ’Vn)

Jo = <d_(n> , also denoted FIRT ™R
1,U2,° " ,Un

0Uj

representing the derivative of ¢.
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C.G.J. Jacobi, [54]

@ The change of variables formula is
| Fwav = /Fo(p ) [dety(u)|du  (A)
¢(V)

u,v c R",

@: U — Vis a sufficiently well-behaved function,
F is integrable on ¢(U),

dx is the volume element |dxg Adxp A --- A dX,|, and
Jy is the Jacobi matrix (or Jacobian)

d(VLVZ) T ’Vn)

Jo = <d_(n> , also denoted FIRT ™R
1,U2,° " ,Un

0Uj
representing the derivative of ¢.

@ An advantage of (A) is that integration on V is translated to
(perhaps simpler) integration on U.
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Jouy FV)av = [y (Fo@)(u) [detdy(u)[ du  (A)

o IfUcCR"and V c R™and n=# m, (A) cannot be used.
@ If J, is of full column rank throughout U, then |det],| can
be replaced in (A) by volJy

/(p(u) F(v)dv = /U(Foqo)(u)voIJ(p(u)du. )




Jouy FV)av = [y (Fo@)(u) [detdy(u)[ du  (A)

o IfUcCR"and V c R™and n=# m, (A) cannot be used.
@ If J, is of full column rank throughout U, then |det],| can
be replaced in (A) by volJy

/¢(u> F(v)dv = /U(Foqo)(u)voIJ(p(u)du. )

@ The volume of an mx n matrix of rank r is

VolA = z det?All, J]
(1,9)EM (A)

All,J] is the submatrix of A with rows | and columns J,
M (A) is the index set of r x r nonsingular submatrices of A.
@ If Ais of full column rank, its volume is

volA= Vdet ATA
, and (B) reduces to (A).

@ If m=nthen volJ, = |detJ,
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Surface integral of a scalar function F(x,y,z) in R3

S={(xy,2):z=f(x,y)}

Rn




Surface integral of a scalar function F(x,y,z) in R3

S={(xy,2):z=f(x,y)}




Surface integral of a scalar function F(x,y,z) in R3

S={(xy,2):z=f(x,y)}

Rn

vol (Jp(x,Y)) = 1/ 1412 +12
/ F(x,y,z)ds:/F(x,y,f(x,y))\/1+fxz+fy2 dxdy
U
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Surface integral of a vector field F = (F1,F2,F3)

LetUCR? @:U—R3

X _ X _ d(x,y,z) _ L o
(0 () v

Let F = (Fy1,F»,F3) be a vector field, Fi = Fi(x,y,2), i =1,2,3.




Surface integral of a vector field F = (F1,F2,F3)

LetUCR? @:U—R3

X\ X _0(XYy,2) 10

Let F = (F1,F2,F3) be a vector field, F; = Fi(x,y,2), i=1,2,3.
The integral of F on S= ¢(U) is

/SFdS:/U(F-n)voI (Jo(x,y)) dxdy




Surface integral of a vector field F = (F1,F2,F3)

LetUCR? @:U—R3

X\ X _0(XYy,2) 10

Let F = (F1,F2,F3) be a vector field, F; = Fi(x,y,2), i=1,2,3.
The integral of F on S= ¢(U) is

/SFdS:/U(F-n)voI (Jo(x,y)) dxdy

VOI(‘J(P(X’y)) = \/ 1+f)22+fyz’




Surface integral of a vector field F = (F1,F2,F3)

LetUCR? @:U—R3

X X a(x,y,2) 10
¢ = y , Je(xy) = =(0 1
5)=(.2,) wen=iin= o 2

Let F = (F1,F2,F3) be a vector field, F; = Fi(x,y,2), i=1,2,3.
The integral of F on S= ¢(U) is

/S FdS— /U (F-n)vol (Jp(x,y)) dxdy

fx
/ 2 2
vol (Jp(X,Y)) 14+1¢+17, \/m ( )
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Surface integral of a vector field F = (F1,F2,F3)

LetUCR? @:U—R3

X X a(x,y,2) 10
¢ = y , Je(xy) = =(0 1
5)=(.2,) wen=iin= o 2

Let F = (F1,F2,F3) be a vector field, F; = Fi(x,y,2), i=1,2,3.
The integral of F on S= ¢(U) is

/S FdS— /U (F-n)vol (Jp(x,y)) dxdy

fx
vol (Jp(x,y)) = 1/1+12+12,
’ ,/1+f2+f2
3 /FdS:/ (Fs— Ffy — Fofy) dxdy
S U

a “lucky” cancelation.
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Example: Cylindrical coordinates

Let Sbe a surface in R3 represented by z= z(r, 9)
where {r, 8} are polar coordinates,




Example: Cylindrical coordinates

Let Sbe a surface in R3 represented by z= z(r, 9)
where {r, 8} are polar coordinates, or by the mapping

@(r,8) — (X,Y,2) = (r cosO,r sinB,z(r, 0))
cosf —rsinB
2 Jp(r,0,2) = oxy.2) = ( sin@ rcosf )

o(r,0) oz oz
ar 90

vt et () () =y (8)" 0 (1)
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Example: Cylindrical coordinates

Let Sbe a surface in R3 represented by z= z(r, 9)
where {r, 8} are polar coordinates, or by the mapping

@(r,8) — (X,Y,2) = (r cosO,r sinB,z(r, 0))

d(x.y,2) cosf —rsin@
2 Jp(r,0,2) = Y2 _ | sing rcosh

o(r,0) oz oz
ar 90

vt et () () =y (8)" 0 (1)

An integral over a domain V C Sis therefore

// F(x,y,z)dS=
o(V)

2 2
// F(r cos@,rsine,z(r,e))r\/lJr (g—ﬁ) +5 (%) drde .
U
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Example: Regular simplex in R"

Consider the simplex

n
An={xeR"| lei <1, x > 0}, with volume V,,
i=

n
face Fo={x € Ap | lei = 1}, with area Ay,
i=

and faces Fj = {x € A, | X =0}, with area A, j € 1:n




Example: Regular simplex in R"

Consider the simplex

n
An={xeR"| lei <1, x > 0}, with volume V,,
i=

n
face Fo={x € Ap | lei = 1}, with area Ay,
i=

and faces Fj = {x € A, | X =0}, with area A, j € 1:n

1 : .
Then V= =~k by induction




Example: Regular simplex in R"

Consider the simplex

n
An={xeR"| lei <1, x > 0}, with volume V,,
i=

n
face Fo={x € Ap | lei = 1}, with area Ay,
i=

and faces Fj = {x € A, | X =0}, with area A, j € 1:n
1

1 . .
Then V,, = ok by induction .. A =Vp_1=

(n—1)"




Example: Regular simplex in R"

Consider the simplex

n
An={xeR"| lei <1, x > 0}, with volume V,,
i=

n
face Fo={x € Ap | lei = 1}, with area Ay,
i=

and faces Fj = {x € A, | X =0}, with area A, j € 1:n
1
(n—1)"

1 . .
Then V,, = ok by induction .. A =Vp_1=

n—-1
To calculate Ao, let ¢: Fj — Agbegivenby x,=1— 5 Xx.
j#i=1




Example: Regular simplex in R"

Consider the simplex

n
An={xeR"| lei <1, x > 0}, with volume V,,
i=

n
face Fo={x € Ap | lei = 1}, with area Ay,
i=

and faces Fj = {x € A, | X =0}, with area A, j € 1:n
1

1 . .
Then V,, = ok by induction .. A =Vp_1=

(n—1)"

n—-1
To calculate Ao, let ¢: Fj — Agbegivenby x,=1— 5 Xx.
j#i=1

vol(Jg) = VA . AOZ/F_ vol (Jg) dx = VA Ay,




Example: Regular simplex in R"

Consider the simplex

n
An={xeR"| lei <1, x > 0}, with volume V,,
i=

n
face Fo={x € Ap | lei = 1}, with area Ay,
i=

and faces Fj = {x € A, | X =0}, with area A, j € 1:n
1
(n—1)"

n—-1
To calculate Ao, let ¢: Fj — Agbegivenby x,=1— 5 Xx.
j#i=1

vol(Jg) = VA . AOZ/F_ vol (Jg) dx = VA Ay,

1 . .
Then V,, = ok by induction .. A =Vp_1=

A= S A2 (Pythagoras.)
2"
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The face Fq is thick

Recall

n
; 1
An={x€R"| lei <1, x>0}, with volume V= .,
= !
n
face Fo = {x €4y | in =1}, with area Ay,
i=

and forany 0 < 6 < 1 let

n
An(6) = {x eR" | lei <8, x>0}
i=




The face Fq is thick

Recall

n
. 1
A= {xeR"| i;xi <1, x > 0}, with volume V,, = L
n
face Fo={x € An | lei = 1}, with area Ay,
i=
and forany 0 < 6 < 1 let
n
An(6) = {x eR" | lei <8, x>0}
i=

Then by similarity, the volume of Ay(60),

vol (An(8)) = 8"vol (An)




The face Fq is thick

Recall

n
. 1
A= {xeR"| i;xi <1, x > 0}, with volume V,, = L
n
face Fo={x € An | lei = 1}, with area Ay,
i=
and forany 0 < 6 < 1 let
n
An(6) = {x eR" | lei <8, x>0}
i=

Then by similarity, the volume of Ay(60),

vol (A(6)) = 6"vol (A,) — 0, asn — oo.

Therefore most of the volume of A, is “near” the face Fo.
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Example: Radon transform

Let H(v,p) be a (“non—vertical”) hyperplane in R"

H(v,p) :i= {x:<v,x>= p}:{xeR” | _ivixi = p}, (Vn #0)




Example: Radon transform

Let H(v,p) be a (“non—vertical”) hyperplane in R"

H(v,p) :i= {x:<v,x>= p}:{xeR” | _ivixi = p}, (Vn #0)

n—-1
V.
H(v,p) = R 1Y), x5 := V—‘i_‘ v_,l])q
i=




Example: Radon transform

Let H(v,p) be a (“non—vertical”) hyperplane in R"

H(v,p) :i= {x:<v,x>= p}:{xeR” | _ivixi = p}, (Vn #0)

n—-1

V.

H(v,p) = R 1Y), x5 := V—‘i_‘ v_,:’“
i=

The Radon transform (RF)(V, p) of a function F: R" — R is,

= / F(x)dx
H(v.p)




Example: Radon transform

Let H(v,p) be a (“non—vertical”) hyperplane in R"

H(v,p) :i= {x:<v,x>= p}:{xeR” | _ivixi = p}, (Vn #0)

n—-1

V.

H(v,p) = R 1Y), x5 := V—'i_‘ v_,:’“
i=

The Radon transform (RF)(V, p) of a function F: R" — R is,

= / F(x)dx
H(v.p)

Vv n-1
— M F (Xla"‘  Xn— 173_ —X|> dx10Xs - - - dXp_1
Rn-1

Vn &5 Vn
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Example: Integrals over R"

R" is a union of (parallel) hyperplanes,

R"= [J H(v,p), wherev#0.

p=—00

Therefore an integral over R",

/F(x)dx:/F(xl,xz,--- o) Xy o - - Xy =
RN RN




Example: Integrals over R"

R" is a union of (parallel) hyperplanes,

R"= [J H(v,p), wherev#0.

p=—00

Therefore an integral over R",

/F(x)dx:/F(xl,xz,---,xn)dxldxz---dxn: /HdTm(RF)(v,p)
RN RN Y




Example: Integrals over R"

R" is a union of (parallel) hyperplanes,

R"= [J H(v,p), wherev#0.

p=—00

Therefore an integral over R",

/F(x)dx:/F(xl,xz,---,xn)dxldxz---dxn: /HdTm(RF)(v,p)
RN RN Y

0o p n—-1 Vi
= i/ /F X1, s Xn—1, — — —X XmdXZ'“an_l dp
CEAN R

n-1

where p/||v|| is the differential of the distance along v
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@ Concentration of measure




The unit ball & sphere in R"

||-|| the Euclidean norm,
Bn(r) == {xeR" | [x|| <r};
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The unit ball & sphere in R"

||-|| the Euclidean norm,
Bn(r) :={x e R" | ||X|| <r};Bn(1) = By, the unit ball in R",
Sa(r) ;== {x e R" | ||x]| =r}; Sh(1) = Sy, the unit sphere,
Vi (r) and V, denote the volume of By(r) and B,

An(r) and A, the area of S;(r) and S, resp.

Adi Ben-Israe Malrix Volume and Its Applications



The unit ball & sphere in R"

||-|| the Euclidean norm,

t
Bn(r) :={x e R" | ||X|| <r};Bn(1) = By, the unit ball in R",
Sn(r) :={XeR" | ||| =r}; Sa(1) = Sy, the unit sphere,
Vi (r) and V, denote the volume of By(r) and B,
An(r) and A, the area of S;(r) and S, resp. )

Forn=23, -,
dVn(r) =V (r)dr = An(r)dr ,
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The unit ball & sphere in R"

||-|| the Euclidean norm,

t
Bn(r) :={x e R" | ||X|| <r};Bn(1) = By, the unit ball in R",
Sn(r) :={XeR" | ||| =r}; Sa(1) = Sy, the unit sphere,
Vi (r) and V, denote the volume of By(r) and B,
An(r) and A, the area of S;(r) and S, resp.
Forn=23, -,
dVn(r) =V (r)dr = An(r)dr ,
Vn(r) :an'n, Vn = % 5
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The unit ball & sphere in R"

||-|| the Euclidean norm,

t
Bn(r) :={x e R" | ||X|| <r};Bn(1) = By, the unit ball in R",
Sn(r) :={XeR" | ||| =r}; Sa(1) = Sy, the unit sphere,
Vi (r) and V, denote the volume of By(r) and B,
An(r) and A, the area of S;(r) and S, resp.
Forn=23, -,
dVn(r) =V (r)dr = An(r)dr ,
Vn(r) =Var", Vo= % )
211"/2
N _

where I'(-) is the Gamma function

I (p) :/ xP~1 e dx.
0

Matrix Volume and its Applications
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St the upper hemisphere

Sy =0Bn-1), 0= (0, @, @)
@ (X1, X2, ,Xn—1) =% , 1€ lin—1,
n—1

(X1, X0, Xno1) = /1= Y X2
2,
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St the upper hemisphere

S =@Bn1), ¢=(0.@, )
(n(X17X27”' 7Xn*l) =X ) I S 1:n_17

n—1

(X1, X0, Xno1) = /1= Y X2
2,

The Jacobi matrix and its volume,

1 0 0
0 1 0
Jo=| ¢ i o
XX _ %1
Xn Xn
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St the upper hemisphere

S =@Bn1), ¢=(0.@, )
(R(X17X27”' 7Xn*l) =X ) I S 1:n_17

n—1

%(lexz"' : 7Xn—l) =4/1— X12 .
2

The Jacobi matrix and its volume,

o
B
o




The unit sphere in R" (cont'd)

The area A, is twice the area of the “upper hemisphere”:

1
dxldxz ~dXn_1 dV_1(r)
2 / _2
Fn= V1—r?
n 1

die 1X1 r=0
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The unit sphere in R" (cont'd)

The area A, is twice the area of the “upper hemisphere"'

dxad - i1 dxn 1 dVip_1(r
| e /
A= r2

Z/lAnl 2/Anr”zdr

r=0
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The unit sphere in R" (cont'd)

The area A, is twice the area of the “upper hemisphere”:

dxad - i1 dxn 1 dVip_1(r
| e /
A= r2

1 n-2
:2/ An_1(r)dr 2/ Anfr dr
r=0
1
A _2/ rn=2dr
A1 112
r=0




The unit sphere S, and an equatorial belt Th(a), a >0

Ta(a)={xeSy:—a<x<a forsome jeln}
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Prob{X e Th(a)}, X ~U(S)

A(Tph(a)) :=areaof Th(a)
A(Tn(a))

Prob{X € Th(a)} =

An




Prob{X e Th(a)}, X ~U(S)

A(Tph(a)) :=areaof Th(a)

Prob{X € Th(a)} = ATn(a))

An
B 1 dvn_1(r)
AT =2 [ 20
1 rn—2
dr,

=2An1 :

1_02)1/2 1_r2

1
= An_l/ i X321 —x)"Y2dx, for x=r?.
1-a
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Prob{X e Th(a)}, X ~U(S)

A(Tn(a)) := area of Ty(a)

Prob{X € Tp(a)} = ATn(a))

An
e avy_1(r)
A(Tn(a)) =2 /(1_a2)1/2 =l
1 rn—2
dr,

=2An 1 :

1_02)1/2 1_r2

1
= An—l/ , X=3/2(1—x)"Y2qdx, for x=r2.
l-a

_ A [t
An 1-a?

M%) (3) J1-a2
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. Prob{X e Tp(a)} x(-3)/2(1 %) Y/2¢x



Prob {X € Tn(X)} for X ~ U(S))

/N
n| k=1 k=2 k=3

2|5

5 | .6260990336 | .9838699099

10 | 6565636037 | .9632125020 | .9999914613
100 | .6802515257 | .9550652747 | 9976960345
1000 | .6824473395 | .9545539777 | .9973400661

Values of Prob {X ¢ Tn(%)} for some k,n




Prob {X € Tn(X)} for X ~ U(S))

/N
n| k=1 k=2 k=3

2|5

5 | .6260990336 | .9838699099

10 | 6565636037 | .9632125020 | .9999914613
100 | .6802515257 | .9550652747 | 9976960345
1000 | .6824473395 | .9545539777 | .9973400661

K
n

Values of Prob {X € T”(T)} for some k,n

Letu € S, be fixed, x ~U(S,). Then, as n— oo,

Prob{|<u,x>|

1 k 2
<V = | eX/24x.
a n} \/27T/—k




Area of the intersection of two equatorial belts

Consider two equatorial belts in S;pg0, Say

T1= {X € S1000° 3550 < X1 < Figoo)
TZZ{XGSiOOO- _ﬁ_ ZSW}

Then
Area(T1NTy) > 0.994680132Area (S1000)

Proof.
Let Area (81000) :=A. Then

AreaT; = AreaT, =.997340066 A
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Area of the intersection of two equatorial belts

Consider two equatorial belts in S;pg0, Say

T1= {X € S1000° 3550 < X1 < Figoo)
T2:{X681000- _ﬁ_ ZSW}

Then
Area(T1NTy) > 0.994680132Area (S1000)

Proof.
Let Area (81000) :=A. Then

AreaT; = AreaT, =.997340066 A
. Area(T,UTy) =2(.997340066R) — Area (T1NT>y)
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Area of the intersection of two equatorial belts

Consider two equatorial belts in S;pg0, Say

T1= {X € S1000° 3550 < X1 < Figoo)
T2:{X681000- _ﬁ_ ZSW}

Then
Area(T1NTy) > 0.994680132Area (S1000)

Proof.
Let Area (81000) :=A. Then

AreaT; = AreaT, =.997340066 A
. Area(T,UT,) =2(.997340066R) — Area (T1NTy) <A
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Area of the intersection of two equatorial belts

Consider two equatorial belts in S;pg0, Say

T1= {X € S1000° 3550 < X1 < Figoo)
T2:{X681000- _ﬁ_ ZSW}

Then
Area(T1NTy) > 0.994680132Area (S1000)

Proof.
Let Area (81000) :=A. Then

AreaT; = AreaT, =.997340066 A
. Area(T,UT,) =2(.997340066R) — Area (T1NTy) <A
. Area(T1NTy) > 2(.997340066R) —
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© Probability




Probability density of a function of RV’s

(X1,---,Xn) RV's with a given joint density fx (X1, ,Xn),
h:R" — R well behaved, in articular % +0,
It is required to find the density of the RV

Y =h(X1,--,Xp).
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Probability density of a function of RV’s

(X1,---,Xn) RV's with a given joint density fx (X1, ,Xn),
h:R" — R well behaved, in articular % +0,
It is required to find the density of the RV
Y =h(Xq, -+, Xp).
Solve for xp,
o =h"Y(yx, ++ ,X0-1)

Adi Ben-Israel Matrix Volume and its Applications



Probability density of a function of RV’s

(X1,---,Xn) RV's with a given joint density fx (X1, ,Xn),
h:R" — R well behaved, in articular % +0,
It is required to find the density of the RV
Y =h(X1,--,Xp).
Solve for xp,
o =h"Y(yx, ++ ,X0-1)
Change variables from {xg,--- , X} to {X1,--- ,X,—1,Y}, and use

.. _l
NELETRE
0(X1,~- . 7Xn717y) ay

to get the density of Y = h(X4,---,Xy)

1 oh1
fY(Y) - / fX(X17"' 7Xn*17h (Y|X17"' 7anl)) ay
Rn-1

dXq - - - dXn—1
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A surface integral on V(y)

Let V(y) be the surface in R" given by

X1 X1 X1
Xn. N Xn. A

=il =il

X h=L(yIXe, - X 1) Al
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A surface integral on V(y)

Let V(y) be the surface in R" given by
X1 X1 X1
Xn. - Xn. —
il il
% h3(yx, Xn-1) A

Then the surface integral of fx over V(y) is given by

fx =
V(y)

n-1 ah_l 2
/ fX(Xl,'-- ,Xn_1,h*1(y|xl,"' ,Xn—l)) 1+ Zi ( ox > dxy - - dXy_1
Rn-1 i=
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Theorem 13

If the ratio aht
A— i does not depend on xq,- -+ ,Xn_1, (C)
1+n§1 <£>2
i=1 \ X
then fr(y) =A / fx
V(y)

Adi Ben-Israel
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Theorem 13
If the ratio ot
A= %y does not depend on Xg,--- , X1, (C)
n-1 2
1+ y (&
3, (%)
then fy(y)=A / fx
V(y)

Proof. Compare

-1

Jh
)= [ e os b o) |5
Rn-1

ay Xm e an—l

Adi Ben-Israe Matrix Volume and Its Applications



Theorem 13

If the ratio aht
A= %y does not depend on Xg,--- , X1, (C)
n-1 2
1+ 5 (42
3, (%)
then fy(y)=A / fx
V(y)

Proof. Compare

. oh-1
/ 1:X Xla *y Xn— la (y|Xla"'>Xn—l)) a—y Xm"'an—l
/fx—
i oh-1
[ 0 o i a xo0) 1+zl 3 a1
Rn-1 1=
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Condition (C)

the ratio

A= %y does notdepend on Xg,--- , X1 (C)




Condition (C)

the ratio
onht
A— 9y does not depend on xq,--- ,X,-1  (C)
1 n—1 oh-1 2
+3, (%)
|§l 9%

Functions h: R" — R that satisfy (C):

n
(X1, X)) =) ViX, Va#0
i=1
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Condition (C)

the ratio
onht
A— 9y does not depend on xq,--- ,X,-1  (C)
1 n—1 oh-1 2
+3, (%)
|§l 9%

Functions h: R" — R that satisfy (C):
n
(X1, X)) =) ViX, Va#0
i=1

n
h(xla... 7Xn) = leiz
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Condition (C)

the ratio
oh~1
A— 9y does not depend on xq,--- ,X,-1  (C)
1 n—1 oh-1 2
+3, (%)
|§l 9%

Functions h: R" — R that satisfy (C):

h(Xlu' zlelu Vn#o
h(xg, - le,

h(xq, - - ,xn)—exp{ > x.}

Matrix Volume and Its Applications
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Xn = W LyXe, - 1) i= o — § X




i=1

oht 1 ol /oh-1\? v\ |V
with = —, 1+ — ) =4/1+ 4 =
v J 5 (50) s ) - %

The density of Y = 5 v; X; is the integral of fx on the hyperplane

H(v,y) = {XER”: ilViXi = y}




ey hil cee o : 1 i - ﬂ A

Xn (Y, %n-1) o 2 VnX'
ohl 1 oh-t n-1 v.>2 v
with - = 1y 145 (&) =™
oy \l z < > i; (Vn |Vn|

The density of Y = 5 v; X; is the integral of fx on the hyperplane

H(v,y) = {XER”: ilViXi = y}

L iv(y) = (fo)(v y)

y "<hv
‘V ’ / fX X1, Xn— 17V V_Xl XmdXZan—l
n n i—= n
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Check condition (C) for h(xg,---,Xn

Two solutions of y = h(xq,--- %) := S, ¥* for x,,
Xo = AHYlxe, o Xaen) = £y [y - Zx
-1
with on ==+
ay n-1 2
2y/y= 5 %
1=

n-1 /9n-1 2_ N0
(3 ()P
arh

Therefore the density of § X? is expressed in terms of the
integral of fx on the sphere Sn(\/y) of radius \/)7
r me and Its ApplIC:




Corollary 14

Let (Xq,---,Xpn) have joint density fx (Xg,--- ,X,). The density of

Y = ZlX is fy(y)= ZW/

the integral is over the sphere S,(,/y) of radius /Y,

e d el 3
X = X Xt X154 /Y — ) X |+
Si(v¥) ) 2

Bn—l(\ﬁ

f Y dxy---dxn 1
+fx (Xl,“' Xn-1, =Y — Zi )] ST
VY= 3¢
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Corollary 14

Let (Xq,---,Xpn) have joint density fx (Xg,--- ,X,). The density of

Y = ZlX is fy(y)= ZW/

the integral is over the sphere S,(,/y) of radius /Y,

e d el 3
X = X Xt X154 /Y — ) X |+
Si(v¥) ) 2

Bn—l(\ﬁ

y dxq - dXn—1
+fx<X1,"'7Xn17—\/y Zi )]\/_—
VY~ ¢

The factor 1/2,/y is the width of the spherical shell bounded by
the two spheres S,(,/Y) and Sy(1/y+dy), i.e. the difference of
radii v/y+dy — /¥~ 2%
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Example 15

LetY = X3+ X3,

Xiiid, Xi ~ U[0,1. Then

X2 A




Y =X24+X3, X iid, Xj~ U[01]




What makes this strange is that - - -

the density of Y = X2, X ~ U[0,1] is

1
fY(y):Z— O<y<1l

\/)—/’

2.5




Random directions

Let X ~U(S,). The probability of a surface element on §; is,
dxpdxo - -+ dXn_1
Any/1- 50 ¥

Let L, be the length of the projection of X on a fixed line
through the origin, say the x, axis. Then L has the density

L) = = (1307
B(3.%Y) ,
and expected value
r)
E{ln}= :
= TOrEY
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Probability densities of L, for n=3,4,5,10,100 1000

15 254
20
1
154
101
0.5
54
0
0 T T T T 1 0 0.2 0.4 0.6 0.8 1
0 0.2 0.4 0.6 0.8 1 x

Curve:n=10 Curve: n =100

Curve: n =3 === Curve:n =4 == Curve:n =35 = Curve: n = 1000




@ Applications




Face recognition [67], [114]

Y ={Y1,Y2,---,Yn} a set of known faces;

Y = a face.
98
-7 VM = volume measure
8 FD = Frpbenius distance
5 o5 YD = Yang distance
g AMD = assembled matrix distance
8 95 BSM = boosted similarity measure
©
c
S
i ——B5|
2 —&—FD
& 93 —&— VM
—— AMDY
i 1
a2 L \ "
0 2 4 5] :] 10

Number of projection vectors
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Face recognition [67], [114]

Y ={Y1,Y2,---,Yn} a set of known faces;
Y = aface.
Question: Ye Y?

[x] i) [i=] =] w
= a o ~ =}

Recognition accuracy (%)

o
w

92
0

VM = volume measure

FD = Frpbenius distance

YD = Yang distance

AMD = assembled matrix distance
BSM = boosted similarity measure

—4—B5
—&—FD
—e— /M

—*— AMD)

——YD

2 4 5]
Number of projection vectors

i} 10
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Face recognition [67], [114]

Y ={Y1,Y2,---,Yn} a set of known faces;
Y = a face.

Question: Ye Y?

Answer: Yes, if |renl"l31 vol(Y-Yi) <¢€

No, otherwise.

98
-7 VM = volume measure
8 FD = Frpbenius distance
5 o5 YD = Yang distance
g AMD = assembled matrix distance
8 95 BSM = boosted similarity measure
©
c
S
5 9
2 —&—FD
x 93 —— VM
—*— AMDY
==—¥D
92 .
0 :] 10

Number of projection vectors




Face recognition [67], [114]

Y ={Y1,Y2,---,Yn} a set of known faces;
Y = a face.

Question: Ye Y?

Answer: Yes, if |renl"l31 vol(Y-Yi) <¢€

No, otherwise.

98
-7 VM = volume measure
8 FD = Frpbenius distance
5 o5 YD = Yang distance
g AMD = assembled matrix distance
8 95 BSM = boosted similarity measure
©
c
S
5 9
2 —&—FD
x 93 —— VM
—*— AMDY
==—¥D
92 .
0 :] 10

Number of projection vectors




Volume sampling [27]

Let Ae R™",
Sbe a submatrix of k rows of A,
A(S) the k—simplex in R" generated by S.
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Volume sampling [27]

Let Ae R™",

Sbe a submatrix of k rows of A,

A(S) the k—simplex in R" generated by S.
Theorem 16

If Sis randomly chosen with probabilities

_vol?(A(9)
7 31 vol2(A(T))
then R
Es{IA—AS)|E} < (k+1) [|A— Al

where A is the best k—rank approximation of A,

o~

A(S) is the projection of A to the span of S
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Volume sampling [27]

Let Ae R™",

Sbe a submatrix of k rows of A,

A(S) the k—simplex in R" generated by S.
Theorem 16

If Sis randomly chosen with probabilities

_vol?(A(9)
7 31 vol2(A(T))
then R
Es{IA—AS)|E} < (k+1) [|A— Al

where A is the best k—rank approximation of A,

o~

A(S) is the projection of A to the span of S

vol (A(9)) = k—llvol (S
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Applications to integration & integral operators

2 = A+ 4+ 2 ) 2dx g (Theorem 2)
[10]: Rectangular Jacobian J,, replace |det(Jy)| by vol (Jy)
[12]: Probability densities of 5 vi Xj and § X? for {X;} i.i.d.

[17]: vol (Jp(x)) = v/1+|Of(x)||?, etc. (P. 5105, bottom)
[18]: L(S) > [f /% (uv) +B(uv) +B(uv) dudv 3)

[26]: Fourier integral operators of Schrédinger type

[37]: Bayesian learning of kernel embeddings

[38]: Kernel embeddings & associated probability measures
[66]: L(S) = [ (X2+Y2+Z3)dudv = [[(1+p?+c?)dudv  (17.3)
[71]: Integrals on n—sphere.

. 09212 . Toxa]?, Ty 1212
[88]: L(S) = ff{[ag;ﬂ +[352]"+ [58] } dudv  (p. 76)
[92],[93]: Singular Jacobians in statistics

[95]: Rectangular Jacobian, 3N x 6, p. 401, section 2
[96]: Rectangular Jacobians, 8A.1, Lemma 1
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